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Abstract

For a graph X, the leap eccentric connectivity index (LECI) is ZmEV(X) da(z, X)e(x, X),
where da(z, X) is the 2-distance degree and e(x, X) the eccentricity of x. We establish
a lower and an upper bound for the LECI of X in terms of its order and the number of
universal vertices, and identify the extremal graphs. We prove an upper bound on the
index for trees of a given order and diameter, and determine the extremal trees. We
also determine trees with maximum LECI among all trees of a given order.
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1 Introduction

A large number of topological indices (alias graph invariants) have been defined in mathe-
matical chemistry with the aim of modelling chemical phenomena. Much attention has been
paid to the investigation of topological indices that are defined on the basis of the distance
function, as well as to indices that are defined as a function of vertex degrees. From here
it’s just one more step to the indices that combine distances and degrees, which leads us to
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the so-called degree distance based topological indices. To give the reader an initial insight
into this topic, we suggest the following selection of recent papers [2, 8, 11, 13, 16, 19].
In particular, the eccentric connectivity index of a graph G intertwines the eccentricity of
vertices with their degrees as follows:

EG) = Y dv,G)e(v,G).

veV(Q)

The eccentric connectivity index was introduced back in 1997 by Sharma, Goswami, and
Madan [14], see also [5, 7, 17, 18, 20]. In this context we also mention the eccentric distance
sum from [4] and the degree distance from [3], where the first index intertwines the eccen-
tricity with the total distance, while the second uses the degrees and the total distance. (For
a survey up to 2010 on topological indices based on eccentricity see [9].) Instead of involv-
ing vertex degrees d(v,G), we can include into a topological index the 2-distance degrees
da2(v,G) = |{z : dg(z,v) = 2}|. Now, setting

L@ = Y da(v,G)e(v,G),

veV(Q)

we get the leap eccentric connectivity index of G, LECI for short, the index of our interest. It
was introduced in an (as yet) unpublished manuscript which is available at [12]. There the
index is computed for some basic graph families and several bounds are proved. Additional
bounds were proved in [15]. In [10], the LECI was studied on some graph operations. The
paper [6] deals with the LECI of different classes of thorny graphs, while in [21] the index
is determined for transformation graphs of paths.

Our goal is to investigate the extremal values of the LECI of graphs containing cut
vertices. In Section 2 we establish a lower and an upper bound for the LECI of G in terms
of its order and the number of cut vertices. The extremal graphs are also identified; they
can be described as joins of complete graphs with complete graphs minus a perfect matching
(for the lower bound), and as joins of complete graphs and edgeless graphs (for the upper
bound). In Section 3 we focus on trees. We first prove an upper bound for trees of a
given order and diameter; the extremal graphs are brooms. Then we prove that brooms
also have the maximum LECI among all trees of a given order. We conclude the paper by
conjecturing that brooms also have the maximum LECI among all graphs of a given order.
Before moving to our results, notation needed is stated.

1.1 Definitions

Graphs here are finite, simple and connected. Let G = (V(G), E(G)) be a graph. The
order |V(G)| of a graph G will be denoted by n(G), the open neighbourhood of u € V(G)
by Ng(u), and the degree of u by dg(u). A vertex of degree n(G) — 1 in G is a universal
vertex of G. A pendent vertex of GG is a vertex of degree 1.

We proceed with metric concepts. The distance between v and v in G is denoted by
dg(u,v). The 2-distance degree da(u,G) of u is the number of vertices of G at distance 2
from u. The eccentricity e(u,G) of u is the distance to the furthest vertex from u. The



diameter diam(G) of G is the maximum eccentricity among its vertices. A diametral path
of a graph G is a path of length diam(G).

We next list notations for some classes of graphs and some constructions. S, stands
for the star of order n. The graph obtained from the complete graph K, of even order
by removing a perfect matching, will be denoted by K, and the complement of a graph
G by G. If M C E(G), then G — M is the graph obtained from G by removing all
the edges from M. Similarly, G + M is the graph obtained from G by adding to G all
the edges from M, where M N E(G) = (. If X and Y are disjoint graphs, then the
join of Y and Y, denoted by X VY, is a graph with V(X VY) = V(X)U V(Y) and
EXVY)=EX)uVY)U{zy: z € V(X),y € V(Y)}. If X is the empty graph, then
Xvy =Y.

Finally, for n € N we set [n] = {1,...,n}.

2 The LECI and universal vertices

Let’s start with a lower bound and an upper bound on the LECI of graphs as a function
of the number of its universal vertices and its order and detect the extremal graphs. We
begin with the lower bound.

