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Abstract

Let G and H be connected graphs and let GOH be the Cartesian
product of G by H. A lower and an upper bound for the indepen-
dence number of the Cartesian product of graphs is proved for the
case, where one of the factors is bipartite. Cartesian products with
one factor being an odd path or an odd cycle are considered as well.
It is proved in particular that if Sy 45, is a largest 2-independent set
of a graph G, such that | S, is as small as possible and if [Sz| < n+2
then o(GOPynq1) = (n +1)|S1]| + n|S2|. A similar result is shown
for the Cartesian product with an odd cycle. It is finally proved that
®(C2k410C2n41) = k(2n+1), extending a result of Jha and Slutzki.

1 Introduction

The determination of the independence number of a graph is one of the
difficult combinatorial problems (cf. [10, p.2, p-480]). Recently it was
shown that even approximating clique and independent set is NP-hard,
(1,2, 5). On the other hand, several polynomial algorithms for decomposing
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a graph with respect to the Cartesian product were proposed [3, 6, 14]. In
fact, the decornposition of a graph G can be done in O(|E(G)| - log [V(G)|)
time. Hence it might be possible to determine the independence number
of a graph via its factors, because the problem size is much smaller in the
factors than in the product. Furthermore, some important classes of graphs
are Cartesian products of smaller graphs, as for example hypercubes. We
therefore investigate the problem of calculating the independence number
of a product graph by the independence numbers of the factors.

A set of vertices (edges) of a graph is independent if no two of them are
adjacent. The size of a largest independent set of vertices of a graph G is
called the independence numberof G, a(G). A k—independent setin G is the
union of k disjoint independent sets in G. We denote by ai(G) the size of
a largest k—independent set of a graph G. Clearly, a1(G) = a(G). Besides
a1 we will be also interested in as, the problem which is also (apparently)
NP-hard.

An independent set of edges is also called a matching. The size of a
largest matching of a graph G is called the matching number of G, 7(G). A
matching which includes every vertex of a graph is called a perfect matching.
The chromatic number x(G) of a graph G is the smallest number of colours
needed to colour the vertices of G such that no two adjacent vertices are
assigned the same colour. A set of vertices which receive the same colour
is called a colour class (with respect to a given colouring).

The Cartesian product GOH of graphs G and H is the graph with
vertex set V(G) x V(H) and (a,z)(b,y) € E(GOH) whenever ab € E(G)
and ¢ = y, or a = b and zy € E(H). Whenever possible we shall denote
the vertices of one factor by a, b, ¢, ... and the vertices of the other factor
by z,y,2 Forz € V(H) set G, = G D {z} and for a € V(G) set
H;,={a} OH. We call G, and H, a layer of G and of H, respectively.

The Cartesian product is commutative, associative and K; is a unit.
Also, GOH is connected if and only if both G and H are connected. We may
therefore assume that all the graphs considered in this paper are connected,
as well as finite, undirected, simple graphs, i.e. graphs without loops or
multiple edges. P, will denote a path on n vertices. We say that P, is an
odd (resp. even) path if n is odd (resp. even).

In the next section we recall some known results on the independence
number of the Cartesian product and point out where difficulties lie. In
Section 3 we prove that for a bipartite graph H and any graph G,

1]
2
In the last section we first give two examples showing that the Cartesian

product with an odd path gives rise to an interesting problem. Then we
prove that if S; + Sy is a largest 2-independent set of a graph G, such

0:(G) < a(GOH) < r(H)az(G)+ (|H| - 27(H)) o(C).
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that |Sy| is as small as possible, and if |Sz| < n+ 2 then o(GOPypyy) =
(n+1)|S1|+n|Ss|; otherwise a(GOPyu41) < (n+1) (|S1]+]S2|) —n—2.
‘We finally show a similar result for the Cartesian product with an odd cycle
and prove that for 1 < k < n, a(Cor+10C,41) = k (2n + 1).

2 Preliminaries

The first result on independence numbers of the Cartesian product of
graphs is due to Vizing [13]:

Theorem 2.1 For any graphs G and H,

a(GOH) < min{a(G)|V(H)|, a(H)|V(G)|} and
o(GOH) > a(G)a(H)+min{|V(G)|-a(G), |V(H)|—a(H)}.

To verify the first inequality we use the fact that layers of the product are
isomorphic to factors, hence there is at most a(G) and o(H) independent
vertices in any G-layer and H-layer, respectively. To get the second in-
equality we observe that the product of two independent sets is an indepen-
dent set. Jha and Slutzki, [9], used this fact to propose a nondeterministic
algorithm, which iterates this idea. More precisely, on every step it takes
the product of a largest independent set on the remaining vertices in one
factor with a largest independent set on the remaining vertices in the sec-
ond factor. It is not hard to see, that the algorithm produces a maximal
independent set, which we will call a diagonal independent set. However, as
we will see, a diagonal independent set need not be a largest independent
set even on products of bipartite graphs.

