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Abstract

A connected graph is said to be a cactus if each of its blocks is either a cycle or an edge.
Let 4, be the set of all n-vertex cacti with circumference at least 4, and let %, 5 be the set
of all n-vertex cacti containing exactly £ > 1 cycles where n > 3k + 1. In this paper, lower
bounds on the difference between the (revised) Szeged index and Wiener index of graphs in
%y, (resp. n.r) are proved. The minimum and the second minimum values on the difference
between the Szeged index and Wiener index of graphs among %,, are determined. The bound
on the minimum value is strengthened in the bipartite case. A lower bound on the difference
between the revised Szeged index and Wiener index of graphs among %, i is also established.
Along the way the corresponding extremal graphs are identified.
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1 Introduction

All graphs considered in this paper are finite, undirected and simple. If G is a graph, then its
vertex set and edge set will be denoted Vi; and E¢, respectively. The distance, dg(u,v), between
vertices u and v of G is the length of a shortest u,v-path in G. The celebrated Wiener index
(or transmission) W(G) of G is the sum of distances between all pairs of vertices of G, that is,

WG = > da(uw). (1)

{U,’U}QVG

This distance-based graph invariant was in chemistry introduced back in 1947 [36] and in math-
ematics about 30 years later [9]. Nowadays, the Wiener index is a well-established and much
studied graph invariant; see the reviews [6, 7], a collection of papers dedicated to a half century
of investigations of the Wiener index [12], and recent papers [25, 27, 35, 38].
Given an edge e = uv of a graph G, set
Ny(e) ={w e Vg : dg(u,w) <dg(v,w)}, Nyle) ={w e Vg : dg(v,w) < dg(u,w)},
No(e) ={w € Vi : dg(u,w) = dg(v,w)}.
Clearly, N,(e) U N,(e) U Ny(e) is a partition of Vi with respect to e, where Ny(e) = 0 if G is
bipartite. For convenience, denote by n,(e), n,(e) and ng(e) the number of vertices of N, (e),
N,(e) and Ny(e), respectively. Thus, one has n,(e) + ny,(e) + no(e) = [Vg.
From [13, 36] we know that for a tree T,

W(T) = Z ny(e)ny(e) .
e=uveElT
Inspired by this fact, Gutman [10] introduced the Szeged index Sz(G) of a graph G as
Sz(G) = Y nule)nyle).
e=uveFEqg

Furthermore, in order to involve also those vertices that are at equal distance from the endpoints
of an edge, Randi¢ [33] proposed the revised Szeged index Sz*(G) of a graph G as follows:

SZ*(G) = Z (nu(e) + n02(e)> <nv(e) + n02(€)> .

e=uveFEqg

Since Sz(T) = W(T) holds for any tree T', a lot of research has been done on the difference
between the Szeged index and the Wiener index on general graphs. If G is a graph, then
Sz(G) — W(G) > 0 holds, a result conjectured in [10] and proved in [24]. Moreover, Sz(G) =
W (G) holds if and only if every block of G is a complete graph [8], see [17] for an alternative
proof. Nadjafi-Arani et al. [30] investigated the structure of graphs G with Sz(G) — W(G) = k,
where k is a positive integer. In particular, in [31] they characterized the graphs for which the
difference is 4 and 5. The difference between Sz(G) and W (G) in networks was investigated
in [20].

Based on the computer program AutoGraphiX, Hansen [14] presented nine conjectures on
relations between the (revised) Szeged index and the Wiener index. Chen, Li and Liu [3, 4]



proved three of these conjectures, while Li and Zhang [28] confirmed three additional above
conjectures; these results deal with quotients between the (revised) Szeged index and the Wiener
index of unicyclic graphs. Motivated by these conjectures, further relationship between the
Wiener index and the (revised) Szeged index was established in [39]. For additional results
on relations between the (revised) Szeged index and Wiener index see [2, 21, 22|, and for more
information about the (revised) Szeged index in general we refer to [1, 3, 15, 16, 26, 29, 32, 34, 37].

In this paper we continue the above direction of research by considering the difference between
the Szeged index and the Wiener index on cacti. Since this difference is 0 if the circumference
of a cactus is 3, we may and will restrict our attention to cacti with circumference at least 4.
In the next section we give necessary definitions and state the main results of the paper. The
first of them determines the minimum value on the difference between the Szeged index and the
Wiener index of cacti, the second result strengthens this result in the bipartite case, while the
third result determines the second minimum value on the difference between the Szeged index
and the Wiener index of cacti. These three theorems are then proved in Section 4. The last
main theorem that establishes a sharp lower bound on the difference between the revised Szeged
index and the Wiener index is proved in Section 5. In Section 3 we recall some known results
and prove new results that are needed for the proofs of the main results, while in the concluding
section a couple of consequences are listed and a couple of problems are posed.

2 Main results

A cactus is a (connected) graph in which any two cycles have at most one common vertex, that
is, a graph whose every block is either an edge or a cycle. A cycle in a cactus is called an end-
block cycle if all but one vertex of this cycle have degree 2. The circumference of a graph is the
length of its longest cycle. As already mentioned, since Sz(G) — W (G) = 0 if the circumference
of G is 3, hence we set:

%n ={G: G is a cactus of order n and circumference at least 4} .