Theorem 2.1 If G contains o > 0 universal vertices, then
LE(G) > 2(n(GQ) — a) .
Equality holds if and only if G = K,V K n(G)

Proof. Suppose first @ = 0. Then dg(v) < n(G) — 2 is true for each v € V(G) and so we

have u € V(G) such that dg(u,v) > 2. Hence da(v, G)e(v,G) > 2 holds for each v € V(G),

where the equality holds precisely when wv € E(G) for each w € V(G)\{v, u}. Therefore,
)

LEG) = Y da(v,G)e(v,G) = 2n(G),
ve V(G)
and the equality holds if and only if dy(v, G)e(v, G) = 2 for each v € V(G). On the other
hand, dz(v, G)e(v,G) = 2 holds for each v € V(G) if and only if G = K, = Ky V K6
where Ky is the empty graph.

Suppose in the rest that a > 1. Let v € V(G). If dg(v) = n(G) — 1, then dg(u,v) =1
for each u € V(@) and so da(v, G)e(v,G) = 0. Otherwise, dg(v) < n(G) — 2 and as above,
da(v, G)e(v,G) > 2, equality holding precisely when zv € V(G) for each z € V(G)\{v, w}.
Setting U to be the set of universal vertices of G, we have

LG = ) da(v,Ge(v,G)

veV(G)

= ng(v,G)a(v,G) + Z da(v, G)e(v, G)
veV(G\U

vel

= Y 6w = Y 2=2nG) -a)
veV(Q)

VeV (G\ U \U



The equality holds if and only if da(v, G)e(v,G) = 2 for each v € V(G)\U. On the other

hand, da(v, G)e(v,G) = 2 for each v € V(G)\ U if and only if G = K, V K)o B

The upper bound reads as follows.

Theorem 2.2 If G contains o > 1 universal vertices, then
LEC(G) <2(n(G) — a)(n(G) —a—1).

Moreover, equality holds if and only if G = K,V K@)-a-

Proof. Let U be the set of all universal vertices of G. By our assumption U # () which
implies that diam(G) < 2. If x € U, then e(z,G) = 1 and da(z,G) = 0. Otherwise,
e(x,G) =2 and da(z,G) < n— a — 1, equality holding if and only if zy ¢ E(G) for each
y € V(G)\U. Therefore,

LEG) = Y da(x,G)e(, G)

zeV(G)

= Z da(z,G)e(z, G) + Z da(z, G)e(z, G)

zeU zeV(G)\U

= Y b@EEE < Y. 20(G) —a-1)
zeV(G\U zeV(G\U

=2(n(GQ) —a)(n(G) —a —1).

The equality holds if and only if zy ¢ E(G) for each z,y € V(G)\U. On the other hand,
vy € E(G) for each x,y € V(G)\U if and only if G = Ky V Ky (g)—a- O

The following result follows immediately from Theorem 2.2, but it is still worth writing

down.

Corollary 2.3 If G is a graph with o > 1 universal vertices, then LE(G) < 2(n(G) —
1)(n(G) — 2). Equality holds if and only if G = Sy q)-

3 LECI on trees

The following lemma is well-known, see, e.g., the proof of [1, Theorem 3.1].

Lemma 3.1 Let x be a vertex of a tree T' and let u and v be the end vertices of a diametral
path of T. Then e(z,T) = max{dr(x,u),dpr(z,v)}.

Let v be a vertex of a tree T. Then v is a support vertex if v has a leaf neighbor. We
further say v is a relatively strong support if |[{x € Ng(v) : dg(x) = 1}| = dg(v) — 1, that
is, a support vertex whose all neighbors but one are leaves. For an example consider the
tree T depicted in Fig. 1 whose relatively strong support vertices are a, h, n, and m.
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Figure 1: Trees T', Ty, Ty, 1}, and T,.

Lemma 3.2 If T be a tree with diam(T) > 3, then T has at least two relatively strong
support vertices.

Proof. Let P be a diametral path in T and let u and v be the end-vertices of P. Then
e(u,T) = e(v,T) = diam(T) > 3. Let «' and v’ be the neighbors of v and v on P,
respectively. As diam(T") > 3, we have v’ # v'. Then the only non-leaf neighbor of v’ is
its non-leaf on P, the same holds for v'. Thus «' and v’ are two relatively strong support
vertices. O

Lemma 3.3 Let T be a tree and vov ... Vgiam(r) s diametral path. If v # vi,Vgiam(T)—1
1s a relatively strong support and u its non-leaf neighbor, then the following holds.

i. Ifdp(u) > % and Ty = (T —{vz : = € Np(v)\{u}})+{uz : = € Np(v)\{u}}, then
LeA(T) < LE“(Th).

il. If Ty = (T —{vz: z € Np(v)\{u}}) + {viz: = € Np(v)\{u}}, then LE(T) < LE(T).

