Discrete Mathematics 348 (2025) 114457

Contents lists available at ScienceDirect

Discrete Mathematics

journal homepage: www.elsevier.com/locate/disc

Weighted Padovan graphs R |

Check for
updates

Vesna Irgi¢ Chenoweth #*, Sandi Klavzar "¢, Gregor Rus a,b Elif Tan¢

@ Faculty of Mathematics and Physics, University of Ljubljana, Slovenia

b Institute of Mathematics, Physics and Mechanics, Ljubljana, Slovenia

€ Faculty of Natural Sciences and Mathematics, University of Maribor, Slovenia
d Department of Mathematics, Ankara University, Ankara, Tiirkiye

ARTICLE INFO ABSTRACT
Article history: Weighted Padovan graphs &}, n>1, | 5] <k < L2”3_2J. are introduced as the graphs whose
Received 25 October 2024 vertices are all Padovan words of length n with k 1s, two vertices being adjacent if one

Received in revised form 23 January 2025
Accepted 22 February 2025
Available online xxxx

can be obtained from the other by replacing exactly one 01 with a 10. By definition,
Sk |V(<I>;Z)| = Py42, where P, is the nth Padovan number. Two families of graphs iso-
morphic to weighted Padovan graphs are presented. The order, the size, the degree, the
diameter, the cube polynomial, and the automorphism group of weighted Padovan graphs

Keywords: ; . .

Padovan sequence are determined. It is also proved that they are median graphs.

Weighted Padovan graph © 2025 The Author(s). Published by Elsevier B.V. This is an open access article under the
Integer partition CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Median graph

1. Introduction

The Fibonacci sequence is one of the most famous sequences in mathematics. The nth Fibonacci number F, is defined
by Fp = Fp_1 + Fy—3, n > 2, with initial values Fo =0 and F; = 1. Its analogous sequence, Lucas sequence, has the same
recurrence relation but begins with initial values Lo =2 and L; = 1. Similarly, the Pell sequence has the same initial values
as the Fibonacci sequence, but now the recurrence reads as the sum of twice the previous term plus the pre-previous term.
Fibonacci numbers and their generalizations have many interesting properties and many applications in science and art,
see [17]. We also refer to the book [16] for Pell and Pell-Lucas numbers and their applications.

The Fibonacci sequence and the Lucas sequence inspired the investigation of different interesting families of graphs such
as Fibonacci and Lucas cubes [8,10,15,20,23], Pell graphs [24], generalized Pell graphs [11], metallic cubes [5], Fibonacci and
Lucas p-cubes [32], Fibonacci-run graphs [6], and Lucas-run graphs [31], to list just some of them. The state of research on
Fibonacci cubes and related topics up to 2013 is summarized in the survey paper [12], while for the state of the art results
on Fibonacci and related cubes see the 2023 book [7]. For recent development in the area, see for example [5,21,27,29,31].

The Padovan numbers, which are named after the architect Richard Padovan, see [26], are defined by the third order
recurrence relation

Pp=Py_2+Pp_3, n>3,

with initial values Po =1, P1 = P, = 0. In the Online Encyclopedia of Integer Sequences, the Padovan sequence appears
as [25, A000931]. The first few terms are
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1,0,0,1,0,1,1,1,2,2,3,4,5,7,9,12, 16, 21, 28,37, 49, 65, 86, 114, ...

The associated generating function is

Recently, Lee and Kim [18] introduced the Padovan cubes by using only the odd terms Pq, P3, Ps,... of the Padovan
sequence. A motivation for their definition is that every positive integer can be represented uniquely as the sum of one or
more odd terms of the Padovan sequence such that the sum does not include any three consecutive odd terms. In [19] the
investigation of the Padovan cubes continued by investigating their cube polynomials.

The main impetus for the investigation in this paper is to consider all the terms of the Padovan sequence to construct
a respective family of graphs. This is done formally in the next section by introducing the weighted Padovan graphs &j.
In the same section two isomorphic families of graphs are presented. In Section 3, we determine the order, the size and
the degree of weighted Padovan graphs. In the subsequent section we investigate their metric properties, and in particular
prove that they are median graphs. In Section 5, the cube polynomial of weighted Padovan graphs is determined, as well as
its generating function. In the last section we find all symmetries of the studied family of graphs.

2. Weighted Padovan graphs and two isomorphic families

In this section we introduce the weighted Padovan graphs and two isomorphic families of graphs which will both be
useful for proving properties of weighted Padovan graphs in the rest of the paper. The first of the two families has a word
representation, while the second one is defined by integer partitions.

If A is an alphabet, then a word over A is a sequence of letters from A. When A = {0, 1}, we speak of a binary word. By
a subword of a word we mean a subsequence of consecutive letters of the word.

Definition 2.1. A binary word is Padovan, if it

e starts and ends with 0,
e contains no subword 00, and
e contains no subword 111.

By P, we denote the set of Padovan words of length n > 1.

Note that [Pg| = |P1] =1 and |P,| = 0. Moreover, as noted by Yifan Xie in [25, Sequence A000931], if n > 3, then we
have

[Pl = Ppy2.

Since Padovan words contain no subword 00, the minimum number of 1s in a Padovan word of length n is L%J This
is attained, for example, by the binary word 01...010 if n is odd, and by 01...0110 if n is even. Similarly, since Padovan

words contain no 111, the maximum number of 1s in a Padovan word of length n is 2"3’ 2 |. This is attained, for example,

by 011...011010 if n mod 3 =0, by 011...0110 if n mod 3 =1, and by 011...01101010 if n mod 3 = 2. Thus there are

2n—2 n n+1 n+1
SHENE R
3 2 2 3
different possibilities for the number of 1s in a Padovan word of length n.
Our key definition now reads as follows.