The following result from [4, p.381] shows a difficulty of calculating the
independence number of Cartesian products, since the problem is difficult
even on a product with a complete graph.

Theorem 2.2 For any graph G, a(GOKy) = ax(G).

Note that Theorem 2.2 in particular shows that x(G) < k if and only
if a(GOKy) = |G| (see also [11]).

Corollary 2.3 Let G be a graph on n vertices and let x(G) > k. Then
nk

x(G)

Proof. In a x(G)-colouring of G we select k largest colour classes. Apply-

ing Theorem 2.2 the lower bound follows. The upper bound follows from
Theorem 2.1. a

< a(GOKR) < ka(G).
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It is clear that the lower bound from Corollary 2.3 can be improved in
the case when we have a colouring of G with nonequal sized colour classes.
However, the m—partite graph G35, 2 is an example of a graph for which
the upper and the lower bound from Corollary 2.3 coincide.

3 Products with Bipartite Graphs

In this section we consider products where one factor is bipartite. As we
will see, the problem is closely related to the determination of a largest
2-independent set.

Proposition 3.1 If H is a bipartite graph then for any graph G,
14|

2
Proof. Let {aj, az, ...an} + {b1, b2, ..., bn} be a largest 2-independent

set of G, n > m. Let V(H) = V4 + V2 be the bipartition of H with
[Vi| > |Va]. Set

a3(G) < o(GOH) < 7(H)as(G) + (|H] - 2r(I)) o(G).

S={(a,z) [1<i<nzeVi}U{(bi,y) [ L<i<m,yeV3}.

Because the product of independent sets is an independent set it follows
that S is an independent set. Furthermore,

\% \Z H
I 1|;l 2' (n+m) | 'az(G),

IS| =n Vil + m|Va| > =5

and the lower bound is proved.

Let S’ be a largest independent set of GOH and let X be a largest
matching of H. Then for each edge zy € X, |S' N (G: U Gy)| < a3(G),
while for an unmatched vertex z € V(H) we have |S' N G;| < a(G). This
implies the upper bound. O

Note that the set S from the previous proof is always a maximal inde-
pendent set. However, it need not be a largest one. But we have:

Corollary 3.2 Let G be a graph and let H be a bipartite graph.
(i) If H has a perfect maiching, then «(GOH) = WZH I a2(G).
(%) If a3(G) = 2a(G) then o(GOH) = o(G) |H|.

Proof. (i) Since H has a perfect matching, 27(H) = |H|.
(ii) As a(G) = 2a(G), we have from Proposition 3.1:

|H|«(G) < «(GOH) < 2r(H) «(G) + (|H| - 2r(H))a(G) = |H| a(G),
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and the proof is complete. (]

It is easy to see that if at least one factor of a product has a perfect
matching then the product has a perfect matching as well. It follows the n—
cube @y, has a perfect matching (Q; = K3 and forn > 2, Q,, = Qn-10K3).
Hence, let us state:

Corollary 3.3 For any graph G, a(GOQ,) = 27! ay(G).

4 Products with Odd Paths and Odd Cycles

Let V(H) = {21, 23,..., z,} and let § C V(GOH). Let X; = SN Gy,.
Then we will write S'= (X1, X5, ..., X,,).

Let H be an even path or an even cycle. Then it is easy to see that there
is a maximum independent set of GOH of the form (A, B, A, ..., A B).
Moreover, if G is a bipartite graph with the bipartition V(G) = Vi + Vs,
then there are exactly two maximum independent sets of GOH , hamely
Vi, Va, ..., Vi, Vo) and (Vo, Vi, ..., Vs, Vi). Such solutions will be called
bipartite solutions.

The situation is more complicated with odd paths and odd cycles. We
first show two examples demonstrating this. Consider first the product
Gn0OP;, where Gy, is the graph on 2n + 2 vertices depictured on Fig. 1
(Gn 1s sometimes called a double star). It is easy to verify, that a bipartite
solution is of the size 3n 4 3, while the diagonal independent set is of the
size 4n + 1.

Figure 1: Graphs G,, and H,

For the second example consider a bipartite graph H, with the bipar-
tition V(H,) = V; + Va:

! ! ! ! ! /
{al, asg, ... an, by, b, Cey bn+1} -+ {al, ay, ... Qa,, bl) b2) R bn+1}‘
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In H, a vertex a; is adjacent to every vertex in Vo and a vertex a} is
adjacent to every vertex in V; (see Fig. 1). Consider the product H,0Ps.
It is again easy to verify, that a bipartite solution is of the size 6n + 3,
while the diagonal independent set is of the size 5n + 4. Note that these
two examples show that the difference between the bipartite solution and
a diagonal solution can be arbitrary large.

