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Abstract

In the Maker—Breaker resolving game, two players named Resolver and Spoiler alter-
nately select unplayed vertices of a given graph G. The aim of Resolver is to select
all the vertices of some resolving set of G, while Spoiler aims to select at least one
vertex from every resolving set of G. In this paper, this game is investigated on the
lexicographic product of graphs. It is proved that if Spoiler has a winning strategy on
a graph H no matter who starts the game, or if the first player has a winning strategy
on H, then Spoiler always has a winning strategy on G o H. Special attention is paid
to lexicographic products in which the second factor is a complete graph, a path, or a
cycle. For instance, in G o P and in G o Cy¢, Resolver always wins, while in G o Pyy4 1
and in G o Cy¢41 the same conclusion holds provided G is free from false twins. On
the other hand, Spoiler always wins on G o Ps. In most of the cases, the corresponding
Maker-Breaker resolving number is also determined.
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1 Introduction

Let G = (V(G), E(G)) be asimple, finite, connected graph with at least two vertices.
A set W C V(G) is a resolving set of G, if for every pair of distinct vertices x and y
of G, there exists a vertex z € W such that d(x, z) # d(y, z), where d(u, v) denotes
the shortest-path distance between the vertices # and v. Among all resolving sets of
G, one with minimum cardinality is a metric basis and its cardinality is defined to be
the metric dimension of G, denoted by dim(G). As an entry point into this field of
research, we recommend the review article [23] and recent papers [5, 15, 21].

The Maker-Breaker resolving game was introduced in [12] and the authors investi-
gated the same in the corona product of graphs [9]. A closely related Maker-Breaker
strong resolving game has been investigated in [14], the fractional version of the game
in [24], while for the general framework on Maker-Breaker games see Chapter 2 of the
book [8]. For more on these games, see also the recent articles [2, 6] and the references
therein.

The game we are exploring in this paper is therefore a game about the metric
dimension. This dimension has been explored in depth the last two decades, although
its notion dates back to about 70 years ago when the related concept was introduced for
general metric spaces [3]. Later, this topic attracted several investigations in various
directions such as combinatorial, computational, and applied. The metric dimension
has numerous real-world applications, for instance in image processing, in robot nav-
igation, and in the theory of privacy in social networks. The 2023 survey [23] of
key results and applications of metric dimension includes more than 200 references.
Let us here highlight the metric dimension notions for designing a methodology for
embedding biological sequence data into Hamming graphs [22], the embedding being
further used in machine learning algorithms that learn classifiers from such datasets.
Hamming graphs are Cartesian products of complete graphs, while the lexicographic
product explored in this article is the second of four standard graph products [7].

In the Maker—Breaker resolving game (MBRG for short), two players, named
Resolver and Spoiler, alternately select unplayed vertices of a given graph G. The
aim of Resolver is to select all the vertices of some resolving set of G, while Spoiler
aims to select at least one vertex from every resolving set of G. The player who
achieves their goal is the winner of the game. If Resolver starts the game, we speak of
an R-game, otherwise we speak of an S-game.

For the outcome o(G) of the MBRG played on G we have o(G) € {R, S, N}, with
the following meaning [12]:

e 0(G) = R: Resolver has a winning strategy no matter who starts the game;
e 0(G) = S: Spoiler has a winning strategy no matter who starts the game;
e 0(G) = N the first player has a winning strategy.

In addition to knowing who wins the game, it is also of interest how fast the winner
can achieve this. The Maker-Breaker resolving number, Ry (G), is the minimum
number of moves of Resolver to win the R-game in G when both players play optimally.
The Maker-Breaker spoiling number, Spmp(G), is the minimum number of moves of
Spoiler to win the R game in G when both players play optimally. For the S-game,
the corresponding invariants are denoted by Ry;5(G) and S},5(G).
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The lexicographic product G o H of graphs G and H has the vertex set V(Go H) =
{(g,h): g€ V(G),h e V(H)}andtheedgeset E(Go H) = {(g, h)(g’,h') : gg’ €
E(G), or g = g’ and hh' € E(H)}. Studies on lexicographic products in various
domains highlight its versatility, which offers valuable insights into network structures,
information flow, and resilience. In [10], the metric dimension of the lexicographic
products is determined in terms of a parameter called the adjacency dimension. The
general bounds for the metric dimension of the lexicographic product of graphs can
be seen in [20]. For some other studies of the lexicographic product of graphs we refer
to [1,4, 11, 16, 18, 19].