Definition 2.2. The Padovan graph ®}, of length n and weight k, n > 1, L%J <k< [2”3‘ ZJ, is the graph whose vertices are all

Padovan words of length n with k 1s, two vertices being adjacent if one can be obtained from the other by replacing exactly
one subword 01 with a 10. The family of these graphs will be called weighted Padovan graphs.

Observation 2.3. Ifn > 1, then

252
> IV@PI=Paya.
k=[3)
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Table 1

The list of Padovan graphs with n < 10. Here P3 and
P4 denote the path graphs on three and four vertices,
respectively.

15 [252] e 1) =ks |22

=

1 0 0 (K1}
2 1 0 %
3 1 1 (K1}
4 2 2 (K1}
5 2 2 (K1}
6 3 3 (K2}
7 3 4 (K1}
8 4 5 (Ps}
9 4 5 {Ky, P3}
0 5 6 {Ky, P4}
01010110110
01011010110
01101010110 01011011010
01101011010
01010101010 © 01101101010
3y o)

Fig. 1. Both weighted Padovan graphs for n=11.

The switching adjacency rule “01 to 10” in the definition of a Padovan graph clearly preserves the number of 1s. In order
that the graphs considered are connected, this is the reason the parameter k counting the number of 1s is present. For the
graphs to be connected it is thus necessary to use parameter k.

In Table 1 the Padovan graphs @ are listed for n < 10 and all respective ks.

For n > 11, the structure of the graphs becomes more interesting. For example, if n = 11, possible weights k are 5 and 6,
and the obtained graphs are drawn in Fig. 1. Another example is shown in Fig. 2, where n = 15, thus k € {7, 8, 9}.

Definition 2.4. If p and g are nonnegative integers, then the graph A 4 is defined as follows. The vertex set of Ap ¢ consists
of all words of length p + q over the alphabet {a, b} which contain p letters a and q letters b. Two vertices (alias words) are
adjacent if one can be obtained from the other by changing a subword ab to ba.

A weak partition of n > 0 is a sequence of integers A = (A1, ..., Ax) such that Zle Ai=nand Ay >---> A, > 0. Terms
M, ..., Ax of A are called parts, and k is the number of parts of A. Note that this is different from the usual definition of the
partition where only nonzero terms are considered to be parts of the partition. Alternatively, if A has «; parts of size i, then
it can be written as (0%, 1%1,2%2 ). The number of all weak partitions of n into k parts with the largest part at most j
is denoted by p(j, k,n). More on (weak) partitions can be found for example in [28].

Definition 2.5. If p and q are nonnegative integers, then the graph II 4 is defined as follows. The vertex set of ITj, 4 consists
of all weak partitions of 0, ..., pq into q parts with the largest part of size at most p. (Recall that parts can be of size 0
as well.) Two vertices (alias weak partitions) are adjacent if one can be obtained from the other by adding 1 to one of the
parts.

Theorem 2.6.Ifn>1and | 3] <k < LZ"QZJ, then

n~ ~
D) = Apn_3k—2,2k—n+1 = Mon_3k—2,2k—n+1-
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15 15
! ®]
010101010101010 011011011011010 01101010110110 010110110110110
O O O
011011011010110 011010110110110

011010101010110

011010101011010 J {2 010110101010110

011010101101010 O, {2 010101101010110

011010110101010 J 10 010101011010110

011011010101010 010110110101010 010101101101010 010101011011010 010101010110110

x=010110101101010, y=010110101011010, z=010101101011010

15
CI)S

Fig. 2. All weighted Padovan graphs for n = 15.

Proof. We define « : V(CDZ) — V(Aan—3k—22k—n+1) as follows. Let u € V(@Z). Then a/(u) is a obtained from u by replacing
from left to right each 011 by b, each 01 by q, and removing the ending 0. If k; and k; are the respective numbers of as
and bs in a(u), then the number of 1s in u is k; + 2kp, that is, k =k, + 2kp. Moreover, 2k, + 3k, =n — 1. From these two
equations we obtain that kg =2n — 3k — 2 and k, =2k —n 4 1 which implies that o« maps vertices of @} to vertices of
Azn—3k—2,2k—n+1. Moreover, it is straightforward to check that « is a bijection.

Let uv € E(®}). Then we may assume without loss of generality that u=...01... and v =...10..., where “...”
means that u and v coincide in all the other positions. By the definition of Padovan words we next infer that actually
u=...010110... and v=...011010.... This in turn implies that «(v) is obtained from «(u) by changing exactly one sub-
word ab to ba. So @ maps edges to edges. Moreover, by the same argument as above we also see that « maps the vertices
of Nen(u) to the vertices of Nay, 3 5, (@(1)). We may conclude that « is an isomorphism.

Let p=2n—3k —2 and q = 2k —n + 1. We will show that Ap g = I1p 4. Let B: V(Ap q) — V(IIp q) be as follows. For
ueV(Apg,let1<iy<---<ig < p+q be positions of bs in u. Then (u) is the weak partition ((p+1) —iy,..., (p+q) —ig).
Since u contains q bs and is of length p + g, it clearly holds that m <ip < p +m, thus all parts are between 0 and p, and
the sum of all parts is at most pq. Thus B is well-defined and it is easy to see that it is a bijection.

Let uv € E(Ap ¢). Then we may assume without loss of generality that u=...ab... and v =...ba..., where again “...”
means that u and v coincide in all the other positions. This means that v is obtained from u by subtracting one from the
position of one b. So B(v) is obtained from B(u) by adding 1 to one part of the weak partition. Thus 8 maps edges to edges.
Moreover, by the same argument as above we also see that 8 maps the vertices of Na,,(u) to the vertices of N, ,(Bu)),
so B is an isomorphism. O

3. Order, size, degree

In this section we determine the order, the size, and the degree of weighted Padovan graphs. Before that, their funda-
mental decomposition is described.
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Fig. 3. The fundamental decomposition of ®13.