Proof. Let a € Np(v)\{u}, b € Np(u)\{v}, z € Np(v1), and w € V(T)\(Nr(v) U Np(u) U
Np(v1)).

i. Using Lemma 3.1 and the structures of T and 77, we have:

da(v,Th) = do(v,T) + dr(v) — 1, do(u,T1) = da(u,T) — dr(v) + 1,

da(a,Ty) = da(a,T) + dr(u) — 1, da(b,T1) = do(b,T) + dr(v) — 1,

do(z,Th) = do(2,T), do(w,Ty) =do(w,T), e(v,T1) = e(v,T),
e(u, 1) =e(u,T), ela,T1) =¢e(a,T) -1, e(b,T1) =¢e(b,T),
e(z,Th) =¢(2,T1),e(w, Th) = e(w,T).



Then, by the definition of L£€,
L& (Th) — LEXT) = (d2(v,T) = 1)e(v,T) = (da(v, T') — 1)e(u, T)

+ ) [(dr(u) = 1)(e(a, T) — 1) — da(a, T)]
a€Nr(v)\{u}
+ Y (dr(v) = Db, 7). (1)
beNT (u)\{v}
Applying Lemma 3.1 we get €(v,T) = e(u,T) + 1. Also, it is clear that da(a,T) =
dr(v) — 1, e(a,T) > 4, and €(b,T") > 2. Thus by (1),
LeX(Th) — LEX(T) = 5(dr(v) — 1)(dr(u) —1) = (dp(v) —1)(dr(v) = 2).
Since we have assumed that dp(u) > dT(gﬁ, we conclude that LE(Ty) — LES(T) > 0.
ii. By the structure of T" and T5, and using Lemma 3.1 we have:
da(v, T5) = da(v,T), da(u,T2) = do(u,T) — dr(v) +
dg(a,Tg) = dg(CL,T) + dT(’Ul) —1, dg(b Tg) > dg(b T)
d2(z,T) = da(2,T) + dr(v) — 1, da(w,T2) = da(w, T),
E(Uv Tl) = E(Ua T)7 E(uv T2) = E(ua T)7 E(CL, T2) > E(CL, T)a
e(b,Ty) =eb,T), e(z,Th) =¢(2T), e(w,Th)=ce(w,T).
Then, by the definition of L&€,

LE(Ty) — LEAT) > —e(u, T)(dr(v) = 1)+ > e(a,T)(dr(v1) - 1)

a€Nr(v)\{u}
+ Y el T)(dr(v) - 1). (2)
zENT(v1)
By Lemma 3.1, e(a,T) = e(u,T) 4+ 2 and £(z, T) e(u,T). Thus, by (2),
LE(Ty) — LEX(T) > e(u, T)(dp(v) — 1) (dr(v) + dT(vl) —2)

+2(dr(v) — )( () 1>

and we are done. O

Let P : vou1va . .. Vgiam(7) be a diametral path of 7. For i € [diam(T") — 1], let A(v;, P) =
{x e V(T) : d(z,v;) < min{d(x,v;_1),d(x,viy1)}}. Note that if dp(v;) = 2, then A(v;, P) =
{vi}. Set further T;, = T[A(v;, P)]. If dr(v;) > 3, then we say that T, is a contracted
member of T with respect to P if T}, = n((To,)> and a non-contracted member otherwise. If
dr(v;) = 2 or To,; = Syr,,,) holds for every i € [diam(T") — 1], then T is a caterpillar. For an
example let’s return to Flg 1. Consider the following diametral path of T: P : uabdkimgq.
Then A(b, P) = {b,c}, A(d,P) = {d,e, f,q,h,i,5}, A(l, P) = {l,n,0}, and A(m,P) =
{m, q}. Further, T[A(b, P)] = Ty, T[A(d, P)| = Ty, T[A(l, P)] = T;, and T[A(m, P)] = T),.
Moreover, T; and T} are non-contracted members of T with respect to P.

