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Abstract

The advent of two-dimensional transition metal dichalcogenides has triggered an interest in
exploring a new class of high performance materials with intriguing physico-chemical attributes.
Molybdenum and tungsten disulfides have attracted significant attention due to surface excitons
and trions, and large spin-orbit effects in these compounds. Moreover, WSs is especially intriguing
due to large relativistic effects which result in bound excitons at the edge and biexciton formation in
the bilayers. Hence we present a relativistic topological model for the characterization of these two
types of metal disulfides. We have employed relativistically weighted graph-theoretical methods
for obtaining structural descriptors of these compounds by inclusion of different shapes on the
boundaries and employing the topological cut techniques.

Keywords: Relativistic topological indices; cut method; monolayers; distance-based descriptors.

1 Introduction

A new class of two-dimensional monolayer materials has received considerable interest in recent years
ever since the advent of 2D graphene materials with novel properties. However, most of the available

2D materials in the pristine forms are intrinsically nonmagnetic and this thus limits their range of
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applications. Hence it is desirable to explore such novel 2D materials with a robust intrinsic ferromag-
netic order for optimizing the device applications. Subsequently, the transition metal dichalcogenides
(TMDs) [1] have been identified as notable candidates for their exclusive ferromagnetism, optical
properties, surface excitonic features, and their ability to intercalate and exfoliate have all contributed
to a wide range of applications. Consequently, these materials find applications in a number of areas
such as spintronics, energy harvesting, DNA sequencing, and personalized medicine as they possess a
unique combination of atomic-scale thickness, spin-orbit coupling, direct bandgap, and other favorable
electronic and mechanical properties [2]. Tungsten disulfide in its 2D form exhibits strongly bound
excitons even at the edge, trion fine structures, and interesting spin dynamics attributed to a large
spin-orbit splitting of the tungsten atoms, all of which result in unusual optical properties of WSy [3].

Recent advances in sample preparation, optical detection, transfer and manipulation of 2D ma-
terials have also triggered a resurgence of scientific and engineering interest in TMDs. In particular,
the monolayers of two-dimensional crystals are emphasized more in industrial aspects than their bulk
structure as the reduced dimensions significantly enhance many physical characteristics [2]. For in-
stance, the indirect bandgap of 1.3 eV in the bulk phase of MoSs changes to a direct bandgap of 1.8
eV in the single-layer form [4] thus opening the possibility of a wide range of optoelectronic applica-
tions [5]. As there exist many such interesting layer-dependent properties in 2D materials that differ
significantly from the properties of the bulk materials, the investigation of various methods to scale
the monolayers from their bulk phase has gained its momentum in recent years [2,6].

The transition metal disulfides MSy (M = Mo,W) are popular among the TMDs that exhibit
ideal magnetic and electrical characteristics for exploring the valley-based optoelectronic applica-
tions [7,8]. Their strong in-plane bonding and weak out-of-plane interactions enable the exfoliation
of two-dimensional layers of single unit cell thickness although in the case of WSy exfoliation is more
difficult due to stronger binding between the layers caused by both scalar relativistic effects such
as mass-velocity effects, Darwin correction and spinor based spin-orbit effects [9, 10], especially for
tungsten. Even the ground electronic state of tungsten is altered by relativistic effects as shown by
a previous study [10]. The attainment of a single layer with atomic thickness [6] has enhanced their
technological importance as the monolayers exhibit exceptional attributes including amplification of
electrical signals with less power consumption, ultralow standby power dissipation, and high mobility
rates. The direct bandgap, the electronic structure of their monolayers, and the propensity to form
WS2 nanotubes emphasize their key roles in various fields such as the lithium ion batteries (LIB) [11],
flexible electronic devices [12], photovoltaics [13], and valleytronics [14]. Furthermore, their abundant
availability helps in achieving cost-effective thermoelectric devices when compared to other conven-

tional materials like bismuth telluride, offering a unique opportunity of realizing flexile generators



for the wearable technology. Recently Manzeli et al. [15] summarized the various methods used to
synthesize these TMDs and their intriguing properties with particular attention to their topological
phases.

It is to be observed that the physical properties of the newly synthesized 2D materials are extremely
sensitive to various thermodynamic and kinetic conditions of the growth process [16], leading to
numerous expensive trial and error experiments. These challenges were addressed by the development
of various theoretical and computational methods in modeling these materials, which is effective in
understanding the conditions of the growth mechanism. The recent survey [17] and the computational
study [18] provide an outlook of various computational and theoretical approaches to 2D materials
synthesis and growth in general. In particular, it has been also pointed out that bond-additive indices
could be employed for the determination of peripheral shape correlations of a chemical compound
[19]. Henceforth, relativistic quantum computations could be used as potential tools in determining
their physical attributes and performance characterization through relativistic quantum electrostatic
potentials.

Graph theory provides powerful and efficient tools for the topological characterization of the un-
derlying structural features through the connectivity of the network. Any problem that involves a
graph structure can be analyzed and solved using graph-theoretical tools which in turn expand the
scope of utilization in numerous areas of science and engineering. In particular, chemical graph theory
deals with the characterization of the underlying topology by providing elegant structural descriptors
called the topological indices that have the efficacy to correlate with the observed properties. It is
largely applied to attain the quantitative characterization of material structures, thereby enabling the
study of quantitative structure-activity (QSAR), property (QSPR), and toxicity (QSTR) relationships
of the 2D molecular structures [20].

Topological indices are invariant to the labeling of vertices, and thus form a reliable starting point
in the quantitative study of molecules and in assisting data set reduction thereby reducing the final
candidates for computationally intensive quantum chemical techniques. These nonemperic numerical
quantities can be significantly utilized due to their cost-effectiveness and computational efficiency
of their graph-theoretic techniques in readily determining and predicting the characteristics of such
complex structures, thus providing powerful alternatives to analyze and experiment the chemical
compounds. In the past decades, numerous papers were devoted to the study of such topological
descriptors owing to its ability to predict the pharmacological and physico-chemical attributes of a
compound theoretically [21]. Moreover, such mathematical classifications including hypercubes can
have far-reaching applications in chemistry including explorations into quantum similarity measures

of the periodic table of elements and periodicity of aromatic compounds [22].



Topological indices such as Szeged index, Gutman index, Mostar index and their variants are
extremely useful in characterizing topostructural and peripheral properties of materials [23-28]. The
above mentioned topological indices can be computed in an elegant way by locating appropriate
edge cuts provided the given chemical material belongs to the family of partial cubes. But in the
development of such techniques for a 2D complex molecular structure has been quite challenging due
to computational complexities in the implementation process. In the current study, we have developed
novel contraction procedures to facilitate the computation of topological indices for 2D materials such
as MoS; and WSy. Moreover, we have incorporated relativistic effects in our topological models for
realistic predictions on WSs.

Although a graph theoretical model only depicts the underlying topology of the materials and
not the chemical or quantum features, a very little progress (see [29]) has been made to integrate
topological descriptors to the chemistry specific features such as electronic features, and especially for
materials containing very heavy atoms. Recently a relativistic topological model was proposed [30]
by incorporating relativistic quantum chemical structural parameters through weights assigned to
each vertex and edge of the 2D network. In the current study, we employ the relativistic structural
descriptors to characterizing 2D transition metal disulfides through relativistically strength-weighted

graphs.

2 Mathematical Preliminaries

A simple connected graph G comprises of a vertex set V(G) and an edge set E(G). For any two
vertices u,v € V(G), the distance dg(u,v) between them is defined as the number of edges on a
shortest path connecting them. Similarly, we define the distance between a vertex u and an edge
f =ab as dg(u, f) = min{dg(u,a),dc(u,b)} and the distance between two edges e = uv and f = ab
as Dg(f,g) = min{dg(e,a),da(e, b)}.

The degree dg(u) of a vertex u is the number of edges incident to the vertex u and and the degree
dg(e) of an edge e is defined as the number of edges adjacent to e. In view of the degrees of end
vertices of the edge, the weighted bond measures of e = uv with respect to sum and product are
defined as w} (e) = dg(u) + dg(v) and wi(e) = dg(u)de(v) respectively.

The neighborhood Ng(v) of a vertex v is the set of all vertices adjacent to the vertex v and the

closeness sets of an edge e = uv € E(G) are defined as follows:

Ny(e|G) = {zeV(G): dg(u,z) < dg(v,x)},

My(e|G) = {f € E(G): da(u, f) < da(v, f)}.



Table 1: Topological indices of G, where e = uv

Variants Mathematical Expressions
W(Gsw) = > wy (u)wy (v)da,,, (4, v)
{u,v}CV(Gsw)
We(Gsw) = > sy(u) sy(v) dg,, (u,v) + > se(e) se(f)
Wiener {uv}CV(Gsw) {e,f}CE(Gsw)
DGsw (67 f) + Z Z S'U(u) Se(f) dGsw (u7 f)
UEV(Gsw) feE(Gsw)
Weo(Gsw) = %< Z {wv(u) sy(v) + wy(v) Sv(u)} da,, (u,v)
{u,0}CV(Gsw)
FEE sl denud)
UEV(Gsw) feE(Gsw)
Szy(Gsw) = > Se(e)ny(e|Gsw)ny(e|Gsw)
e€E(Gsw)
Szeged Sze(Gsw) = Y se(e)mule]|Gsw)mo(€e|Gsw)
e€E(Gsw)
Szep(Gsw) = % > se(e) [nu(e\Gsw)mU(e\Gsw) + ny(e|Gsw)mu(e|Gsw)
e€E(Gsw)

Szt(Gsw) = SZU(GSU}) + Sze<Gsw> + 2SZev(Gsw)

Padmakar-Ivan

PIGa) = 5 sele)[mu(elGou) + mu(el Gon)

e€E(Gsw)
Mo(Gsy) = > se(@)|nu(e|Gsw) — nu(e|lGsw)l
M t GEE(Gsw)
o W Mo(Ga) = 3w} (e)|nu(elGaw) — mu(e]Gau)|
GEE(GS’LU)
w*Mo(Gsy) = > w:(e)|nu(6|Gsw) —ny(e|Gsw)|
EGE(Gsw)
Moe(Gsw) = Y se(e)|mule|lGsw) — my(e|lGsw)l
Bd Most EEE(Gsw)
ge-Mostar
w+MOe(Gsw) = > w;‘(e)|mu(e|Gsw) —my(e|Gsw)l
EEE(Gsw)
w*Moe(Gsw) = > wie)|mu(e|Gsw) — my(e|Gsw)l
GEE(Gsw)
Moy(Gsw) = Y. Se(e)[tule|lGsw) — tu(e|Gsw)l
T t 1 M t EGE(GSU))
SOt Mon(Ga) = X wi (@) [tu(e]Gaw) — tu(elGaw)|
e€E(Gsw)
w*Moy(Gsw) = > wie)|tulelGsw) — tu(e|Gsw)l
e€E(Gsw)
S(Gsw) = > [wv(v)[dcsw (u) + 28y (u)] + wo(u)|da,,, (v)
Schultz {u,0}CV(Gsw)
+25,(v)]|das., (u,v)
Gutman Gut(Ggy) = > [da.., (1) + 25, (u)][da., (V) + 28, (v)]da,,, (u, v)
{u,w}CV(Gsw)




The counts of the sets N, (e|G) and M, (e|G) are denoted as n,(e|G) and m,(e|G), respectively,
and t,(e|G) denotes their sum. The values of n,(e|G), m,(e|G) and t,(e|G) are analogous.

For K C E(G), the vertex set of a quotient graph G/K consists of the connected components of
the graph G — K, and two components C' and D being adjacent if there exists an edge cd € K such
that c € C'and d € D. A subgraph H of a graph G is said to be convex if for any two vertices u,v € H,
any shortest path between them in G lies completely in H, whereas H is an isometric subgraph if for
every pair of vertices, the distance between them in both G and H are equal. An isometric subgraph
of a hypercube is called a partial cube, where the hypercube @, of dimension n is defined as the
Cartesian product of n copies of the complete graph Ks.

A strength-weighted graph [25] G, = (G, SWy, SWEg) is a graph G in which the vertex and edge

set are assigned a pair of strength-weighted functions (SWy, SWg) defined as follows:

(1) SWy = (wy, $p), where wy, s, : V(Gsy) — R are vertex-weight and strength functions,

(ii) SWg = (we, Se¢), where we, s¢ : E(Gsy) — RE{ are edge-weight and strength functions.

The structural terminologies such as distance, neighborhood and the closeness sets in G, remains
the same as that of the simple graph G, whereas the degree and the cardinality of closeness sets in
Gy are defined in the following.

da,, ()= ) se(uz),

ENG,, (u)

ny(e|Gsw) = Z wy (),

CEGNu(elcsw)

mu(e|Gsw) = Z Sv(aj) + SE(f)'

2ENy (€] Gow) feMu(e|Gsw)

The formulae of several topological indices (T'I) of a strength-weighted graph G, that are analyzed
in this study are tabulated in Table 1, where TI(G4,) = TI(G) if w, =1, s, =0, we = 1 and s, = 1.
The computational techniques for evaluating these indices continues to be an interesting topic of
research [23-25,31] because it facilitates the topological characterization without actually calculating
the numerical parameters of the graph. The cut method is a classical computational procedure [31]
employed to investigate topological indices and is being revamped till date based on the kind of
graphs [23,25-27]. In this method, the key role is played by the Djokovié-Winkler relation ©, cf. [31].
This relation is defined on the edge set of a given graph G, where edges e = uv and f = ab of G are
in relation © if dg(v,b) + da(u,a) # da(u,b) + da(v, a).

