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Abstract

The aim of this paper is to apply the Djokovié-Winkler relation to subdivisions of partial
cubes and then to derive closed formulae for computing the topological indices of the subdivi-
sion graphs, provided the indices of its associated partial cubes are known. We have applied
the obtained formulae to the subdivisions of circumcoronenes to compute the exact analytical
expressions of its distance and degree-distance based indices. We have also obtained distance-
based and degree-distance based indices of silicate graphs such as pruned quartz. Such silicate
molecular structures have potential applications in nanomedicine for drug delivery systems, as

these materials could serve as molecular belts for efficient drug delivery.
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1 Introduction

Graph theory has become an important and integral part in drug discovery and predictive toxicology,
as it plays a key role in the analysis of structure-property and structure-activity relationships.
That is, various properties of molecules depend on their structures and consequently, quantitative
structure-activity-property-toxicity relationships (QSAR/QSPR/QSTR) research has emerged as a

prolific area of research in in-silico characterization of physico-chemical properties, pharmocologic
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and biological activities of chemical compounds and materials. These studies have been extensively
applied to chemometrics, pharmacodynamics, pharma-cokinetics, toxicology and so on [24].

Topological indices are molecular structural descriptors which theoretically and computation-
ally characterize the underlying connectivity of chemical compounds and nanomaterials and hence
facilitate faster techniques to analyze their properties and activities. The molecular graphs are to
a great extent related to the topological approach of graph theory which replaces the traditional
additive scheme. Such applications of combinatorics and graph theory to chemical and drug re-
search have been the topic of several studies over the years [4,6,7]. Topological indices are usually
based on underlying connectivity as characterized by degrees, distances or degree-distances. In our
present investigation, we focus on deriving results for the distance-based and degree-distance-based
descriptors using the cut method that serves as an efficient method in the computation of these
indices for SiOy molecular belts.

Silicon dioxide, also widely known as quartz, is a naturally occurring compound of silicon and
oxygen. Silica has three main crystalline varieties: tridymite, cristobalite and quartz. Quartz is
the most common polymorph of crystalline silica and is the single most abundant mineral in the
earth’s crust, while cristobalite and tridymite are formed at a high temperature from quartz. The
structure of quartz and its related structure are shown in Figures 1(a) and 1(b), respectively. Since
the topological indices of tridymite and cristobalite have been studied [3,11, 14, 16,25], we focus
on deriving exact analytical expressions of topological indices of pruned quartz and its related
structure. It is noted that the pruned quartz with the removal of pendant bonds constitute an
interesting bridge for studies on silicon clusters [5,31] through laser vaporization techniques.

The hypercube structure is one of the most powerful graph-theoretical structured which is used in
different fields of research. Isometric subgraphs of hypercubes are known as partial cubes. Djokovié¢
characterized these graphs in terms of the convexity of subgraphs called half spaces [8]. This
characterization contains the seed of the relation © for bipartite graphs. It took a decade, however,
before Winkler explicitly defined the relation in [29]. Moreover, his definition does apply to all
graphs which turned out to be the milestone for numerous developments since then. In this paper,
we have developed closed formulae for the efficient computation of the subdivision of families of
partial cubes by applying the key concept of cut method [18,20] to the edges and joining the
decomposed graphs to form strength-weighted graphs [2, 3].



(a)

Figure 1: SiO structures (a) Quartz, (b) Quartz without pendant vertices
2 Graph theoretical terminologies

Let G be a simple, finite, connected graph with |V(G)| and |E(G)| to represent the number of
vertices and edges, respectively. The degree of a vertex v € V(G) is the number of edges incident
to v, denoted by dg(v), and the minimum number of edges in a shortest u,v-path between the
vertices u,v € V(G) is denoted by dg(u,v). The distance between an edge e = ab € E(G) and
a vertex v is defined as dg(e,v) = min{dg(a,v),dg(b,v)} and for any two edges e = ab, f = zy,
the distance between them is defined by Dg(e, f) = min{dg(e,z),dg(e,y)}. This definition is
from [30]. The function D¢ is not a distance function in the sense of the theory of metric spaces
because for adjacent edges e and f, e # f, we have Dg(e, f) = 0. Independently from [30], the
way how a distance between two edges can be defined was carefully examined in [13]. As pointed
out, if the distance between two edges of G is defined as the distance between the corresponding
vertices in the line graph of G one gets a metric space. So one can define the edge-Wiener index
of a graph using one of these two definitions. Luckily, this is only a technical matter because, as
shown in [13, Corollary 8], the two indices differ exactly by the factor (Tg), where m is the number
of edges of the graph in question.

Recently, a strength-weighted graph [2] has been introduced as the generalization of weighted-
graph. A strength-weighted graph is a triple G4, = (G, SWy, SWEg) where G is a simple graph and
SWy, SWEg are the strength-weighted functions defined on vertices and edges of G respectively as

follows:
o SWy = {(wvysv) . Wy, Sy - V(Gsw) — R(J)r}a
o SWg = {(we, S¢) : We, Se : E(Gsw) — Rg}.