In this paper, we investigate the MBRG played on the lexicographic product of
graphs. The following section is preparatory and, among other things, recalls known
results that we need here. In Section 3, we discuss some general properties of the
MBRG on lexicographic products. In particular, if G and H are nontrivial connected
graphs and o(H) € {N, S}, then we show that o(G o H) = S. In Sect.4 we consider
lexicographic products in which one factor is complete. We prove that if G has true
twins, then Svp (G o K2) = S5 (G o K2) = 2, otherwise Rvp (G o K2) = Ry (G o
K>) = n(G). In Sect. 5 we focus on the MBRG where the second factor is a path or a
cycle, while in the concluding section we pose some open problems.

2 Preliminaries

In this section, we collect known results and concepts which will be used in the rest
of the paper, and add some additional definitions. Let us start with the latter.

For a positive integer ¢, we will denote the set {1, ..., £} by [£]. By n(G) we denote
the order of G. For a vertex v € V (G), its open neighborhood is NG (v) = {u € V(G) :
uv € E(G)}. Vertices u and v are twins if N (u) \ {v} = N(v) \ {u}. The twin relation
is an equivalence relation, and an equivalence class under this equivalence relation is
called a twin equivalence class. A pair of adjacent vertices in a twin equivalence class
is termed as true twins, and a pair of non-adjacent vertices in a twin equivalence class
is termed as false twins.

A set S € V(G) is a dominating set of a graph G, if every vertex u € V(G) \ S
has a neighbor in S. A vertex x € V(G) is a dominating vertex of G if x is adjacent
to all the other vertices of G. Note that in this case {x} is a dominating set of G.

If g € V(G), then by 8§ H we denote the H-layer of G o H corresponding to g, that
is, the subgraph of G o H induced by the vertices of the form (g, /), where i runs over
vertices of H. For h € V(H), the G-layer G" is defined analogously. Each G-layer
G" is isomorphic to G, and each H-layer ¢ H is isomorphic to H.

Let A = {{uy, v1}, ..., {uk, vr}} be aset of 2-subsets of V(G) of pairwise different
elements, that is, | U;‘:] {ui, vi}| = 2k. Then A is called a pairing resolving set if every
set {x1, ..., xr}, where x; € {u;, v;}, is a resolving set of G. A pairing resolving set

A of G with |A| = dim(G) is a dim-pairing resolving set of G.

S C V(G) is alocating set of G if Ng(u) NS # Ng(v) N S for every two vertices
u,v € V(G)\S. By Ic(G) we denote the size of a smallest locating set of G. If in
addition Ng(u) NS # S foreveryu € V(G)\ S, then S is a strictly locating set of G.
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In the second part of this section, we recall the known results that we need are the
following.

Proposition 2.1 [12, Proposition 2.3] If G is a connected graph, then the following
properties hold.

(i) If o(G) = R, then Riyz(G) > Ryp(G) > dim(G).
(ii) If o(G) = S, then Syp(G) > S}y (G).

Proposition 2.2 [12, Proposition 3.3] If G admits a pairing resolving set, then o(G) =
R. Moreover, if G admits a dim-pairing resolving set, then Rvp(G) = Ryp(G) =
dim(G).

Proposition 2.3 [12, Proposition 3.2] Let G be a connected graph with n(G) > 4.

(a) If G has a twin equivalence class of cardinality at least 4, then o(G) = S and
SwB(G) = Siy(G) = 2.

(b) If G has two twin equivalence classes, each of cardinality at least 3, then o(G) =
S and S\ (G) = Sy(G) = 2.

Theorem 2.4 [17] Let G and H be nontrivial connected graphs, where A(H) <
n(H) — 2. Then W = Uxes[{x} x Ty], where S € V(G) and T, € V(H) for each
x € S, is a resolving set of G o H if and only if

1. §=V(G),

2. Ty is a locating set of H for every x € V(G);

3. Ty or Ty is a strictly locating set of H whenever x and y are adjacent vertices
of G with Ng[x] = Nglyl.

4. T, or Ty is a (locating) dominating set of H whenever x and y are nonadjacent
vertices of G with Ng(x) = Ng ().

Lemma 2.5 [9] Let £ > 3 and let V(Py) = V(Cyp) = [2¢]. If W = {wy, ..., we},
where w; € {2i — 1, 2i} fori € [£], then W is a strictly locating set of Py as well as
a strictly locating set of Cay.