The relation O is reflexive and symmetric in general, but need not be transitive. In the bipartite
case, © is transitive precisely on partial cubes. In general, the transitive closure ©* forms an equiva-

lence relation, and thus partitions F(G) into ©*-classes F1, ..., Fj, whcih are called cuts. These cuts



dissect the given graph into two or more connected convex components in order to determine the cor-
responding descriptor of the compound [25-27,31]. A coarser partition ©°* is a partition {E1, ..., E,}
in which each set Fj; is the union of one or more ©*-classes of G. The formulae for determining the

topological indices using this technique is summarized in the following theorem.

Theorem 1. [25-25] Let Gy, = (G, (wv,sv),(we,se)) be a strength-weighted graph. Let E(G) =
{E1, B, ..., Ep} be a ©% -partition of E(G), and TI € {W, W, Wey, Szy, Sze, Szew, PI1, S, Gut, Mo, Mo,
Moy, wt Mo, w* Moe,w™ Moy, w* Mo, w*Mo.,w*Mo;}. Then,

p
TI(Gsw) = > TI(G/E;, (w),s}), (wi, 5%)),
=1

(i) wi : V(Gsw/E;) — ]Rar, w(X)= Y wy(z), VX €V(Gsw/E:),

zeV(X)

(id) 8¢ :V(Gsw/Ei) = R, si(X) = Y. se(zy) + X su(@), VX € V(Gsw/Ei),
zyeF(X) zeV(X)

(iii) wl: BE(Gsw/E;) = RY, wi(XY) = > we(zy),V XY € E(Gsw/Ei),

ryeE;
zeV(X), yeV(Y)

where we apply

o ifTI € {w"Mo,wt Mo, w*Mog}, wi(XY) =wl(XY)= Y (da.,(2)+de., (v)),

zyeE;
z€V(X),yeV(Y)
V XY € E(Gau/E;),

o if TI € {w*Mo,w*Moe,w*Mo;}, wi(XY) = w(XY) = Z da.., (@)da.., (v),

zyel;
zeV(X), yeV(Y)
V XY € E(Gy/E;).

e if TI is other than the above indices, wt is not needed.

(iv) si: E(Gsw/Ei) = RS, sL(XY) = 3 se(zy),V XY € E(Gsy/E;).
Tyekl;
er(X%,eye\/(Y)

3 Molybdenum and Tungsten Disulfides

As we noted in the introduction, molybdenum and tungsten disulfides are novel quasi-two-dimensional
transition metal disulfides with excellent physico-chemical properties complementary to those of
semimetallic graphene [32], promising several potential applications [7]. These are layered semiconduc-
tor materials of the form S-M-S, in which each plane of the metal (M) atoms are sandwiched between

two layers of sulfur (S) atoms. Here the bonding within each sandwich layer is strongly covalent while



the individual S-M-S layers are loosely held through van der Waals interaction, which thus facilitates
the exfoliation of a single layer to a few layers from the bulk [6]. The two popular crystal phases for the
bulk MoSs and WSy structures are: (i) a thermodynamically stable 2H phase (hexagonal symmetry)
with the P63/mmec space group [33] (ii) a metastable 1T phase (trigonal symmetry) with the P3m1
space group which are characterized by trigonal prismatic and octahedral coordination of metal atoms,
respectively as shown in Figure 1. As these phases of MSs monolayers exhibit substantially different
electronic properties (for example, 2H MoS; is a semiconductor whereas 1T MoSs is metallic [34]),

the characterization of the structure in these phases is efficacious.

oS

O/I\D oM

(a) (b)

Figure 1: Unit cells and monolayers of MSs in (a) 2H phase (b) 1T phase

We apply relativistic topological models for the characterization of MoSs and WSy as relativistic
effects including spin-orbit coupling are significant for such heavy transition metal atoms and main
group atoms as Mo, W, Sn, Pd and so on [9,10,35]. Both scalar relativistic effects such as mass-velocity
and Darwin corrections as well as 2-component spinor based spin-orbit coupling are quite significant.
As shown in ref [10], even the ground state of tungsten atom is completely altered by spin-orbit effects
compared to Cr and Mo which tend to have (n — 1)d°ns' ground states while W exhibits a 5d*6s>
ground state with a large spin-orbit splitting of over 6200 cm~! or 0.77 eV [10]. These large spin-
orbit effects manifest themselves in the optical, trion, excitonic properties and spin valley dynamics
of WS, all of which are attributed to the large spin-orbit splitting of W. Spin-orbit effects not only
influence the geometries of the molecules and materials containing heavy atoms but also completely
alter the topological structures of potential energy surfaces [36,37]. That is, the spin-orbit coupling
is so large that it overtakes Jahn-Teller distortions and thus modifying the potential energy surfaces
of such molecules [37]. This arises from the fact the overall symmetry of the molecule or material
under consideration alters when spin-orbit coupling is included from the usual point group to the
double group [9,37] thereby allowing for mixing of two electronic states that would otherwise not mix.
Such singlet-triplet mixings of electronic states caused by spin-orbit coupling result in very interesting
topological spintronics in such heavy materials as WSs. Thus it is of paramount importance to have
topological models that include relativistic effects for realistic structural characterization of 2D WSs

materials.



Relativistic parameters for the 2D materials under consideration can be obtained through a local-
ization of relativistically obtained Bloch orbitals into Wannier functions by localized transformations
such as the efficient Pipek-Mezey transformation [38]. Such computations need to include spin-orbit
coupling which changes the Hamiltonian and thus allowing for the mixing of two states of different
spin multiplicities and spatial symmetries that would otherwise not mix in the absence of spin-orbit
coupling. For example, the mixing of singlet and triplet states caused by spin-orbit coupling would
completely alter the Bloch orbitals and thus the Wannier functions of these materials. Consequently,
one needs to adapt a two-component spinor description for systems such as WSs because of the large
spin-orbit effects on the tungsten. The two-component Wannier spinors then provide a localized de-
scription of these materials. Once the localization procedure is accomplished through the Pipek-Mezey
transform, one can obtain relativistic weights ,, for the metal atom, ¢ for the sulfur atom and pys
for each edge M—S in the 2D network of MoSs and WS,. The relativistic weights thus obtained can
then be transferred to structural attributes of two phases of MSy (M = Mo, W) by analyzing their

molecular model in various forms depending on the arrangement of the corresponding unit cells [39,40].

3.1 Mathematical Key Idea

The key idea of this paper is to correctly locate the ©-classes of 2H MSy and 1T MSy monolayers from
their underlying graph structures. That is, we are going to show that the graph structures of 2H MS»
and 1T MS, monolayers belong to the family of partial cubes.

The graph structure of 2H MSy monolayer can be easily constructed from benzenoid systems by
attaching pendant edges in specific places on the boundaries as shown in Figure 2. That benzenoid
systems are partial cubes is known already for a long time, cf. [31]. Moreover, it is clear (and well-
known) that attaching pendant edges to partial cubes yields partial cubes again. Hence we can
conclude that the graph structure of 2H MSs monolayers are partial cubes. The graph structure of
1T MS, monolayers can be constructed from 2H MSs graph structure by adding vertices and edges as
shown in the right-hand side of Figure 2. To prove that 1T MS, graph structures are partial cubes,
we need some preparation. Let G be a graph and let Wi, Wy C V(G) be vertex subsets that cover
V(@) and have nonempty intersection, that is, W3 U Wy = V(G) and W1 N Wy # (). Assume further
that the subgraphs induced by W; and by W5 are isometric in G, as well as that there are no edges
between W1 \ Wy and Wa \ Wi. Under these assumptions, let H be a graph constructed as follows.

e Replace each vertex w € W1 N Wy by vertices w; and wy and add the edge wyws.
e Join w; and wy to all neighbors of w in Wi \ Wy and Wy \ W7, respectively.

o If w,z € Wi NW; and wz € E(G), then add edges w121 and wazs.



Figure 2: Construction of MoSs monolayers from benzenoid systems
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ontraction procedure
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Figure 3: Various stages of 1T MSy monolayer



Then we say that H is an expansion of G with respect to Wi, Ws. In addition, a contraction is the
inverse operation of the expansion, that is, we say that in the above construction G is a contraction
of H. Finally, an expansion procedure is a sequence of expansions. With this preparation we can now

state the following characterization of partial cubes due to Chepoi [41].

Theorem 2. A graph G is a partial cube if and only if G can be obtained from the one vertex graph

K1 by a sequence of expansions.
Using Theorem 2 we can now deduce the following.
Theorem 3. The graph structures of 1T MSs monolayers are partial cubes.

Proof. 1t is enough to prove that the graph structure of 1T MSs without pendant edges are partial
cubes. We now construct the 1T MSs monolayers without pendant edges as shown in Figure 3. First
contract the “ladder” subgraph as shown in the Figure 3. Note that the bottom marked path is
isometric in the graph, as well as it is the upper marked path, hence by Theorem 2, the left top graph
is a partial cube if and only if the top right graph is a partial cube.

We then proceed analogously by contracting horizontal isometric paths from top to bottom. See
Figure 3 again, where the next two steps of the contraction are presented. Continuing in this manner
we end up with a grid-like graph H. By the same method (but simpler) we see that H is a partial
cube. More precisely, we contract diagonal ladder subgraphs from, say, top left till bottom right. We

conclude that since H is a partial cube, then so it is the starting 1T MSs monolayer. O

3.2 2H and 1T MS, monolayers

In the 2H phase, each metal atom M is prismatically coordinated by three surrounding sulfur atoms
S, with the S atoms in the upper layer lying directly above those of the lower layer. The grain
boundaries of these 2H monolayer MSs possess significant impact in the electronic, magnetic and
transport properties of the compounds [20,42].

In 1T MS, monolayers, the metal atom M is co-ordinated to six adjoining S atoms octahedrally,
with the two S layers being stacked in the A-B packing mode. It is also claimed to exhibit several
interesting properties such as strong adsorption of functional groups [39], extraordinary hydrogen
evolution reaction (HER) catalytic activity [43] and so on. The schematic representation of the two
types of MSy monolayers in the given two phases [39,40] are depicted in Figures 4 and 5. The
bitrapezium, hexagonal and parallelogram shapes of MSs monolayers are respectively denoted by
BTj(n,p,q), Hj(k) = BTj(2k — 1,k — 1,k — 1), and Pj(p,q), where j = {H,T} denotes their two

different phases.
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Figure 5: Structure of 1T MSy monolayers (a) BT (8,3,4) (b) Pr(6,5)

We now briefly explain the computational procedure to find the relativistic topological indices,
in particular explaining the ©-classes and their decomposition behaviors. The ©-classes of these
structures are grouped into four categories as horizontal Hﬂﬁ, acute Aﬂ-ﬁ, obtuse Oﬂj and pen-
dant Pl-j# as depicted in Figure 6, where # € {b, h,p} denotes the geometry of the structure and
i € I, the index set of ©-classes. The quotient graph of all ©-classes is a complete graph on two
vertices with the vertex strength-weights (Xi?(w),Xi;#(s)), k = 1,2 and edge strength-weights as
(ng(er)/ng(w*),Xgl#(s)), X € {H,A,0O,P} as in Figure 7. The relativistic topological char-
acterization of the structures BTj(n,p,q), and Pj(p,q) along with the detailed proof is given in the
appendix section. Since the hexagonal shape is a particular case of bitrapezium, the relativistic

topological indices of the structure H;(k) can be easily deduced from that of bitrapezium shape and

12



is presented as follows. It should be noted that the geometry of the bitrapezium graph structure
BTy (n,p,q) possess complications in MATLAB interface while calculating the Mostar indices. Thus

we limit the evaluation of various Mostar indices to the hexagonal shape MSs monolayer.

Figure 6: Various ©-classes of BTy (8,3,4)

(Xﬁw+)/X;ﬁw*) , Xﬁs))
. c . . o .
Xy, X;1(s) (X0, X3(5))

Figure 7: Quotient graph of ©-class where j € {H,T'}

Theorem 4. For hexagonal shape 2H MSs monolayer Hy (k), we have

1. W(Hu(k)) = 1ok{75(82k* — 20k — 2) + 7urys(164k* + 205k — 4 — 25k + 20k?) + ~3(82k* +
205k + 140k? + 35k — 42)}.

2. We(Hp (k) = Sk(2k — 1)p%, {123k — 6k* + 2k + 1}.
3. Woe(Hp (k) = s5kpus{yu(492k* — 50k? — 135k% — 7) + v5(480k> + 492k* — 37 — 15k — 50k?)}.

4. Szy(Hp (k) = 35kpus{7v4(270k% — 25k3 — 5k) + vu75(540k5 + 4 + 160k* — 90k + 646k1) +
v2(270k° + 646k* + 245k3 + 100k? + 175k — 56)}.

