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Abstract

Let G and H be graphs and let f: V(G) — V(H) be a function. The Sierpinski prod-
uct of G and H with respect to f, denoted by G ®; H, is defined as the graph on the vertex
set V(G) x V(H), consisting of |V (G)| copies of H; for every edge gg’ of G there is an
edge between copies gH and ¢’ H of H associated with the vertices g and ¢’ of G, respec-
tively, of the form (g, f(¢’))(¢’, f(g)). In this paper, we define the Sierpiriski domination
number as the minimum of v(G ®; H) over all functions f: V(G) — V(H). The up-
per Sierpiniski domination number is defined analogously as the corresponding maximum.
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After establishing general upper and lower bounds, we determine the upper Sierpinski dom-
ination number of the Sierpifiski product of two cycles, and determine the lower Sierpinski
domination number of the Sierpinski product of two cycles in half of the cases and in the
other half cases restrict it to two values.
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1 Introduction

Sierpiniski graphs represent a very interesting and widely studied family of graphs. They
were introduced in 1997 in the paper [15], where the primary motivation for their intro-
duction was the intrinsic link to the Tower of Hanoi problem, for the latter problem see the
book [11]. Intensive research of Sierpiriski graphs led to a review article [12] in which state
of the art up to 2017 is summarized and unified approach to Sierpinski-type graph families
is also proposed. Later research on Sierpiriski graphs includes [2, 3, 6, 19, 23].

Sierpifiski graphs have a fractal structure, the basic graphs of which are complete
graphs. In 2011, Gravier, Kovse, and Parreau [7] introduced a generalization in such a
way that any graph can act as a fundamental graph, and called the resulting graphs gener-
alized Sierpiniski graphs. We refer to the papers [, 4, 5, 13, 14, 16, 17, 20, 21, 22, 24] for
investigations of generalized Sierpifiski graphs in the last few years.

An interesting generalization of Sierpifski graphs in the other direction has recently
been proposed by Kovi¢, Pisanski, Zemlji¢, and Zitnik in [18]. Namely, in the spirit of
classical graph products, where the vertex set of a product graph is the Cartesian product of
the vertex sets of the factors, they introduced the Sierpifiski product of graphs as follows.
Let G and H be graphs and let f: V(G) — V(H) be an arbitrary function. The Sierpiriski
product of graphs G and H with respect to f, denoted by G @7 H, is defined as the graph
on the vertex set V(G) x V(H) with edges of two types:

* type-1 edge: (g, h)(g,h') is an edge of G ® ¢ H for every vertex g € V(G) and every
edge hh' € E(H),

* type-2 edge: (g, f(¢'))(¢’, f(g)) is an edge of G ®; H for every edge gg’' € E(G).

We observe that the edges of type-1 induce n(G) = |V (G)| copies of the graph H in
the Sierpiriski product G ®; H. For each vertex g € V(G), we let gH be the copy of H
corresponding to the vertex g. A type-2 edge joins vertices from different copies of H in
G ®¢ H, and is called a connecting edges of G @y H. A vertex incident with a connecting
edge is called a connecting vertex. We observe that two different copies of H in G ®5 H
are joined by at most one edge. A copy of the graph H corresponding to a vertex of the
graph G in the Sierpiniski product G ®; H is called an H-layer.

Let G and H be graphs and H be the family of functions from V(G) to V(H).
We introduce new types of domination, the Sierpiriski domination number, denoted by
vs(G, H), as the minimum over all functions f from HS of the domination number of
the Sierpiriski product with respect to f, and upper Sierpiriski domination number, denoted
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by I's(G, H), as the maximum over all functions f € H of domination number of the
Sierpinski product with respect to f. That is,

75(G, H) = min {y(G @y H)}

and
I's(G,H) = ]}gg;g{v(G ®p H)}.

In this paper, we initiate the study of Sierpifiski domination in graphs. In Section 1.1
we present the graph theory notation and terminology we follow. In Section 2 we discuss
general lower and upper bounds on the (upper) Sierpifiski domination number. Our main
contribution in this introductory paper is to determine the upper Sierpifiski domination
number of the Sierpiiski product of two cycles, and to determine the lower Sierpiriski
domination number of the Sierpiniski product of two cycles in half of the cases and in the
other half cases restrict it to two values.

1.1 Notation and terminology

We generally follow the graph theory notation and terminology in the books [&, 9, 10] on
domination in graphs. Specifically, let G be a graph with vertex set V(G) and edge set
E(G), and of order n(G) = |V(G)| and size m(G) = |E(G)|. For a subset S of vertices
of a graph GG, we denote by G — S the graph obtained from G by deleting the vertices in S
and all edges incident with vertices in S. If S = {v}, then we simply write G — v rather
than G — {v}. The subgraph induced by the set S is denoted by G[S]. We denote the
path, cycle and complete graph on n vertices by P,,, C,, and K,,, respectively. For k£ > 1
an integer, we use the notation [k] = {1,...,k} and [k]o = {0,1,...,k}. We generally
label vertices of the considered graphs by elements of [n]. In this case, the mod function
over the set [n] is to be understood in a natural way, more formally, we apply the following
operation for ¢t > 1: ¢t mod* n = (¢ — 1) mod n + 1.

A vertex dominates itself and its neighbors, where two vertices are neighbors in a graph
if they are adjacent. A dominating set of a graph G is a set S of vertices of GG such that
every vertex in GG is dominated by a vertex in S. The domination number, v(G), of G is
the minimum cardinality of a dominating set of G. A dominating set of cardinality v(G) is
called a y-set of G. A thorough treatise on dominating sets can be found in [&, 9].

If S is a set of vertices in a graph G, then we will use the notation G|.S to denote that
the vertices in the set S are assumed to be dominated and hence y(G|S) is the minimum
number of vertices in the graph G needed to dominate V' (G) \ S. We note that it could be
that a vertex in S is still a member of a such a minimum dominating set no matter that we
do not need to dominate the vertices in .S themselves. If S = {z}, then we simply denote
G|S by G|z rather than G|{z}.

2 General lower and upper bounds

We present in this section general lower and upper bounds on the (upper) Sierpinski domi-
nation number.

Theorem 2.1. If G and H are graphs, then

n(G)y(H) —m(G) <7s(G, H) < Ts(G, H) <n(G)y(H).