3 Some General Properties

In this section, we present some general properties of the MBRG played on G o H.
We first observe that if o(G o H) = R, then

n(G)dim(H) < Rmp(G o H) < Ryg(Go H) <

n(G)n(H)
o)

The upper bound is obvious because the players alternate their moves. The lower
bound follows from the inequality n(G) dim(H) < dim(G o H) established in [20].

By Theorem 2.4, every resolving set of G o H intersects each of its H-layers in a
locating set of H. Together with (1) this yields:
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Corollary 3.1 If o(G o H) = R and A(H) < n(H) — 2, then Ryg(G o H) >
n(G)Ic(H).

Consider the lexicographic product P4 o P4. The strategy of Resolver to select two
vertices in each “ P4-layer is a winning one no matter who starts the game, hence o( P4 o
Py) = R.Sincelc(Py) = 2, Corollary 3.1 implies RI/VIB(P40P4) > Rm(PgoPy) > 8.
Then by the upper bound of (1) we get Rvmp(Ps o P4) = Ry(Ps o P4) = 8. This
demonstrates that the upper bound of (1) is sharp. Moreover, since Ryp(Ps o Pr) =
Ry (P4 0 Py) = 4, the lower bound is sharp as well. In fact, in the latter example, the
two bounds coincide.

Concerning the outcome, we have the following general result for all the cases
when o(H) € {N, S}.

Theorem 3.2 If G and H are nontrivial connected graphs and o(H) € {N', S}, then
o(GoH)=S.

Proof Let Sbearesolvingsetof GoH.Forg € V(G),letS, = SNV (8 H). Since every
two vertices of V (8 H) have the same distance to any vertex from V(G o H)\ V(8 H),
the set S, is a resolving set of H.

The strategy of Spoiler is to play the first move in some é H-layer in which Resolver
has not yet played. As G is nontrivial, Spoiler can achieve this goal irrespective of
who starts the game. After that, since o(H) = {N/, S}, Spoiler’s strategy is to play
only in § H by following her optimal strategy in H. In this way, she wins the game in
8 H and thus also in G o H, because in view of the No-Skip-Lemma [12, Lemma 2.2],
her goal is not spoiled if she is forced to play some consecutive moves in 8 H. Thus
o(GoH)=S. O

As we will see in the rest of the paper, no theorem parallel to Theorem 3.2 can be
stated when o(H) = R, cf. for instance, Theorem 4.2.

4 The Game on Products with a Complete Factor

In this section, we consider lexicographic products where one of the factors is complete.
The case when both factors are complete is trivial, since in this case, the graph in
question is complete.

Let G be a nontrivial connected graph. Since 0(K3) = A and o(K,,) = S for every
n > 4, Theorem 3.2 implies that o(G o K,,) = S, n > 3. Moreover, using the general
strategy from the proof of Theorem 3.2, Spoiler can finish the game in two moves.
Hence:

Proposition 4.1 If G is a nontrivial connected graph and n > 3, then SM(G o K,) =
Syp(G o Ky) = 2.

With respect to complete second factors, the remaining case is K7, for which we
have o(K37) = R.

Theorem 4.2 [fG is anontrivial connected graph, theno(GoK3) € {R, S}. Moreover,
the following holds.
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o If G has true twins, then Smp (G o K3) = Sy5(G 0 K3) = 2.
e If G is free from true twins, then Ryp(G o K3) = RI’VIB(G o Kp) = n(G).

Proof Let G be a nontrivial connected graph with V(G) = {g1,..., gn}, and let
V(K2) = [2].

Assume first that G contains true twins and let g;, g;,i # j, be such vertices. Then
the vertices (g;, 1), (g, 2), (g;. 1), (g, 2) belong to the same twin equivalence class
of G o K». Therefore, G o K» has a twin equivalence class of cardinality at least 4. By
Proposition 2.3 we get o(G o K») = S, as well as Spp(G o K2) = Sy (G oK) = 2.

Assume second that G has no true twins. Then we claim that the set S = {(g;, k;) :
i € [n],ki € {1,2}} forms a resolving set of G o K. Consider arbitrary vertices
which are not in S, say (g;, k;) and (g;, k}), where i # j, ki =3 —k;, and k;. =
3—kj. I gigj ¢ E(G), then d((gi. k), (g ki) = 1 and d((g;, k), (gi. ki) > 1.
Similarly, if g;g; € E(G), then since g; and g; are not true twins, there exists a
vertex g such that g;g; € E(G) and g;g; ¢ E(G). Now d((g;, klf), (g1, k1)) =1 and
d((g;. k), (g1, k) > 1.

