Sierpinski graphs as spanning subgraphs of Hanoi graphs
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Abstract

Hanoi graphs H model the Tower of Hanoi game with p pegs and n discs.
Sierpiniski graphs S arose in investigations of universal topological spaces and

have meanwhile been studied extensively. It is proved that S embeds as a span-

ning subgraph into H; if and only if p is odd or, trivially, if n = 1.
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1 Introduction

The Hanoi graphs Hj form a natural mathematical model for the Tower of Hanoi
game with p pegs and n discs. The puzzle with three pegs is well understood, cf. [5].
Surprisingly, even the simplest task—to move a perfect tower of discs to another perfect
tower in an optimal number of moves—presents a notorious open problem for four or



more pegs, cf. [1, 3, 11]. This means that the distance function on the graphs Hy,
p > 4, is far from being well understood. Some other properties of Hanoi graphs
are less difficult to access. For instance, Hanoi graphs were classified with respect to
planarity [6, Theorem 2]; they are in edge- and total coloring class 1, in other words
their edge- (total) chromatic number is equal to their maximum degree (+1), except
those isomorphic to a complete graph of odd or even order, respectively [7, Theorems 3
and 4]; the automorphism group of Hy is isomorphic to the symmetric group on [plo,
induced by the permutations of pegs [16, Main Theorem].

Sierpinski graphs Sy, introduced and studied for the first time in [10], were in part
motivated by investigations of certain universal topological spaces [14]. (See the recent
book of Lipscomb [13] for the state of the art about these spaces.) It was shown in [10,
Theorem 2] that S% is isomorphic to Hf for any n. In other words, both graphs can be
represented by the same drawing but with different labellings. This difference allows
two approaches to the Tower of Hanoi; a beautiful example for using the Sierpinski
labelling is due to Romik [17]. Sierpiriski graphs have been extensively studied by now;
see, e.g., recent papers [2, 4, 7, 8, 12, 15] and references therein. For instance, the
hub number of Sierpinski graphs was determined in [12, Theorem 9] and their average
eccentricity in [8, Corollary 3.5].

Although for any p,n € N, the graphs S’ and H, are defined on the same vertex set,
they cannot be isomorphic anymore for p > 3 and n > 1. This follows, for instance,
from the fact, proved below, that for these values of the parameters |[Sp| < [[H} |,
where ||G|| denotes the size of a graph G. Therefore it is natural to ask whether an
isomorphic copy of S can be a spanning subgraph of H,. In this note we will answer
that question exhaustively by proving that such a so-called isomorphic embedding exists
if and only if p is odd. We hope that the result will lead to further insights into the
mathematics of the Tower of Hanoi.

In the next section Sierpinski and Hanoi graphs will be defined, some of their
properties recalled and some notation introduced. In Section 3 the main result of this
note is proved and discussed.

2 Sierpinski and Hanoi graphs

Let p,n € N; then the Sierpiriski graph, Sy is defined as follows. The vertex set of S is
the set [p]g, [plo :== {0,...,p—1}, whose elements we will denote by s, ... s1, because of
the intimate relation to numbers represented in a base p number system. Two vertices
s and ¢ are adjacent if and only if there exists a 6 € [n] := {1,...,n} such that

(i) sq =tg, for d € [n]\ [0];
(ii) ss # ts;

(i) sq =ts and tg = s5 for d € [6 — 1].



For any n, ST = K; and S§ = Py». Note also that S; = K, for any p. For a
drawing of the graph S? see Figure 1. Vertices of the form k...k = k™ are called
extreme vertices of S. Clearly, S contains p extreme vertices and they are of degree
p — 1; all the other vertices are of degree p.

Figure 1: Sierpinski graph S7 (left) and Hanoi graph H3 (right)

The Tower of Hanoi consists of p vertical pegs and n discs of mutually different
diameters, each of which can be stacked onto one of the pegs. A distribution of all
discs on the pegs with no larger disc lying on a smaller one is called a reqular state. A
perfect state is a regular state with all discs arranged on a single peg. A legal move is
to move a disc from the top of a stack on one peg to the top of the (possibly empty)
stack on another peg, provided both states involved are regular. Labelling pegs with
numbers from [p]y and discs with numbers from [n] in increasing order according to
size, a regular state can be represented uniquely by a vector s € [p]j, which we will
again write as s, ...s1, and whose component sy is the peg on which disc d is lying.
The Hanoi graph H is then defined on the vertex set [p]g, and two vertices (= two
regular states) are adjacent if one can be obtained from the other by a legal move. Note
that adjacent vertices of H} differ in precisely one coordinate.