4 Ars Math. Contemp. 24 (2024) #P3.06

Proof. Let G ®y H be an arbitrary Sierpifiski product of graphs G and H and let X be
a y-set of G ®; H. Assuming for a moment that all the connecting edges are removed
from G ®; H, we obtain n(G) disjoint copies of H for which we clearly need n(G)~y(H)
vertices in a minimum dominating set. Consider now an arbitrary connecting edge e =
(g, f(g"))(¢, f(g)) of G H. If no end-vertex of e lies in X, then clearly v(G® yH—e) =
v(G®y H). Similarly, if both end-vertices of e lie in X, then 7 (GQ s H —e) = y(G®s H).
Hence the only situation in which e has an effect on v(G®y H) is when (g, f(¢)) € X and
(¢', f(g)) ¢ X (or the other way around). But in this case, the effect of the presence of the
edge e is that because (g, f(¢g’)) dominates one vertex of ¢’ H, the edge e might reduce the
domination number by 1. That is, each connecting edge can drop the domination number
of G ®; H by at most 1, which proves the left inequality. The other two inequalities are
clear. O

To show that the lower bound of Theorem 2.1 is achieved, we show later in Theo-
rem 3.10 that for n > 3 and & > 1, if we take G = C,, and H = C3;41 where
n = 0 (mod 4), then vs(G, H) = kn = n(G)y(H) — m(G). The upper bound of Theo-
rem 2.1 is obtained, for example, for the Sierpiiski product of two complete graphs. More
generally, to achieve equality in the upper bound of Theorem 2.1 we require the graph H
to have the following property.

Theorem 2.2. The equality in T's(G, H) < n(G)y(H) is achieved if and only if there
exists a vertex x € V(H) such that v(H|x) = v(H).

Proof. Suppose that H has a vertex x that satisfies y(H|z) = v(H). In this case, we
consider the Sierpifiski product G ® ; H with the function f: V(G) — V(H) defined by
f(v) = « for every vertex v € V(G). Consequently each connecting edge in the product
is of the form (g, z)(g’, z). Thus, if X is a y-set of G ®; H, then | X NV (gH)| = v(H)
because the only vertex of gH that can be dominated from outside gH is (g, x), but we
have assume that v(H |z) = v(H). Therefore, I's(G, H) = n(G)y(H).

For the other implication suppose that v(H|z) < v(H) for every vertex € V(H).
For an arbitrary edge g192 € E(G), if D corresponds to a 7-set of the product G ® y H,
then DNV ((G®s; H)[V(g1H) UV (g2H)])| < 2v(H) — 1. Consequently, I's(G, H) <
n(G)y(H). O

To conclude this section we describe large classes of graphs for which the second and
the third inequality of Theorem 2.1 are both equality.

Proposition 2.3. If G and H are graphs such that A(G) < n(H) and v(H) = 1, then
I's(G,H) = vs(G, H) = n(Q).

Proof. Let G and H be graphs such that A(G) < n(H) and v(H) = 1. Thus, by The-
orem 2.1, vs(G,H) < T's(G,H) < n(G) and it is straightforward that the Sierpiriski
product of graphs GG and H can be dominated by taking one dominating vertex from each
H-layer to the dominating set. It remains to show that the inequality vs(G, H) > n(G)
also holds. Suppose that y5(G, H) < n(G) — 1. Let D be a dominating set of G ®¢ H,
where f is such that it minimizes the domination number. Therefore there is an H-layer,
denote it by H', of G ®; H such that D N V(H’) = (). Since there are at most A(G)
connecting edges incident with vertices from each H-layer and A(G) < n(H),then all the
vertices from an H-layer cannot be dominated by the vertices from the neighboring layers.
Therefore we have DNV (H") # () for each H”-layer of G® ¢ H. Thus v5(G, H) > n(G)
and the result follows. O
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3 The Sierpinski domination number of cycles
Let us recall firstly the domination number of a path and a cycle.
Fact 3.1. Forn >3, v(P,) =~v(Cy) = [%].

In this section, we shall prove the following results.

Theorem 3.2. Forn >3,k > 1, and p € [2]o,
{kn}; p=0,
15(Ch, Capp) € {kn,kn + 1}; p=1,

{kn + {gJ Jkn + {gJ +1} p=2

Moreover, if n =0 mod 4, then vs(Cy,, Cspr1) = kn and v5(Ch, Capt2) = kn + L%J

Theorem 3.3. Forn >3,k > 1, and p € [2]o,
kn; p=0,
n
FS(Cn,Cgk+p) = kn + ’75—‘ ;o op=1,
(k+1mn; p=2
In order to prove Theorems 3.2 and 3.3, we consider three cases, depending on the
value of p.

3.1 The cycle C,, and cycles Cs41

To determine I'g(C),, C541), we prove a slightly more general result. For this purpose,
we define a class of graphs H;, as follows.

Definition 3.4. For k£ > 1, let H;, be the class of all graphs H that have the following
properties.

(@) y(H) =k+1and y(H — v) = k for every vertex v € V(H).

(b) If ,y € V(H), then there exists a y-set of H that contains « and y, where = = y is
allowed.

We show, for example, that for every k > 1, the cycle Cs;1 belongs to the class Hy.
Proposition 3.5. For k > 1, the class Hy, of graphs contains the cycle Csp 1.

Proof. For k > 1, let H = Csp,11. Since v(Cy,) = v(P,) = [n/3], property (a) in Defi-
nition 3.4 holds. To prove that property (b) in Definition 3.4 holds, let z,y € V(H). Since
H is vertex-transitive, every specified vertex belongs to some y-set of H. In particular, if
x = y, then property (b) is immediate. Hence, we may assume that x # y. Let H be the
cycle v1vy . .. v3k4+1v1, Where renaming vertices if necessary, we may assume that x = v;.
Lety = v;, andso i € [3k + 1]\ {1}.