The above argument implies that {{(g;, 1), (g;,2)} : i € [n]} is a pairing resolving
set of G o K. Since by Theorem 2.4 this set is also a dim-pairing resolving set, the
required conclusion when G has no true twins follows by Proposition 2.2. O

When the first factor of a lexicographic product is complete, we have the following
partial result.

Proposition 4.3 If G is a nontrivial connected graphwithn(G) > 4, then the following
hold.

(i) If G has a dominating vertex, then o(K,;, o G) = S form > 4.

(i) If G has two dominating vertices, then o(K,, o G) = S form € {2, 3}.
Moreover, in each of the cases, Spoiler can win the game in two moves.
Proof (i) Let g be a dominating vertex of G. Then each vertex from K}, is a dominating
vertex in K, o G. Hence, these vertices form a twin equivalence class. Since n(G) > 4,

the assertion follows by Proposition 2.3.
(ii) Let g and g’ be two dominating vertices of G. In this, each vertex from the

set V(K5) U V(K,ﬁ/) is a dominating vertex of K,, o G, hence we can again apply
Proposition 2.3 to reach the desired conclusion. O

5 MBRG Where the Second Factor is a Path or a Cycle

In this section, we consider the MBRG on G o P, and on G o C,,. We assume throughout
the section that V(G) = {g; : i € [n(G)]} and V(P,) = V(C,) = [n], with the
natural adjacencies, and in cycles with indices computed modulo » when needed.

5.1 Short Paths
We first consider the case of paths P,, where n € {3, 4, 5}.
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Theorem 5.1 If G is a connected twin-free graph then o(G o P3) = R and Ry (G o
P3) = Rz (G o P3) = n(G).

Proof Let R = {{(gi, 1), (gi,3)} : i € [n(G)]}. We claim that R is a dim-pairing
resolving set of G o P;.

Let s;, i € [n(G)] be an arbitrary, fixed integer from the set {1, 3}, and let § =
{(gi,si) : i € [n(G)]}. We first need to show that § is a resolving set of G o Ps.
For this, first consider the vertices of a 8 P3-layer. Since d((g;, 1), (gi,2)) = 1 =
d((gi,2), (gi,3)) and d((gi, 1), (gi, 3)) = 2, each vertex in this layer is resolved by
(gi, si). Next, consider two vertices from different P3-layers, say (g¢, j) and (g, j/),
where j, j’ € [3]. Since G is twin-free, there is a vertex gj, in V (G) that is adjacent to
gebutnotto gx. Thend ((ge, j), (gn, sn)) = landd((gk, j), (gn, si)) # 1, therefore,
these two vertices are resolved by (g, s;) € S. We have thus proved that R forms a
pairing resolving set. Moreover, by Theorem 2.4 we get that dim(G o P3) = n(G),
hence R is indeed a dim-pairing resolving set as claimed. In view of Proposition 2.2
we can conclude that Ry (G o P3) = Ry (G o P3) = n(G). O

Theorem 5.2 If G is a nontrivial connected graph, then o(G o Py) = R and Ry (G o
Py) = Ry (G o Py) = 2n(G).

Proof As per the characterization of resolving sets of lexicographic products in Theo-
rem 2.4, we describe a strategy for Resolver which allows him to select the appropriate
set as follows.

Let g; and g; be false twins of G. Assume that Spoiler selects (g;, 1) as her first
move in 8 P4. Then the aim of Resolver is to form a locating dominating set in 8 Py.
Thus, Resolver selects (g;, 2) as his optimal response. Clearly {(g;, 2), (gi,3)} and
{(gi,2), (gi,4)} are locating dominating sets. Therefore, Resolver can form a locating
dominating set in 8 P4 after any move of Spoiler in this layer. If Spoiler selects (g;, 2)
as her first move in & Py, then Resolver selects (g;, 1) as his optimal response. Then,
Resolver will form a locating dominating set in 8/ Py after the next move of Spoiler in
8i Py, by selecting either (g;, 3) or (g;, 4). Other moves of Spoiler in 8 P4 are dealt in
a similar fashion by Resolver.