Let P : vov1v2 ... Ugjam(r) be a diametral path of a caterpillar 7. Then T' is a broom if

precisely one of vy and vgjam(1)—1 is of degree at least 3, while all the other inner vertices
of T" are of degree 2. Let B, 4 denote a broom of order n and diameter d, see Fig. 2.
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Figure 2: Brooms of order 7.

Theorem 3.4 If T is a tree of order n > 4 and diameter d, then

2(n —1)(n —2); d=2,

3n? — 16n + 26; d=3,

@ —L(n—1)d® + 3(2n? +2n —4)d —2n+4; d >4 even,

@ —Ldn - 1)+ 3@2n® +2n—4)d —2n+ 3; d >3 odd.

LEX(T) <

Moreover, equality holds if and only if T = By, 4.
Proof. Let Py : vgvivs... vg be a diametral path of T'. We distinguish five cases.

Case 1. T is not a caterpillar.
Then, there exists i € [d— 1] such that T,,, = T'[A(v;, P;)] is a non-contracted member
of T" with respect to P;. Thus, by Lemma 3.2, T, has two relatively strong support
vertices. Hence, there exists a relatively strong Support vertex v in V(T,,)\{v; }. Then,
by Lemma 3.3, we have a tree T5 of order n and diameter d such that LE(Tn) >

LES(T).

Case 2. T is a caterpillar, d > 4, and dr(v2) > 3.
Set Ty = (T — {zvy : * € Np(ve)\{v1,v3}}) + {zv1 : ® € Np(ve)\{v1,v3}}. So, if
x € Np(v1)\{vo,v2}, y € Np(ve)\{v1,v3}, and w € V(T)\(Np(v1)U Np(ve)), then by
the the structure of T" and T3,

do(vo, T3) = do(vo, T) + dp(ve) — 2, da(v1,T3) = da(v1,T) — dp(va) +

da(v2,T3) = da(v2, T) + dp(v2) — 2, da(v3,T5) = da(v3, T') — T(U2) 2,
da(z,T3) = do(x, T) + dr(v2) — 2, da(y,T3) = da(y,T) + dr(v1) —

do(w, Ts) = do(w,T), e(y,T3) = e(y,T) + 1, e(vs,T) < (d — 1),
dao(y,T) =dp(vy) — 1

Also, e(2,T3) = e(2,T) for z € V(T)\(Nr(v2)\{v1,v3}). Thus,
L& (Ts) — LEX(T) = (dp(v2) — 2)d — (dp(v2) — 2)(d — 1)
+ (dr(v2) = 2)(d = 2) = (dr(v2) — 2)(d — 1)
+ > (dr(ve) — 2)d

z€Nr (v1)\{vo,va2}

+ [(dr(v1) = 2)d + (dr(v) — 1)]
yENT (v2)\{v1,03}

7



= 2(dr(v1) — 2)(dr(va) — 2)d
4 (dp(ve) — 2)(dr(vs) — 1) > 0.

So, T is a caterpillar of order n and diameter d such that L&¢(T3) > LEC(T).

Case 3. T is a caterpillar, d > 5, dp(vy) = 2, and dp(vs) > 3.
Set, Ty = (T — {zv3 : © € Nr(v3)\{vz,v4}}) + {zv1 : @ € Np(v2)\{v2,v4}}. Thus,
if x € Np(v1)\{vo,v2}, y € Np(vs)\{ve,v4}, and w € (V(T)\(Np(v1) U Np(vs3))) U
{v1,v2,v3}, then by the structure of 7" and Ty,

dg(Uo,T4) = dg(’UQ,T) + dT(’Ug) — 2, dg(’U4,T4) = dg(U4,T) — dT(Ug) + 2,
do(x,Ty) = do(x,T) + dr(v3) — 2, do(y,Ty) = da(y, T) + dr(v1) — 2,
do(w,Ty) = do(w,T), e(y,Ty) > e(y,T) + 1, e(vs,T) < (d—1).

Also, e(z,T3) = e(z,T) for z € V(T)\(Nr(v3)\{ve,v4}). Therefore,

L& (Ty) — LEX(T) = (dp(vs) — 2)d — (dp(vs) — 2)(d — 1)
+ > (dr(vs) —2)d
€N (v1)\{vo,v2}
+ > [(dr(v1) = 2)d + (dr(vs) — 1)]
yENT (v3)\{v2,04}
= 2(dp(v1) — 2)(dp(v3) — 2)d
+ (dp(vs) — 2)dp(vs) > 0.

So, Ty is a caterpillar of diameter d and order n with L{(Ty) > LEC(T).