Let H = H — N[{x,y}|, that is, H’ is obtained from H by removing = and y, and
removing all neighbors of = and y. If H' is connected, then H' is a path P35y ; for
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some j where j € [3]. In this case, v(H') = k — 1. If H’ is disconnected, then H' is the
disjoint union of two paths Py, and Py, , where k1 + ko = 3(k — 2) + 1. Thus renaming k1
and k5 if necessary, we may assume that either k1 = 351 and k3 = 352 + 1 where j; > 1,
jo > 0,and j; + jo = k—2or ky = 3j1 + 2 and ky = 3js + 2 where ji,j2 > 0 and
j1+ j2 =k — 3. Inboth cases, y(H') = [k1/3] + [k2/3] = k — 1. Letting D’ be a y-set
of H', the set D = D’ U {x,y} is a dominating set of H of cardinality k¥ + 1 = ~(H),
implying that D is a y-set of H that contains both x and y. Hence, property (b) holds. [

For n > 3 an integer, a circulant graph C,, (L) with a given list L C {1,..., [in]}
is a graph on n vertices in which the ith vertex is adjacent to the (i 4+ j)th and (¢ — j)th
vertices for each j in the list L and where addition is taken modulo n. For example, for
n = 3k + 1 where k > 1 and L = {1}, the circulant graph C,,(L) is the cycle Cs41,
which, by Proposition 3.5, belongs to the class H. More generally, forn = k(2p+1) + 1
where K > 1, p > 1, and L = [p], the circulant graph C,,(L) belongs to the class Hj.
We omit the relatively straightforward proof. These examples of circulant graphs serve to
illustrate that for each £ > 1, one can construct infinitely many graphs in the class H;. We
determine next the upper Sierpiriski domination number I's(C,,, H) of a cycle C,, and a
graph H in the family Hy.

Theorem 3.6. Forn >3 andk > 1, if H € Hy, then
n
Ts(Ch, H) = kn + {ﬂ .

Proof. Forn > 3and k > 1,let G = C), and let H € Hj. Let G be the cycle given
by g192 - - . gng1- In what follows, we adopt the following notation. For each i € [n], we
denote the copy ¢g; H of H corresponding to the vertex g; simply by H;. We proceed further
with two claims. The first claim establishes a lower bound on I's(C,,, H), and the second
claim establishes an upper bound on I's (C),, H).

Claim 3.7. Ts(Cp, H) > kn + [%1

Proof. Let f: V(G) — V(H) be a constant function, that is, we select h € V(H) and
for every vertex g € V(G), we set f(g) = h. Let Dg be a y-set of G. Thus, |Dg| =
v(Cr) = [n/3]. By property (a) in Definition 3.4, for every vertex g € V(G), there
exists a y-set of gH that contains the vertex (g, f(g9)) = (¢9,h). If g € D¢, let D, be a
~-set of gH that contains the vertex (g, f(g)) = (g,h), and so |Dy| = v(H) = k+ 1. If
g € V(G)\ Dg, let D, be a y-set of gH — (g, f(g)) = gH — (g, h), and so in this case
|Dg| =~v(H —h) =v(H) — 1=k Let

D= |J D,

geV(G)
The set D is a dominating set of G ®y H, and so

n

G @y H) < D] = 4(G)(k +1) + (1 = 1(G))k = bn+(G) = kn + [

] .31

For the fixed vertex h chosen earlier, we note that the set of vertices (g, k) for all
g € V(G) induces a subgraph of G @ H that is isomorphic to G = C,,. We denote this
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copy of G by Gh. Among all y-sets of G @y H, let D* be chosen to contain as many
vertices of G'h as possible. Let Dy = D* N V(gH) for every g € V(G). Further let
Dy = {(g9,h) € D*: g € V(G)}, that is, D}, is the restriction of D* to the copy of
G. If a vertex (g,h) ¢ D¢ and (g, h) is not dominated by D¢, then Dy is a y-set of
gH by the minimality of the set D*. However in this case, we could replace the set Dy
be a y-set of gH that contains the vertex (g, h) to produce a new ~y-set of G ®; H that
contains more vertices from the copy of G than does D*, a contradiction. Hence, the set
D¢, is a dominating set in the copy of G, and so |D}(G)| > ~(G). By the minimality
of the set D* and by property (a) in Definition 3.4, for each vertex g € V(G), we have
|D;| = v(H) = k + 1if the vertex (g, h) € D¢ and |D}| = v(H — h) = k if the vertex
(g,h) ¢ D¢,. Therefore,

V(G ®@p H) =|D*| = |Dg|(k+1) + (n — |Dg))k = kn + | Dg|
> kn +~(G) = kn + {g] . (3.2)

By inequalities (3.1) and (3.2), we have
WG @p H) = kn + [g] 3.3)

By equation (3.3), we have I's(C),, H) > v(G ®¢ H) = kn + [n/3]. This completes
the proof of Claim 3.7. @

Claim 3.8. T's(Cp, H) < kn + {g]

Proof. Let f: V(G) — V(H) be an arbitrary function. Let H; be the ith copy of H
corresponding to the vertex g; of G for all i € [n]. Let D be the dominating set of G ® ¢y H
constructed as follows. Let 2,111 be the connecting edge from H; to H; ;4 for all i € [n],
where addition is taken modulo n. Thus, the vertex z; € V(H;) is adjacent to the vertex
Yi+1 € V(H,1) inthe graph Gy H, thatis, z; = (g, f(gi+1)) and yit1 = (gi+1, f(9i))-
We note that possibly x; = y;. By property (b) in Definition 3.4, there exists a y-set of H;
that contains both x; and y;. For i € [n], we define the sets D; 1, D; 2, and D; 3 as follows.
Let D; 1 be a y-set of H; — x;. Let D, 5 be a y-set of H; that contains both x; and y;. Let
D; 3 be a y-set of H; — y;. We note that |D; 1| = |D; 3| = k and |D; 2| = k + 1. For
i € [n], we define the set D; as follows.

D;1; i=1(mod 3)andi # n,
D;=< D;s i=2(mod3)ori=1(mod 3)andi =n,
D;3; i=0(mod 3).