Next, consider the case when g; and g; are true twins of G. Assume that Spoiler
selects (g;, 1) as her first move in & P4. Here, the aim of Resolver is to form a strictly
locating set. Therefore, Resolver selects (g;, 3) as his next optimal response. Now
{(gi,2), (gi,3)} and {(g;, 3), (gi,4)} are strictly locating sets of 8 P4. Thus, by his
second move, Resolver succeeds in forming a strictly locating set in & Py4. If Spoiler
selects (g;, 2) as her first move, then Resolver selects (g;, 4) as his optimal response.
Clearly, Resolver can form a strictly locating set by choosing either (g;, 1) or (g;, 3),
depending on Spoiler’s move. Similar arguments hold for other cases.

Let g; and g; be any two vertices of G other than the above-mentioned cases. Then
the fact that any pair of vertices in P4 forms a locating set helps Resolver to obtain a
locating set in each P4 layer, whatever the Spoiler’s move in that layer. Hence, in all
cases, Resolver wins the game on G o Py as a second player. Thus o(G o P4) = R.

The equalities Rm(G o P4) = Ry(G o P4) = 2n(G) follow from Corollary 3.1
because Ic(Py) = 2. O
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Theorem 5.3 If G is a nontrivial connected graph, then o(G o Ps) = S. Moreover
SI/VIB(G o Ps) = SMB(G o Ps) = 3.

Proof Consider the R-game on G o Ps and the following strategy of Spoiler.

If Resolver selects a vertex in & Ps, then Spoiler selects the vertex (g, 3), where
i # j. After that, Spoiler’s strategy is the following. If Resolver selects a vertex from
{(gj, D), (gj,5)}, then Spoiler replies by selecting the other vertex from the set. If
Resolver selects a vertex from {(g;, 2), (g;,4)}, then again Spoiler selects the other
vertex from the set. In this way, in 8/ Ps, Resolver will have one of the following choices:
{(gj, D, (g, D1 (g, 1), (8, D} {(g),2), (8,5}, {(gj» 4, (g, 5)}. Since each set
in the above collection fails to form a locating set in 8/ P5, Theorem 2.4 implies that
Resolver fails to select a resolving set in G o P5. Hence, Spoiler wins the game on
G o Ps as the second player, and therefore she also wins the game as the first player.
So 0(G o P5s) = S. Moreover Sy5(G o Ps) < SmB(G o Ps) < 3. Also, it is clear
that any three vertices from a Ps-layer always form a strictly locating set of the layer.
Therefore, Spoiler cannot win in G o Ps in two moves. Thus Sl’v[B(G o Ps) > 3 and
we can conclude that S, (G o Ps) = SuB(G o Ps) = 3. O

5.2 Short Cycles

We next consider the case of cycles C,, where n € {4, 5}. (The case n = 3 is covered
in Sect.4.)

Theorem 5.4 If G is anontrivial connected graph, andn € {4, 5}, theno(GoC,) =R
and Ry (G o C,) = Ry (G o C,) = 2n(G).

Proof Each pair of adjacent vertices of C4 forms a strictly locating and dominating
set of C4. Hence, in view of Theorem 2.4, if Resolver can select two adjacent vertices
in each Cy4-layer, then he wins. This is indeed not difficult for him to achieve. If the
first vertex selected in 8 C4 is by Spoiler, and this vertex is (g;, j), then Resolver
responds by selecting (g;, j + 2). Afterwards, Resolver is able to select one vertex
from {(g;, j + 1), (gi, j + 3)}, thereby achieving his goal. Resolver can follow this
strategy in each Cy-layer, hence he wins as the second player in G o C4 and thus also
as the first player. Therefore o(G o C4) = R.

The case G o Cs can be treated similarly. More precisely, note first that any pair of
adjacent vertices of Cs forms a strictly locating set of Cs, and any pair of nonadjacent
vertices in Cs forms a locating dominating set of Cs. In view of Theorem 2.4, a strategy
of Resolver is to form a strictly locating set of Cs in 8 Cs when g; is a true twin vertex,
a locating dominating set of Cs in 8 Cs5 when g; is a false twin vertex, and a resolving
set in any other Cs-layer. If Spoiler selected (g;, j) as the first vertex played in 8 Cs,
and g; is a true twin vertex, then Resolver responds by selecting (g;, j + 2). In the
other two cases, Resolver responds by selecting (g;, j + 1). After that, in each of the
cases, Resolver can achieve his goal. Hence o(G o C5) = R.