In addition, for integers 3 < r < n, let 6, be the subset of n-vertex cacti defined as follows.
If » = n, then set €' = {C,}. Otherwise, €, consists of the n-vertex cacti each of which is
obtained from the cycle C,., and either a cactus G’ rooted at a vertex of the C, or cacti G” and
G" rooted at two adjacent vertices of the C,., where G’, G”, and G"" are cacti whose blocks are
only Ks or Cs. Using this notation our first main result reads as follows.

Theorem 2.1. If G € 6,,, then
Sz(G) —W(G) =22n -5
with equality if and only if G € €.

In the bipartite case this result can be strengthened as follows. For a graph G let ¢(G) denote
the sum of the lengths of the cycles of G. Then:

Theorem 2.2. If G € 6, is bipartite, then
Sz(G) —W(G) =2 ¢(G)(n — 2)

with equality if and only if each block of G is either a Ky or an end-block Cy.



We note that a result closely related to Theorem 2.2 has been proved in [3, 4]. Namely, if G
is a connected bipartite graph of order at least 4, then Sz(G) — W(G) > 4n — 8. Moreover, the
bound is best possible when the graph is composed of Cy and a tree on n — 3 vertices sharing a
single vertex. In the case of cacti this result coincides with Theorem 2.2 for ¢(G) = 4.

In our next result we establish a sharp lower bound on the difference between the Szeged
index and the Wiener index of graphs from the family ,,\%>. In other words, the next theorem
gives the second minimum value on the difference between Sz and W in the class of cacti. For
the equality case we define H to be the set of graphs isomorphic to some graph from the two
families of graphs that are schematically presented in Fig. 1.

Theorem 2.3. If G € 6,\6)5, then
Sz(G) —W(G) = 4n — 10

with equality if and only if G € H.

20 0

Figure 1: Two families of graphs that constitute H; here each H;, 1 < i < 6, is either a trivial
graph or each block of H; is Ko or Cj.

To formulate our last main result that deals with the difference between the revised Szeged
index and the Wiener index in cacti, we define

Gnr ={G: G is a cactus of order n containing exactly k cycles} .

Then our result reads as follows:
Theorem 2.4. Let G € €, 1, where k > 1 and n > 3k + 1.
(i) If4 <n <9, then
k(n? + 4n — 6)
4

with equality if and only if each block of G is either a Ko or an end-block Cs.
(ii) If n > 10, then

S2*(G) — W(G) >

Sz*(G) — W(G) = k(4n — 8)
with equality if and only if each block of G is either a Ko or an end-block Cy.

It is interesting to observe that the extremal graphs of Theorem 2.2 and of Theorem 2.4 (ii)
are the same.



3 Preliminary results

In this section, we give some preliminary results which will be used in the subsequent sections.
Simi¢ et al. [34] rewrote the Szeged index as:

SaG) = Y > payle), (2)

e=uwvelqg {z,y}CVg
where fi, 4, (e) is the contribution of the vertex pair  and y to n,(e)n,(e), that is,

xz € Ny(e) and y € N,(e),
) 1, if ¢ or
Hay(€) = z € Ny(e) and y € Ny (e),
0, otherwise.

Setting

m(2,y) = Y payle) — da(z,y),

ecEq

it then follows from Equalities (1) and (2) that

SAG)-W(G) = Y wlxy). (3)

{z,y}CVe

Recall that a subgraph H of a graph G is called isometric if the distance between any two
vertices of H is independent of whether it is computed in the subgraph H or in G.

Lemma 3.1 ([39]). Let C, be an isometric cycle of a connected graph G, and let x,y € V..

(i) If r is even, then w(x,y) > ZeeECT Uz y(e) — do, (z,y) = de, (x,y).
(ii) If r is odd, then m(x,y) > ZeGEC Uz y(e) —de, (x,y) = dc, (z,y) — 1.

Lemma 3.2. Let Gy, Gy be vertex-disjoint, connected graphs of order at least 2. Let G be the
graph obtained from G+, Go by identifying one vertex of G1 with one vertex of Go, denote the new
vertez by ug. Then for allx € Vg, \{uo} and y € Vg, \{uo}, one has w(x,y) = m(x, ug) +m(uo, y).

Proof. Consider a vertex pair {z, y} with z € Vg, \{uo},y € Vig,\{uo}. Note that ug is a
cut vertex of G, we have dg(z,y) = da(z,u) + da(uo,y). Next, we show that for any edge
e=uw € Eg,,

tzy(€) = 1if and only if fiy 4, (e) = 1. (4)

First, suppose that y, ,(e) = 1. Then we may assume without loss of generality that = € N,(e)
and y € N,(e). Let Py be a shortest path connecting y and u, and P, be a shortest path joining
y and v. As y € N,(e), one has | < k. Since ug is a cut vertex of G, we have uy € Vp, N Vp,.
Thus, Py and P, can be written as Py, = yP,uoPyu and P, = yP,ugP.v, where P, (resp. Py, P.)
is a shortest path joining y and wug (resp. ug and u, up and v). Therefore, k = a + b,l = a + c.
As | < k, we have ¢ < b, i.e., dg(up,v) < dg(up,u). This implies that uy € N,(e). Note that
x € Ny(e), hence figo(e) = 1. Similarly one shows that if i, ,(e) =1, then p, ,(e) = 1.