5. Sze(Hu(k)) = 3k*p3,{81k* — 42k3 + 10k? — 3k + 2}.

6. Szeo(Hu(k)) = 35kp2s{vm(5k — 30k? + 25k3 — 420k* + 1620k°) + v5(570k* — 48 — 5k — 655k3 +
1518k* + 1620%°)}.
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7. PI(Hy(k)) = kp?,{81k3 — 14k* + 3k — 4}.
8. S(Hu(k)) = tkpus{vu(492k* — 50k? — 7) + ~v4(85k? — 37 — 15k + 615k3 + 492k*)}.
9. Gut(Hy(k)) = tkp?{1476k* — 10k* + 15k — 26}.
10. Mo(Hp(k)) = Skpus{vu(27k® + 3k) + vs(27k% 4+ 16k* — 3k — 16)}.
11. Mo.(Hu(k)) = 3kp? {27k — 5k — 2}.
12. Moy(Hp(k)) = 1kpus{pus(81k® — 15k — 6) 4+ vu(27k> + 3k) + vs(27k3 + 16k* — 3k — 16)}.

13. wrMo(Hy (k) = $kp?{vu(564k* — 405k + 330k* — 15k + 6) +v(564k* — T5k3 — 200k? + 135k —
94)}.

14. wrMoc(Hp (k) = 2kp3{564k* — 405k> + 90k? + 25k — 14}.

15. wrMoy(Hp (k) = $kp2e{ pus(1692k* — 1215k3 4+ 270k% 4 75k — 42) + ,,(564k* — 405k + 330k? —

15k + 6) + v5(564k* — 75k — 290k? + 135k — 94)}.
16. w*Mo(Hp (k) = 2kp3 {71 (282k* —270k3+165k> — 15k +3)+,(282k* —105k> — 185k>+75k—T7)}.
17. w*Mo.(Hp (k) = 2kp},{282k* — 270k + 45k + 25k — 2}.

18. w*Moy(Hp (k) = 2kp3s{pus(846k* — 810k3 + 135k? + T5k — 6) + 7,,(282k* — 270k> + 165k —
15k + 3) + v5(282k* — 1053 — 185k2 + 75k — 7)}
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Figure 8: Comparative analysis of distance-based and Szeged-type indices for hexagonal shaped 2H

MSs monolayers
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Figure 9: Comparative analysis of Mostar-type indices for hexagonal shaped 2H MS, monolayers

Theorem 5. For hexagonal shape 1T MSs monolayer Hp(k), we have

10.

11.

- W(Hr (k) = $k{75(41k* — 10k — 1) + 7,75(164k* + 50k% — 10k + 205k% — 4) 4 72(164k* +

— 5
410k + 370k2 + 175k + 21)}.

We(Hr(k)) = tkp?{1476k* — 810k® + 130k? — 15k — 31}.

Woe (Hr(k)) = t5kpus{y(492k* — 7 — 50k — 135k3) + v5(15k — 14 + 170K + 960k + 984k*)}.

. Szy(Hr(k)) = 15kpus{v2(270k5 — T5k% — 15k) + ~,rys(1080k> — 200k? — 60k — 210k — 12 +

1292k%) + 42 (1080k° + 2584k* + 1300k — 160k* — 130k + 6)}.
Sz.(Hr(k)) = 3kp? 4{324k5 — 168k* — 12k3 + 22k% — 15k — 1}.

Szeo(Hr(k)) = 25kp2s{vu(40k? — 195k3 — 280k* + 1080k5 — 45k) + v5(6 + 30k — 240k* — 770k +
2024k* + 2160k%)}.

PI(Hy(k)) = 4kp? {81k> — 14k* + 3k + 2}.

S(Hr(k)) = 2kpus{yu(492k* — 7 — 50k?) + v5(60k — 14 4 440k? + 1230k> + 984k*)}.
Gut(Hr(k)) = 2kp?{492k* + 20k* — 7}

Mo(Hr(k)) = kpus{ya(27k® 4+ 9k) + v5(54k> 4 32k2 + 30k + 10)}.

Mo.(Hr(k)) = 18k2p?,4(9k? + 2).
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Figure 10: Comparative analysis of distance-based and Szeged-type indices for hexagonal shaped 1T

MS, monolayers
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Figure 11: Comparative analysis of Mostar-type indices for hexagonal shaped 1T MSy monolayers

12. Moy(Hr(k)) = kpus{pus(162k> + 36k) + v, (27k* + 9k) 4 v5(54k> 4 32k* + 30k + 10)}.

13, wtMo(Hr(k)) = 2kp?o{7(1692k* — 945k3 + 360k2 — 45k — 27) + 75(3384k" + 90k — 520k +
300k + 166)}.

14. wrMoc(Hy(k)) = 3kp {564k* — 315k + 502 + 5k + 1}

16



15. wrMoy(Hr(k)) = 2kp2{pus(10152k* — 5670k3 + 900k* + 90k + 18) + 7,,(1692k* — 945k3 +
360k% — 45k — 27) + v5(3384k* + 90k3 — 520k2 + 300k + 166)}.

16. w*Mo(Hr(k)) = 2kp3 {v1(564k* —405k3 + 120k* — 45k — 9) +,5(1128k* — 150k3 — 280k? +22)}.
17. w*Moc(Hr(k)) = Zkpt,o{564k* — 405k + 50k? — 15k + 1}.

18. w*Moy(Hr(k)) = 2kp3 {pus(3384k* — 2430k3 + 300k? — 90k + 6) -+, (564k* — 405k + 120k2 —
45k — 9) + v5(1128k* — 150k3 — 280k2 + 22)}.

A comparative analysis of various topological indices of hexagonal shaped MS, monolayers in 2H
phase is depicted in Figures 8 and 9 and that of MSs monolayers in 1T phase is depicted in Figures
10 and 11.

4 Applications of Computed Topological Indices

The various analytical expressions for the topological indices computed here can be valuable in
structure-property predictions of the materials considered here, especially when combined with elec-
tronic parameters derived from quantum computations. Quantum computations typically yield the
low-lying electronic energy levels, electron densities, equilibrium geometries, vibrational spectra and
various electronic based indices or properties such as molecular electrostatic potentials, NBO parame-
ters, Laplacians of charge densities, etc. From these parameters one could obtain quantitative measures
of the relative stabilities, reactivities, and optical properties. Some of the electronic parameters that

can be derived from quantum computations are shown below:

x = (I+4)/2

= (- 4)2
s = 1/(2n),
w = :UQ/(277)>

where I and A are ionization potential and electron affinity, y is the electronegativity, 7 is the molecular
hardness, S is the softness, w is the electrophilicity index and u is the chemical potential which is
simply the negative of x. In addition parameters such as polarizability can be computed quantum
chemically.

The topological indices such as the Szeged index can also be used without extensive quantum com-

putations for correlation with material properties such as dermal penetration, protonation constants,
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chromatographic retention indices, lipophilicity, octanol partition coefficients, and so on. For example,

the lipophiliticity index correlates with the Sz for polyacenes Ly as per the following expression [44]:
logP(Ly) = 1.0875 x 10745z 4 9.210,

where Sz is the Szeged index, and the statistical correlation with the observed property as measured
by R = 0.93. Although the above expression is for certain polyacene molecular systems, similar
expressions can be derived for materials under consideration, when there exists sufficient data set of
observed properties.

In previous studies [45-47] for molecular systems containing very heavy atoms such as Pty +H, Pd3
and LaCs, it has been shown how thermodynamic, vibrational, optical, and electronic properties can
be obtained through relativistic quantum computations. Moreover vibrational modes of large systems
such as the ones considered here can be computed through efficient use of topologically based parti-
tioning of the vertices through group theoretical analysis and distance degree based vector sequences
as demonstrated for C4gN1o vibrational modes [48]. Distance and degree based topological sequences
offer efficient alternatives for the vibrational spectroscopic analysis through vertex partitioning and
thus offering significant simplifications in vibrational mode analysis. Mostar indices computed here
provide insights into peripheral shapes of the materials in different phases. That is, the larger the
Mostar index of a phase, the greater is the peripheral imperfection with zero Mostar index, resulting
in peripheral perfection. Many properties such as dermal penetrations of nanomaterials and 2D sheets
often depend on peripheral measures, molar volumes, etc., combined with other measures such as
octanol partition coefficients. Consequently, the topological indices developed here can serve as useful
tools in augmenting quantum computations and other electronic and reactivity based indices derivable

from quantum computations.

5 Concluding Remarks

We have obtained the relativistic topological indices of two novel 2D transition metal disulfide mono-
layer materials in their two significant structural phases. We have shown that their graphs belong to
a family of partial cubes, a class of graphs whose metric structure is well-understood. The Mostar
type indices are hard to produce in closed forms for generalized bitrapezium shapes of MSy monolay-
ers due to some setbacks in finding the absolute differences using the MATLAB interface, whereas a
script file can be easily generated from our computations to find the Mostar indices of a particular
structure. As the present model includes relativistic quantum effects, it is anticipated that the newly

developed model will provide greater insights into the molecular structures and 2D networks of these
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novel materials. This better understanding of the geometries and behaviors of these high performance

thermoelectric materials will enable us to expand their applications in the emerging technology, since

the study on their opto-electronic properties is a new, exciting and rapidly growing area of research.
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Appendix

The analytical expressions of various relativistic topological indices for the structures BTy (n,p,q),
BTr(n,p,q), Puy(p,q), Pr(p,q) are derived in a detailed manner in the following.
Theorem 6. For bitrapezium shape 2H MSs monolayer BT (n,p,q), p+ q < n, we have

1. W(BTx(n,p,q)) = g5{72(20n3p* + 40n3pq + 120np + 20n3¢* + 120n3q + 180n> — 20n2p* +
90n2p? + 240n%pq + 710n%p — 20n%¢® — 30n2¢% + 350n2q + 840n? + 10np* — 60np> + 120np? +
440npq + 1290np + 10ng* + 20ng> + 370nq + 1140n — 4p° — 10p*q — 15p* — 20p3q — 90p3 + 10p>q +
195p? — 10pg* — 100pg® — 350pq® — 240pq + 634p — 4¢° — 35¢* — 170¢> — 385¢° — 246¢ + 360) +
72(20n3p? + 40n3pq + 80n3p + 20n3¢? 4 80n3q + 80n> — 20n%p? 4 30n%p? 4 120n2pq + 230n%p —
20n2q3 —30n2¢% +110n2q+180n2 +10np* — 20np3 +80npg+ 150np+10ng* +20ng3 +50n¢+100n —
4p® — 10p*q — 15p* — 20p3q — 30p° + 10p%q + 15p2 — 10pg* — 60pg> — 110pg® — 40pq + 34p — 4¢° —
25¢* — 70> — 95¢% — 46q) + Yurys(40n3p? + 80n3pq + 20013 p + 40n3¢? 4 200n3q + 24003 — 40n2p3 +
120n2p? + 360n2pq + 880n%p — 40n2¢> — 60n2¢% + 460n2q + 840n2 + 20np* — 80np® + 90np? +
460npq + 1110np + 20ng* + 40ng® — 30n¢> + 390nq + 900n — 8p° — 20p*q — 30p* — 40p3q — 130p3 +
20p%q+30p% — 20pq* — 160pq> — 430pq® — 250pq + 318p — 8¢° — 60¢™* — 220¢> — 4504 — 282¢+180)}.

2. We(BTu(n,p,q)) = +50%s{40n>p? + 80n3pg + 160np + 40n3¢? + 160n3q + 160n — 40n?p® +
120n2pq 4 240n2p — 40n%¢® — 120n2¢% 4+ 160n2 + 20np* + 20np> + 60np>q + 80np? + 60npg> +
240npq + 240np + 20ng* + 100ng> + 200ng? + 240nq + 160n — 8p° — 20p*q — 45p* — 40p3q — 50p> —
30p%q? —50p%q+5p? — 20pg* — 120pg> — 230pg? — 130pq + 18p — 8¢° — 65¢* — 190> — 235¢% — 102¢}.

3. Weo(BTr(n,p,q)) = g5pus{71(360n+86p — 194g + 520n + 320n> + 35p? — 110p> — 75p* — 16p° —
425¢% — 330¢° — 115¢* — 16¢° + 80np? + 700n2p — 20np> + 320n3p + 40np* + 200ng? + 220n%q +
140ng> + 320n3q + 40ng* — 450pq® — 30p%q — 240pg> — 80p>q — 40pg* — 40p*q + 60n>p? — 80n2p3 +
80n3p? — 180n2¢? — 80n2¢3 + 80n3q® — 30p?q® + 540np + 340nq — 210pq + 400npq + 60npg® +
60np?q + 360n%pq + 160n>pq) + vs(240 + 14000 + 526p — 474q + 1360n2 + 480n> + 135p? — 210p3 —
75p* — 16p° — 845¢% — 490¢°® — 135¢* — 16¢° + 220np? + 1460n%p — 100np® + 400n3p + 40np* +
180ng? + 620n%q + 140ng> + 400n3q + 40ng* — 830pg® — 30pq — 320pq> — 80p3q — 40pg* — 40prq +
180n2p? — 80n2p? + 80n3p? — 180n2¢> — 80n2¢> + 80n3¢? — 30p?¢? + 1840np + 760nqg — 510pq +
920npq + 60npg?® + 60np>q + 600n%pg + 160n3pq)}.