Since dim(Cy4) = 2, by (1) we get

21(G) < Rup(G 0 Cs) < Riyp(G o C4) <

nGMC | 6
B =200,

@ Springer



Bulletin of the Iranian Mathematical Society (2026) 52:21 Page9of12 21

Similarly, since dim(C5) = 2, we get by (1) that Ry (G o Cs5) > 2n(G), and we
can conclude, having in mind the above strategy of Resolver, that also in this case
Rv(G o Cs) = RI/\/IB(GOCS) = 2n(G). O

5.3 Longer Paths and Cycles

We now focus on paths and cycles of length at least 6.

Theorem 5.5 If G is a connected nontrivial graph, then o(G o Pyg) = 0(GoCy) =R
for £ > 3. Moreover, Ry (G o Pg) = Rl/\/IB (G o Pg) = 3n(G).

Proof We first consider the paths Pyg, £ > 3. In order to show that o(G o Pyy) = R,
Resolver follows the strategy that in 8 P>, he selects one vertex from each of the sets
{(gi,2j — 1), (gi,2))}, j € [£]. This strategy is clearly feasible regardless of who
starts the game. Using it, Resolver selects in & Py, a set W,, which is by Lemma 2.5 a
strictly locating set of P,,. Since Wy, consists of one of the end vertices of each edge
of the perfect matching of P, the set Wy, is also a dominating set of Py¢. As this
holds for any P,;-layer, by Theorem 2.4 we can conclude that o(G o Pyy) = R.

The argument that o(G o C2¢) = R holds for £ > 3 is completely parallel to the
above argument for paths, hence we do not repeat it here.

It remains to demonstrate that Ry (G o Pg) = Rl’vIB (G o Pg) = 3n(G). For this
sake note first that Ic(Pg) = 2 and that {2, 4} and {3, 5} are the only locating sets of Pg
with exactly two vertices. In the MBRG game played on G o Pg, if Resolver selects
(gi, 2), then Spoiler selects (g;,4) and vice versa. In a similar manner, if Resolver
selects a vertex from {(g;, v3), (gi, vs)}, then Spoiler selects the other one from the set.
Thus, in each Pg-layer of G o Pg, Spoiler has a strategy which ensures that Resolver
needs at least three moves to form a locating set of Pg. This strategy is independent of
who first selects a vertex in a Pg-layer. Thus Rl/v[B(G o Pg) > RMB(G o Pg) > 3n(G).
On the other hand, by Theorem 5.5 we get Rm (G o Ps) < Ryz(G o Pg) < 3n(G).0O

Theorem 5.6 If G is a connected nontrivial graph that is free from false twins, then
0(Go Pyy1) =0(G o Crpy1) =R forl = 3.

Proof First, we prove this for paths P41, £ > 3. For any g; € V(G), partition the
vertex set of 8 Pryy 1 as follows:

{{(&', D, (g2} ... {(8i, 2 = 3), (8. 26 = 2)}. {(¢i- 26 — 1), (8. 20). (i, 26 + 1)}} .

The strategy of Resolver is the following. As soon as Spoiler selects a vertex from
{(gi,2j — 1), (gi,2))}, j € [£ — 1], Resolver selects the other vertex from the set. If
Spoiler selects a vertex from {(g;, 2¢ — 1), (gi, 2¢), (gi, 2¢ + 1)}, then we distinguish
the following cases.

Case 1: Spoiler has selected (g;, 2¢ — 1).
In the subcase when (g;, 2¢ — 2) has not yet been selected, Resolver plays (g;, 2¢ —
2). Then, before the end of the game, Resolver will be able to select one of (g;, 2¢)
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and (g;, 2¢ + 1), hence in this way a strictly locating set will be selected by him
in 8 Pypy1. Consider next the subcase when (g;, 2¢ — 2) has already been selected.
If (gi,2¢ — 2) has been selected by Resolver (and hence (g;, 2¢ — 3) by Spoiler),
then Resolver selects next the vertex (g;, 2¢). In the case when (g;, 2¢ — 2) has been
selected by Spoiler (and hence (g;, 2¢ — 3) by Resolver), then Resolver next selects
(gi,2¢ + 1). In each of the cases, the vertices selected by Resolver form a strictly
locating set of 8 Py, layer.

Case 2: Spoiler has selected (g;, 2¢) or (g;, 2¢ + 1).
In this case, Resolver replies by selecting (g;, 2¢ — 1). We can then argue as above
that in this way, Resolver has constructed a strictly locating set of & Py 1.