In view of (4) and the definition of p; 4(e), it is clear that ZeGEcl P y(e) = ZeeEGI s g (€)-
By a similar discussion as above, > . Ee, Pay(e) =D .c Ee, [uo,y(€) holds. Thus, one has

W(l’,y) = Z Nx,y(e) - dG(x7y)

ecEq
= D tay(@)+ D payle) = da(w,uo) — da(uo,y)
e€Eq, e€Eq,

= Z ,umuo —dg(x,up) | + Z ,qu,y(e)—dg(uo,y)

GEEcl GEEG2

= ﬂ-(‘raU’O) +7T(U(),y),
as desired. O

Lemma 3.3. Let G be an n-vertex cactus containing an even cycle C,. Then

onr? — 3

52(G) ~ W(G) > =

with equality if and only if G = C, or G is composed from C,. and a graph G' on n —r + 1
vertices sharing a single vertex, where each block of G' is a Ky or a Cs.

Proof. For convenience, let C, = v1vy...v,v1. Clearly, C, is an isometric cycle. Let G; be the
component of G — E¢, containing the vertex v;, 1 <14 < r. Thus, |Vg,| > 1 for all 1 <14 < r. For
each edge e = uv € Fg,, 1 <1 < r, and every vertex pair {z,y} C Vi,, it is straightforward to
check that
Ny(e), if v; € Ny(e);
x,y € ¢ Ny(e), ifv; € Ny(e);
N(](e), if v; € N(](e).

This implies that ji,,(e) = 0. Therefore, for every vertex pair {z,y} C V¢, , we have

r,y) = Z :um,y( —da(z,y) Z :um,y —dg, (z,y) = dc, (z,y). (5)

ecEq 6€EC7~
This gives
T3
= d = —. 6
Z 7T($7y) Z Cr(':U?y) S ( )
z,yeVe, z,yeVe,

If |V, | > 2, then, for every vertex pair {x,y} with x € Vi, ,y € Vg, \Ve,., one has dg(y,v;) =
min.ev,, dg(y, z). Note that v; is a cut vertex of G. By Lemma 3.2, 7(z,y) = 7(x, v;) + 7(vs, y).



Thus,

Z Z m(x,y) = Z Z Z (m(z,v5) + m(vi,y))

z€Ve, yeVa\Ve, i=1 z€Veo, yeVe, \Ve,

Z Z Z m(x,v;) (since w(v;,y) = 0) (7)

i=1 z€Ve, yeVe, \Ve,
= (n—r) Z de,. (x,v;) (by (5))
zeVe,

n—r 7"2
— %, (8)

WV

where the equality in (7) holds if and only if 7(v;,y) =0 for all y € Vg, \Ve,,1 <@ <7
Note that 7(x,y) > 0 for every vertex pair {z,y} C V\Ve,. Together with (3), (6) and (8),
we obtain that

SzG) -W(G) = Y w(zy)+ > mzy)+ Y w(ay)

z,yeVe, Ve, .yeVa\Ve, z,yeVe\Ve,
3 2
r (n—nr)r
>z —+ ———+40 9
-8 4 )
onr? — 3
- T8

where the equality in (9) holds if and only if 7(v;,y) = 0 for all y € Vg, \Ve,, 1 < i < r, and
m(z,y) = 0 for every vertex pair {z,y} C Vg\Ve,.

Now, we show that if Sz(G) —W(G) = W, then G has exactly one cycle whose length is
at least 4. Suppose on the contrary that G contains a cycle Cy, k > 4, different from C,.. Because
G is a cactus, |Vg, N Ve, | < 1. This implies that |V, \Ve, | > 3. Thus, there exist two vertices
u,v € Ve, \Ve, such that de, (u,v) = 2. By Lemma 3.1, we have 7(u,v) > dc, (u,v)—1 = 1, which
contracts the assumption that 7(z,y) = 0 for every vertex pair {z,y} C Vg\Ve,. Therefore, G
contains only one cycle whose length is at least 4.

If there are two components, say Gy, Gy, of G — E¢, such that |V, |, |V, | > 2, then consider
z € Vg, \{va} and y € Vg, \{vp}. Note that v, and vy, are cut vertices of G. By Lemma 3.2, we
have 7(z,y) = 7(z,v4) + 7(vg, ) + 7(0p,y) = w(vg,vp) = 1, which is also a contradiction to

the fact that 7(z,y) = 0 for every vertex pair {z,y} C Viz\Ve,.. Therefore, there is at most one

nontrivial component G;. In this case, by direct calculation, we have Sz(G) — W (G) = W.
2nr?

Hence, >, ey, (2, y) = T""B if and only if G is composed of a cycle C, on r vertices
and a graph G’ on n — r + 1 vertices sharing a single vertex, where each block of G’ is either a
K5 or a Cs. O

Lemma 3.4. Let G be an n-vertex cactus containing an odd cycle C, = vivs...v,v1 of length
at least 5. Then

r—1)(r—-3)2n—r)
8

S:(G) - W(G) >

with equality if and only if G € €.