Case 4. T is a caterpillar, and there exists ¢ > 4 such that d > i + 2, dp(vy) = dp(v3) =
-+ =dp(vi—1) =2, and dp(v;) > 3.
Set Ts = (T — {zv; : v € Np(vi)\{vi—1,vi+1}}) + {zv1 : @ € Np(vi)\{vi=1,vit1}}
Thus, if z € Np(vi)\{vo,v2}, y € Np(vi)\{vi-1,vi+1}, and w € V(T)\(Np(vy) U
Nr(v;)), then by the structure of T and T5,

da(vo, T5) = da(vo, T') + dr(v;) — 2, do(ve,Ts) = do(ve, T) + dr(v;) — 2,
da(vi—1,T5) = do(vi—1,T) — dp(v;) + 2, da(vit1,T5) = da(vit1,T) — dp(v;) + 2,
da(z,T5) = do(x,T) + dr(v;) — 2, do(y,T5) = do(y, T) + dp(v1) — 2,
do(w, Ts) = do(w,T), e(y,T5) = e(y,T) + 1, e(vi—1,T) < (d —3),
e(vit1, T) < (d —1).

Also, e(z,T5) = (2, T) for z € V(T)\(Nr(vi)\{vi—1,vi+1}). Then
LE(T3) — LEX(T) = (dr(vi) — 2)d + (dr(vi) — 2)(d - 2)
— (dr(vi) = 2)(d = 3) = (dr(vi) — 2)(d - 1)
- > (dr(vi) — 2)d

z€N7 (v1)\{vo,v2}



+ Y [r(w) —2)d + (dr(v) — 1)]

yENT (v2)\{v1,v3}
= 2(dp(v;) — 2) + 2(dp(v1) — 2)(dp(vs) — 2)d
+ (dT(UZ') — 2)(dT(UZ') — 1) > 0.

Therefore there exists a tree 75 of order n and diameter d such that LES(T5) > LEC(T).

Case 5. T is a caterpillar, d > 3, dp(v1) > 3, dp(vg—1) > 3, and dp(v;) = 2 for i €
[d—1\{1,d — 1}.

Now, set
Ts = (T — {xvd_l T e NT(Ud_l)\{?}d_g,?}d}}) + {JZ’Ul RS NT(’Ud_l)\{’Ud_Q,’Ud}}.

It is clear that e(v,Tg) = (v, T') for v € V(T'). Using similar arguments as in previous
cases we get:

LE(Ts) — LE(T) = > d(dr(va-1) — 2)
N7 (v1)\{vo,v2}
+ > d(dr(v1) — 2)
YENT (va—1)\{va—2,va}
= Qd(dT(’Ud_l) — 2)(dT(?}1) — 2) > 0.

Thus, in this case there exists a broom Ty = B,, 4 such that L£(Ts) > LES(T).

By cases 1-5 we conclude that if T" has maximum value of LE® among all trees of order n
and diameter d, then T'= B,, 5. Moreover, according to the definition of the structure of
B, 4, we conclude that if d = 2, then

H{z € V(Bpa) : da(x,Bpg) =n—2, e(x,Bpq) =2} =n—1,

)

|{l‘ € V(Bn,d) : d2($7Bn,d) =0, €($7Bn,d) = 1}| =1 (3)
If d = 3, then
H{z € V(Bpa) : do(x,Bpaq) =n—3, e(x,Bpq) =3} =n—3,
’{.Z' S V(Bn’d) : dg(aj,Bmd) = 1, E(x,Bn7d) = 2}’ = 1,
H{x € V(Bpa) : do(z,Bpg) =n—3, e(x,Bpq) =2} =1,
|{l‘ € V(Bn,d) : d2($7Bn,d) =1, €($7Bn,d) = 3}| =1 (4)
If d > 4 is even, then
‘{J} c V(Bn,d) : dg(l’,Bn’d) = 1, E(x,Bn7d) = d}‘ = 1,
‘{J} c V(Bn,d) : dg(l’,Bn’d) = 1, E(x,Bn7d) =d-— 1}‘ = 2,
|{$ € V(Bn,d) : dg(l‘,and) =n—d+ 1, €($7Bn,d) =d-— 2}| =1,
|{$ € V(Bn,d) : dg(l‘,and) =n-— d7 €($7 Bn,d) = d}| =n-—- d7 (5)



and if d > 6 is even, then

\{a; c V(Bn,d) : dg(x,Bn’d) = 2, E(x,Bn7d) =d-— 2}‘ = 1,

d
\{a; € V(Bn,d) : dg(x,Bn’d) = 2, E(x,Bn7d) = 5}‘ =1. (6)
Also, for i € {3,...,2 — 1} we have,
]{x S V(Bn’d) : dg(x, Bn,d) =2, E(m, Bn,d) =d-— Z}’ = 2. (7)