For our purpose of study, we assume that we. = 1 for every edge e € Gy, and henceforth Gy, =



(G, (wy, Sv), Se). A few basic terminologies related to G and G, are presented in Table 1. Collecting
these terms, the definitions of the distance-based and degree-distance-based topological indices for
a simple graph and strength-weighted graph are presented in Tables 2 and 3, respectively. If w, =
se = 1 and s, = 0, then the topological indices of strength-weighted graphs yield TI(Gsy) = TI(G).

Table 1: Basic terminologies of G and G,

Terms Simple Graph G Strength-weighted graph G,
Distance da(u,v) = da,,, (u,v)
Neighborhood Ng(u) ={v € V(GQ) : dg(u,v) =1} = Ng,,, (u)
Degree d(u) = |Na(u)| Ao () = 250(w) + Y se(uz)
TENG,,, (u)
Counting sets Ny(e|G) ={z € V(G) : dg(u,z) < dg(v,z)} = Ny(e|Gsw)
for e = wv M, (e|G) ={f € E(G): dg(u, f) <dg(v, f)} = Mu(e|Gsw)
ny(e) ny(e|G) = [Nu(e|G)| ny(e|Gow) = > wy ()
€Ny (e|Gsw)
mu(e) mu(€|G) = ‘Mu(e‘G)’ mu(€|Gsw) = Z Sv(x) + Z Se(f)
xeNu(e‘Gsw) feMu(€|G3'UJ)

The n-dimensional cube or a hypercube Q,, n > 1, is a recursive Cartesian product of n factors
of Ko, in other words, V(Q,) = {0,1}" and two vertices are adjacent if they differ exactly in one
position. If dg(u,v) = dg(u,v) for all u,v € V(H) where H C G, then the subgraph H of G is said
to be isometric. A mapping f : V(H) — V(G) is an isometric embedding if f(H) is an isometric
subgraph of G. As already said, partial cubes are graphs that admit isometric embeddings into
hypercubes. Since V(@) = {0,1}", this can be rephrased by saying that a graph G is a partial
cube if and only if its vertices u can be labeled with binary strings ¢(u) of fixed length, such
that dg(u,v) = H(4(u),f(v)) for any vertices u,v € V(G), where H is the Hamming distance of the
strings, cf. [22]. (The Hamming distance between two strings is the number of positions in which the
strings differ.) Hypercubes, even cycles, trees, median graphs, benzenoid graphs, phenylenes, and
Cartesian products of partial cubes are all partial cubes and partial cubes are bipartite graphs [19].
A subgraph H of a graph G is said to be convex in G if every shortest path in H is a shortest path
in G.

Computing topological indices based on distance for larger families of partial cubes become a
tedious process, whereas the cut method serves as one of the most useful methods for calculating

the distance-based topological indices of families of partial cubes without actually calculating their



Table 2: Topological indices of a simple graph G

Topological indices Mathematical expressions

Wiener w(@G) = > da(u,v)
{u,v}CV(G)
Edge-Wiener We(G)= Y>>  Dgle, f)
{e,f}CE(G)

Vertex-edge-Wiener ~ Woo(G) =3 Y. X da(u, f)
ueV(G) fEE(G)

Vertex-Szeged Szy(G) = > nu(e|G) ny(e|G)
e=uwveE(G)

Edge-Szeged Sze(G) = >, myu(e|lG) my(e|G)
e=uwveE(G)

Edge-vertex-Szeged Sze(G) =3 X [nu(e|G) my(e|G) + ny(e|G) my(e|G)

e=uwweE(G)

Total-Szeged Sz(G) = S2y(G) + Sz(G) + 2 Szer (G)

Padmakar-Ivan PIG) = > [mu(e\G) + mv(e\G)}
e=wv€E(Q)

Schultz S@G) = % [dG(u) + dG(v)} de(u, v)
{u,v}CV(G)

Gutman Gut(G) = >  dg(u) dg(v) dg(u,v)
{uv}CV(G)

distance and by means of Djokovié¢-Winkler relation. The Djokovié-Winkler relation © [8,29] is
defined on E(G) as follows: if e = ab € E(G) and f = cd € E(G), then e©f if dz(a,c) + dg(b,d)
# dg(a,d) + dg(b,c). The relation © is reflexive and symmetric, but not transitive in general.
If G is bipartite, then © is transitive if and only if GG is a partial cube. Consequently, if G is a
partial cube, then O yields a ©-partition F(G) = {F1,..., Fi} of E(G). Moreover, for any O-
class Fj, the graph G — F; consists of exactly two components, cf. [20]. On the other hand, the
transitive closure ©* forms an equivalence relation on any graph G and partitions F(G) into O*-
classes F'(G) = {F{,..., Fj}. If F/ € F/(G), then the quotient graph G/F] has the components
of G — F; as vertices, two components being adjacent if there exists an edge from F] with one
end-vertex in one component and the other end-vertex in the other component.