Proof. Clearly, C, is an isometric cycle. Let G; be the component of G — E¢, containing the
vertex v;,1 < ¢ < 7. Then |Vg,| > 1 for any 1 < i < r. For any edge e = wv € Eg,, 1 < i < r,
and every vertex pair {z,y} C Vi, by a discussion similar to the one from the beginning of the
proof of Lemma 3.3, we obtain fi, (e) = 0. Thus, for every vertex pair {z,y} C Vi, , we have

r(@,y) = Y ogle) —dal@,y) = 3 oy(e) — de, (2.y) = do, (ey) ~ 1. (10)

eebEq 6€EC7~
So,
rir—1)(r—3
> wew= Y ey 1) =02 (11)
z,yeVe, z,yeVe,

For every vertex pair {x,y} with x € Vo, vy € Vg, \Ve,, 1 < @ < r, we have dg(y,v;) =
min.ev,, dg(y,z). Since v; is a cut vertex of G, Lemma 3.2 implies that m(z,y) = 7(x,v;) +
7(vi,y). Then

oY Ay = DD D (v + (v )

IEVCT yEVGi\VCr i=1 Z‘EVCT erGi \VCT

Z Z Z m(z,v;)  (since w(v;,y) = 0) (12)

=1 z€Ve, yeVe\Ve,

= (n—r) ) (do (w,v) = 1) (by (10))
eV,
(n—r)(r— D —3

= 4 ) (13)

WV

where the equality in (12) holds if and only if w(v;,y) =0 for all y € Vg, \Ve,, 1 <@ <7
Note that 7(z,y) > 0 for every vertex pair {z,y} C Vg\Ve,. Combining this fact with (3),
(11) and (13), it follows that

Sz(G)—-W(G) = Z m(z,y) + Z m(z,y) + Z 7(z,y)

z,yeVe, z€Ve, ,yeVa\Ve, z,yeVe\Ve,
S r(r—1)(r —3) n (n—7r)(r—1)(r—3) (14)
8 4
(=D -3)2n—r1)
= 3 ,

where the equality in (14) holds if and only if m(v;,y) = 0 for all y € Viz,, 1 < i < r and
m(x,y) = 0 for every vertex pair {z,y} C Vg\Ve,.

We next show that if Sz(G) — W(G) = w, then C, is the only cycle of G
with length at least 4. Otherwise, there exists another cycle Cy of length k > 4. Since G is a
cactus, |V, NVe, | < 1, which in turn implies that |V, \Ve,| = 3. Thus, there are two vertices
u,v € Vg, \Ve, such that de, (u,v) = 2. By Lemma 3.1, we have m(u,v) > dg, (u,v) — 1 =1,
this is a contradiction to 7(x,y) = 0 for every vertex pair {z,y} C Vg\Ve,. Therefore, C, is the
only cycle of G with length at least 4.



Suppose that there exist two nontrivial components G;,G; of G — E¢, such that |i — j| #
1,7 — 1. Then, take two vertices z,y with z € Vg, \{vi},y € Vg, \{v;}. By (10), we have
m(v;,v5) = 1. Note that v;, v; are cut vertices of G. By Lemma 3.2, we have

m(w,y) = 7(x,v;) + 7(vi, v5) + 7(vj,y) = 7(vi,v5) = 1,

a contradiction to the fact m(x,y) = 0 for every vertex pair {z,y} C Vi\Ve,.. Therefore, there
are just two nontrivial G;, G;+1 or there is only one nontrivial G;. For each of the above cases,

by direct calculation, we have Sz(G) — W(G) = w.

Hence, Sz(G) — W(G) = % holds if and only if G € €, as desired. O

4 Proofs of Theorems 2.1-2.3

4.1 Proof of Theorem 2.1

Recall the statement of the theorem to be proved in this subsection: If G € %, then Sz(G) —
W(G) > 2n — 5 with equality if and only if G € €.
Let C). be a longest cycle of G. Then r > 4 since the circumference of G is at least 4. If r is
even, then by Lemma 3.3,
2nr? — 3

S:G) = W(G) > > m =5

because n > r > 4. If r is odd, then by Lemma 3.4,
(r—=1)(r—=3)2n—r1)

8
2n — 5.  (since r > 5) (16)

S2(G) — W(G)

VoWV

Based on Lemma 3.4, the equality in (15) holds if and only if G € %); whereas the equality in
(16) holds if and only if r = 5.
Hence, Sz(G) — W(G) = 2n — 5 holds if and only if G € €?, as claimed.

4.2 Proof of Theorem 2.2

Recall the statement of Theorem 2.2: If G € €, is bipartite, then Sz(G) — W(G) = {(G)(n — 2)
with equality if and only if each block of G is either a Ko or an end-block Cy, where ¢(G) is the
sum of the lengths of the cycles of G.

We first note that a bipartite cactus is a partial cube, that is, isometrically embeddable into a
hypercube. One way to see it is by applying Djokovié¢’s characterization of partial cubes from [5]
asserting that G is a partial cube if and only if G is bipartite and for any edge e = uv the
subgraphs of G induced by N, (e) and by N,(e) are convex.

Let F be the partition of Eg that consists of the singletons corresponding to the Ks-blocks
of GG, while each cycle Cy, contributes k pairs of opposite edges to F. The partition F thus
contains ¢(G)/2 sets of cardinality 2, the other sets are singletons. Then, applying the main
theorem of [18],

W(G) = Z ny(e)ny(e)

FeF



where, for a given F' € F, the edge e = uwv is an arbitrary, fixed edge from F'. Similarly, applying
the main theorem from [11],
5z(G) = Z |Fnu(e)ny(e)
FeF
where again the edge e = wv is an arbitrary but fixed edge from F. (These two results are
instances of the so called standard cut method, see the recent survey [23] for more information
on the method.) Therefore,

S2(G)=W(G) = Y (F-Dnu(en(e) = Y (F = Dnule)n,(e)

FeF FeF,|F|=2

= Z ny(e)ny(e) = Z 2(n — 2)
FEF,|F|=2 FEF,|F|=2
UG)

= =2 2An-2) = (G)n-2).