The vertices of ®} can be partitioned into those starting with 010 and those starting with 011. Let X and Y be the
respective sets of vertices. Then d>Z[X] = @Z:f, where CDZ[X] denotes the subgraph of <I>;Z induced by X. Moreover, since
the vertices from Y start with 0110 we also see that ®}[Y]= CDZ:;’. Now, a vertex u € X has a neighbor in Y if any only
if u =010110... in which case its neighbor from Y is 011010.... Thus the vertices in X that have an edge to Y (and vice
versa) induce @Z:g. The structure of @} as just described will be called the fundamental decomposition of ®; and shortly
denoted as

Of =010 "2 + 0110} 5.

For an example see Fig. 3, where the fundamental decomposition ®1§ =01®{ +011®1 is illustrated. To make the draw-

ing clearer, the vertices are labeled via the isomorphism d)%g = Ay 3. For example, this isomorphism maps the vertex

010110110110101010 of @13 to the vertex abbbaaa of A4 3. We thus have

A3 = ®8 =010 4 0110° = aA;33 +bAs,.

Proposition 3.1.Ifn > 1and | 3| <k < L2n3_—2J then

v = (TkT
K17 \on—3k—2

and
[E(@p)] = E@p DI+ [E(@F )] + [V (P-3)].
Proof. By Theorem 2.6 we have ®} = Ay; 32 2k—n+1. For the latter graph it is clear that |V (Ayp—3k—2,2k—n+1)| = (221;2)

because its vertices are words of length 2n —3k —2)+ 2k—n+1)=n—k—1.

5
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By the fundamental decomposition, the vertices of the graph ®} can be decomposed into 01 <I>;Z:f and 011@2:3. The only

edges between these two sets are of the form 010110x ~ 011010x, where 0x € V(<I>Z:§). From here the claimed formula for
|[E(®p)| follows. O

Theorem 3.2.If p > 1 and q > 1, then |E(Ap )| = q(p;ﬂf), and if pq =0, then |E(Ap )| = 0.

Proof. If p=0 or q=0, Ap 4 contains at most one vertex, and has no edges.

If p=1, then V(Apq) = {ab?,bab?~1, ... bla}, and A;4 is isomorphic to a path on g + 1 vertices and has ¢ :q(l+g_l)
edges. Analogously, the formula holds if g =1.

Suppose now that p > 2 and g > 2. It follows from Theorem 2.6 that Ap 4 = @f,’fzzqﬂ, and from Proposition 3.1 that
[E(Ap.9)l = |E(Ap—1,9)| + |E(Ap g—D| + IV (Ap_1,g-1)|- As p,g>2, p—1,g — 1> 1, we can use the induction hypothesis to
obtain

-2 -2 -2
Eappi=a("7 5% +@-n (P 77) 4 (7107

p—1 p-1
(p+q—2)!
=1 p—1+qg—1+1
p-nig—n P ITITIED
__(+q-1D! _ <p+q—1>
(p—Dlg—-1! p-1 /)

Corollary3.3.1fn>1and | 3] <k < LZ”EZJ, then

0; ke {7t 272),

2k —n+ 1)(22:5;_23); otherwise.

IE(¢§Z)I={

Inspired by a comment in [25, Sequence A002457] by Hans Haverman, we next give a combinatorial interpretation of
the number of edges of weighted Padovan graphs which in turn provides an alternative proof of Theorem 3.2.

Theorem 3.4. Let p, q > 1. Then the number of edges in A, q is the same as the number of different words with p — 1 letters a, ¢ — 1
letters b, and one letter c.

Proof. Recall that two vertices in A, 4 are adjacent if one can be obtained from the other by changing one subword ab
to ba. Now every edge xaby ~a,, xbay can be represented by xcy: the shared part in the beginning, then letter c, then
shared part at the end (word representing the edge can, of course, also begin or end with c). It is easy to see that this
representation yields a bijection between E(Ajp ) and the set of all different words with p —1 as, q—1 bs and one c. O

Proposition 3.5.If p,q>0and p +q > 1, then
8(Apq) = min{1, pq}
and

2min{p,q}; p#q,

A(Apg) =
) Lp—h p=q.

Moreover, the number of vertices of degree d in A 4 is equal to

-1 -1
2 ((pd_l )(qd_l )) dis odd,
2 2
-1 -1 -1 -1
(E2)CF) (7)) s
2 2 2 2

Proof. Let v € V(Ap g). Clearly, deg(v) is the sum of the number of appearances of the words ab and ba in v. Thus, to
count the number of vertices of degree d, it suffices to count the number of words with p as, q bs, and exactly d subwords
ab and ba. Observe that occurrences of ab and ba in such a vertex alternate from left to right (and can overlap), so the
vertex can be written in the form a®1 b1 - ..a%npPm where o, Bi=1forallie{2,....m—1}, ¢1,Bm >0, 1+ ---+am=p,

6
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Bi+---+Bm=qand 2m—1— (1 —a1) — (1 — Bm) =d (which means that the number of nonempty blocks of as and bs is
equal to d +1).
In the proof below, we will repeatedly use that the number of compositions of n into k parts, i.e. the number of integer

solutions of Xy 4 --- 4+ X, =n, x; > 1 for all i € [k], is equal to (',Zj)
1

If a1, fm>1, then d=2m —1, so d is odd, and m = —d;”. Thus, by the comment above, there is (dff 1)(dﬁ;11) such
SV -
vertices. Similarly we count the ones starting with b and ending with g, that is, the ones with oy = 8, =0.