The above strategy of Resolver is performed in each of the P>, -layers, hence by
Theorem 2.4 we can conclude o(G o Pyyy1) = R.

Consider next cycles Cy¢11, £ > 3. We may, without loss of generality, assume
that Spoiler starts the game by selecting the vertex (g;, 2¢ + 1). Resolver replies by
playing the vertex (g;, 2¢). After that, Resolver continues using the following strategy
on 8 Cy¢41. Consider the subsets

Zgj =1{i:2j =1, (&, 2))}, j € [£ —2],

and set also
Zgi0—1 = {(gi, 20 —3), (gi, 2 = 2), (i, 2¢ — 1)}.

Whenever Spoiler selects a vertex from some set Zg; ;, j € [£ — 2], Resolver replies
by playing the other vertex from the set. At some point, Spoiler will select a vertex
from Zg, ¢—1. If this vertex is (g;, 2¢ — 3) or (g;, 2¢ — 1), then Resolver replies by
playing (g;, 2¢ — 2). On the other hand, if the first vertex from Zg, ¢ 1 selected by
Spoiler is (g;, 2¢ — 2), then Resolver replies by playing (g;, 2¢ — 1).

We claim that using the above-described strategy, Resolver constructs a strictly
locating set of 8 Cy¢41. To show it, we need to demonstrate that no four consecutive
vertices were selected by Spoiler and that there are no five consecutive vertices such
that only the middle one was selected by Resolver. The first situation cannot happen
because in every set Z,, ; Resolver selected one vertex and because in Zg, ¢ he
has also selected one vertex. The second situation could only happen if Spoiler selects
(gi,2¢+1)and (g;, 1), but then since Resolver selected one of the vertices (g;, 2¢ — 1)
and (g;, 2¢ — 2), this also does not happen in this case. This proves the claim.

By the above argument and using the No-Skip Lemma [12, Lemma 2.2], Resolver
can select a strictly locating set in each Cy¢41-layer. Therefore, by Theorem 2.4 we
can conclude that o(G o Cyp41) = R. O

The assumption of Theorem 5.6 that G is free from false twins cannot be avoided.
For this sake, consider G = Kj 3 with V(G) = {go, g1, 82, g3}, where g¢ is the
vertex of degree 3. Clearly, the vertices g1, g2 and g3 are false twins. Consider now
the lexicographic product G o P7 and let Spoiler first select the vertex (g1, 2). The
aim of Resolver is to form a locating dominating set in 8! P;. For this reason, Resolver
must select the vertex (g1, 1). Afterwards, Spoiler selects (g1, 6), which in turn forces
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Resolver to select (g1, 7). As the third move, Spoiler selects (g1, 4), which enables
him to later select one of (g1, 3) and (g1, 5), depending on the next move of Resolver.
In this way, Resolver fails to select a locating-dominating set in 8! P;. Since Spoiler
can further apply the above-described strategy also in at least one of 82 P; and 83 Py,
by the No-Skip Lemma and Theorem 2.4 we conclude that o(G o P7) # R.

6 Concluding Remarks

We conclude the paper with the following open problems.

e Determine o(G o Pry11) and o(G o Ca¢41) when G contains false twins.

e Characterize the graphs G and H for which o(H) = R and o(G o H) = R.

e If G is anontrivial connected graph without true twins, then Ry (G o P2) = n(G),
see Theorem 4.2. Further, by Theorem 5.4 and Theorem 5.5, Ry (Go Py) = 2n(G)
and Ry (G o Pg) = 3n(G). It remains to determine Ry (G o Pyy) for £ > 4.

Acknowledgements Sandi Klavzar was supported by the Slovenian Research and Innovation Agency
(ARIS) under the grants P1-0297, N1-0285, N1-0355, N1-0431, J1-70045.

Data Availability Our manuscript has no associated data.