4. Szy(BTy(n,p,q)) = 2fiopMS{fyAQJ(120713103 +360n3p2q+T720n3p? 4+ 360n3pg? 4 1440n3pg+ 1400n>p+
120n3¢% 4 720n3¢% 4+ 1400n3q + 880n° — 180n2p* — 360n%p3q — 560n%p® — 360n2p2¢> — 600n2p3q +
300n2p? — 360n2pg> — 840n2pq? + 840n>pq + 2120n2p — 180n2¢* — 880n2¢> — 900n2¢> + 1000n>q +
1440n% 4 90np® + 90nprq — 20np* + 180np3¢% — 120np3q — 1010np3 + 180np3q® + 360np>¢> —
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630np2q — 1180np? + 90npg* + 120npg® — 390npq? — 360npq + 360np 4+ 90ng® + 380ng* + 190ng> —
620n4> —120nq+560n— 15p°4-73p° — 45p* ¢ + 75ptq+345p* +110p3 ¢ +430p3q+335p> — 45p%¢* —
110p%¢® 4 270p%¢% + 695p%q + 150p? — Topg* — 370pq> — 455pg® + 72p — 15¢% — 73¢° — 135¢* —
255¢3 — 450¢% — 272q) + 72 (120n3p3 + 360n3p>q + 1000n3p? + 360n3pg? + 2000n3pq + 2480n3p +
120n3¢3 +1000n3¢? +2480n3q + 192013 — 180n2p* — 360n%p3q — 480n%p® — 360n2p?q® — 240n2p?q+
2340n2p? — 360n2pg> — 840n>pg? +4080n%pq+8400n2p—180n2¢* —1160n2¢> —660n2¢> +5120n%q+
6720n2 + 90np® 4+ 90np*q — 330np* + 180np3¢® — 480np3q — 2670np® + 180np2¢® + 180np?¢? —
1650np?q—1870np? +90npg* — 240npq> — 2490npq® +460npg+6700np+90n¢° +430n¢* — 790n¢> —
3470nq? 4+ 1100nq + 6480n — 15p° + 179p® — 45p*¢® + 115pq + 565p* +290p3¢% +610p3g — 515p° —
45p2q* — 110p%¢> +570p2¢% + 715p%q — 910p? + 55pq* — 150pq> — 1785pq? — 1660pq 4+ 1416p — 15¢5 —
57¢° +185¢" — 15¢* — 2210¢* — 1968¢ + 1440) +7,75(240n° p* 4+ 7200 p* ¢ + 17200 p* + 7200 pg® +
3440n3pq + 3800n3p +240n3¢3 4+ 172013 ¢> 4 380013 ¢ + 264013 — 360n2p* — 720n%p3q — 1040n%p® —
720n2p2q® — 840n2p3q + 2280n%p? — 720n2pq> — 1680n2pg® + 4440n%pq + 9200np — 360n¢* —
2040n2¢> — 1680n2¢> + 5280n2q + 6720n% + 180np°® + 180np*q — 350np* 4 360np>¢> — 600np>q —
3600np> 4 360np>q> 4+ 540np? g — 2280np?q — 3290np> + 180npg* — 120npg® — 2400npg® — 140npq +
4900np+ 180ng° +810n¢* — 360n¢> — 3370n¢> 4+ 820ng + 5040n — 30p° + 252p° — 90p*¢> + 190p* g +
970p* + 400p3¢% + 1040p3q + 140p® — 90p?¢* — 220p%¢® + 840p?¢® + 1410p%q — 820p? — 20pg* —
680pq® — 2120pg® — 1380pq + 448p — 305 — 130¢° — 50¢* — 470¢> — 2440¢% — 1920q + 720)}.

. Sze(BTH(n,p,q)) = a5055{360np> + 10801 p?q + 2040n°p® + 1080n3pg® + 4080n3pq + 3840n3p+
360n3¢3 + 2040n3¢% + 3840n3q + 2400n® — 540n?p* — 1080n2p3q — 1720n2%p® — 1080n%p?¢® —
2280n%p%q — 420n2p? — 1080n%pq® — 3120n2pq® — 480n%pq + 2920n2p — 540n%¢* — 2720n2¢> —
3900n2¢% — 280n2q + 192012 + 270np® + 270npq + 140np* + 540np3¢® + 360np3q — 1270np> +
540np2¢> 4+ 1680np2q2 + 750np?q — 980np? + 270npg* 4+ 840npg> + 1110npg? + 1800npg + 1600np +
270ng° + 1300ng* + 1970nq¢® + 1340nq? + 1600nq + 1440n — 45p° + 131p° — 135p*q® — 15p*q +
445p* 4+ 130p3¢? + 450p3q + 345p3 — 135p%¢* — 490p2¢3 — 330p¢> + 145p%q — 160p? — 225pg* —
1270pg® — 2185pq® — 1220pg — 236p — 45¢° — 251¢° — 695¢* — 1465¢> — 1900¢> — 924q}.

. Szeo(BTH(n,p, q)) = 5150%s{7u(1560n — 10p — 870¢ + 312002 4 25200 + 145p> + 675p> + 740p* +
175p° —45p5 —1625¢% — 1115¢% — 550¢* — 235¢° — 45¢° — 2260np? +4640n%p — 2150np° +4020n>p+
40np* +270np° — 260ng% + 1360n2q+1270ng> +4020n3q + 1220n¢* +270n¢° — 1775pq? +1115p%q —
1190pg® + 870p%q — 225pg* + 105pq + 240n%p? — 1700n%p® + 2100n3p? — 540n?p* + 360n3p> —
3300n2¢2 — 2680n2¢> +2100n3¢% — 540n2¢* 4 360n3¢> + 240p% ¢ — 410p%¢> + 230p3¢> — 135p%¢* —
135p%g? + 1340np + 620nq — 610pg + 360npg — 1080n2p%¢> — 30npg® — 570npq + 1020n2pg +
600npg> + 4200n3pg + 270npg* + 270np*q + 1380np2¢% — 2820n%pg® — 2040n2p3q + 540np>q® +
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540np3q% — 1080n%pg> — 1080n%p3q + 1080n3pg? + 1080n3p%q) + vs(720 + 5520n + 766p — 20944 +
8040n2 + 3720n3 — 345p? + 460p> + 1230p* + 334p° — 45p° — 2765¢% — 635¢> — 130¢* — 211¢° —
45¢5% —4195np? 4 11300n2p — 4560np® + 5400n3p — 425np* 4+ 270np° — 3635n4¢% + 5620n%q+40ng> +
5400n°q+1295nq¢* 4+ 270nq° — 2510pq® + 1865p%q — 860pg> +1300p3 g — 30pg* 4+ 165p* g +2700n2p? —
1580n2p3 +2520n3p? — 540n%p* 4 360n3p>® — 3060n2¢> — 3100n2¢> +2520n3¢% — 540n2¢* +360n3¢3 +
930p%q2 —410p?¢3+500p3¢> —135p2¢* —135p* > +5430np-+710nqg—1520pg—210npg—1080np3¢> —
2700npq? —2340np>q+4920n>pq+60npg> —540np3q+5040n3pg+270npg* +270nprq+1110np?¢® —
2820n%pq® —1500n%p?q+540np? ¢ +540np3¢® —1080n2pg> — 108012 p3¢+1080n3pg® +1080n3p%q)}.

. PI(BTg(n,p,q)) = 3p%s{36n%p*+72n2pg+140n?p+36n2¢> 4+ 140n2q+140n? — 36np® — 36np’q—
40np? — 36npg® — 16npg + 108np — 36n¢> — 112ng% — 36ng + 100n + 9p* — 14p3 + 18p? ¢ + 26pq —
5p% — 10pg® — 2pq + 42p + 9¢* + 22¢% — 5¢% — 18¢ + 24}.

. S(BTH(n,p,q)) = 150ms{yu(30+300n+ 73p — 127¢ + 380n? + 160n> — 5p® — 70p® — 30p* — 8p° —
235¢° — 150¢% — 50¢* — 8¢® + 10np? + 470n%p — 40np® 4+ 160n3p + 20np* + 10ng? + 230n2q +
40nq3 4 160n3q + 20ng* — 240pg® — 120pq® — 40p>q — 20pg* — 20p*q + 60n2p? — 40n2p3 4 40n3p? —
60n2q% — 40n2¢> + 40n3¢* + 390np + 170ng — 120pq + 200npq + 240n%pq + 80n3pq) + (210 +
970n + 353p — 297¢ + 860n? + 240n> + 30p? — 135p3 — 30p* — 8p° — 475¢% — 230> — 60¢* — 8¢° +
95np? 4 880n2p — 80np? + 200n3p + 20np* — 15ng? + 460n2q + 40ng> + 200n3q + 20ng* — 445pg? —
160pg® — 40p3q — 20pg* — 20p*q + 120n2p? — 40n%p® + 40n3p? — 60n%¢% — 40n%¢® + 40n3¢% +
1175np + 425nq — 285pq + 490npq + 360n2pq + 80n3pq)}.

. Gut(BTg(n,p,q)) = 1—10pM52{120n3p2 +240n3pg +480n3p+120n3¢% +480n3 ¢+ 48013 — 120n2p3 +
180n2p? + 720n2pg + 1430n%p — 120n2¢3 — 180n2¢> 4+ 710n2q + 119002 + 60np* — 120np> + 50np? +
680npq+1350np+60ng* +120n¢3 +50n¢% 4+ 630ng+1090n —24p° —60p*q—90p* — 120p3 g —230p3 —
40p2q—65p? —60pg* —360pq> — T60pq? —440pq+249p —24¢° —150¢* —470¢> —785¢> —441¢+150)}.

Proof. The cardinality of structural vertex and edge sets of BTy (n, p, q)) are given by |V, (BTH(n,p, q))|

= (yw@+4n+p—q—p*—¢>+2np+2nq) +vs(6 +6n+3p —q— p>— ¢*+ 2np + 2nq))/2

and |E,(BTg(n,p,q))| = 3pus(4n +p — q + 2np + 2nq — p* — ¢*> + 2)/2 while the total num-

ber of vertices and edges in the underlying graph are 5n 4 2p — q + 2np + 2nqg — p> — ¢*> + 4 and

3(4n +p — q + 2np + 2nq — p? — ¢ + 2)/2 respectively.

As the ©-classes Aﬁcbi and Oil; are symmetric to each other in BTy (n,p,q), it is sufficient to

determine the strength-weighted parameters for the three types of ©O-classes. The computed values

of the strength-weighted parameters of the quotient graphs are tabulated in Table 2 and in addition
that X3/°(w) = [V4(BTr(n,p,q))] — X{{"(w) and X{{°(s) = |E,(BTu(n,p,q))| — X{{*(s) — X{{(s).
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We thus evaluate the various indices T'I € {W, W, Wy, Szy, Sze, Szev, PI, S, Gut} by substituting the

above mentioned parameter values in the following expression,

q+1

p

TI(BTu(n,p,q)) = Y TI(BTyu(n,p,q)/H"") + > TI(BTu(n,p,q)/H)

=1
p

i=1
n—q

+2 Y TI(BTy(n,p,q)/A") +2 Y TI(BTu(n,p,q)/AM™)

=1
q

+2) TI(BTg(n,p,q)/A") +

=1

i=p+1
n—q+2(p+1)

2.

=1

TI(BTy(n,p,q)/P{™).

Table 2: Strength-weighted parameters of BTy (n,p, q)

O-class

Edge-strength X17t(s)

Vertex-weight X{7°(w)

Vertex-strength X{7%(s)

HAY1 <i<qg+1

pus(n —q+1)

(vs(i+1)(i + 2n — 2q) +
ivu(i+2n —2¢ —1))/2

Bipus(i+2n—2q—1)/2

HAb:1 <i<p

pus(n —p+1)

(tymu(i+2n —2p+ 1) +
ivs(i +2n —2p+ 3))/2

Pus(i — 2n + 2p + 6ni —
6ip + 3i2)/2

A1 <i<p

pus(q+i+1)

(iys(i+2q+5) +ivu(i+
2¢+3))/2

pus(Ti — 2q + 6ig + 3i? —
2)/2

Aftp +1 <i <

n—q

pus(p+q+2)

(vs(6i — p — p* + 2ip +
2iq) + v (4i — p — p* +
2ip + 2iq)) /2

Pus (126 — bp — 2q + 6ip +
6iq — 3p* — 4)/2

A1 <i<gq

pus(p+i+1)

(vs(2(p+ 1) +i(i +2p +
3)) +ivu(i+2p+1))/2

3ipus(i+2p+1)/2

PHbY < <n—

q+2(p+1)

Pums

Vs

Theorem 7. For bitrapezium shape 1T MSy; monolayer BTp(n,p,q), p+ q < n, we have

1. W(BTrp(n,p,q)) = 6—10{%?4(207131)2 +40n3pq + 80n3p + 20n3¢% + 80n3q + 80n3 — 20n%p? + 30n2p? +

120n2pg+ 230n2p — 20n2¢> — 30n2¢% + 110n2q+ 18012 + 10np* — 20np3 + 80npg + 150np + 10ng* +

20n¢> 4+ 50nq + 100n — 4p® — 10p*q — 15p* — 20p3 g — 30p® + 10p% ¢+ 15p% — 10pg* — 60pg® — 110pg® —

40pq + 34p — 4¢° — 25¢* — 70¢> — 95¢% — 46q) + 2 (80n>p? + 160n>pq + 480n3p 4 80n3¢> + 480n3q +

720n3 — 80n2p? 4 240n%p? + 960n2pq + 2660n2p — 80n?¢® 4+ 1940n%q + 378012 + 40np* — 160np® +
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180np? + 1760npq + 4480np 4+ 40ng* — 60ng> + 2760nq + 60601 — 16p® — 40p*q — 80p* — 160p3q —
440p? —140p?q— 100p® — 40pq™* — 320pq> — 860pg> +120pq +2316p — 16¢° — 120¢* — 600¢> — 12004 +
616q + 3120) + v,1,75(80n3p? + 16013 pg + 400n3p + 80n3¢? + 400n3q + 48003 — 80n2p> + 180n2p? +
720n2pg + 1700n2p — 80n2¢® — 60n2¢> + 1100n2q + 1800n2 + 40np* — 120np? + 60np? + 920npq +
2060np+40ng* +40ng> — 60ng> +1060ng+2040n — 16p° — 40p*q — 70p* — 120p3 g — 270p> — 50p?q —
110p% — 40pg* — 280pg® — 650pq? — 200pq + 646p — 16¢° — 110¢* — 430> — 850¢2 — 334q + 540)}.