The above inequality turns into equality if and only if every cycle C of G is a 4-cycle and
{ny(e),ny(e)} = {2,n — 2} holds for any edge e of C. That is, the equality holds if and only if
every cycle of GG is an end-block Cjy.

4.3 Proof of Theorem 2.3

We next prove Theorem 2.3 which asserts the following: If G € 6,,\%2, then Sz(G) — W(G) >
4n — 10 with equality if and only if G € H. ’

If G contains an even cycle C,, then by Lemma 3.3, we have Sz(G) — W(G) > W >
4n — 10, the last inequality follows since r > 4. Hence, we may assume in what follows that the
lengths of all the cycles in G are odd.

Let C, be one of the longest odd cycles of G. Then clearly r > 5. If r > 7, then by Lemma
3.4, we have Sz(G)-W(G) > % > 4n —10, as desired. Thus, it suffices to consider
the remaining case r = 5. Note that G ¢ %77. Hence, there exist at least two cycles of length 5,
say C, and C’ in G. For convenience, let C' = vivsy...v5v1 and C' = uqus ... usuq. Since G is
a cactus, we have |V N V| < 1. Thus, we proceed by considering the following two possible
cases.

Case 1. |Vo N V| =0.
In view of (11), we have

Z m(z,y) = Z m(z,y) = 5. (17)

z,yeVeo z,y€Ver

As GG is a cactus, we may without loss of generality assume that ui,v; are the vertices in G
such that dg(vi, u1) = mingev,, dg(vi, ) and dg(uj, v1) = mingey, dg(uj, z) for all 1 < i,j < 5.
Based on (10), we have >,y m(z,v1) = 2 and 3 m(y,u1) = 2. Since uy and vy are cut
vertices of (G, using Lemma 3.2 we infer that

Z m(z,y) = Z (m(z,v1) + m(v1,ua) + w(ur,y))

yEVC/

xeVeo,yeVor x€Ve,yeVor
> 5 Z m(x,v1) +5 Z m(u1,y)  (since m(v1,u1) =0 ) (18)
zeVo erc/
= 20, (19)

10



where the equality in (18) holds if and only if 7(vy,u1) = 0.
Consider every vertex pair {z,y} with x € Vo, y € Ve\(Vo U Vir). Assume that v,
is the vertex of C' such that dg(y,vi,) = min.cy, dg(y,2). In view of Lemma 3.2, we have

erVC 7T($7y) = Z:{:EVC (7T($7’Uio) + 71-(Uiovy)) > Z:{:EVC ﬂ-(x7vi0) = 2. Thus,
> Yo wlay) > > 2=2(n-10). (20)
zeVeo yeVa\(VeUVer) yeVa\(VeUVer)

The equality in (20) holds if and only if ervc m(x,y) = 2 for all y € Vg \ (Ve U Ver). Similarly,
we can also obtain that ZmGVC/ ZyGVG\(VCUVC/) m(z,y) = 2(n — 10) with equality if and only if
> wev,, T(@,y) =2 for all y € Ve \ (Vo U Vo).

Note that 7(z,y) > 0 for every vertex pair {x,y} C Vg\(Ve U Vir). Combined with (17),
(19) and (20), it follows that

SzG)-W(G) = > w@y)+ Y w@y+ Y. w@y)+ Y, > m(z,y)

z,yeVe z,y€Vear xeVe,yeVer zeVe yeVa\(VeUVer)
+> Y A@w+ D, w@y)
€V yeVa\(VeUVer) z,y€Va\(VaeUVer)
> 5+5+20+2(n—10) +2(n — 10) (21)
= 4n — 10,

where the equality in (21) holds if and only if m(v1,u1) =0, }- oy, m(2,y) =2, and 35 oy, 7(z,y) =2
for all y € Ve\ (Ve U Ver), as well as w(z,y) = 0 for every vertex pair {z,y} C Ve\(Ve U V).

Next, we show that if Sz(G)—W (G) = 4n—10, then G contains just two cycles of length 5. Otherwise,
G contains a third cycle C” of length 5. Note that |Vor N Ve| < 1 and |Vor N Ver| < 1. Then there
exist two vertices x,y € Vor\(Vo U Ver) such that der(z,y) = 2. Since C” is an isometric cycle, by
Lemma 3.1(ii) we have 7(z,y) > do»(z,y) — 1 = 1. This is a contradiction to the fact w(x,y) = 0 for
every vertex pair {z,y} C Ve\ (Ve U V).

Let G; (resp. G}) be the component of G — E¢ (resp. G — E¢-) that contains the vertex v; (resp. u;),
1<i<r Then |Vg,| > 2 and |Vg,| > 1 for 2 <4 < 5. Suppose that there exist components G; and G;
with [Vg,| = 2 and |Vg,| > 2, where v; and v; are not adjacent. Select arbitrary vertices x € Vg, \{v:}
and y € Vg, \{v;}. Because v; and v; are cut vertices of G, applying Lemma 3.2 we get

W(.I,y) = 7T($,’Ui) + ﬂ-(vivvj) + ﬂ-(vjvy) 2 7T(’Ui,’Uj) 2 15

which is a contradiction to the fact 7(z,y) = 0 for every vertex pair {z,y} C Vg \(Vo U Ver). Combined
with |V, | = 2, we obtain |V, | = |Vas| = |Va,| = 1 or |Vg,| = [Va,| = |Ves| = 1. Similarly, we can also
show that [V, | = [Vg,| = [Va,| = 1 or [Vg,| = [V, | = |[Vey| = 1. In each of the above subcases, by
direct calculation we have Sz(G) — W(G) = 4n — 10.