If @y >1 and By =0, then d =2m — 2, so d is even, and m = % + 1. Thus there is (p?)(g:ll) such words. Similarly, we
2 2

count the ones starting and ending with b, that is, the ones with «; =0 and 85 > 1.
By definition, (Z) > 1 if and only if 0 <k <n, thus the formulas for minimum and maximum degree of Ap 4 follow from
the determined number of vertices of degree d. O

4. Metric properties

In this section we determine several metric properties of weighted Padovan graphs. We begin with the distance function
for which the partition representation IT, 4 turns out to be the most convenient one. Using Theorem 2.6 the distance in &}
and Ap ¢ can be obtained as well.

Proposition4.1.If p,q > 0 and A = (A1, ..., Aq), b = (K1, ..., q) € V(Ilp q), thendn, , (A, u) = Z?:1 [Ai — Wil

q
Proof. Recall that by definition, A1 > --->Xq and 1 > --- > uq. Clearly, d(A, u) = minz |Ai — o )|, where the minimum
i=1
is taken over all permutations o of [q]. The same o that minimizes this sum also minimizes 2?21 ri— /Lg(i))z = 2?21 Al-z +
?:1 p,l.z - 22?21 Aillo ). The o minimizing this expression is exactly the same as the one maximizing Z?:] Aillo (i) By
the rearrangement inequality from [9, Theorem 368], this sum is maximized if o (i) is such that ps) > -+ > te(q), SO
when o is the identity. O

A graph G is a median graph if for every triple of vertices u, v, w of G there exists a unique vertex m(u, v, w), called
median, which lies on a shortest u, v-path, on a shortest u, w-path, and on a shortest v, w-path. Recall that median graphs
embed isometrically into hypercubes, hence by the subsequent theorem weighted Padovan graphs also have this property,
that is, they are partial cubes. We refer to [7, Chapters 4 and 6] for more on partial cubes and median graphs, and the
relation of Fibonacci-like cubes to these classes of graphs.

Theorem4.2.fn>1and | 3] <k < LZ”;ZJ, then % is a median graph.

Proof. Let p =2n — 3k — 2 and q = 2k — n + 1. Then by Theorem 2.6, Q)Z =TIlpq. Let x=(A1,...,Aq) € V(ITp q). Then
0<Ai<p,ielq]. Set
i(x)=0...01...1,i =
ai(x)=0...0 Jielgl, and o) =o1(x)...0q(x),
p—Ai A

where o1(X) ... 0q(x) stands for the concatenation of the binary words o1 (x), ..., og(x). The mapping « can thus be consid-
ered as

a: V(I e = V(Qpg).

Let x=(A1,...,Aq) and y = (U1, ..., tq) be arbitrary vertices of I1p 4. By Proposition 4.1 we have dpn, , (X, y) = 219:1 [Ai —
/il. By the definition of «, the words «;(x) and «;(y) differ in |A; — ;| positions. Hence «(x) and o (y) differ in Z?:l A —
/4| positions, that is,

dn, (%, ¥) =dq,, (@), a(y)). (1)
Let x=(A1,...,A¢), ¥y = (U1, ..., g), and z= (71, ..., Tq) be arbitrary vertices of ITp 4. For each i € [q], let o; be the median
value of the set {X;, u;, 7;}. Then in view of Proposition 4.1 and (1) we infer that m(a(x), «(y), ®(2)) = a(01,...,0q) is a

median of «(x), «(y), and «(z). Moreover, m(a(x), a(y), @ (2)) € V (a(ITp ).

We have thus proved that a(ITp ) is an isometric subgraph of Qpq such that with any three vertices of a(ITp g), their
median in Qpq is a vertex of «(ITp q). Applying the theorem of Mulder [22] (cf. also [14]) asserting that a graph G is a
median graph if and only if G is a connected isometric subgraph of some Q, such that with any three vertices of G their
median in Q, is also a vertex of G, the argument is complete. O

7
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The proof of Theorem 4.2 can be used to determine the diameter of weighted Padovan graphs.

Proposition 4.3./fn > 1and | 4| <k < LZ”QZJ, then

diam(®}) = (2n —3k —2)(2k —n+1).

Proof. Let p =2n — 3k — 2 and q = 2k —n + 1. Since diam(Qpq) = pq and the mapping o : V(I1p4) — V(Qpg) from
the proof of Theorem 4.2 is an isometric embedding, we get diam((Dﬁ) < pq. On the other hand, «((0,...,0)) = 0P9 and
a((p,...,p)) =1P4 so that

diam(®}) > d, (0, ..., 0), (p, ... p))

=dq,,(@((0,...,0),a((p, ..., D))
=dq,, (07,17 =pg=(2n—-3k—-2)2k—n+1). O

5. The cube polynomial

The cube polynomial of a graph G is denoted by C (G, x), and is the generating function C (G,x) = . ¢n (G) X", where
cn (G) counts the number of induced n-cubes in G. Clearly, co (G) = |V (G)| and c1 (G) = |E(G)]. -

The cube polynomial was first studied in [3]. Among the many subsequent investigations we point to its applicability
in mathematical chemistry [2,33], to its investigation on daisy cubes which as particular cases include Fibonacci cubes and
Lucas cubes [13], to the cube polynomial of tribonacci cubes [1], and to an appealing relation between the cube polynomial
and the clique polynomial [30]. For the cube polynomial of the weighted Padovan graphs we have:

Theorem 5.1. The generating function of the cube polynomial C (CDZ, x) is

C Cbn,x ynzk: y .
gkzzo ( k ) 1—y22(1+yz(1+xyzz))

Proof. Let Qn be an induced subgraph of ®}. By the fundamental decomposition, exactly one of the following holds:

1. Qn is an induced subgraph in 01 @ij = <I>;Z:f,

2. Qp is an induced subgraph in Oll@;:j’ = <b2:§, or

3. Qm = Qm_10K;, where the edges of K, correspond exactly to edges between copies of 01¢Z:f and 011<I>Z:§ in CDZ,
S0 Qm—1 is an induced subgraph in QDZ:g.