For example, the set D; dominates all vertices of H; — z;. The set Dy contains the
vertex Yo, which is adjacent to the vertex x; of Hi, and contains the vertex xo, which
is adjacent to the vertex y3 of Hj, implying that Dy dominates the vertex z; of Hi, all
vertices of Ho, and the vertex y3 of Hs. The set D3 dominates all vertices of Hs — ys.
Thus, Dy U D2 U D3 dominates all vertices in V(H;) UV (Hy) UV (H3) in the Sierpiniski
product G® s H. Moreover, | D1 |+|Ds|+|D3| = k+(k+1)+k = 3k+1. More generally,
the set D3;_oUDs;_1 UDs3; dominates all vertices in V (Hs;_2) UV (Hsj_1) UV (Hz;) in
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the Sierpinski product G®¢ H forall j € {1,..., |n/3]}. Moreover, | Ds;_o|+|Dsj_1]|+
|Dsj| = k+ (k+ 1)+ k =3k + 1. If n = 1 (mod 3), then the set D, is a y-set of H,,
and in this case |D,,| = k + 1. If n = 2 (mod 3), then the set D,,_; U D,, dominates all
vertices in V(H,,—1) UV (H,,), and in this case |D,,_1| + |Dn| =k + (k+ 1) =2k + 1.

The set .
D=|JD;
i=1

is therefore a dominating set of G ® H, implying that
WG ®; H) < |D| = Z|D|flm+ { |

This completes the proof of Claim 3.8. @

The proof of Theorem 3.6 follows as an immediate consequence of Claims 3.7 and 3.8.
O

As a consequence of Proposition 3.5, we have the following special case of Theo-
rem 3.6.

Corollary 3.9. Forn > 3and k > 1,

Ts(Cp, Capesr) = ko + [g] .

We consider next the Sierpifiski domination number of (', and Csx41, and show that
v5(Cp, Cspy1) = kn if n = 0 (mod 4) and vs(Ch,, Csx41) € {kn, kn + 1}, otherwise.

Theorem 3.10. Forn >3 andk > 1,
vs(Ch, Csp41) € {kn, kn + 1}.
Moreover, ifn =0 mod 4, then vs(C,, C3x41) = kn.

Proof. Forn > 3and k > 1,let G = C), and let H = C3;41. Let G be the cycle given
by g192...9,9:1. We adopt our notation employed in our earlier proofs. For notational
convenience, we let V(H) = {1,2,...,3k + 1} where vertices ¢ and 7 + 1 are consecutive
on the cycle H for all ¢ € [3k + 1] (and where addition is taken modulo 3k + 1, and so
vertex 1 and vertex 3k + 1 are adjacent).

As before, we denote the copy ¢; H of H corresponding to the vertex g; simply by H;
for each ¢ € [n]. Thus, H; = Csp1 is the cycle (g;,1),(9:,2), ..., (i, 3k + 1), (gi, 1)
for all 7 € [n]. Recall that we denote the connecting edge from H; to H; 1 by x;y;+1 for
all i € [n], where z; € V(H;), yir1 € V(H;+1), and addition is taken modulo n. Thus,
Yi = (i, f(g9i-1)) and x; = (gi, f(gi+1)) foralli € [n].

By Proposition 3.5, the graph H belongs to the class Hy. Thus, v(H) = k + 1 and
~v(H — v) = k for every vertex v € V(H). Furthermore, if 2,y € V(H) where = y is
allowed, then there exists a y-set of H that contains x and y.

By the elementary lower bound on the Sierpifiski domination number given in Theo-
rem 2.1, v5(G, H) > n(G)v(H) — m(G) = kn, noting that here n(G) = m(G) = n and
~v(H) = k + 1. It follows that vs(C,,, H) > kn.
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To complete the proof we are going to prove that

Ot <t [3]- [2]

Let f: V(G) — V(H) be the function defined by

f(gi):{ 1; imod4 e {1,2},

3; otherwise.

for all 4 € [n] where addition is taken modulo n. Adopting our earlier notation, recall
that y; = (94, f(9i—1)) and z; = (gs, f(git1)) forall i € [n]. Let n = 4¢ + j where
j € [3]0 = {07 1,2, 3} We note thatf(g4i,3) = f(g4i72) = 1land f(g4i71) = f(g4i) =3
for all i € [£]. Let D; be the unique y-set of H; — y; = Psj, which consists of all vertices
at distance 2 modulo 3 from y; in the graph H; for all ¢ € [n], and let

We note that |D;| = k for all i € [n], and so |D| = kn. Foralli € {2,3,...,¢ — 1}, the
following four properties hold.

(P1) y4i-3 = (94i-3,3) and 243 = (gai—3,1)-
(P2) yai—2 = (gai—2,1) and 742 = (gai—2,3)-
(P3) yai—1 = (gai—1,1) and x4; 1 = (gai—1,3).
(P4) yai = (94i,3) and x4; = (gai, 1).

Hence for all i € {2,3,...,¢ — 1}, the vertices x; and y; are at distance 2 in H;,
implying that z; € D,. We consider four cases to determine which properties hold for
the boundary conditions (that is for ¢ € {1,/¢}) and finally to set the upper bound on the
domination number in each case.

Case 1. n = 0 (mod 4), that is n = 4¢.
In this case, properties (P1) and (P4) also hold for « = 1 and ¢ = /, respectively. Thus,
y1 = (¢1,3) and 1 = (¢1,1), and yar = (gar,3) and x40 = (gar, 1), implying that
x1,24¢ € D. The set D is therefore a dominating set of G ® ¢y H, and so v(G ®5 H) <
|D| = kn =kn+ [n/4] — |n/4].

Case 2. n =1 (mod 4), thatisn = 4¢ + 1.
In this case, y1 = 1 = (g1,1), and yarr1 = (gae+1,3) and zar41 = (gary1,1). In
particular, property (P4) also holds for ¢ = ¢, and so x4¢41 € D. The set D U {z1}
is therefore a dominating set of G ®; H, and so v(G ®; H) < |D|+1 =kn+1 =
kn+ [n/4] — [n/4].

Case 3. n = 2 (mod 4), that isn = 40 + 2.
In this case, y1 = 21 = (g1, 1), and yap42 = Tap+2 = (gaet2, 1). We note that neither 1
nor Z4¢42 belong to the set D. The set D U {x;} is a dominating set of G ®y H, and so
YG®fH)<|D|+1=kn+1=kn+ [n/4] — [n/4].

Case 4. n = 3 (mod 4), that ism = 40 + 3.
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In this case, y1 = (¢1,3) and 1 = (g1, 1), and yar13 = Tar+3 = (gae+s, 1). In particular,
property (P1) also holds for ¢ = 1, and so 2y € D. However, x40+3 ¢ D. The set
D U {x4¢43} is therefore a dominating set of G @y H, and so v(G ®¢ H) < |D|+1 =
kn+1=kn+ [n/4] — |n/4].