As for Sierpinski graphs, we have H* = K, for every n and H; = K, for any p.
Every vertex (= regular state) of H3 is adjacent to exactly one vertex since only the
smallest disc can move. Therefore, HY is the disjoint union of 2"~ copies of K. H%
is the state graph of the classical Tower of Hanoi. For a representation of the graph
H? see Figure 1. Vertices of the form k. ..k = k™ will be called perfect vertices of Hy.
Note that Hj contains p perfect vertices and that they are all of degree p — 1 because
in a perfect state the only legal moves are moves of the smallest disc. Any other vertex
of H) has degree at least 2p — 3, because the second smallest disc in a top position on



some peg can move to p — 2 target pegs. (Note that there are no non-perfect vertices if
p=1or n=1.) This shows that S} = H} if and only if p € {1,3} or n = 1, because
the maximal degree of S} is p < 2p —3 for p >3 and n > 1.

Moreover, S and H,' can be viewed as constructed recursively with S; = H; and
S;*” and Hg*” composed from p copies @S and iH,;, respectively. The copies iS5} and
7S, are joined by the single edge {ij™, ji"}, whereas in the Tower of Hanoi all states
with discs 1 to n not on pegs ¢ and j allow for a move of the largest disc from 7 to j or
vice versa. This leads to the recurrences

p p
19 = 0 = 1zl sy = syl + (3) b= s+ (5) - -2,

yielding [|S)|| < [|H,[| for p > 3 and n > 1.

We will consider the following subgraphs of S} and H'. Let sq € [p]o for d € [n]\[r],
r € [n—1]; then s, ... sr415, and sy ... sy41H) denote the subgraphs of S} and H)
induced by vertices whose components s,41 to s, are fixed. Clearly, s, .. .5T+1S; and
Sn ... Sr4+1H,, are isomorphic to Sy and Hy, respectively.

A clique of a graph G is a complete subgraph of G and a ¢-clique is a clique of order
q. The clique number w(G) is the order of a largest clique of G. By induction on n one
can show that in S7, p > 3, the only maximal cliques (with respect to inclusion) are 2-
and p-cliques. The p-cliques are just the subgraphs s, ... SQS;; any edge not in these
cliques induces a 2-clique. For the cliques of H)} we have:

Lemma 1 Every complete subgraph of H,', p,n € N, is induced by edges corresponding
to moves of one and the same disc. In particular, oJ(H;}) = p and the only p-cliques of
Hy are of the form s, ... SQH;.

Proof. The cases p =1 and p = 2 are trivial. For p > 3 take any vertex s joined to two
vertices s’ and s” by edges corresponding to the moves of two different discs. Then the
positions of these discs differ in s" and s”. Since vertices in H} can only be adjacent if
they differ in precisely one coordinate, s’ and s” cannot be adjacent. This proves the
first assertion. Any state s is contained in the p-clique induced by s and those states
which differ from s only by the position of the smallest disc. On the other hand, a disc
d # 1 can be transferred to at most p — 2 pegs, namely those not occupied by disc 1,
such that no clique larger than p exists. O

3 The main result

Theorem 2 Let p,n € N. Then S} can be embedded isomorphically into Hj if and
only if p is odd or n = 1.



Proof. The case n = 1 is clear, because 5’; = H;. The same applies to p = 1 since
S1 = HP. Moreover, for n > 2, we have ||SZ|| = 2" —1 > 2"~! = ||[HZ||, so that ST can
not be embedded isomorphically into HY. (In fact, H is a spanning subgraph of SZ'.)

Now let p > 4 be even and n = 2. Assume that « : Sg — Hg is an isomorphic
embedding. By Lemma 1, the p-cliques of Sg are mapped onto the p-cliques of Hg.
The remaining edges of Sg, which are of the form {ij, ji}, i # j, have to be mapped
by a to edges in Hg corresponding to moves of disc 2. Note that these (g) edges of Sg
are pairwise non-incident. On the other hand, edges in Hf, corresponding to moves of
disc 2 induce p cliques of order p—1. Among the edges of these cliques, we can select at

most p [p%lJ independent ones. Since p is even, p [p%lJ <p % = (5). We conclude

that Sf, cannot be embedded isomorphically into Hg.

We will now reduce the more general case for even p, but with n > 3, to the case just
dealt with by considering the image of subgraph 0”_253 under an assumed isomorphic
embedding « of S} into H}'. Since non-extreme vertices of S are of degree p, they
cannot be mapped by « to perfect vertices. Hence, the p extreme vertices of 5 are
mapped to p perfect vertices of H' in such a way that a(0™) = j" for some j. Using
Lemma 1 again, a(O”_IS;) =" H;. Moreover, the subgraph 0”‘255 of S contains
p — 1 p-cliques that are at distance 1 from the clique 0”_15;. All the other cliques of
S, are at distance more than 1 from 0"*15;. Similarly, the subgraph j"*QHg of Hy
contains p p-cliques that are pairwise at distance 1. Every other p-clique of H} is at
distance at least two from j”leI}. Therefore, a(O”*QSg) = j”*QHg. Hence o would
embed 0”_285 = SIQ, isomorphically onto j"_ZHg = Hg, a possibility which we already
excluded.