Hence, Sz(G) — W(G) = 4n — 10 if and only if G € H, where H is depicted in Fig. 1.
Case 2. Ve NVer| = 1.
By a similar discussion as in the proof of Case 1, we can show that Sz(G)—W(G) > 4n— 10 with equality
if and only if G € H; see Fig. 1 again.

This completes the proof of Theorem 2.3.

5 Proof of Theorem 2.4

In this section we prove Theorem 2.4. Since n,(e) + ny(e) + no(e) = n for e = uv € Eg, it is a routine
to check that

nole n2 e
Sz (G) = W(G) = 82(G) - W(G) + > (%n - %) . (22)

ecEq
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In order to prove the theorem, we first demonstrate a couple of claims.

Claim 1. If G € 6,1 is such that Sz*(G) — W(G) is as small as possible, then each cycle of G is an
end-block.

Proof. Suppose on the contrary that GG contains a cycle C,. = v1vs ... v,.v1 which is not an end-block. Let
G, be the component of G — E¢, containing the vertex v;, 1 < i < r. As C, is not an end-block, G — E¢,
contains two nontrivial components, say G, and Gy. We construct a new graph G’ as follows:

G =G- U {viz : x € Ng,(v;)} + U {viz:x € Ng,(v)}.

=2 1=2

Then G’ is in %, ;. By direct calculation (based on (3) and Lemma 3.2), one has

SzG)-W(G) = > > w@y+d, > D> )+ > wlxy)

i=1 z,yeVg, J=1yeVg \{v;} i#j z,yeVe,
+ > > wlwy
1<i<j<r aeVg, \{vi},
yeVa; \{v;}
T T
= > ) A+, D, Ddowvey)+ Y, w(wy)
i=1 z,yeVg, J=1y€eVa,;\{v;} i#j z,y€Ve,.

+ oY Y () v, vg) + (v, ). (23)

1<i<j<r z€Vg, \{vi},
y€Va; \{v;}
Similarly, we have

T T

Sz(G" -W(G) = Z Z w(x,y)—kz (vi,y) + Z (x,y)

1=1 z,yeVg, J=lyeVe; \{v;} =2 z,y€Ve,.

}
+ > Y (wlz,v) +(on,y)). (24)

1<i<jsr zeVg, \{vi},
y€Va; \{v;}

For convenience, set

Ay = (92(G) = W(G)) — (92(G") = W(E))

to= ¥ (- -y (- ).

ecEqg EEEG/
As |Va, |, Ve, | = 2, we have |V, \{va}| = 1, Ve, \{vs}| = 1. In view of (23) and (24), we have

Al = Z Z W(Ui,vj)

1<i<jsrzeVg, \{vi},
y€Va; \{v;}

and

= Z W(Uau Ub)
IGVGa\{’Ua},
y€Va, \{vs}
> 7(va,vp). (25)

In what follows, we consider two possible cases according to the parity of 7.

12



Case 1. r is even.

In this case, on the one hand, it is routine to check that A; = 0. On the other hand, by Lemma 3.1(i),
we have 7(vq, vp) = de, (va,vp) = 1. In view of (25), we have Ay 2 7(vq,vp) > 1. Combined with (22),
we have (Sz*(G) — W(Q)) — (Sz*(G") — W(G")) = A1 + Az > 0, a contradiction to the choice of G.

Case 2. r is odd.
Since C, is an isometric cycle, by Lemma 3.1(ii) we have 7(vq, vp) = dg(va,vs) — 1 = 0. In view of (25),
we have Ay > 0. Next, we show that Ay > 0.

For the graph G, it is straightforward to check that

B () - £y (o) 3 ()

eeEq 1=1 e€FEg, ecEc,
- no(e)  njle)\ [ n* Y Vel
_ _ " = lVed” 26
2 2 ( > "T T4 )T 1 (26)
=1 e€Eg,

Similarly, for the graph G’, we have

ecEq i=1e€Eg,

Then, together with (26) and (27), it follows that

r=l+m-r+1? 3o [Val

A =
2 4 4

Suppose that there exist two components G, G, satisfying |Vg, |, [Va,| = 2 for 1 < p,q < r. Let A =

2
PH(TTH)Z - Z#p’ZWGi' - (IVg,| +|Vg,| —1)* — 1. Then,

Do =Ny = (Vg +1Ve,| = 1) + 1= Vg, I* = Ve, I* = 2(1Ve, | - 1)(IVe,| - 1) > 0.

The last inequality follows because |Vg,|,|Vg,| = 2. Thus, Ay attains its minimum 0 if and only if
Vo, =n—r+1, |Vg,| =1 for 2 <i<rup toisomorphism. Bearing in mind that |Vg,_ |, |Vg,| = 2, one
can easily obtain that A > 0.

In view of (22), we have (Sz*(G)-W(G))—(Sz*(G")—-W(G")) = A1+Ay > 0,ie., Sz*(G)-W(GF) <
Sz*(G) — W(G), which is a contradiction to the choice of G.