Thus, if n > 5 and k > 3, then the cube polynomial of ®} satisfies the following recursive relation:
C (@} x) = C (@2 x) + € (] 3.%) +xC (5. %)
Let the generating function of the cube polynomial be

f(xy,2)= ZZC (@, x) yzk.

n>0 k>0

By using the recurrence relation and the values

o Y0 C (@, %) y07F =0,

o Y0 C(®].x)yz* =y,

o Y0 C(PF,x) 22k =0,

o Y0 C (P}, %) y32 = y3z,

o Yo C (P}, x) yizk = yiz2,

o Yoo C (PR X) Y2 =35 C (D] %) y"2k + y322, n > 5,

we get

fxy.2 [1 —y*z—y*? - xysz3]
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=YY@y =Y > (o tx)y =YD (@3 x) yF —x ) Yo (975 x) v

n>0k>0 n>2 k>1 n>3 k>2 n>5 k>3
_Y+ZZ< (@, %) — (cI)Z:f,x) C(¢Z ;’ )—xC(@Z g )>ynzl<
n>5 k>3
=y. O

By using the generating function of the cube polynomial, we obtain the cube polynomial itself as follows.

Theorem 5.2.Ifn>1and | 3] <k < L#J then

n—k—j—1\/2k—n+1
C(q)"’)_Z(Zk—n—i—l)( j )X]

j=0

Proof. With Theorem 5.1 in hand, we can compute as follows:

y
1—y2z(1+ yz(1+xy?z))

o () oet () ()

n>0 k>0

fxy 2=

k

_ZZ Z <I>< )Xj y2n+l<+2j+lzn+k+j
k) \j

n>0k>0 =

BN <Z> (’;) s | i et

n>0j>0 \ k>j

EEE( ) e

n>0 j>0k>—n

=ZZ Z (k—n—;)( ) Xyl gk

n>0 j>0k>n+j

B (k_z_])(" ’; ]>ijn+k+j+1zk

n>0 k>jn>k—j

. n—k—j—1\(2k—n+1\ ; .
2r 3 (WS e

j=0 k>jn>-2j-1

Jj— 2k—n+1\ ;
D93 Do (it | Gy ) PN

n>0k>0 \ j>0

The following result can be deduced from Theorem 5.2 by determining the maximum degree of C(®7%, x) and the corre-
sponding coefficient. However, we provide a different proof below since it illuminates the structure of the largest hypercubes
contained in @} = A, .

Proposition 5.3. The largest hypercube contained in Ap q as an induced subgraph is of size min{p, q}, and the number of such hyper-

cubes is max{(z), (Z)}-

Proof. Let m = min{p, q}. Let (ab)™x € V (A, q). Vertices {t1...tmx: t; € {ab, ba}} clearly induce Q, in Ap 4 (remove x and
replace each ab with 0 and each ba with 1).

Suppose that A, 4 contains Qm41 as an induced subgraph, and let W be a vertex set of Qm41 in Ap 4. Observe that
if veV(Qny1) and X,y € N(v), then x, y have another common neighbor z # v. Without loss of generality assume that
m =q. If v =sabat € V(Apq4), then the vertices shaat and saabt cannot have another common neighbor. Thus for every
vertex w € W and for every b in w, at most one neighbor of w in W is obtained by switching this b. Hence degg, ., (w) is
at most the number of bs in w which is equal to g =m. This is a contradiction since Q1 = Ap q[W] is (m + 1)-regular.

9
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To count the number of Qs in A g, again assume (without loss of generality) that m = q. After q abs are positioned
into a word of length p, the whole word is determined (the remaining positions are filled with as), and we obtain a word
of length p 4+ q with p as and q bs. This can be done in (Z) different ways, and each of them corresponds to a different

induced hypercube Q,;,. O

6. Automorphisms

In this section we determine the automorphism group of weighted Padovan graphs. In view of Theorem 2.6, this task is
equivalent to the one of determining Aut(ITp g).

We first consider the trivial cases. If min{p, q} =0, then IT, ¢ = Ky, so Aut(IT, ) is trivial. If min{p,q} =1, then IIp 4
is isomorphic to the path on max{p + 1,q + 1} vertices, so Aut(Il, q) = Z>. Thus we assume that min{p,q} > 2 in the
following.

Let G =TI, 4 through the whole section. The graph G has exactly two leaves: 0 = (0,...,0) and pq=(p,...,p). We
say that a vertex x € V(G) is lonely with respect to the leaf ¢ if it has exactly one neighbor y € V(G) such that d(y, ¢) =
d(x, £) — 1. For short, we simply say that x is lonely if it is lonely with respect to 0. We say that vertices y € V(G) that are
at distance d > 0 from the leaf ¢ belong to layer d with respect to ¢. When ¢ =0, we simply say that they are in layer d.

Lemma 6.1. A vertex x € V (G) is lonely (w.r.t. £) if and only if x # £ and all nonzero parts in the weak partition of x are of the same
size.

Proof. Let £ =0 (the proof for the case £ = pq is analogous). Suppose that x has at least two nonzero parts of different
sizes, s0 X = (A1, ..., Aq) and there exist i, j € [q], i # j, A; > 1j > 1. Let y be obtained from x by changing A; to A; — 1, and
let z be obtained from x by changing 4; to A; — 1. Clearly xy, xz € E(G), and y, z are in the layer d(x,0) — 1. Thus x is not
lonely.

Suppose that all nonzero parts in the weak partition of x are of the same size and x # ¢, so x= (A, ..., A), A € [p]. Then
x has at most two neighbors: x; =(A+1,A,...,A) and X = (A,..., A, A —1). As d(x2,0) > d(x,0) and d(x1,0) =d(x,0) — 1,
x is lonely. O

Lemma 6.2. [f w € V(G) and ¢ is a leaf of G, then w has at most one lonely (w.r.t. £) neighbor x such that d(x, £) =d(w, £) + 1.