Suppose next that p > 3 is odd. We will show by induction on n that there is
an isomorphic embedding of Sy into Hy;, the case n = 1 being trivial. By the degree
condition, any such embedding must map extreme vertices of S5;) onto perfect vertices
of Hy. For n > 1 let v, be an isomorphic embedding from S onto H)}. Since an
arbitrary permutation of the perfect states of Hj extends to an automorphism of H,}
(cf. [16]), we may without loss of generality assume that ¢, (k™) = k™ for all k. We
construct the mapping t14,, : V(S3™) — V(H,™™) in the following way. For k € [p]o
define the permutation m; on [p]o as follows:

(k(p+1) —i(p—1)) mod p;

N | —

Vi€ [plo: m(i) =

it has precisely one fixed point, namely k. Then let 7} denote the bijection on [p|

with 77 (s, ... 51) = m(sp) ... T(s1). Define
VEke[ploVsepls: tisn(ks) =knp (tn(s)) .
This obviously constitutes a bijection with

(BT = k(0 (E™)) = kap (k™) = k1.



Figure 2: Isomorphic embedding ts from S? into H?2

This construction is illustrated in Figure 2 for the case of Sz and H?2.
It remains to show that {114, (ij"), t14n(ji")} € E(H)™) for i, j € [plo, i # j. We
have v14n (") = in}" (tn(3™)) = im;(4)"™ and similarly ¢14,(ji") = jm;(4)". Moreover,

. o1, . o,
27&7r¢(y):§(zp+z—3pﬂ)modp:§(Jp+3—zp+z)modp:7rj(l)#J,

and so the two vertices are adjacent in Hy'. O

Let 7 > 2, £ € [n], be given integers. Let G be the graph whose vertices are
[r1] X [re] x -+ x [ry], two vertices being adjacent if the corresponding tuples differ
in precisely one coordinate. Then G is called a Hamming graph. Alternatively, a
Hamming graph is the Cartesian product graph K, OK,, O -.-- OK, . As observed
in [9, Section 2.2], Hanoi graphs H,’ are spanning subgraphs of K, 0 --- OK), = K.
Therefore, we get

Corollary 3 Let p be odd. Then for anyn, S} is a spanning subgraph of the Hamming
graph K.

Acknowledgments

This work has been financed by ARRS Slovenia under the grant P1-0297 and within
the EUROCORES Programme EUROGIGA /GReGAS of the European Science Foun-
dation. The second author is also with the Institute of Mathematics, Physics and
Mechanics, Ljubljana.



References

1]

2]

[9]
[10]

[11]

D. Arett, S. Dorée, Coloring and counting on the Tower of Hanoi graphs, Math.
Mag. 83 (2010) 200-209.

L. Beaudou, S. Gravier, S. Klavzar, M. Kovse, M. Mollard, Covering codes in
Sierpiniski graphs, Discrete Math. Theoret. Comput. Sci. 12 (2010) 63-74.

X. Chen, J. Shen, On the Frame-Stewart conjecture about the Towers of Hanoi,
SIAM J. Comput. 33 (2004) 584-589.

H.-Y. Fu, D. Xie, Equitable L(2,1)-labelings of Sierpiriski graphs, Australas. J.
Combin 46 (2010) 147-156.

A. M. Hinz, The Tower of Hanoi, Enseign. Math. (2) 35 (1989) 289-321.

A. M. Hinz, D. Parisse, On the planarity of Hanoi graphs, Expo. Math. 20 (2002)
263-268.

A. M. Hinz, D. Parisse, Coloring Hanoi and Sierpiniski graphs, Discrete Math. 312
(2012) 1521-1535.

A. M. Hinz, D. Parisse, The average eccentricity of Sierpinski graphs, Graphs
Combin., in press. doi: 10.1007/s00373-011-1076-4

W. Imrich, S. Klavzar, D. F. Rall, Topics in Graph Theory: Graphs and Their
Cartesian Product, A K Peters, Wellesley, MA, 2008.

S. Klavzar, U. Milutinovié¢, Graphs S(n, k) and a variant of the Tower of Hanoi
problem, Czechoslovak Math. J. 47(122) (1997) 95-104.

S. Klavzar, U. Milutinovi¢, C. Petr, On the Frame-Stewart algorithm for the multi-
peg Tower of Hanoi problem, Discrete Appl. Math. 120 (2002) 141-157.

C.-H. Lin, J.-J. Liu, Y.-L. Wang, W. C.-K. Yen, The hub number of Sierpiriski-like
graphs, Theory Comput. Syst. 49 (2011) 588-600.

S. Lipscomb, Fractals and Universal Spaces in Dimension Theory, Springer, Berlin,
20009.

U. Milutinovié¢, Completeness of the Lipscomb space, Glas. Mat. Ser. III 27(47)
(1992) 343-364.

D. Parisse, On some metric properties of the Sierpinski graphs S7', Ars Combin.
90 (2009) 145-160.

S. E. Park, The group of symmetries of the Tower of Hanoi graph, Amer. Math.
Monthly 117 (2010) 353-360.



[17] D. Romik, Shortest paths in the Tower of Hanoi graph and finite automata, SIAM
J. Discrete Math. 20 (2006) 610-622.