. We(BTr(n, p,q)) = 150%{120n3p? + 240n3pq + 480np + 120n3¢> + 480n3q + 480n° — 120n%p® +
360n2pq + 730n%p — 120n%¢> — 360n2¢> + 10n2q + 490n? + 60np* + 60np> + 180np3q + 250np> +
180npg? + 760npq + 820np + 60ng* + 300ng> + 610ng> + 800ng + 570n — 24p° — 60p*q — 135p* —
120p%q — 160p3 — 90p?¢> — 170p?q — 35p% — 60pg* — 360pq> — 710pq? — 430pg + 34p — 24¢° — 195¢* —
580¢> — 765¢> — 396q — 40}.

. Woe(BTr(n,p,q)) = 35pus{7u(360n + 86p — 194¢ + 52002 + 320n3 + 35p* — 110p> — 75p* — 16p° —
425¢% — 330¢° — 115¢* — 16¢° + 80np? + 700n%p — 20np> + 320n3p + 40np* + 200ng> + 220n%q +
140ng® + 320n3q + 40ng* — 450pq® — 30p%q — 240pg> — 80p>q — 40pg* — 40p*q + 60n2p? — 80n?p> +
80n3p? — 180n%¢? — 80n%¢> + 80n3¢® — 30p?q® + 540np + 340ng — 210pq + 400npq + 60npq® +
60np2q+ 360n2pg -+ 160n3pq) +v5(980 + 3520n + 1062p — 518¢ + 300002 496013 — 150p? — 490p? —
170p* — 32p° — 1610¢% — 93043 — 250¢* — 32¢° + 280np? + 2840n%p — 120np> 4+ 800n>p + 80np* +
280nq> + 1640n2q + 200ng> + 800n3q + 80ng* — 1290pq> — 210p?q — 560pq> — 240p3q — 80pg* —
80p*q+240n2p? —160n%p® + 160n3p? — 240n2¢% — 160n2¢3 +160n3¢% — 60p%¢> + 3600np+2120nqg —
500pq + 1880npq + 120npg? + 120np?q + 1200n2pq + 320n3pq)}.

. Szy(BTr(n, p,q)) = 135ous{v4(120n°p> 436003 p? g+ 720n3p? + 360n3pq® + 1440n3pg + 1400n3 p+
120n3¢% 4 720n3¢% 4+ 1400n3q + 880n> — 180n2p* — 360n%p3q — 540n%p® — 360n2p2¢> — 540n2p?q +
420n2p? — 360n2pg® — 900n2pg® 4+ 720npg + 2100n%p — 180n2¢* — 900n2¢> — 1020n2¢> 4 780n2q +
132012 +90np°® 4+90nprq+180np3 ¢ —750np> +180np? ¢ +360np? g% — 330np> g — 600np> +90npq* —
1050npq® — 1320npg + 100np + 90ng® + 360ng* — 30ng® — 1440nq? — 1340ng — 40n — 15p5 + 45p° —
45p*q® — 45pq + 115p* +90p3 g2 + 250p3g + 95p° — 45p%¢* — 90p2¢> + 330p%¢2 + 855p2q + 380p? +
45pq* +250pg> +585pq> +700pg+340p — 15¢° — 45¢° +115¢* 4+ 5453 + 62092 +220q) +~2 (480n3p> +
1440n3p?q + 4000n3p? 4 1440n3pg® + 8000n3pq + 10160n3p + 480n3¢® + 4000n3¢? + 10160n3g +
79200 — 720n%p* — 1440n%p3q — 2560n2p3 — 1440n2p?q? — 1440n2p?q + 7560n2p? — 1440n2pq> —
2880n2pq?+16320n%pq+33040n2p—720n2¢* —4000n2¢® —120n2¢?+24160n2q+27720n2+360np° +
360np*q—520np* +720np3¢% — 1440np3q—9200np> + 720np2¢> + 720np% g% — 6000np> g — 6000np? +
360npg* — 1440npg® — 11760npg? — 4640npq + 20520np + 360n¢° 4+ 920n¢* — 6960n¢> — 22800n¢> —
7640nq + 16680n — 60p° + 424p° — 180p*q? + 160p*q + 1680p* + 720p3¢? + 1280p3q — 2080p> —
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180p2¢*+3840p2 ¢ +5600p%g—1020p% +520pg* +1920pq> +1280pg> +2560pg+6816p—60¢° +64¢° +
2560¢* + 5760¢% 4 500¢% — 25844 + 3840) + 74,vs(480n3p? + 1440n3p2q + 3440n3p? + 1440n3pg? +
6880n>pq +7600n3p+480n3 ¢ 4+ 344003 ¢ + 760013 ¢+ 5280n° — 720n%p* — 1440n%p> ¢ — 2360n2p3 —
1440n2p?¢% — 1800n2p2q + 4320n2p? — 1440n?pg® — 3240n2pg? + 8880n2pq + 18200n2p — 720n2¢* —
3800n2¢% — 2400n2¢> + 11240n%q 4 1320012 + 360np° + 360np*q — 260np* + 720np3 ¢ — 720np>q —
5840np3+720np?¢® +1080np?¢? —3600np?q—4260np?+360npg* — 720npg> — 7920npg® —6760npg+
5920np + 360n¢° + 1180n¢* — 3280ng® — 13620n4¢% — 8640nq + 36001 — 60p° + 302p° — 180p*q? —
10p*q+1030p* + 540p3¢2 + 1160p3q — 430p3 — 180p¢* — 180p2¢> + 2580p2¢% + 4870p%q + 1070p? +
350pq* +1480pq> +2230pq? +2820pq+2768p — 6045 — 58¢° 4+-1470¢* +-4210¢3 +2910¢> +48¢+600) }.

. Sze(BTr(n,p,q)) = 3p3,{72n°p® +216n3p2q+408n3p? +-216n°pg® +816n3pg+ 772n3p+72n3¢3 +
408n3¢> + 772n3q + 484n3 — 108n%p* — 216n2p3q — 336n2p> — 216n%p2q® — 432n%p?q — 42n°p? —
216n%pg® — 648n’pq® — 168n2pq + 564n’p — 108n2q* — 552n%¢> — 834n2q® — 144n2q + 342n? +
54np® + 5dnptq + 36np* + 108np>¢® + 120np3q — 150np + 108np?q® + 336np3¢® + 246np>q +
54npg* +120npg> — 66npg® — 120npg + 166np + 54ng® + 252ng* + 306ng> — 72nq*> — 170nqg + 661 —
9p° 4+ 15p° — 27ptq? — 51ptq + 2p* + 18p3¢% + 50p3q + 17p3 — 27p%¢* — 90p2¢> — 12p%¢> + 195p%q +
125p% + 3pg* + 26pg> + 117pg® + 214pq + 130p — 9¢5 — 39¢° — 34¢* + 59¢3 + 107¢% + 52¢ + 8}.

. Szeo(BTr(n, p, q)) = 550%{71(40 — 20n + 320p + 240q + 940n? + 840n° + 350p° + 85p> + 65p* +
35p° — 15p8 +480¢2 4 355¢° + 35¢* — 55¢° — 15¢° — 330np? +1510n2p — 510np> 4+ 1340n>p+ 30np* +
90np® — 820ng? + 270n2q + 230ng> + 1340n3q + 390ng* + 90ng® + 450pg? + 650p?q + 160pg> +
180p3q+25pq* — 65p* g+ 180n2p? — 550n2p> +700n3p? — 180n2p* +120n3p3 — 1200n2¢% —910n%¢3 +
700n3¢% — 180n2¢* + 120n3¢> + 175p%¢> — 120p%¢> + 60p3¢% — 45p%¢* — 45p*¢® + 100np — 890nq +
615pq — 840npq — 360n2p?q? — 600npq? + 20np?q + 220n2pq + 100npg® + 100np3q + 1400n3pq +
90npg* +90np*q+460np3q® —990n2pq? —630n%p?q+180np?¢> +180np3¢® — 360n2pg> —360n2p3 ¢+
360n3pq® +360n3p?q) + (610 + 1120n + 1459p +859q + 5380n2 4 2520m3 + 935p? — 60p3 +435p* +
131p° — 30p5 + 1855¢% + 1920¢° + 595¢* — 49¢° — 30¢° — 1660np? 4 7400n2p — 2420np> + 3640n3p —
70np* +180np® —5560n¢% 4 4160n2g — 1100n¢> + 364003+ 650nq* +180n¢® 4+ 1190pg> 4 2350p? ¢ +
620pg> + 500p3q + 135pg* — 45ptq + 1620n2p? — 1200n2p> + 1680n3p? — 360n2p* + 240n3p3 —
1620n2¢% — 1920n2¢> + 1680n3¢ — 360n2¢* + 240n3¢® 4+ 1060p%¢% — 150p%¢® + 210p3¢® — 90p2¢* —
90p*q? + 1970np — 3970nqg + 1700pg — 2920npg — 720n2p%¢% — 3080npg? — 1120np?q + 3240n%pg —
160npg® — 160np3q + 3360n3pg + 180npg* + 180nptq + 740np?q> — 1800n2pg® — 1080n2p3q +
360np?q® + 360np3¢® — 720n%pg> — T20n%p3q + 720n3pg? + 720n3p%q)}.

. PI(BTr(n,p,q)) = p2,s{36n%p* + 72n%pq + 140n?p + 36n2¢> + 140n%q + 140n? — 36np> — 36np?q —
40np? — 36npg® — 16npg + 104np — 36ng> — 112ng? — 32ng + 106n + 9p* — 14p + 18p?¢> + 26pq —
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7p* — 10pg® — 2pq + 40p + 9¢* + 22¢3 — 3¢ — 4q + 42}.

8. S(BTr(n,p,q)) = £pus{¥m(30 + 300n + 73p — 127¢ + 380n? + 160n>® — 5p* — 70p® — 30p* — 8p°® —
235¢° — 150¢° — 50¢* — 8¢° + 10np? + 470n%p — 40np® + 160n3p + 20np* + 10ng® + 230n%q +
40ng> 4 160n3q + 20ng* — 240pg® — 120pg> — 40p>q — 20pg* — 20p*q + 60n2p? — 40n2p3 + 40n3p? —
60n2q? — 40n2¢> + 40n3¢> + 390np + 170nq — 120pq + 200npq + 240npq + 80n>pq) + ~vs(700 +
2360n + 696p — 364q + 1860n? + 480n> — 180p? — 290p> — 70p* — 16p°® — 940> — 450¢> — 110¢* —
16¢° +80np? + 1720n2p — 120np? + 400n>p + 40np* — 40ng? +1120n%q + 40ng> 4+ 400n3g + 40ng* —
690pq? —90p?q — 280pq™ — 120p3q — 40pg* — 40p* ¢+ 180n2p? — 80n2p3 +80n3p? —60n2¢% — 80n2¢> +
80n3q? + 2280np + 1240nqg — 280pq + 1000npg + 720n%pq + 160n>pq)}.

9. Gut(BTr(n,p,q)) = %p?ws{120n3p2 +240n3pq + 480n3p + 120n3¢> + 480n3q + 480n> — 120n%p> +
180n2p? + 720n2pg + 1440n%p — 120n2¢3 — 180n2¢> 4+ 720n2q + 1200n2 + 60np* — 120np> + 60np? +
720npq+1440np+60ng* +120n¢3 +60n¢> 4+ 720ng+ 11950 — 24p° —60p*q—90p* — 120p3 g — 240p3 —
60p%q—120p® —60pq* —360pq> — 780pq? — 480pq+224p —24¢° —150¢* —4804¢> —840¢% —496¢+155}.