In all four cases, v(G ®y H) < kn+ [n/4] — |n/4]. O

3.2 The cycle C,, and cycles C3y 2

In this section, we determine the Sierpiiski domination number vs(C,,, C3x12) and the
upper Sierpiriski domination number I's (C),, Cg12).

Theorem 3.11. Forn > 3 and k > 1, we have I's(C,,, Csp42) = (k + 1)n.

Proof. Forn > 3and k > 1,let G = C,, and let H = C3p45. Let f: V(G) — V(H)
be a constant function, that is, we select h € V(H) and for every vertex g € V(G),
we set f(g) = h. For each vertex g € V(G), let H; denote the copy of H associated
with the vertex g. Let D be a dominating set of G ®; H, and let D, = D NV (H,),
and so D, is the restriction of D to the copy H, of H. If the vertex (g,h) does not
belong to Dy, then D, dominates all vertices on the path Hy, — (g,h) = Psi41, and so
|Dg| > v(Psk+1) = k + 1. If the vertex (g, k) does belong to D, then D, dominates
all vertices on the cycle Hy = C9, and so |Dy| > v(Csgy2) = k + 1. In both cases,
|Dg| > k + 1. Therefore,

WG®sH)=|D|= Y [Dg|>(k+1)n,
geV(G)

implying that I's(C),, Csg+2) > (k + 1)n. By the upper bound in Theorem 2.1, we have
I's(G,H) < n(G)v(H) = (k + 1)n, noting that in this case v(H) = v(Csp42) = k + 1.

Consequently, I's(C,,, Csi42) = (k + 1)n. O
Theorem 3.12. Forn > 3and k > 1,
15(Cs Caria) € T+ | 3| ko + | 5] + 11

Moreover, ifn =0 mod 4, then v5(Cy,, Cspt2) = kn + {gJ

Proof. Forn > 3and k > 1, let G =2 C), and let H = C5;42. We adopt our notation
employed in our earlier proofs. Thus, the cycle G is given by ¢1g2 ... gng1, and V(H) =
{1,2,...,3k + 2} where vertices ¢ and ¢ + 1 are consecutive on the cycle H for all ¢ €
[3k + 2] (and where addition is taken modulo 3% + 2, and so vertex 1 and vertex 3k + 2
are adjacent). As before, we denote the copy g;H of H corresponding to the vertex g;
simply by H; for each i € [n]. Thus, H; = Csj2 is the cycle (gi, 1), (¢i,2), .. ., (g, 3k +
2),(gi, 1) for all i € [n].

We adopt our notation from the proof of Theorem 3.6. Thus, we denote the connecting
edge from H; to H;y1 by z;y;41 for all i € [n], where x; € V(H;), yit1 € V(Hit1),
and addition is taken modulo n. Thus, y; = (g4, f(g9:—1)) and z; = (g;, f(gi+1)) for all
i€[n].

We proceed further with two claims. The first claim establishes a lower bound on
~vs(G, H), and the second claim an upper bound on ~s(G, H). Combining these two
bounds yields the desired result in the statement of the theorem.
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Claim 3.13. 7s(Cy, H) > kn + gJ
Proof. Let f: V(G) — V(H) be an arbitrary function. We show that
WG @ H) > kn + EJ . (G4)

Let D be a y-set of G ®¢ H constructed, and let D; = D N V(H;) for i € [n]. If the
vertex x; is not dominated by D;, then either x; # y;, in which case z; is dominated by
the vertex y,4+1 € D, or x; = y;, in which case z; is dominated by the vertex z;_; € D
or the vertex y;11 € D. Analogously, if the vertex y; is not dominated by D, then either
x; # ¥;, in which case y; is dominated by the vertex x;_; € D, or x; = y;, in which
case y; is dominated by the vertex x;_; € D or the vertex y;.1 € D. If a vertex is not
dominated by D;, then such a vertex is x; or y;, and we say that such a vertex is dominated
from outside H;.

Similarly as before, we proceed with a claim that delivers properties of sets D; leading
to the desired lower bound on the Sierpinski domination number.

Claim 3.14. The following properties hold in the graph H;.

(@) Ifd(z;,y;) = 1(mod 3), then |D;| = k. Further, both x; and y; are dominated from
outside H;.

(b) Ifd(x;,y:;) # 1 (mod 3), then |D;| = k + 1.

Proof. Suppose that D; contains a vertex w; that dominates x;. Possibly, w; = z;. In
order to dominate the 3(k — 1) 4 2 vertices in H; not dominated by w;, at least k additional
vertices are needed even if the vertex y; is dominated outside the cycle ;. Thus in this
case, | D;| > k+1, implying by the minimality of the set D that |D;| = k+1. Analogously,
if D; contains a vertex that dominates y;, then |D;| = k + 1. Hence, if z; or y; (or both z;
and y;) are dominated by D;, then |D;| = k + 1.

Suppose that neither x; nor y; is dominated by D;, implying that both z; and y; are
dominated from outside the cycle H;. Thus, D; is a dominating set of H, = H; —x; —y;. If
x; = y;, then H] = P51, and by the minimality of D we have |D;| = v(Psg+1) = k+1.
Hence, we may assume that x; # y;. If ; and y; are adjacent, then H, = Ps;, and by the
minimality of D we have |D;| = v(Ps;) = k. Suppose that x; and y; are not adjacent, and
so H' is the disjoint union of two paths Py, and Py,, where ky + ko = 3k. If k; = 351 + 1
and ko = 372 + 2 (orif ky = 371 + 2 and k3 = 372 + 1) for some integers j; and jo where
Ji+Jja=k—1then |D| = [k1/3] + [k2/3] = (j1 + 1)+ (Ja+ 1) = k+ 1. If ky = 351
and ko = 3j2 where j; + jo = k, then |D;| = [k1/3] + [k2/3] = j1 + j2 = k. Hence
if neither z; nor y; is dominated by D;, then either d(x;,y;) = 1 (mod 3), in which case
|D;| =k, ord(x;,y;) # 1 (mod 3), in which case | D;| = k + 1. This proves properties (a)
and (b) of the claim. @

By Claim 3.14, if |D;| = k for some ¢ € [n], then |D;_1| = |D;+1| = k + 1 where
addition is taken modulo n. Furthermore in this case when |D;| = k, the vertices z; and
y; are distinct and are both dominated from outside H;, implying that y;11 € D;; and
Zi—1 € D;_1. This implies that if n is even, then |D| > kn + n/2, and if n is odd, then
|D| > kn + (n + 1)/2. This proves inequality (3.4).