This completes the proof of Claim 1. O

Let each cycle of a graph G1 € %, 1. be an end-block cycle. Let C,, C; be two disjoint cycles of G4
containing cut vertices ug, vg, respectively. Construct a new graph Gs as follows:

Gy = Gy —{voz : v € N¢, (vo)} + {uoz : © € N, (vo)}

In other words, if vj and vj are the neighbors of vy on Cy, then G2 is obtained from G; by removing
the edges vov(, and vovy and adding the edges uovy and uovy. Then Gs is in 6, , and each cycle of G
is also an end-block. Here, we show that this graph transformation keeps the value of Sz*(G) — W(G)
unchanged.

Claim 2. Let Gy and Gy be the graphs as defined above. Then Sz*(G1) — W(G1) = Sz*(G2) — W(G3).

Proof. First, we show that 7(x,y) = 0 for every pair of cut vertices x,y € V,. For such cut vertices
x,y € Vg, there is a shortest path P, connecting  and y. It is routine to check that for any edge e € Ep,,
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ta,y(e) = 1. Recall that each cycle of G is an end-block. Assume that zg is a cut vertex of the cycle C,
in Gy. Then, for an edge e = uv € E¢,, we have

Ny(e), if zg € Ny(e);
z,y € X Ny(e), if xg € Ny(e);
No(e), if zg € No(e).

This implies that i, ,(e) = 0. For the remaining cut edge e = uv € Eg,\Ep,, it is routine to check that
z,y € Ny(e) or z,y € Ny(e), which implies that p5 ,(€) = 0. Thus, 7(z,y) = EeeEcl Uay(€)—da, (z,y) =
>ccEp, May(e) —t+1=0.

Bearing in mind that wp, vy are cut vertices, we have m(ug,vg) = 0. For convenience, denote by
Vi = Vg, \(Ve, UVg,). In view of (3), one can obtain that

Y eyt Y wly)+ Y w@pt+ Y wley)

SZ(Gl) — W(Gl)

z,yGch m,yGch z,yeVq mGch,yGVl
+ Y, w@y+ Y, 7@y
mGch,yGch zGch,yG\/l

= > w@y+ Y w@y+ Y w@y)+ Y wlzy)
z,y€Ve, z,y€Vey, z,yeV1 z€Ve, ,yeWVi
+ Z (m(2, uo) + m(vo,y)) + Z (m(z, vo) + m(vo,y))
mGch,yGch zGch,yG\/l

and

Sz(Ga) —W(Ga) = Z m(x,y) + Z m(x,y) + Z m(x,y) + Z m(z,y)

z,yGch m,yGch z,yeVq mGch,yGVl
+ Z (m(@, uo) + m(uo, y)) + Z (m(z, uo) + m(uo, y))-
z€Ve, ,yeVe, z€Ve,,yeVL

Thus, based on (5) or (10), we have

(52(G1) = W(G1)) = (52(G2) =W(G2)) = ¢ ) (n(vo,y) = m(uo,y)). (28)

yeVy

Now, we prove that w(vo, y) = m(ug, y) for ally € V1. If y € V¢, for some cycle C; in G1 except Cy,, Cy, and

denote the unique cut vertex of C; by w. By Lemma 3.2, we have 7 (vg,y) = m(vo, w) + 7(w,y) = 7(w, y)

and 7(ug,y) = m(ug, w) + 7(w,y) = 7(w,y). Thus, w(ve,y) = 7(ug,y). Otherwise, y isn’t contained in

any cycle. Then y is either a cut vertex of Gy or dg, (y) = 1. In this case, we have 7(vo, y) = 7(uo,y) = 0.
Therefore, by (28), we know that Sz(G1) — W(G1) = Sz(G2) — W(G2). Note that

() (05

e€Eg, ecEg,
In view of (22), we have Sz*(G1) — W(G1) = Sz*(G2) — W(G2), as desired. O

Now all is ready for the proof of Theorem 2.4.

Choose a graph G in %, such that Sz*(G) — W(G) is as small as possible. By Claim 1, each cycle
of G is an end-block cycle. By a repeated application of the construction of Claim 2, we may assume
that all the cycles of G have a common vertex. Denote the common vertex by ug. For convenience, let
Cry,Crys ..., Cr, be the even cycles and Cy,, Cy,, ..., Cy, the odd cycles of G. Then p + ¢ = k. In what
follows, we first determine the lower bound on Sz(G) — W(G).
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For every vertex pair {z,y} C V¢, , 1 <i < p, by (6) we have
3
3

> way)= Y do,(oy) = (29)

m,yEVCTI_ m,yGVCTI_

Consider every vertex pair {z, y} with z € Vo, \{uo}, y € Vo, \{uo}, i # j. Since ug is a cut vertex of
G, by (5) and Lemma 3.2 we have 7(z,y) = 7(z,ug) + 7(ug,y) = de,, (x,up) + dch (up,y). Then

Z Z m(x,y) = Z Z (de,, (z,uo0) + de,, (uo0,y))

z€Ve,, \{uo} yEVcT]. \{uo} z€Ve,, \{uo} yEVch \{uwo}
ri(r; =1  ri(ri— 1)
= 2 ) 30
For convenience, denote by ng := 1 + 72 + - -- + 7. Then, in view of (30), we have
r2(r; — 1) T‘?(Ti -1)
I S S T
Isi<jspaeVe,, \{uo} yeVe, \{uo} 1<i<j<p
2
2(ng — 1 — 1
_ Z T (’no T4 p+ ) ) (31)
1<i<p