Proof. Without loss of generality let £ =0, and denote d(w,0) =d. Let w = (A1, ..., Aq). For i € [q], let y; be obtained from
A by changing A; to A; + 1. Clearly, the neighbors of w in layer d + 1 are contained in the set {u;: i € [q]}. Suppose that
some p; € N(w) is lonely. Then Aj = ;41 for all j € [q]\ {i} by Lemma 6.1. But then, since min{p, q} > 2, no other w; can
be lonely since A; would be smaller than the other part(s). Hence, w has at most one lonely neighbor in layer d +1. O

Lemma 6.3. Let y,z € V(G), ¥ # z, such that d(y, ¢) = d(z, £) = d where ¢ is a leaf of G. Then y and z have at most one common
neighbor in the layer d + 1.

Proof. Without loss of generality assume that ¢ = 0 and suppose that y and z have at least one common neighbor, x, such
that d(x,0) =d + 1. Since x is not lonely, not all parts of x are of the same size by Lemma 6.1. Let y = (A1,...,Aq) and
zZ= ({1, ..., Mq). Thus there exist i # j such that x is obtained from y by changing A; to A; 4 1, which is equal to obtaining
x from z by changing p; to w;+ 1. This means that Ay = uy for all ke [q]\ {i, j}, Ai+1=p; and Aj=p;+ 1.

Let X' be another neighbor of y in layer d+ 1. Then x’ is obtained from y by changing Ap, to Ay +1 for some m € [q]\ {i}.
But then as Ay + 17 m, X' is not a common neighbor of y and z. O

Let G(d,¢) ={xe€ V(G): d(x,£) <d} where ¢ is a leaf in G.

Lemma 6.4. Let d > 2 and let ¢ : G(d, 0) — V (G). Suppose that ¢ is an automorphism between G(d, 0) and ¢(G(d, 0)). Then there
is at most one possibility of extending ¢ to ¥: G(d + 1,0) — V(G) such that ¥|g,0) = ¢ and v is an automorphism between
G(d+1,0) and ¥ (G(d+1,0)).

Proof. Let x € G(d +1,0) \ G(d, 0). Observe that since ¢ is an automorphism on its image, ¢(0) is also a leaf.

Case 1: x is not lonely.

Then there exist vertices y # z in layer d that are both neighbors of x. By Lemma 6.3 x is the unique common neighbor
of y and z. Vertices ¢(y) and ¢(z) are in layer d with respect to ¢(0) and by Lemma 6.3 they have at most one common
neighbor in layer d + 1 with respect to ¢(0), say x'. Since ¢ is an automorphism on its image, v (x) can only be x (if it
exists).

Case 2: x is lonely.
Then x has exactly one neighbor w in layer d. By Lemma 6.2 x is the only lonely neighbor of w. The vertex ¢(w) is in

10
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0.0

1,0)
(2,0 a,1

2.1

2,2)

Fig. 4. The smallest weighted Padovan graph (I, ;) with the automorphism group isomorphic to the Klein-four group Z; x Z.

layer d with respect to ¢(0), and by Lemma 6.2 it has at most one lonely neighbor, say x'. Thus ¥ (x) can only be x’ (if it
exists). O

Lemma 6.5. Let p # q and let ¢ : G(2,0) — V(G) map as follows:

(07) > (09),
(1,097 Yy > (1,007 1y,
(2,097 > (12, 0972),
(12,0972) > (2,097 1).

Then ¢ cannot be extended to an automorphism of G.

>
N
>
>

Proof. Let p < q. Suppose that it is possible to extend ¢ to ¥ : G(p,0) — V(G) such that i is an automorphism on its
image. Then we show that v ({p, 09~1)) = (1P, 097P), y((1P,09P)) = (p, 09~ 1). This is clearly true for p = 2. Consider
p >3 and assume that it is true for p — 1. Neighbors of (p — 1,091} in layer p are (p,09~') (which is lonely) and
(p — 1,1,0972). Neighbors of (1P~1 09-P*1) in layer p are (1P,09~P) (which is lonely) and (2, 1P=2,09—P*1). Since
should be an automorphism, lonely neighbors have to be mapped into lonely neighbors, thus ¥ ({p, 09~ 1)) = (1P, 09~P),
W((1P,097P)) = (p, 09~1). Note that v is unique by Lemma 6.4.

Observe that G(p+1,0)\ G(p, 0) contains all weak partitions of p + 1 except from (p +1, 0971, Thus (p, 09~1) € G(p, 0)
has only one neighbor in layer p + 1: (p,1,0972). However, ¥ ({p,09~1)) = (1P, 09=P) has two neighbors in layer p + 1:
(1P*1, 09-P=1y and (2,1P~1,09-P). Thus, ¥ cannot be extended into an automorphism on G(p + 1, 0).

An analogous argument settles the case when p >q. O

Theorem 6.6. Let min{p, q} > 2. If p # q, then Aut(G) = Z,, and if p = q, then Aut(G) = Zy x Z.

Proof. Since G has exactly two leaves, 0 = (09) and pq = (p9), every automorphism of G either maps 0+ 0, pq +> pq, or
0+~ pq, pq— 0. This uniquely determines how the unique neighbors 1= (1,091} and pq—1= (p9~!, p — 1) of the leaves
are mapped. However, since min{p, q} > 2, vertices 1 and pq — 1 each have two neighbors, which can again be mapped
either identically or into each other. For illustration, see Fig. 4.

Let ¢: V(G) — V(G) be an automorphism. By the above, there are only 2 - 2 = 4 possibilities of how ¢ maps N[1]. By
inductively applying Lemma 6.4, ¢|nj1] determines the whole ¢ uniquely. Thus Aut(G) C Z, x Zj.