Table 3: Strength-weighted parameters of BTr(n,p,q)/X%, X € {H, O, A, P}

O-class Edge-strength X1°(s) | Vertex weight X72(w) | Vertex strength X1.’(s)

(vs(2i +2n — 2¢ + 2i +
pus(q —n — 4i + 6ni —
HIP 1 <i<q+1 | pus(2i+2n—2q—1) | 4ni — 4iq) + vy (i% — i +

6iq + 3i% + 1)
2ni — 2iq))/2

(vs(2 + 60 + 2n — 2p +
HT:1<i<p pus(2i +2n —2p 4+ 1) | 202 +4ni — dip) +yu (i +
i? 4 2ni — 2ip)) /2

Pus(2t —n + p + 6ni —
6ip + 3i2)

- 4 . (7s(4 4 100 + 2q + 2i% + . o
A1 <i<p pus (21 +2q + 3) ' o Pus(8i—q+6ig+3i°—1)
diq)+ym (3i+i°+2iq)) /2

(vs(4 4+ 12i — 2p 4+ 2q —

ATy +1 < i < pus(12i — 4p — g+ 6ip +
2pus(p+q+2) 2p2 4-dip+4iq) v (4i—
n—q-—1 6iq — 3p? — 2)
2 . .
p— p® + 2ip + 2iq)) /2
- , , vs(p+1+i(i+2p+3))+ , , -
A1 <i<q+1 | pus(2i+2p+1) Pus (21 — p + 6ip + 3i°)

ivu(i+2p+1)/2

Pl <i<2on+
Pums Vs 0

p+q+7

Proof. The cardinality of the structural vertex and edge sets of BTr(n, p, q) are given as |V, (BTr(n, p, q))|
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= (w(2+4n+p—q—p* — ¢ + 2np + 2nq) + 7s(14 + 12n + 4p — 2p* — 2¢* + 4np + 4ng))/2 and
|E,(BTr(n,p,q))| = 3pus(4n +p — g+ 2np + 2nq — p* — ¢* + 2) and which contains (16n + 5p — ¢ +
6np+6nq—3p* —3q¢>+16)/2 vertices and 3(4n+p—q-+2np+2ng—p* — ¢*>+2) edges in the underlying
graph.

The strength-weighted parameters of the quotient graphs for various ©-partitions are listed in Table
3 with XJP(w) = V3 (BTr(n, p. )| — XL(w) and XEP(s) = [E,(BTr(n,p.q))| — XTP(s) — XI0(s).
Thus we now compute the various indices T1 € {W, W, Wi, Szy, Sze, Szew, PI, S, Gut} using the
expression,

q+1 p

TI(BTr(n,p,q)) =Y _ TI(BTr(n,p,q)/H}") +> TI(BTr(n,p,q)/HS)
i=1 =1

P n—q—1
+2) TI(BTr(n,p,q)/AT") +2 Y TI(BTr(n,p,q)/Al")
=1 i=p+1
g+1 2n+p+q+7

+2) TI(BTr(n,p,q)/A™) + > TI(BTr(n,p,q)/P™).

i=1 =1

Theorem 8. For p+ q=n, let BTr(n,p,q) = BTp(n,p) be a 1T MS; monolayer. Then

1. W(BTr(n,p)) = g5{7v4(6n° + 30n'p + 45n* + 160n3p + 120n® — 60np> — 30n%p* + 300n%p +
13512 4 30np* — 140np? — 60np? + 250np + 54n + 40p* — 80p? — 40p® + 80p) +~v2(24n° + 120n*p +
360n* 4 1120n3p+2000n3 — 240n%p3 — 480n2p? + 3540n2p+ 534002 + 120np* — 800np® — 1860np? +
4240np+6676n +280p* —560p® — 1420p2 +1700p +3120) +v,r7s(24n° +120n*p+270n* +880n3p+
109013 — 240n2p? — 300n2p? + 2280n2p + 201012 + 120np* — 680np® — 960np? + 2500np + 17061 +
220p* — 440p3 — 760p® + 980p + 540)}.

2. We(BTr(n,p)) = 1—10;)%45{36715 +180n*p+225n* +780n3p+ 52013 — 360n2p> — 180n2p? +1290n%p+
52512 + 180np* — 480np® — 390np? + 1120np + 174n + 60p* — 120p> — 370p% + 430p — 20}.

8. Wye(BTr(n,p)) = 15pus{yu(166n + 280p + 435n? + 410n3 + 165n* + 24n° — 180p? — 200p® +
100p* — 240np? + 1020n%p — 440np> + 580n3p + 120np? + 120n*p — 120n%p? — 240n%p> + 840np) +
75(980 + 30021 + 1580p 4 351012 4 195013 + 510n* + 48n° — 1260p% — 640p3 + 320p* — 1740np? +
4020n2p — 1120np® + 1640n3p + 240np* + 240n*p — 600n2p? — 480n2p> + 4200mp)}.

4. Szy(BTp(n,p)) = m55pus{v4(15n° + 90n°p + 135n° + 90np? + 630n’p + 465n* — 240n3p? +
360n3p? + 1590n3p + 76513 — 180n%p* — 1080n%p® + 630n2p? + 1830n2p + 600n? + 360np° —
180np* — 1560np> 4 600np% + 900np + 180n — 120p° + 360p° + 60p* — 720p> + 300p% + 120p) +
Y2(60n5 + 360n°p + 984n° + 360ntp? + 4200n'p + 5640n* — 960n3p® + 1440n3p? + 17360n3p +
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1504012 — 720n2p* — 7680n2p? +1200n2p? + 33840n2p+ 2058012 4 1440np° 4+ 960np* — 18880np® —
3840np? + 29720np + 140960 — 480p° + 1440p° 4 4880p* — 12160p> — 3080p? + 9400p + 3840) +
YarYs(60n8 + 360n°p + 762n° + 360nrp? + 3360n*p + 3390n* — 960n3p3 + 1440n3p? + 11200n3p +
711013 — 720n2p* — 6000n2p> + 2400n%p? + 17040n%p + 7470n? 4 1440np° + 120np? — 12320np> +
1920np? + 11560np + 3648n — 480p° + 1440p° + 2440p* — 7280p3 + 1160p? + 2720p + 600)}.

. Sze(BTr(n,p)) = 5p3,,{9n° + 54n5p + 6905 + 54n'p? + 318n'p + 210n* — 144n3p3 4 204n3p? +
678n3p 4 327n — 108n2p* — 504n2p> + 294n2p? + 672n2p + 267n? + 216np® — 180np* — 480np> +
186np? + 312np + 98n — 72p5 + 216p° — 120p* — 120p® + 42p? + 54p + 8}.

. Szeo(BTr(n, p)) = o5p%s{vuu(20 + 1900 + 60p + 52012 + 645n° 4 405n* + 12515 + 15n° + 235p% —
470p3 — 65p* + 360p° — 120p°® + 505np? + 1425n2p — 1190np® + 1350n3p — 240np* + 580n*p +
360np° +90n°p 4 575n2p% — 960n2p3 + 350n3p% — 180n2p* — 240n3p> 4+ 90n*p? + 625np) + v5(470 +
18597 + 560p + 324512 + 304013 4+ 1515n* 4 361n° 4+ 30n° + 1130p? — 3140p> + 970p* + 720p° —
240p8 +1430np? +6870n2p — 5420np> +4940n3p — 60np* + 1580n*p+ 720np° + 180n°p+1270n2p? —
2760n2p3 + 700n3p? — 360n2p* — 480n3p? + 180n*p? + 3890np)}.

. PI(BTr(n,p)) = p%,{9n* + 36n3p + 50n3 + 132n2p + 10502 — 72np3 — 24np? + 140np + 102n +
36p* — 72p3 — 8p? + 44p + 38}.

. S(BTr(n,p)) = £pus{vu(30 + 173n + 200p + 3151 + 25003 + 90n* + 12n° — 120p* — 160p® +
80p* — 150np? 4 630n%p — 280np® + 320n3p + 60np* 4+ 60np — 60n2p? — 120n2p3 + 570np) +
75(700 4 1996n + 1060p + 216002 + 111013 + 270n* 4 24n° — 840p? — 440p3 + 220p* — 1020np? +
2340n2p — 680np> + 880n3p + 120np* + 120n*p — 300n2p? — 240n2p> + 2640np)}.

. Gut(BTr(n,p)) = 2p2{12n° 4+ 60n'p + 90n + 320n3p + 260n3 — 120n%p® — 60n2p? + 660n>p +
360n2 + 60np* — 280np3 — 180np? + 640np + 233n + 80p* — 160p® — 160p? + 240p + 55}.

Proof. In this case, we have the same strength-weight parameter values as in Table 3 for all O-classes

except for the O-class A;;Fb, where we have Ag’(s) = pus(i +p+ 2q+ 2). The parameter set {n,p, q}

also reduces to {n,p,n—p}. Thus following the proof lines of Theorem 7, we obtain the desired results

using the following expression:

q+1 D
TI(BTr(n,p)) =Y _TI(BTr(n,p)/H]") +> TI(BTr(n,p)/H)
i=1 =1
p—1
+2Y " TI(BTr(n,p)/AT") + 2T1(BTr(n,p)/AL")
il 2n+p+q+7
+23 TI(BTr(n,p)/A™) + > TI(BTr(n,p)/PI).

i=1 =1
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O

Since H;(k) = BT;(2k—1,k—1,k—1) and consequently, all the indices namely W, We, We,,, Sz, Sze,
Szev, PI, S, Gut for this structure can be obtained from Theorems 6 and 7 by replacing the values of
the parameters n, p and q as 2k — 1, k — 1 and k — 1 respectively.

In order to compute the indices TI € {Mo, Mo, Moy, wt Mo, wt Moe, w Moy, w* Mo, w* Mo,
w*Moy}, it is sufficient to estimate the edge-weight parameters for the ©-classes H. Z] " and Pij h owing
to the symmetry of the structure. For Hy(k), we have HIM (w) = pus(6(k + i) — 2), HI (w*) =
p2s(9(k + i) — 6), PHM(wt) = 4p,s and PH?(w*) = 3p%,. Analogously for Hr(k), we obtain the
edge-weight parameters as, HL"(w™) = pus(18(i+k)—11), HLM(w*) = 6p%4(6(i+k)—5), HLA (wT) =
puis(18(i + k) + T), HTh(w") = 6025 (6(i + k) + 1), PEM(w*) = Tpyys and PEA(w") = 66,

Theorem 9. For parallelogram shape 2H MSs monolayer Py (p,q), 1 < g < p, we have

1. W(Pu(p,q)) = g5{72(20p>¢? + 40p>q + 20p* + 10p?¢> + 90p?¢* + 140p*q + 60p* + 5pg* + 40pg® +
125pg? + 130pq + 40p — ¢° + 25¢3 + 60¢% + 36q) + v2(20p3¢> + 80p3q + 80p? + 10p?¢> + 180p?¢® +
530p%q + 480p* + 5pg* + 80pg® + 515pg* + 1100pg + 760p — ¢° + 85¢° + 480¢? + 7564 + 360) +
Yarys(40p3g? + 120p3q + 80p® + 20p2¢® + 270p%¢? + 610p%q + 360p? + 10pg* + 120pg® + 580pq? +
930pg + 460p — 2¢° + 90¢> + 360¢> + 452¢ + 180)}.

2. We(Pr(p,q)) = 550%s(q+1){60p3q + 60p® 4+ 30p?¢> + 150p>q + 120p* + 15pg® 4+ 105pg* 4 150pq +
60p — 3¢* + 3¢ + 62¢% + 58¢}.

8. Weo(Pr(p,q)) = g5 pus{vu(90p+83¢+150p?+60p3+150¢%+70¢> —3¢°+315pg>+345p? g+120pg>+
120p3q+15pg* +225p2 ¢ +30p? ¢ +60p> ¢ +300pq) +75(180+540p+533¢ +480p? 4-120p> +480¢% +
130¢> — 3¢° + 750pq? 4 780p?q + 180pg> + 180p3q + 15pg™* + 360p% > 4 30p%¢> + 60p3¢> + 1095pq) }.

4. Sz,(Pr(p,q)) = g5rus{7a(30p°¢® + 90p3q* 4 80p3q + 20p* + 90p?¢* + 270p?¢* + 240pq + 60p? +
70pq> +210pq? + 180pq + 40p + 5¢* + 304> + 55¢° + 30q) +~v2(30p>¢> + 160p3¢® + 210p3q + 80p> +
170p%¢> 4+ 810p2¢% + 1060p2q + 480p? — 5pg* 4 200pq> + 1045pq? + 1540pg + 760p + ¢° + 5¢* +85¢° +
475¢% + 7544 + 360) + varys(60p3g® + 250p3¢2 + 270p3q + 80p? + 260p%¢> + 990p?q® + 1090p3q +
360p? — 5pg* + 250pg> + 1045pg? 4 1250pq + 460p + ¢° + 10¢* + 95¢3 + 3504 + 444q + 180)}.