Lemma 4.1 For any graph G there exists a mazimum independent sel of
GOPypy1 of the form (A, B, A, ..., B, A), where n > 1.

Proof. Let S = (X1, X2, ..., X2nt1) be a maximum independent set of
GOPyp,41. Choose i, such that | X;| + | Xiy1]| = maxi<j<on(| X5 + [ Xj41])-
We may without loos of generality assume that |X;| > [Xi41]. Then " =
(Xi, Xit1, .-, Xit1, Xi) is clearly an independent set and by the choice of
i, |5 > |5 O

Theorem 4.2 Let n > 1 and let Sy + Sy be a largest 2-independent set of
a graph G, such that |Sy| is as small as possible. If |Sa| < n+ 2 then

a(GDP2n+1) = (n + 1) |51| +n |521,
otherwise a(GOPypy1) < (n+1)(|S1|+1S2]) —n—2.

Proof. Let s; = |S;| and s = |S3|. Clearly, S = (S1,S2,...,52,51) is an
independent set of GOPypq1.

Suppose that |S| < a(GOPap41) and let S’ be a largest independent set
of GOPy,41. Hence |S’| > |S|. According to Lemma 4.1 we may assume
that S' = (X1, X3,...,X2,X1). Let 21 = |X1] and z3 = | X2]. Clearly,
1 Z To.

. Note first that z; + 29 < 81 + s9. If &1 + x5 = 51 + s2, then according
to the choice of Sz, s; > z; and therefore |\S'| < |S|. Hence

1 +zo <51+ sy~ 1 (1)
It follows from (1) that z; < s;+ sz — I — 3. Since z3 > 1, we obtain
2y < 814852 —2. (2)
From (1) and (2) we conclude:

ISl = (n+1)zi+nz,
n(z1+ 22) + 1
n(sy+sy—1)+s +82—2
|S]+ s2 —2—n.

IA
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If s —2—n <0 we get a contradiction, hence in this case S is a largest
independent set. Otherwise the upper bound follows. 0o

The next theorem shows a similar result for products with odd cycles.
Let (G — .5) denote the subgraph of G induced by the vertices V(G) — S.

Theorem 4.3 Let S = S1+ 5, be a largest 2-independent set of a graph G
such that «(G—S) is as large as possible. Let Sa be a mazimum independent
set of (G = S). Then

1
n|S|+183] < a(GOCom41) < ("+§) |S].

Furthermore, if G is a bipartile graph, then a(GOCyy41) = n|G).

Proof. Clearly, the set X = (Sy,53,...,S52,53) is an independent set of
GOC9, 41, hence the lower bound.

Suppose now that X = (X1, X5, ..., Xon, Xon41) is a largest indepen-
dent set of GOCy,41. Because |S| = ay(G) we have

| Xi] + | Xipa| < s1+52 for 1 <i<2n,

and also |Xony1] 4 |X1| < s1 + 3. Therefore 2|X| < (2n 4 1) (s; + s3).
This implies the upper bound.

Let now G be a bipartite graph and let V{G) = Vi +V; be the bipartition
of G. Then S = (V,V5,...,V1,V,,0) is an independent set of the claimed
size. Since a(Cy,u41) = n the equality follows from Theorem 2.1, ]

We conclude the paper with the following result, which is proved in [9]
for the case n = k.

Theorem 4.4 For 1 <k <n, a(Cop410Co41)=k(2n+1).

Proof. Let V(Cy,) = {0, 1, ..., m—1}. By Theorem 2.1, &(C24+10C32041)
< k(2n + 1). To show the lower bound assume first n = k. Consider the
following set of vertices of Cap410Co,41:

I = {((i+7)mod (2n+1), )},

where i = 0,2,...,2n—2 and j = 0, 1, ..., 2n. Obviously, I contains
n(2n+1) different vertices. We claim that I is an independent set. Consider
different vertices u = (i+4,7) € I and v = (¢ +j/, j') € I, where all indices
are taken by appropriate modulos. If j = j then the first components
differ by at least two, so u and v are not adjacent. If j # 5/ then u and v
could only be adjacent if j = j'+ 1 or j = 0 and j/ = 2n (or vice versa).
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In both cases the first components of u and v differ by at least one, which
implies that u and v are not adjacent. I is therefore an independent set.

Consider now the case ¥ < n. Let I = (S1, Ss, ..., S2x41) be the
solution for k = n as above. Then

II = (51, 52, ey SZk-{-l; 51, Szk+1, Sl, ey Sgk+1>

is an independent set. Furthermore since |Sj| = k,1 < ¢ <2k +1, |I'| =
k(2n + 1) and the proof is complete. a
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