However, if p #q and ¢(N[1]) = N[1], then Lemma 6.5 shows that ¢|n1] = id|n[1]. Thus Aut(G) # Z3 x Z3, and by the
Lagrange’s theorem, | Aut(G)| € {1, 2}.

Let 7: V(G) — V(G) be defined so that T((A1,...,Aq)) = (p—Aq, ..., p—A1). Clearly, T is well-defined. Let xy € E(G). So
Xx=(A1,...,Xq) and y is obtained from x by changing A; to 2;+1 for some i € [q]. Thus t(X) = (p—Aq,...,P—Ai, ..., D—X1)
and T(y) =(p —Aq,....D—Ai—1,...,p—A1), s0 T(X)T(y) € E(G). Similarly we obtain that 7(N(x)) = N(t(x)). Hence, 7 is
an automorphism. Thus if p # q, Aut(G) = Z, = {id, t}.

If p=gq, let p: V(G) — V(G) be defined as p(x) =1". Recall that the conjugate A" of a weak partition A = (A1,..., Aq)
is obtained by interchanging the rows and columns of the Ferrers diagram of A. In other words, the number of parts of A’
equal to i is A; — Aj41. Since A has g parts which are all at most p, 2’ has at most p parts which are all at most q. Finally,
we add a sufficient number of parts of size 0 to the end of A’ so it has exactly p parts. Since p =q, p is well-defined. Let
xy € E(G). So x=(A1,...,Aq) and y is obtained from x by changing 1; to A; + 1 for some i € [q]. Consider now p(x) and
p(¥). The number of parts that equal j is equal in both p(x) and p(y) for all j € [q]\ {i — 1, i}, while the number of parts
of size i — 1 and i differ for 1 between p(x) and p(y). Thus p(x)o(y) € E(G). Similarly, we see that p(N(x)) = N(p(x)), and
so p is an automorphism of G. Since p(0) =0 and 7(0) = pq, p # t. Thus Aut(G) =Zy x Z ={id, T, p,To p}. O
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7. Concluding remarks

While this paper presents several properties of the weighted Padovan graphs, there is still a lot left to explore. We
present several metric properties of the graphs, but it would also be interesting to determine the radius of ®7, along
with their center and periphery. We also wonder which graphs @} have a Hamiltonian cycle or path, and what is their
domination number. Lastly, it would be interesting to know whether @} is a so-called resonance graph, cf. [4], or if it
belongs to some known subfamily of partial cubes.

The study of recurrence-inspired graphs has gained significant attention in recent years. A companion sequence to
Padovan numbers is known as the Lucas-Padovan sequence. In [19], the authors studied the corresponding Lucas-Padovan
cubes. An intriguing direction for further exploration would be the study of a companion sequence to weighted Padovan
graphs, specifically the weighted Lucas-Padovan graphs. Going in the Lucas direction one can also try to keep the definition
as similar as possible to Padovan graphs but add the cyclic condition.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgements

This work has been supported by TUBITAK and the Slovenian Research and Innovation Agency under grant numbers
122N184 and BI-TR/22-24-002, respectively. Vesna IrSi¢, Sandi KlavZar, and Gregor Rus acknowledge the financial support
from the Slovenian Research and Innovation Agency (research core funding P1-0297 and projects N1-0218, N1-0285, N1-
0355, Z1-50003). Vesna Irsi¢ also acknowledges the financial support from the European Union (ERC, KARST, 101071836).

Data availability
No data was used for the research described in the article.