5. Sze(Pu(p,q)) = 5p%s(a + 1)*(p + 1){90%q + 6p* + 12pg + 6p + ¢* + 54}

6. Szeo(Pr(p,q)) = 1350%s{7u(180p + 140q + 300p? + 120p® + 275¢2 + 160¢® + 25¢* + 1040pg® +
1170p%q + 400pq® + 450p>q 4 10pg* + 1350p?¢% + 480p%¢> + 510p3¢% + 180p>¢> 4 830pq) + vs(360 +
1080p + 1032¢ + 960p? + 240p> + 925¢> + 285¢> + 35¢* + 3¢° + 2525pq? + 2670p?q + 650pg> +
720p3q — 5pg* + 2610p2q? + 720p*q> + 720p3¢? + 180p3¢® + 2830pq) }.
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10.

11.

12.

13.

1.

15.

PI(Pu(p,q)) = 3p%{27p%¢* + 51p%q + 27p* + 48pq* + 90pq + 45p + ¢* + 27¢ + 44q + 18}.

S(Pu(p,q)) = = pus{yu(45+180p+173q+195p? +60p> + 195¢° + 70¢> — 3¢° +405pq® + 435p?q +
120pg® + 120p3q + 15pg* + 270p%¢? + 30p2q> + 60p>q® + 480pq) + vs(315 + 765p + 758q + 570p> +
120p3 4 570¢% + 130¢> — 3¢° + 885pq® + 915p%q + 180pq> + 180p3q + 15pg* + 405p?¢® + 30p%¢® +
60p>q® + 1455pq)}.

Gut(Pr(p,q)) = = p%:{180p3¢> + 360p>q + 180p> + 90p?¢> + 810p>q® + 1335p?q + 630p* + 45pg* +
360pq® + 1275pg? + 1620pg + 675p — 9¢° + 200¢> + 630¢> + 6644 + 225}.

Mo(Py(p,q)) = 51pus{vu(54 + 84p + 96q + 42p* + 48¢* + T2pq® + T2p%q + 36p*q* + 144pq +
6(—1)P(q+ 1)+ 6(—1)%(p + 1)? 4+ 6(—1)PT9(q + 1)?) + 2(72 + 174p + 176q + 102p* + 108¢* +
4q° + 84pg® + 96p*q + 36p°¢* + 216pg — 6(—1)Pq(q +1) — 6(—=1)%p(p + 1) + 6(—1)"*9g(q +1))}.

Moc(Pg(p,q)) = 5p2%s{84p+88q+144pq+72pg® + T2p*q+46p? + 48¢° + 36p>¢> + 42+ 2(—1)P (¢ +
1)? +2(=1)9(p + 1)* + 2(=1)P*9(q + 1)*}.

Moy(Pr(p,q)) = 25 Pus{pus(126+252p+264¢+138p> +144¢°+216pg? +216p>q+108p> > +432pg-+
6(—1)P(q+1)24+6(—1)4(p+1)24+6(—1)PT4(q+1)2) +7y,(54+84p+96q+42p* +48¢*+72pg* + 72p2 g+
36p°¢* +144pg+6(—1)P(q+1)*+6(—=1)4(p+1)*+6(—1)P*(g+1)%) +75(72+174p+1764+102p" +
108¢>+44° +84pg® +96p*q+36p*q* +216pg—6(—1)Pq(qg+1) —6(—1)p(p+1)+6(—1)PTq(q+1))}.

wTMo(Py(p,q)) = 135%s{71(99041440p+1808¢+570p* — 180p> +-960¢> +40¢> + 120" +72¢° +
2160pq®+2400p%q —240pq> —240pq* +3060p% ¢ +720p% ¢ +360p> ¢ +3120pg +30(—1)P(6¢+5) (qg+
1)2+30(—1)4(6p+5)(p+1)2+30(—1)P*9(6¢ +5) (g + 1)?) + v5(1440 + 3510p + 3568¢ + 2490p* +
180p3 +2700¢% 4 620¢3 4 240¢* +72¢° +2820pq® 4 3720p% ¢ — 480pq> — 240pq* 4+4140p% ¢ +720p% ¢ +
360p°q2 +4800pg —30(—1)Pq(6g+5)(q+1) —30(—1)4p(6p+5) (p+1) +30(—1)PT9¢(6q+5)(g+1))}.

wTMoc(Pr(p, q)) = 13505s{4800p + 5224q + 9360pg + 6480pg> + 7200p?q — 720pg® — 720pg* +
2730p2 — 180p> + 3120¢2 + 200¢> + 360¢* + 216¢° + 9180p%¢2% + 2160p%¢® + 1080p3¢% + 2430 +
30(=1)P(6¢ + 5)(q +1)% +30(=1)4(6p + 5)(p + 1)® + 30(—=1)PT9(6¢q + 5)(q + 1)?}.

wrMoy(Pr(p,q)) = 155025 17:(990 + 1440p + 1808g + 570p* — 180p> + 960¢> + 40¢> + 120¢" +
72q° +2160pq® +2400p?q—240pq® — 240pg™ +720p? ¢ +360p3¢% +3060p% ¢ +3120pg +30(—1)P(6q+
5)(q+1)2430(=1)2(6p+5)(p + 1)2 + 30(=1)P19(6¢ + 5)(q + 1)2) + pass(2430 + 4800p + 52244 +
2730p2 — 180p> + 3120¢° + 200¢> + 360¢* + 216¢° + 6480pg® + 7200p%q — 720pg> — 720pg* +
9180p2¢2 + 2160p%¢> + 1080p¢2 + 9360pq + 30(—1)P(6¢+ 5) (¢ + 1)2 4+ 30(—=1)4(6p + 5) (p + 1) +
30(—1)P*9(6q + 5)(q + 1)%) + ~v5(1440 + 3510p + 3568¢ + 2490p> + 180p> + 2700¢> + 620¢> +
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16.

17.

18.

240¢* + 72¢° + 2820pg? + 3720p2q — 480pg® — 240pg* + 4140p2¢2 + 720p2¢> + 360p3¢* + 4800pg —
30(—1)Pq(6q + 5)(q + 1) — 30(—1)9p(6p + 5)(p + 1) 4+ 30(—1)P+q(6q + 5)(q + 1))}.

w*Mo(Pr(p,q)) = 3505:{7u(180 + 270p + 404g + 120p* — 90p* + 300¢> + 60¢* + 364¢° + 40¢> +
780pq® 4+ 960p%q — 120pg® — 120pg* + 1440p?q> + 360p%q> + 180p3¢% + 840pq + 30(—1)P (3¢ +2) (¢ +
1)2430(=1)2(3p+2)(p+1)*+30(—1)?T(3¢+2) (g +1)?) +75(360+900p+ 1024¢+870p* +90p* +
1020¢? 4 320¢> 4 120¢* + 36¢° + 1080pq? + 1560p%q — 240pq> — 120pg* + 1980p%q¢> + 360p%q¢> +
180p>¢% +1320pq —30(—1)Pq(q+1)(3¢+2) —30(—=1)Ip(p+1)(3p+2)+30(—1)PH9q(q+1)(3¢+2))}.

w*Moe(Pg(p,q)) = 150%{1110p + 1372¢ + 2520pq + 2340pq® + 2880p*q — 360pg® — 360pg* +
840p? —90p> +1140¢> +200¢> 4180 +108¢° +4320p*¢> +1080p? ¢® + 540p> ¢ 4+ 5404-30(—1)P (3¢ +
2)(q+1)* +30(—1)9(3p + 2)(p + 1)* + 30(—1)PT4(3q + 2)(¢q + 1)*}.

w*Moy(P(p,q)) = 3503{pus(540 4+ 1110p + 1372¢ + 840p? — 90p® + 1140¢> + 200¢> + 180¢* +
108¢° — 360pg® — 360pg* + 4320p?q* + 1080p3¢® + 540p®q* + 2520pg + 2340pg? + 2880p%q +
30(—1)P(3¢+2)(g+1)2+30(—=1)2(3p+2)(p+1)2 +30(=1)P+9(3g 4+ 2) (g +1)2) 4+ 7, (180 + 270p +
404q+120p% —90p> + 30042 +40¢3 + 60g* + 364° + 780pq? + 960p>q — 120pg> — 120pg™ + 1440p%¢> +
360p°q® + 180p¢? + 840pgq + 30(—1)P(3¢ +2) (g + 1)* + 30(—1)4(3p+2)(p+ 1) 4+ 30(—1)P (3¢ +
2)(q+ 1)%) +75(360 4 900p + 1024q + 870p? + 90p> + 102042 + 320¢> 4 120¢* + 36¢° + 1080pq? +
1560p%q — 240pq> — 120pg* + 1980p2q% + 360p>q> + 180p3¢? + 1320pq — 30(—1)Pq(q+1)(3¢ +2) —
30(=1)7p(p + 1)(3p + 2) + 30(=1)P*q(q + 1)(3¢ + 2))}.

Proof. The monolayer Pr(p,q) contains 3(p + ¢) 4+ 2(pq + 2) number of vertices and 3(p + 1)(¢ + 1)

number of edges with |V, (Px(p, q))| = Yu (1 +p+q+pq) +vs(3+2p +2q+ pq) and |E,(Pr(p, q))| =

3pus(p +1)(¢ + 1). The strength-weighted parameters of the various quotient graphs corresponding

to the O-classes of Py(p, q) are tabulated in Table 4. Obviously, Xa”(w) = |V, (P (p, q))| — X {17 (w)
H H H

and Xp;"(s) = |E,(Pr(p,q))| — X1;"(s) — Xgip(s)-

We therefore derive the indices T'1 € {W, W, Wey, Szy, Sze, Szew, PI, S, Gut, Mo, Mo., Moy, w" Mo,

wT Mo, w™ Moy, w* Mo, w* Mo, w* Mo} through the expression

q

TI(Py(p.q)) = > TI(Py(p,q)/H™) + > TI(Pu(p,q)/O") + > TI(Py(p,q)/A™)+
=1 =1 =1

P q p+q+3
+ 3 TIPu(p,a)/AM) + Y TI(Pu(p, ¢)/A™) + " TI(Pu(p,q)/F™).
i=q+1 i=1 i=1
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Table 4: Strength-weighted parameters of the quotient graphs Py (p, q)/X ,g.p , X e{H,0,A, P}

O-class Vertex parameters (wy, Sy) Edge parameters (w}/wl, s¢)
H

Hy”(s) = pus(p +1)

HiP(w) = pus(6p + 5)

HyP(s) = pus(3i = 1) (p +1) H" (w*) = ps (9 + 6)

HIP () = ivs(2+ p) + iy (1 +p
B << g 1 (W) =1ivs(2+p) +ivu(l +p)

OHP(w) = 75(2i + q+ig + 1) O5P(s) = pus(g +1)
of"1<i<p Fiv(g+1) OHP(w+) = p,s(6g + 5)
0P (s) = Bipus(q + 1) 0P (w*) = p2,5(9g + 6)
Hp .
i<y AR (1) = (g (14 ) + 75(3 4 1))/2 jzpi?*; Z:::pm
ATP(s) = ipys(3i+ 1) /2 AGP(w*) = 9ip?,
AfP(w) = (e (20 — g — >+ 2iq) | AfP(s) = pus(q + 1)
Aflp3Q+1 <i<p +7s(4i — q — ¢* + 2iq)) /2 Ag»p(wﬂ = pus(6q +5)
AP(s) = pus(g+1)(6i — 3¢ — 2)/2 | AfP(w*) = p25(9q + 6)
Hp o .
A <y AP (w) = (i 4+ 1) (i + (i + 2)75) /2 j{ig i’”pi;ll "
AT (s) = Bipus(i+1)/2 AP () = p2,5(9i + 3)
H PP (w) = s Po"(s) = pus
P'1<i<p+q+3 PP (wt) = 4pys
P(s) =0 Py (w*) = 3p%,

Theorem 10. For parallelogram shape 1T MS; monolayer Pr(p,q), 1 < q < p, we have

1. W(Pr(p,q)) = g5{y*(20p3¢* + 40p3q + 20p® + 10p?¢> + 90p*q® + 140p>q + 60p? + 5pq* + 40pg® +
125pq? 4+ 130pq + 40p — ¢° + 25¢° + 60¢> + 36q) +~v2(80p>¢® + 320p3q + 320p> + 40p2¢> + 720p%¢> +
2180p%q + 1920p? + 20pg* + 320pg> 4 2120pg? + 4640pq + 3280p — 4q¢° + 34043 4 192042 4 3264q +
1800) + yvs(80p>q? + 240p3q + 160p> + 40p%q3 + 540p%q? + 1220p%q + 720p? + 20pg* + 240pg> +
1160pq? + 1860pq + 920p — 4¢° + 180¢> 4 7204 + 9044 + 360)}.

2. We(Pr(p,q)) = 1= p2:{180p3¢* + 360p>q + 180p> + 90p?¢> + 540p>q> + 825p°q + 360p? + 45pg* +
360pq> + 795pq® + 720pq + 210p — 9¢° + 19043 + 360¢% + 1944}
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10.

11.

12.

Woe(Pr(p,q)) = 550ms{y(90p + 83¢ + 150p? + 60p® + 1504 + 70¢> — 3¢® + 315pq” + 345pq +
120pq® 4+ 120pq + 15pg* + 225p%q2 + 30p%¢> + 60p3 ¢ + 300pq) + v5(450 + 1170p + 1156q + 960p> +
240p> + 960¢> + 260¢> — 6¢° + 1530pq> + 1590p%q + 360pq> + 360p>q + 30pg* + 720p?¢% + 60p2q> +
120p3q? + 2340pq)}.