If d > 5 is odd, then

(Bn,a) : d2(@, Bna) =1, e(x, Bpa) = d}| =1,
(Bn,d) : do(z, Bpa) =1, e(z,Bpa) =d— 1} =2,
Hex € V(Bpa) :da(x,Bpg) =n—d+1, e(x,Bpq) =d—2}| =1,
(Bn,d) : do(z, Bpa) =2, e(x,Bpa) =d—2} =1,
(Bn,d) : da(z, Bpg) =n —d, e(x,Bpq) =d}| =n—d, (8)

and if d > 7, then for i € {3,..., %1},
|{l‘ S V(Bn,d) : dQ(!E, Bn,d) = 2, 5(33an,d) =d— Z}| =2. (9)
From (3)-(9) we conclude that

2(n—1)(n —2); d=2,
3n? — 16n + 26; d=3,
& —1tn—-Dd®>+12n° +2n—4)d—2n+4; d#2, 2] d,

1
2
1
2

P —Lan -1+ Li2n? +2n—4)d—-2n+2; d#3,2¢d

Lgc(Bn,d) =

and we are done. O

Theorem 3.5 Ifn > 3, then B,, 4 has the maximum value of LS among all trees of order
n, where
2; n € {3,4,5,6},
d=<¢ 3; n € {7,8,9},
3] +1;  n>10.

Proof. If the theorem holds for brooms of order n > 3, then by Theorem 3.4 the assertion

is valid in general. Thus, we prove that if

2 n e {3,4,5,6),
d=1< 3; n € {7,8,9},
5] +1;  n>10.

then B, 4 has maximum value of L£® among all brooms of order n. By (10), the assertion
of the theorem is true for 3 <n < 10. Let n > 11 and for = € [4,n — 1] set

1 1
flz) =a° — 5 (4n — 1)a? + 5(2712 +2n — 4)z — 2n.
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Then,
if—(3:17—71—2)(:17—n+1)
oz’ '

By a simple calculation, f (%) > max{f(4), f(n —1)}. Thus, function f has maximum in

242 Moreover, we have f(2+2) > max{2(n—1)(n—2),3n? —16n+26}. Then, by (10) and

the fact that d is an integer, we conclude that B, |nt2| OF B, rnt2 has the maximum value
) 3 k) 3

of L&® among all brooms of order n > 11. To complete the proof we have to investigate all

possible cases for 242 | and [%2].

Case 1. If 3| n, then 22| = 2 and [22] = 2 +1. Also, clearly the parity of [24?| =
and of ["H] = % +1is not the same. Then by (10), L&S(B 7L"T+2J) LES(B,, 1nt27)
—% or LEY(B ninTﬁJ) — Lfc(Bn,[”T“]) = —3 + 1. Then, in this case, By, 241 has the
maximum value of L&°.

| ol

Case 2. If 3| n— 1, then |22 ] = [22] = 2L 4+ 1. Thus, in this case, Bn’anl_i_l has the
maximum value of L&°.

Case 3. If 3| n—2, then 22| = TQ 1 and [2£2] = ""%H + 1. On the other hand, it
is clear that the parity of |2] =122 4] and Of [2427 = 241 4 1 is not the same.
Then by (10), Lg ( L7L+2J)— 5 ( |'7L+2‘|) Or LSC( n+2J) Lg ( n+2-|)

n=2 41, Thus, in this case, B, n—2 ; has the maximum Value of L&C. O
’ 3
Based on proven results and some computer experiments we conclude the paper with:

Conjecture 3.6 If n > 3, then B, 4 has the maximum value of LES among all graphs of
order n, where
2; n € {3,4,5,6},
d=1 3; n € {7,8,9},
15]+1;  n>10.

Here we pose a related problem.

Problem 3.7 Let n and k be two natural numbers such that n > k+ 1. Then

(a) characterize the minimum trees with respect to LECI among all trees of order n.

(b) characterize the minimum trees with respect to LECI among all trees of order n and
diameter k.

(¢) characterize the minimum trees with respect to LECI among all trees of order n with
k pendant vertices.

(d) characterize the maximum trees with respect to LECI among all trees of order n with
k pendant vertices.
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