Claim 3.15. s(Cy, H) < kn+ [ 5] + [ 2] = | ]



12 Ars Math. Contemp. 24 (2024) #P3.06

Proof. Let f: V(G) — V(H) be the function defined by

1; i=1(mod 4),
flg)) =< 2; i=2(mod 4),
3; otherwise.

for all ¢ € [n] where addition is taken modulo n. Adopting our earlier notation, recall that
Yi = (gi, f(gifl)) and x; = (gi, f(giJrl)) forall s € [n] Letn = 40+ j where j € [3]0 =
{O, 1,2, 3} We note that f(g4i—3) = 1, f(gai—2) = 2, and f(g4;—1) = f(g4;) = 3 for all
iel.

Case 1. n =0 (mod 4).

Thus, n = 4¢. We note that y4;,_3 = (g4i—3,3) and x4;_3 = (g4;—3,2) for all i € [n], and
so in the graph Hy,_3 the vertices x4;_3 and y4;_3 are at distance 1. Moreover, y4;—1 =
(94i—1,2) and 24,1 = (gai—1,3) for all ¢ € [n], and so in the graph Hy;_; the vertices
Z43—1 and y4;_1 are at distance 1. This implies that Hy;_; — {x4i,j7y4i,j} ~ (g, for
j € {1,3}. Let Dy;_; be a y-set of Hy;—; — {@ai—j,yai—;} for j € {1,3}, and so
[Dai—j| = k.

We also note that y4;,—o = (gai—2,1) and x4;—2 = (g4;—2,3) for all ¢ € [n], and so in
the graph Hy;_o the vertices x4;_o and y4;_o are at distance 2. Moreover, y4; = (g4, 3)
and z4; = (g4i,1) for all ¢ € [n], and so in the graph Hy; the vertices x4; and yq; are at
distance 2. This implies that Hy;j — N[{24;—j,yai—;}] = Cs0—1) for j € {0,2}. Let
Dy;_j be a~y-set of Hy;_; that contains both vertices z4;_; and y4;_; for j € {0,2}, and
80 |Dy;—j| = k + 1. The set

40
D=|JD;

i=1

is a dominating set of G @y H, and so v(G @ H) < |D| = 4kl + 2{ = kn + n/2.
Case 2. n = 2 (mod 4).

Thus, n = 4¢ 4 2 and in this case, f(gse+1) = 1 and f(gae+2) = 2. We note that in the
graph Hyp 1, the vertices z4¢41 and y404; are at distance 1 and in the graph Hyp42 we
have z4012 = yarto. For i € [4¢], we define the set D; exactly as in the previous case.

Further, let Dyyy1 be a y-set of Hyp11 — {Tar41,Yaet1} = Csg, and let Dypqo be a y-set
of Hyp4o containing x4¢42. We note that | Dygpq1| = k and |Dggyo| = k + 1. The set

40+2

D= ) D
i=1

is a dominating set of G ® ¢ H,andso y(G®s H) < |D| = 4kl +2k+20+1 = kn+n/2.
Case 3. n =1 (mod 4).

Thus, n = 4¢ + 1, and in this case, f(g4¢+1) = 1. Thus, Y441 = (gae+1,3) and 4041 =

(94¢+1, 1), and so in the graph Hyp 1, the vertices x4¢41 and y4e41 are at distance 2. For

i € [44], we define the set D; exactly as in the previous cases. Further, let D4y be a y-set

of Hypt1 that contains the vertex x4¢41. We note that [Dgpy1| = k + 1. The set

4041

p=J D
1=1
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is a dominating set of G® s H, and so y(G® s H) < |D| = 4kl+k+20+1 = kn+(n+1)/2.
Case 4. n = 3 (mod 4).

Thus, n = 4¢ + 3, and in this case, f(g4rr1) = 1, f(gaer2) = 2, and f(gaes3) = 3.

In particular, Y4043 = (ga¢+3,2) and x4p4+3 = (gas+3, 1), and so in the graph Hypy3, the

vertices 24043 and y4ey3 are at distance 1. For i € [4¢ + 2|, we define the set D; exactly

as in Case 2. Further, let D4, 3 be a y-set of Hyy 3 containing the vertex x4043. We note

that | Dyo13] = k + 1. The set
4043

D= U D;
=1

is a dominating set of G ®5 H, and so v(G @y H) < |D| = 4kl + 3k +2( + 2 =
kn + (n 4+ 1)/2. The desired result of the claim now follows from the four cases above. «©)

The proof of Theorem 3.12 follows as an immediate consequence of Claim 3.13 and
Claim 3.15. O

3.3 The cycle C,, and cycles C3g

In this section, we determine the Sierpiriski domination number s (C,,, C3y) and the upper
Sierpinski domination number I'g(C,,, Csy,).

Theorem 3.16. Forn > 3 and k > 1,
’YS(Cfm C3k) = FS(Ona C3k) = kn.

Proof. We adopt our notation from the earlier sections. Let G = C, be the cycle
9192 - - - gng1, and let H; be the ith copy of Csy corresponding to the vertices g; of G
for i € [n]. As before, we denote the connecting edge from H; to H;;1 by x;y;11 for all
i € [n)].

Let f: V(G) — V(H) be an arbitrary function. Let D be a y-set of G ®¢ H, and let
D; = DNV (H;) fori € [n]. We show that |D;| = k for all i € [n]. If both vertices x; and
y; are dominated by D;, then D; is a y-set of H; = C3y, and so |D;| = k. If exactly one
of x; and y; is dominated by D;, say x;, then by the minimality of the set D, the set D; is
a~y-set of H; — y; = P31, and so |D;| = k. Hence, we may assume that neither x; nor
y; is dominated by D;, for otherwise, | D;| = k and the desired bound follows.