- 82(Pr(p,q)) = 550us{75(30p*¢* + 90p3¢? + 80p3q + 20p® + 90p*¢® + 270p*¢? + 240p*q + 60p” +

70pq> 4 210pq? + 180pg +40p + 5¢* + 304> + 55¢° + 30q) +~2(120p3 ¢ + 640p> ¢ +900p>q + 320p3 +
680p2q> + 3240p2¢® + 4300p?q + 1680p% — 20pg* + 860pg> + 4120pq® + 5500pq + 2260p + 4q° +
20q* 4 38043 + 1660g¢% + 2196¢ + 900) + v,7s(120p3¢> + 500p3¢% + 540p>q + 160p> + 520p%¢> +
1980p2¢? + 2120p?q + 660p? — 10pg* + 500pg> + 1970pg? + 2140pq + 680p + 2¢° + 20¢* 4 210¢> +
640¢> + 628q + 180)}.

Sze(Pr(p,q)) = 2p3 {18p3¢> + 48p3¢% + 43p3q + 12p3 + 42p2¢3 + 108p%¢® + 93p%q + 24p? + 2pg* +
37pg® + 82pg® + 64pq + 14p + 3¢* + 16¢° + 23¢* + 11¢}.

Szeo(Pr(p,q)) = g5p2s{71(360p + 280q + 600p? + 240p* + 565¢2 + 350¢> + 65¢* + 2020pq> +
2340p%q -+ 770pq> +900p3 g+ 20pg* +2700p% ¢ +960p>¢> +1020p3 ¢ + 360p3¢> +1630pq) +75(900+
3300p+ 31284+ 3480p? + 960p3 + 34304° + 1300¢> + 170¢* + 12¢° + 9680pq? + 10680p>q + 2660pq> +
3000p3q — 20pg* + 10440p2q? 4 2880p%¢> 4 2880p3¢> + 720p3¢> + 10000pq)}.

PI(Pr(p,q)) = 2p2,:{54p°¢* + 102p*q + 54p® + 96pq* + 180pq + 93p + 2¢° + 54¢> + 94q + 45}.

S(Pr(p,q)) = & pus{vn(45+ 180p+173q+195p> + 60p> + 195¢2 + 70¢> — 3¢° + 405pq> + 435pq +
120pq> +120p3 g+ 15pg* +270p%¢% + 30p%¢> 4+ 60p> g% + 480pq) +v5(720 + 1620p + 1606¢ + 1140p? +
240p3 4+ 1140¢2 +260¢> — 6¢° 4 1800pq? + 1860p?q + 360pq> + 360p3q + 30pg* +810p%¢? + 60p>¢> +
120p3¢% + 3060pq) }.

Gut(Pr(p, q)) = 2p2s{120p3¢* + 240p3q + 120p> + 60p>¢> + 540p?q> + 900pq + 420p° + 30pg™ +
240pq® + 870pq? + 1140pq + 475p — 6¢° + 130¢> + 420¢> + 466q + 165}.

Mo(Pr(p,q)) = 15 pus{vu(54+84p+96q+42p>+48¢*+72pg> +72p*q+36p?¢>+144pg+6(—1)P g+
1)246(—1)2(p+1)2+6(—1)PT9(qg+1)?) + ~5(216 + 348p + 376q + 180p? + 192¢> + 8¢° + 168pq> +
192p2q+72p%¢? +432pg+12(—1)P(q+2) (g+1) +12(=1) 2 (p+2) (p+1) + 12(—1)PH9(q+2) (¢ +1)) }.

Mo.(Pr(p,q)) = 3p%:{80p+84q+144pg+T2pq? + 72p?q+42p* + 44¢* + 36p>¢> + 42+ 6(—1)P (g +
1)? +6(=1)%(p + 1)* + 6(=1)P*9(qg + 1)*}.

Moy(Pr(p,q)) = 35pus{pus(252 + 480p + 504q + 252p* + 264q> + 432pg® + 432p%q + 216p°¢> +
864pg + 36(—1)P(q +1)* + 36(—1)4(p + 1)* + 36(—1)P*9(q + 1)?) + 7u(54 + 84p + 96¢ + 42p” +
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13.

1.

15.

16.

17.

18.

4842 + 72pq® + 72p3q + 36p*q® + 144pq + 6(—1)P (¢ + 1)? + 6(—1)4(p + 1)® + 6(—1)PT9(g + 1)?) +
v5(216 + 348p + 376q + 180p% + 192¢° + 8¢> + 168pg? + 192p?q + T2p%q? + 432pq + 12(—1)P(q +
2)(g+1) +12(=1)%(p+2)(p+ 1) + 12(=1)""(q + 2)(¢ + 1)) }-

wrMo(Pr(p,q)) = 550%s{vu(540+930p+1392¢+600p> —270p>+1200¢% 418043 +180¢* +108¢° +
2700pq? + 3420p?q — 360pq> — 360pg* + 4680p?q? + 1080p?q> + 540p>q® + 2880pq + 30(—1)P(9q +
8)(q +1)2 +30(—=1)7(9p + 8)(p + 1)2 + 30(—1)PT9(9q + 8)(q + 1)2) 4 75(2160 + 4200p + 5464q +
3420p2 — 540p® + 4800¢> + 1040¢> + 720¢* + 216¢° + 7440pq® + 10920p%q — 1440pg® — 720pq* +
12600p2q2 4 2160p2¢> 4+ 1080p>¢2 + 9000pq + 60(—1)P(9g +8) (g + 1) (g +2) + 60(—1)9(9p + 8)(p +
1)(p +2) +60(=1)P*9(9q + 8)(q + 1)(¢ +2))}-

wTMoc(Pr(p,q)) = £p3,:{860p+1032¢+2880pq +2700pg” + 3420p*q — 360pg® — 360pg* +600p* —
270p3 4 860q2 + 60¢> 4 180¢* + 108¢° + 4680p%q> 4 1080p?q® + 540p3¢® + 330 + 30(—1)P(9q +
8)(q+1)2 +30(=1)9(9p + 8)(p + 1)2 + 30(—1)P*4(9q + 8)(¢ + 1)*}.

wrMoy(Pr(p, q)) = 350%s{pus(1980+5160p+6192¢-+3600p> — 1620p>+5160¢> 4+ 360> +1080¢* +
648¢° 4+ 16200pq? +20520p%q — 2160pg> — 2160pg™* + 28080p?¢> + 6480p? > + 3240p3¢% + 17280pq +
180(—1)?(9¢+8)(q+1)24180(—1)?(9p+8) (p+1)2+180(—1)P+9(9g+8) (g+1)?) +74:(540+930p+
1392q + 600p? — 270p3 4 1200¢2 + 180¢> 4 180¢* + 108¢° + 2880pq + 2700pq? + 3420p%q — 360pq> —
360pg* + 4680p2q? + 1080p2¢> + 540p>q% + 30(—1)P(9g + 8) (¢ + 1)2 + 30(=1)7(9p + 8) (p + 1)% +
30(—1)Pt9(9g+8)(q+1)?) +75(2160 4 4200p + 5464q + 3420p> — 540p°® 4 4800¢> 4 1040¢> 4 720¢* +
216q° + 7440pq? + 10920p?q — 1440pq> — 720pg* 4 12600p%¢> + 2160p%¢> + 1080p3¢? + 9000pq +
60(—1)P(9g +8)(g+1)(g+2) +60(=1)7(9p+8)(p+1)(p+2) +60(—1)P*9(9¢+8)(¢+1)(¢+2))}.

w*Mo(Pr(p,q)) = £p3{7u(30p + 144¢ + 60p? — 90p* + 240¢> + 60¢> + 60g* + 36¢° + 660pg> +
900p?q — 120pg® — 120pg* + 1440p?q? + 360p%q> + 180p3q? + 480pg + 30(—1)P(3¢ + 2)(q + 1)% +
30(—1)7(3p+2)(p+1)* +30(—1)P+9(3q 4 2)(q + 1)*) 4 75(240p + 568¢ + 540p* — 180p* + 960¢° +
32043 +240¢*+72¢°+1920pq%+3000p2q—480pg> —240pg* +3960p% 2+ 720p2 43 +360p3 ¢ +1560pg+
60(—1)(3¢+2)(g+1)(g+2)+60(=1)4(3p+2)(p+1)(p+2) +60(—1)P*9(3¢ +2)(¢+1)(g+2))}.

w*Moc(Pr(p, q)) = Spi,{20p+ 64g + 480pg + 660pg> + 900p>q — 120pg® — 120pg™ + 60p* — 90p> +
1402 + 20¢> + 60g* + 36¢° + 1440p%q? + 360p*q> + 180p3¢? — 30 + 30(—1)P (3¢ + 2)(q¢ + 1)* +
30(=1)4(3p + 2)(p + 1)* + 30(=1)P"(3¢ + 2) (¢ + 1)*}.

w*Moy(Pr(p,q)) = £p3{pus(120p— 180+ 384¢+360p* — 540p> 4+ 840¢° + 120¢> + 360" +216¢° +
3960pq? + 5400p2q — 720pq> — 720pg* +2160p2¢> + 1080p3¢2 + 8640p% > + 2880pq + 180(—1)P (3¢ +
2)(q +1)% +180(=1)4(3p + 2)(p + 1)% + 180(—1)P*9(3q 4+ 2)(¢ + 1)?) + u(30p + 144q + 60p> —
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90p® + 24042 + 60> + 60g* + 364° + 660pg> + 900p?q — 120pg> — 120pg* + 1440p3¢% + 360p%¢> +
180p3® + 480pg + 30(—1)7(3q + 2)(q + 1)% 4+ 30(—=1)(3p + 2)(p + 1)% + 30(—1)P*+9(3¢ + 2)(q¢ +
1)2) 4 v5(240p + 568q + 540p? — 180p> + 960q> + 3204 + 240¢* + 72¢° + 1920pq® + 3000p%q —
480pg® — 240pg* + 3960p%¢> + 720p%¢® + 360p3¢® + 1560pg + 60(—1)P(3q + 2)(¢ + 1)(¢ + 2) +
60(—=1)7(3p +2)(p + 1)(p + 2) + 60(—1)P"(3¢ + 2)(q + 1)(q + 2)) }-

Proof. We have |V(Pr(p,q))| = vu(p + 1)(q + 1) +7s5(6 + 4p + 4q + 2pq) and |E,(Pr(p,q))| =
6pus(p + 1)(¢ + 1) with the total number of vertices and edges as 5p + 5¢ + 3pg + 7 and 6(p +
1)(q + 1) respectively. The strength-weighted parameters of all the O-classes are tabulated in Table
5. Furthermore, X,”(w) = [Vs(BTr(n,p,q))| — X;(w) and X, (s) = |E¢(BTr(n,p,q))| — X[ F(s) -
XaP(s).

Table 5: Strength-weighted parameters of Pr(p, q)/Xgip, X €e{H,0,A, P}

O-class Vertex parameters (w,, Sy) Edge parameters (w}/w], s¢)
HP(w) = 9s(L+4itp+2ip) | Hy(s) = 2pus(p + 1)
HP1<i<q Fivu(p+ 1) HIP(w) = 2p,5(9p + 8)

Hy (w*) = 12p2,4(3p + 2)

2

HIP(s) = pus(6i — 1)(p + 1)

OfP(w) = ~s(1 + di + g + 2ig) O037'(s) = 2pus(a +1)
or1<i<p Livm(g+ 1) O3 (w*) = 2pus(9q + 8)
OTP(5) = pus(6i — 1)(g + 1) 037 (w*) = 12p2%,4(3q + 2)
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ATP(w) = 75(1 + 3i + i2)

AP1<i<gq i (i 4 1)/2

ATP(5) = ipus(3i + 2)

AlTip(w) = (75(2+8i —2q—2¢> +4iq)
+yu (2 — g — ¢* + 2iq)) /2 AP (wF) = 2p45(9q + 8)

ATP(s) = pus(g +1)(6i — 3¢ — 1)

AlPq+1<i<p

AT <i<gq

AP (w) = (i + 1)((i + 2)ys+

Z"YM)/2

AT@(S) = pus(t+1)

A?gi(w—i_) = pus(6i +4)

ATh(5) = Bipus(i +1)/2

Aigi(w*) = pus(97 + 3)

PIP:1<i<2(p+q+3)

T
Plip(w) =s

T
P3ip(8) = Pums

Pg;p(w+) = Tpus

T
Pu'p(s) =0

P:Z;p(w*) = 6/0%/1s
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We therefore derive the indices T'1 € {W, W, Wy, Szy, Sze, Szey, PI, S, Gut, Mo, Mo, Moy,
wT Mo, wT Mo, w" Moy, w* Mo, w* Mo.,w* Moy} using the expression,

q P q

TI(Pr(p,q)) :ZTI(PT(}% qQ)/H]") + ZTI(PT(p, q)/0") + QZTI(PT(}?, q)/ATP)+
=l i=1 i=1

p 0 ]
+ 3 TIPr(p,a)/AT") + Y TI(Pr(p,q)/Fl™).
i=q+1 i—1
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