Declarations

Conflict of Interest The authors declare that they have no conflict of interest.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Baluntang, R.: Doubly isolate domination in lexicographic product of graphs. Int. J. Math. Comp. Sci.
20, 785-789 (2025)

2. Bennett, P, Frieze, A.: Some online Maker-Breaker games, Discrete Math. 348 (2025) Paper 114446

3. Blumenthal, L.M.: Theory and Applications of Distance Geometry. Oxford University Press, Oxford
(1953)

4. Cabrera-Martinez, A., Villamar, I.R., Rueda-Vazquez, J.M., Sigarreta Almira, J.M.: Double total dom-
ination in the generalized lexicographic product of graphs. Quaest. Math. 47, 689-703 (2024)

5. Dolzan, D.: The metric dimension of the total graph of a semiring. Ukr. Math. J. 76, 1799-1807 (2025)

6. Duchéne, E., Gledel, V., Mc Inerney, F., Nisse, N., Oijid, N., Parreau, A., Stojakovi¢, M.: Complexity
of Maker-Breaker games on edge sets of graphs. Discrete Appl. Math. 361, 502-522 (2025)

7. Hammack, R., Imrich, W., Klavzar, S.: Handbook of Product Graphs. CRC Press, Boca Raton, FL.
(2011)

8. Hefetz, D., Krivelevich, M., Stojakovi¢, M., Szabd, T.: Positional Games. Birkhduser/Springer, Basel
(2014)

@ Springer


http://creativecommons.org/licenses/by/4.0/

21

Page 12 of 12 Bulletin of the Iranian Mathematical Society (2026) 52:21

12.

13.

14.
15.

16.

17.
18.

20.

21.

23.

24.

. James, T., Klavzar, S., Kuziak, D., S, Savitha K, Vijayakumar, A.: Maker-Breaker resolving game

played on corona products of graphs. Aequat. Math. 9, 1221-1233 (2025)

. Jannesari, M., Omoomi, B.: The metric dimension of the lexicographic product of graphs. Discrete

Math. 312, 3349-3356 (2012)

. Jannesari, M.: The doubly resolving number of the lexicographic product of graphs. Discrete Math.

Algorithms Appl. (2025). https://doi.org/10.1142/s1793830925500892

Kang, C.X., Klavzar, S., Yero, I.G., Yi, E.: Maker-Breaker resolving game. Bull. Malays. Math. Sci.
Soc. 44, 2081-2099 (2021)

Kang, C.X., Yi, E.: Maker-Breaker metric resolving games on graphs, Discrete Math. Algorithms Appl.
16, Paper 2350006 (2024)

Kang, C.X., Kelenc, A., Yi, E.: Maker-Breaker strong resolving game. arXiv:2307.02373v2 (2024)
Knor, M., Skrekovski, R., Vetrik, T.: Sharp lower bounds on the metric dimension of circulant graphs.
Commun. Comb. Optim. 10, 79-98 (2025)

Kuziak, D., Rodriguez-Veldzquez, J.A.: Total mutual-visibility in graphs with emphasis on lexico-
graphic and Cartesian products. Bull. Malays. Math. Sci. Soc. 46, Paper 197 (2023)

Monsanto, G.B., Rara, H.M.: Resolving sets in graphs. Ital. J. Pure Appl. Math. 47, 862-871 (2022)
Orel, M.: The core of a vertex transitive complementary prism of a lexicographic product. Art Discrete
Appl. Math. 6, Paper P3.10 (2023)

. Samodivkin, V.: Domination related parameters in the generalized lexicographic product of graphs.

Discrete Appl. Math. 300, 77-84 (2021)

Saputro, S.W., Simanjuntak, R., Uttunggadewa, S., Assiyatun, H., Baskoro, E.T., Salman, A.N.M.,
Baca, M.: The metric dimension of the lexicographic product of graphs. Discrete Math. 313, 1045—
1051 (2013)

Tapendra, B.C., Dueck, S.: The metric dimension of circulant graphs. Opuscula Math. 45, 39-51 (2025)

. Tillquist, R.C., Lladser, M.E.: Low-dimensional representation of genomic sequences. J. Math. Biol.

79, 1-29 (2019)

Tillquist, R.C., Frongillo, R.M., Lladser, M.E.: Getting the lay of the land in discrete space: a survey
of metric dimension and its applications. SIAM Reyv. 65, 919-962 (2023)

Yi, E.: Fractional Maker-Breaker resolving game. In: Combinatorial Optimization and Applications,
COCOA 2020, Dallas, TX, USA pp. 577-593 (2020)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1142/s1793830925500892
http://arxiv.org/abs/2307.02373v2

	Maker–Breaker Resolving Game Played on Lexicographic Products of Graphs
	Abstract
	1 Introduction
	2 Preliminaries
	3 Some General Properties
	4 The Game on Products with a Complete Factor
	5 MBRG Where the Second Factor is a Path or a Cycle
	5.1 Short Paths
	5.2 Short Cycles
	5.3 Longer Paths and Cycles

	6 Concluding Remarks
	Acknowledgements
	References