With our assumption that neither x; nor y; is dominated by D, the set D, is a y-set of
H! = H; — {z;,y;}. If z; = y;, then H] = Psj,_1, and by the minimality of D we have
|D;| = v(P3k—1) = k. Hence, we may assume that x; # y;. If z; and y; are adjacent,
then H = Psi_o, and by the minimality of D we have |D;| = v(Psr—2) = k. Suppose
that x; and y; are not adjacent, and so H' is the disjoint union of two paths Py, and Py,,
where ki1 + ko = 3k — 2. If ky = 351 + 1 and ko = 35 for some integers j; and jo where
Jit+je = k—1,then |D;| = [k1/3]+[k2/3] = (j1+1)+j2 = k. Analogously, if k1 = 351
and ko = 3jo + 1, then |D;| = k. If ky = 351 + 2 and ky = 3j5 + 2 for some integers j;
andjg wherej1 +]2 =k-— 2, then |D1| = [kl/:ﬂ + ”{}2/3] = (]1 + ].) + (]2 + 1) =k.
In all cases, |D;| = k, implying that

(G ®; H) = |D| = Z|D|_Im

Since f: V(G) — V(H) was chosen as an arbitrary function, and D as an arbitrary
v-setof G @ H, we deduce that vs(C,,, Csi) = I's(Cp,, Cs,) =v(G®@f H) = kn. O
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4 Concluding remarks

It seems to us that in the vast majority of cases where the lower Sierpifiski domination num-
ber of the Sierpinski product of two cycles is specified to two values exactly, the larger of
the two is the correct value. However, the following example, which surprised us, demon-
strates that there are also cases where the exact value is the smaller of the two possible
values.

Let G = Cy5 with V(G) = [18] and let H = C7 with V(H) = [7] and let the function
f: V(G) = V(H) be defined as follows:

(1) =f(4) = f(5) = f(18) = 4,
f(2)=13)=f(6) = f(7) =2,
f8)=109) =1,
f(10) = f(11) =5,
f(12) = f(13) = 3,
f(14) = f(15) =1,
f(16) = f(17) = 6.

Then Theorem 3.2 asserts that (G ® ¢ H) € {36, 37} and it is straightforward to check
that the exact value is v(G ®5 H) = 36.

ORCID iDs

Michael A. Henning
Sandi Klavzar
Elzbieta Kleszcz

https://orcid.org/0000-0001-8185-067X
https://orcid.org/0000-0002-1556-4744
https://orcid.org/0000-0002-1413-2413

Monika Pil$niak “= https://orcid.org/0000-0002-3734-7230
References
[1] K. Balakrishnan, M. Changat, A. M. Hinz and D. S. Lekha, The median of Sierpiriski graphs,

(2]

(3]

(4]

(5]

Discrete Appl. Math. 319 (2022), 159-170, doi:10.1016/j.dam.2021.02.005, https://doi.
org/10.1016/j.dam.2021.02.005.

B. Bresar and J. Ferme, Packing coloring of Sierpinski-type graphs, Aequationes Math.
92 (2018), 1091-1118, doi:10.1007/s00010-018-0561-8, https://doi.org/10.1007/
s00010-018-0561-8.

F. Deng, Z. Shao and A. Vesel, On the packing coloring of base-3 Sierpinski graphs and H-
graphs, Aequationes Math. 95 (2021), 329-341, doi:10.1007/s00010-020-00747-w, https:
//doi.org/10.1007/s00010-020-00747-w.

A. Estrada-Moreno, E. D. Rodriguez-Bazan and J. A. Rodriguez-Veldzquez, On distances
in generalized Sierpinski graphs, Appl. Anal. Discrete Math. 12 (2018), 49-69, doi:10.2298/
AADMI160802001E, https://doi.org/10.2298/AADMI60802001E.

A. Estrada-Moreno and J. A. Rodriguez-Veldzquez, On the General Randi¢ index of
polymeric networks modelled by generalized Sierpiski graphs, Discrete Appl. Math.
263 (2019), 140-151, doi:10.1016/j.dam.2018.03.032, https://doi.org/10.1016/7.
dam.2018.03.032.


https://orcid.org/0000-0001-8185-067X
https://orcid.org/0000-0002-1556-4744
https://orcid.org/0000-0002-1413-2413
https://orcid.org/0000-0002-3734-7230
https://doi.org/10.1016/j.dam.2021.02.005
https://doi.org/10.1016/j.dam.2021.02.005
https://doi.org/10.1007/s00010-018-0561-8
https://doi.org/10.1007/s00010-018-0561-8
https://doi.org/10.1007/s00010-020-00747-w
https://doi.org/10.1007/s00010-020-00747-w
https://doi.org/10.2298/AADM160802001E
https://doi.org/10.1016/j.dam.2018.03.032
https://doi.org/10.1016/j.dam.2018.03.032

(6]

(7]

(8]

(9]

[10]

(11]

[12]

[13]

[14]

[15]

(16]

(17]

(18]

[19]

(20]

M. A. Henning et al.: The Sierpinski domination number 15

M. Farrokhi Derakhshandeh Ghouchan, E. Ghorbani, H. R. Maimani and F. R. Mahid, Some
algebraic properties of Sierpinski-type graphs, Ars Math. Contemp. 20 (2021), 171-186, doi:10.
26493/1855-3974.2199.97¢, https://doi.org/10.26493/1855-3974.2199.97e.

S. Gravier, M. Kovse and A. Parreau, Generalized sierpifiski graphs, in: Posters at Eu-
roComb’l1, Budapest, 2011, (2017-12-11), http://www.renyi.hu/conferences/
ecll/posters/parreau.pdf.

T. W. Haynes, S. T. Hedetniemi and M. A. Henning (eds.), Topics in Domination in Graphs,
volume 64 of Dev. Math., Springer, Cham, 2020, doi:10.1007/978-3-030-51117-3, https:
//doi.org/10.1007/978-3-030-51117-3.

T. W. Haynes, S. T. Hedetniemi and M. A. Henning (eds.), Structures of Domination in Graphs,
volume 66 of Dev. Math., Springer, Cham, 2021, doi:10.1007/978-3-030-58892-2, https:
//doi.org/10.1007/978-3-030-58892-2.

M. A. Henning and A. Yeo, Total Domination in Graphs, Springer Monographs in Mathemat-
ics, Springer, New York, 2013, doi:10.1007/978-1-4614-6525-6, https://doi.org/10.
1007/978-1-4614-6525-6.