Consider the remaining vertex pairs {z, y} with 2 € Ui_, Ve, and y € Ve\(Uj-, Ve,,). Then from (5)
and Lemma 3.2 we get w(x,y) = w(x, up) + 7(uo, y) = 7r(3: uo) = dg(x,ug). Consequently,

Z Z m(x,y) > Z Z de(x,ug) (since m(ug,y) = 0)

IGUle VC” erG\(U?:l VCW) meLJ:'L;:l VC,,‘Z, erG\(Uf:1 VC’V‘i)
= (n—no+p—1) > dg(z,u)
IGUf , Ve

(’I’L—’]’LO +p—1) i= 7'12
- 7 L (32)

Note that 7(x,y) > 0 for every vertex pair {z,y} € Vo\(Uj_; Ve,, ). Together with (29), (31) and (32),
it follows that

P
S2(G)-W(G) = Y > wey+ Y Y > )
i=12,y€Ve,, 1Si<j<p eeVe,, \{uo} yeVe, \{uo}
+ Y > m(z,y) + > m(z,y)
weUr, Vo, yeVe\(Ul, Ve,,) 2yeVe\(UT, Vo)
14 3 p 2
r —p+1) (n—no+p—1)r]
> Z <+ Z - ; 1 (33)
_ i —r3 —|—2m°
> (4n - ) (since r; > 4) (34)

where the equality in (33) holds if and only if 7(uo,y) = 0 for any vertex y € Vo\(Ui—, Vo,,) and
7(z,y) = 0 for every vertex pair {z,y} C Vo \(Ui_, Vo, ); whereas the equality in (34) holds 1f and only
ifri=ro=---=7r,=4.
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2
Next, we consider the value of ZeEEG ("”T(e)n — n“T(e)) . Bearing in mind that, for an edge e, if it is

not contained in any odd cycle, then ng(e) = 0. So we consider that it is in some odd cycle, say Cy,. One
has no(e) =n —t; + 1 if ug € Ny(e) and ng(e) = 1 otherwise. Thus, we have

nol)  mde)) _ o nole)  mife)
> (S BO0) 3y (e, i
e€Eq i=1ecEc,,
B z‘z: n? t;i—1+(n—t;+1)?2
- =\2 4
dn —
> %, (since t; > 3) (35)
where the equality in (35) holds if and only if t; =to =--- =¢, = 3.

Together with (22), (34) and (35), it follows that

526 -WE) = s:@)-wia)+ Y (24Ln- 1)

2 4
ecEq
Z+4n -6
> pldn—8) + qm+"). (36)
Based on (34) and (35) we obtain that the equality in (36) holds if and only if 1y =7y = --- =1, =4

andt1:t2:-~-:tq:3.

Now, we give the proofs of (i) and (ii), respectively.

(i) If 4 < n < 9, then by direct calculation, we have 4n — 8 > %. In view of (36), one has
S24(GQ) = W(G) > M08 with equality if and only if t; = t, = --- = t, = 3 and ¢ = k, i.c., G is a
graph satisfying each block of G being a Ks or a C5 and each cycle of G being an end-block. Thus, (i)
holds.

(ii) If n > 10, then it is routine to check that 4n — 8 < %. In view of (36), one has Sz*(G) —
W(G) > k(4n — 8) with equality if and only if 1y =70 = --- =1, =4 and p = k, i.e.,, G is a graph
satisfying each block of G being a K> or an end-block Cy. Hence, (ii) holds.

6 Concluding remarks

In this paper we have established lower bounds on the difference between the (revised) Szeged index
and Wiener index of graphs in %), (resp. 6, ). To conclude the paper we state two corollaries and two
problems.

The following result follows from Theorem 2.1 and can also be deduced from [4, Theorems 3.1 and
3.2].

Corollary 6.1. Let G be an n-vertex unicyclic graph with circumference at least 4. Then
Sz(G)—-W(G) =22n—-5

with equality if and only if G is a graph which is composed from Cs and either a tree on n — 4 vertices
rooted at a vertex of Cs, or two trees rooted at two adjacent vertices of Cs.

Similarly, the following result follows from Theorem 2.4 and can alternatively be obtained from [4,
Theorems 3.2 and 4.3].

Corollary 6.2. Let G be a unicyclic graph on n > 4 vertices.
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(i) If4 <n <9, then

24+4n—6
S2*(G) — W(G) = "++
with equality if and only if G is composed from C3 and a tree T on n — 2 vertices sharing a single

vertex.
(i) If n > 10, then
SZz*(G) —W(G) = 4n — 8

with equality if and only if G is composed from Cy and a tree T on n — 3 vertices sharing a single
vertex.

In Subsection 4.2 we have demonstrated that the cut method provides an efficient method to bound
the difference between Sz(G) and W(G) when G is a bipartite cactus. Extensions of the cut method to
general graphs are known, see [19, 23], hence the following problem appears natural in this context.

Problem 6.3. Can the standard cut method for the Szeged index be extended to gemeral graphs or to
arbitrary cacti?

We have identified the graphs G from %, j such that Sz*(G) — W(G) attains its minimum value.
Hence we pose:

Problem 6.4. Determine the second minimum value on the difference between the revised Szeged index
and the Wiener index among the graphs from €, ..
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