References

[1] H. Belbachir, R. Ould-Mohamed, Enumerative properties and cube polynomials of tribonacci cubes, Discrete Math. 343 (2020) 111922.
[2] M. Berli¢, N. Tratnik, P. Zigert Pleterek, Equivalence of Zhang-Zhang polynomial and cube polynomial for spherical benzenoid systems, MATCH Com-
mun. Math. Comput. Chem. 73 (2015) 443-456.
[3] B. Bresar, S. KlavZar, R. Skrekovski, The cube polynomial and its derivatives: the case of median graphs, Electron. J. Comb. 10 (2003) 3.
[4] S. Brezovnik, Z. Che, N. Tratnik, P. Zigert PleterSek, Outerplane bipartite graphs with isomorphic resonance graphs, Discrete Appl. Math. 343 (2024)
340-349.
[5] T. Dosli¢, L. Podrug, Metallic cubes, Discrete Math. 347 (2024) 113851.
[6] O. Egecioglu, V. Ir3i¢, Fibonacci-run graphs I: basic properties, Discrete Appl. Math. 295 (2021) 70-84.
[7] O. Egecioglu, S. KlavZar, M. Mollard, Fibonacci Cubes with Applications and Variations, World Scientific, Singapore, 2023.
[8] O. Egecioglu, E. Saygi, Elif Z. Saygi, The Mostar index of Fibonacci and Lucas cubes, Bull. Malays. Math. Sci. Soc. 44 (2021) 3677-3687.
[9] G.H. Hardy, J.E. Littlewood, G. Pélya, Inequalities, reprint of the 1952 edition, Cambridge University Press, Cambridge, 1988.
[10] W.-]. Hsu, Fibonacci cubes—a new interconnection topology, IEEE Trans. Parallel Distrib. Syst. 4 (1993) 3-12.
[11] V. IrSi¢, S. KlavZar, E. Tan, Generalized Pell graphs, Turk. . Math. 47 (2023) 1955-1973.
[12] S. KlavZar, Structure of Fibonacci cubes: a survey, J. Comb. Optim. 25 (2013) 505-522.
[13] S. KlavZar, M. Mollard, Daisy cubes and distance cube polynomial, Eur. . Comb. 80 (2019) 214-223.
[14] S. KlavZar, H.M. Mulder, Median graphs: characterizations, location theory and related structures, J. Comb. Math. Comb. Comput. 30 (1999) 103-127.
[15] S. Klavzar, E. Tan, Edge general position sets in Fibonacci and Lucas cubes, Bull. Malays. Math. Sci. Soc. 46 (2023) 120.
[16] T. Koshy, Pell and Pell-Lucas Numbers with Applications, Springer, New York, 2014.
[17] T. Koshy, Fibonacci and Lucas Numbers with Applications, vol. 2, John Wiley & Sons, Inc., Hoboken, NJ, 2019.
[18] G. Lee, ]. Kim, On the Padovan codes and the Padovan cubes, Symmetry 15 (2023) 266.
[19] G. Lee, ]. Kim, On the cube polynomials of Padovan and Lucas-Padovan cubes, Symmetry 15 (2023) 1389.
[20] M. Mollard, Edges in Fibonacci cubes, Lucas cubes and complements, Bull. Malays. Math. Sci. Soc. 44 (2021) 4425-4437.
[21] M. Mollard, Distance cube polynomials of Fibonacci and Lucas-run graphs, arXiv:2410.19326 [math.CO].
[22] H.M. Mulder, The structure of median graphs, Discrete Math. 24 (1978) 197-204.
[23] E. Munarini, C. Perelli Cippo, N. Zagaglia Salvi, On the Lucas cubes, Fibonacci Q. 39 (2001) 12-21.
[24] E. Munarini, Pell graphs, Discrete Math. 342 (2019) 2415-2428.
[25] The on-line encyclopedia of integers sequences, The OEIS Foundation Inc., Published electronically at https://oeis.org.
[26] R. Padovan, Dom Hans van der Laan and the plastic number, in: K. Williams, M.J. Ostwald (Eds.), Architecture and Mathematics from Antiquity to the
Future, vol. II, Springer, 2015, pp. 407-419, Chapter 74.
[27] L. Podrug, Horadam cubes, arXiv:2410.03193 [math.CO].
[28] R.P. Stanley, Enumerative Combinatorics, vol. 1, Cambridge University Press, Cambridge, 2011.
[29] E. Tan, L. Podrug, V. Irsi¢ Chenoweth, Horadam-Lucas cubes, Axioms 13 (2024) 837.
[30] Y.-T. Xie, Y.-D. Feng, S.-J. Xu, A relation between the cube polynomials of partial cubes and the clique polynomials of their crossing graphs, J. Graph
Theory 106 (2024) 907-922.
[31] J. Wei, Lucas-run graphs, Bull. Malays. Math. Sci. Soc. 47 (2024) 178.
[32] J. Wei, Y. Yang, Fibonacci and Lucas p-cubes, Discrete Appl. Math. 322 (2022) 365-383.
[33] H. Zhang, W.C. Shiu, PK. Sun, A relation between Clar covering polynomial and cube polynomial, MATCH Commun. Math. Comput. Chem. 70 (2013)
477-492.

12


http://refhub.elsevier.com/S0012-365X(25)00065-2/bib66EC8BD5FC4BD2F2E11B9AF20CA886ABs1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib317A0014CEB4C91DF68913A1E61F6E8As1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib317A0014CEB4C91DF68913A1E61F6E8As1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib6EF0BB7743AA47068CB29EC00F716B9Cs1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib6EDBC882FEF50ECC084BD0CF64463959s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib6EDBC882FEF50ECC084BD0CF64463959s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib7A4CB9FD988C634C448B6A72D3AE74A2s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib9940F90F41E548ABB64D57AEE6E7F3ABs1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bibE6AF1FC0FAFD6696D6B753F6B1C4D7BCs1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bibA6690A5801413392D79B0BFCBF3CF05Ds1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bibF09ED935501E44FD3F289F9547F280C9s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib72C4A9481D462DF33333F76429612DCFs1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bibC2F5334F8BED8011E3F20F72557930DCs1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib50EA5DBEAA9BCF4EF763A199235E5BD7s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bibF2FDDFDF3527EAA9E946EDDA4912B52Bs1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bibED4E18B6330B5E6346A11F8A13A438C5s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib13A77899B82F0FF9F4C30D5DE8B03181s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib8F45635B60A33FA4F32E7CE529076C54s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib283F85F6D700CFF156931885EE83E4AEs1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bibB0C4F042C6C617B090BCC2ADFBB7571Es1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib82D70ED1AD346185A200F0F290352049s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib5DFCEE24279E8C897826F57E73F2C3FBs1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bibB07EA18009F022A17683A477E38BEECEs1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib9CDBB6B4D08CB0F6271F9BD2AD6BAE1As1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bibEDDEA4C31C2AF7A7F12E8C4CD2ADE99As1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bibA056832285A0EB96A54B3F36A330D666s1
https://oeis.org
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib1A79F62A292A1B7C7F7E3BA86D485870s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib1A79F62A292A1B7C7F7E3BA86D485870s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib393D7B20A58A529F41F5E20549E05F40s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bibC7656CE3FBB462C82BAD4E11FC7F4165s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bibB8239014F4B7BE254B6E4E575E2DF049s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib449FE6E9A2BDE50ED17DAAEF27B99869s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib449FE6E9A2BDE50ED17DAAEF27B99869s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib37814BAA1434FCA04AC050D894B71D63s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib80EA08F6DF0D3D273886BF5A6B5855CCs1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib98A151F338EA91B8EF0654916FE5BDC8s1
http://refhub.elsevier.com/S0012-365X(25)00065-2/bib98A151F338EA91B8EF0654916FE5BDC8s1

	Weighted Padovan graphs
	1 Introduction
	2 Weighted Padovan graphs and two isomorphic families
	3 Order, size, degree
	4 Metric properties
	5 The cube polynomial
	6 Automorphisms
	7 Concluding remarks
	Declaration of competing interest
	Acknowledgements
	Data availability
	References