A. M. Hinz, S. Klavzar and C. Petr, The Tower of Hanoi—Mpyths and Maths,
Birkhéuser/Springer, Cham, 2nd edition, 2018, doi:10.1007/978-3-319-73779-9, https:
//doi.org/10.1007/978-3-319-73779-9

A. M. Hinz, S. Klavzar and S. S. Zemlji¢, A survey and classification of Sierpifiski-type graphs,
Discrete Appl. Math. 217 (2017), 565-600, doi:10.1016/j.dam.2016.09.024, https://doi.
0rg/10.1016/j.dam.2016.09.024.

W. Imrich and I. Peterin, Recognizing generalized Sierpifiski graphs, Appl. Anal. Discrete
Math. 14 (2020), 122-137, doi:10.2298/aadm180331003i, ht tps: //doi.org/10.2298/
aadml803310031i.

M. Khatibi, A. Behtoei and F. Attarzadeh, Degree sequence of the generalized Sierpinski graph,
Contrib. Discrete Math. 15 (2020), 88-97, doi:10.11575/cdm.v15i3.68174, https://doi.
0org/10.11575/cdm.v1513.68174.

S. Klavzar and U. Milutinovié, Graphs S(n, k) and a variant of the Tower of Hanoi problem,
Czechoslovak Math. J. 47(122) (1997), 95-104, doi:10.1023/A:1022444205860, https://
doi.org/10.1023/A:1022444205860.

S. KlavZzar and S. S. Zemlji¢, Connectivity and some other properties of generalized Sierpifski
graphs, Appl. Anal. Discrete Math. 12 (2018), 401-412, doi:10.2298/AADM170206009K,
https://doi.org/10.2298/AADM170206009K.

D. KorZe and A. Vesel, Packing coloring of generalized Sierpifiski graphs, Discrete Math.
Theor. Comput. Sci. 21 (2019), Paper No. 7, 18 pp., doi:10.23638/DMTCS-21-3-7, https:
//doi.org/10.23638/DMTCS-21-3-7

J. Kovi¢, T. Pisanski, S. S. Zemlji¢ and A. Zitnik, The Sierpiriski product of graphs, Ars Math.
Contemp. 23 (2023), Paper No. 1.01, 25 pp., doi:10.26493/1855-3974.1970.29%, https://
doi.org/10.26493/1855-3974.1970.29%e.

C.-A. Liu, Roman domination and double Roman domination numbers of Sierpinski
graphs S(Kn,t), Bull. Malays. Math. Sci. Soc. 44 (2021), 4043-4058, doi:10.1007/
s40840-021-01136-5, https://doi.org/10.1007/s40840-021-01136-5.

M. K. Menon, M. R. Chithra and K. S. Savitha, Security in Sierpifiski graphs, Discrete
Appl. Math. 328 (2023), 10-15, doi:10.1016/j.dam.2022.11.017, https://doi.org/10.
1016/3.dam.2022.11.017.


https://doi.org/10.26493/1855-3974.2199.97e
http://www.renyi.hu/conferences/ec11/posters/parreau.pdf
http://www.renyi.hu/conferences/ec11/posters/parreau.pdf
https://doi.org/10.1007/978-3-030-51117-3
https://doi.org/10.1007/978-3-030-51117-3
https://doi.org/10.1007/978-3-030-58892-2
https://doi.org/10.1007/978-3-030-58892-2
https://doi.org/10.1007/978-1-4614-6525-6
https://doi.org/10.1007/978-1-4614-6525-6
https://doi.org/10.1007/978-3-319-73779-9
https://doi.org/10.1007/978-3-319-73779-9
https://doi.org/10.1016/j.dam.2016.09.024
https://doi.org/10.1016/j.dam.2016.09.024
https://doi.org/10.2298/aadm180331003i
https://doi.org/10.2298/aadm180331003i
https://doi.org/10.11575/cdm.v15i3.68174
https://doi.org/10.11575/cdm.v15i3.68174
https://doi.org/10.1023/A:1022444205860
https://doi.org/10.1023/A:1022444205860
https://doi.org/10.2298/AADM170206009K
https://doi.org/10.23638/DMTCS-21-3-7
https://doi.org/10.23638/DMTCS-21-3-7
https://doi.org/10.26493/1855-3974.1970.29e
https://doi.org/10.26493/1855-3974.1970.29e
https://doi.org/10.1007/s40840-021-01136-5
https://doi.org/10.1016/j.dam.2022.11.017
https://doi.org/10.1016/j.dam.2022.11.017

16 Ars Math. Contemp. 24 (2024) #P3.06

[21] F. Ramezani, E. D. Rodriguez-Bazan and J. A. Rodriguez-Veldzquez, On the Roman domi-
nation number of generalized Sierpinski graphs, Filomat 31 (2017), 6515-6528, doi:10.2298/
fil1720515r, https://doi.org/10.2298/£111720515~r.

[22] J. A. Rodriguez-Veldzquez, E. D. Rodriguez-Bazan and A. Estrada-Moreno, On generalized
Sierpiniski graphs, Discuss. Math. Graph Theory 37 (2017), 547-560, doi:10.7151/dmgt.1945,
https://doi.org/10.7151/dmgt.1945.

[23] J. Varghese and S. Aparna Lakshmanan, Italian domination on Mycielskian and Sierpinski
graphs, Discrete Math. Algorithms Appl. 13 (2021), Paper No. 2150037, 9 pp., doi:10.1142/
S$1793830921500373, https://doi.org/10.1142/51793830921500373.

[24] E. Vatandoost, F. Ramezani and S. Alikhani, On the zero forcing number of general-
ized Sierpinski graphs, Trans. Comb. 8 (2019), 41-50, doi:10.22108/toc.2018.101107.1463,
https://doi.org/10.22108/toc.2018.101107.1463.


https://doi.org/10.2298/fil1720515r
https://doi.org/10.7151/dmgt.1945
https://doi.org/10.1142/S1793830921500373
https://doi.org/10.22108/toc.2018.101107.1463

	Introduction
	Notation and terminology

	General lower and upper bounds
	The Sierpiński domination number of cycles
	The cycle Cn and cycles C3k+1
	The cycle Cn and cycles C3k+2
	The cycle Cn and cycles C3k

	Concluding remarks