A partition E(G) = {E1,..., E,} of E(G) is said to be coarser than the partition F(G), if each



Table 3: Topological indices for strength-weighted graph Gy,

Topological index Mathematical expressions

Wiener W(Gsw) = > wy(u) wy(v) dg,,, (u,v)
{u,w}CV(Gsw)
Vertex-Szeged Sz (Gsw) = > se(e) nu(e|Gsw) nu(e|Gsw)

e=uwv€E(Gsw)

Edge-Szeged Sze(Gsw) = > se(€) my(e|Gsw) my(e|Gsw)
e=uv€E(Gsw)

Edge-vertex-Szeged  Szew(Gsw) = 3 > se(€) [nyu(e|Gsw) my(e|Gsw)+
e=uwv€E(Gsw)

10 (€] o) mu(eyasw)}

Total-Szeged Szi(Gsw) = S2u(Gsw) + Sze(Gsw) + 2 Szew(Gsw)

Padmakar-Ivan PI(Gsw) = > se(e) [mu(e|Gsw) —}—mv(elew)}
e=uv€E(Gsw)

Schultz SGw) = X [wu(0)de., @) + w(w)da,, )] da.,(u,v)
{u, v}V (Gsw)

Gutman Gut(Gsy) = > da.,(w) da,, (v) da,,, (u,v)
{u,0}CV(Gsw)

set FE; is the union of one or more ©*-classes of G. We now conclude this section by stating two

key-theorems on the cut method for our further study.

Theorem 1. Let F(G) = {F1,..., Fi} be the ©-partition of a partial cube G. Let ny(F;), na(F;)

be the orders and my(F;), ma(F;) the sizes of the two components of G — Fj, respectively. Then

() ROIW(G) = 3 m(F) na(F),

=1

k

(i) [30] We(G) = ;ml(Fi) ma(F;),

(iii)  [1] Wye(G) = § Y- [n1(Fy) ma(F;) + na(F;) mi(F)],

=1
k
() [10] Sz(G) = ;1 |Fil na(F3) na(Fy),

(v) [30] S2(G) = 3 |Fi| mi(F3) ma(F),

=1



(1) 26] 522,(G) = § 32 IF {ma(F) ma(F) + na(F) ma(F)
(i) [13] PI(G) = |BG) - X3 T
(i) [17) S(G) = [B(Q)|IV(G)|+2 3= () malF) + na(F) mn (),

(iz) [17] Gut(G) = 2|E(G)* + i[4m1(Fi) ma(F;) — |Fi?].

It is interesting to observe from the above theorem that if G is a partial cube, then
o S(G) = |E(G)|IV(G)| + Wy(G), and
e Gut(Q) = |E(G)|? + PI(G) + 4W,(G).

Theorem 2. [2] Let Goy = (G, (wy, $v), 5c) be a strength-weighted graph, let E(G) = {Ex, ..., Ep}
be a partition of E(G) coarser than F(G), and let TI € {W, Szy, Sze, Szev, PI,S,Gut}. Then,
p . . .
TI(GSU)) = Z TI(G/EM (qu)a 8?0)7 Sze) ’
i=1

where

o w :V(G/E;) = RY is defined by w'(C) = > wy(x),V C € G/E;,

zeC
o s\ V(G/E;) — RY is defined by s (C) = > se(zy) + Y. su(z), V C € G/E;,
zyeC zeC

L B(G/E;) — RY is defined by sL(CD) = ZE se(zy), for any two connected components
S
Ig%,yED

® S

C and D of G/E;.

3 Subdivisions of partial cubes

If G is a graph, then the subdivision graph Sub(G) of G is the graph obtained from G by replacing
every edge uv of G with a new vertex x,, and connecting x,, with v and v. The cardinalities of
the vertices and the edges of Sub(G) become |V (G)| + |E(G)| and 2|E(G)|, respectively. As we
have already mentioned that every ©-class of a partial cube G decomposes the graph into exactly
two components resulting in quotient graph Ky with edge-strength value |F;| and vertex-strength-

weighted values (ni(F;), mi(F;)) and (no(F;), ma(F;)) as shown in Figure 2. It has been proved



in [3] that any ©-class F; = {ujv; : 1 < j < s} of a partial cube G with |F;| > 3 yields a
O©*-class F] = {ujzj,zjv; : 1 < j < s} in Sub(G). Clearly, F] decomposes Sub(G) into |F;| + 2
components resulting in the quotient graph K |p, with the edge-strength 1 for all the edges and
the vertex-strength-weighted values for one partite vertices as (a;(F)),b;(F})) and (¢;(F}), d;(F}))
and the other partite vertices (1,0), see Figure 2. In the case of |F;| < 2,i.e. s =1 or 2, we assume
that F! = {ujz;,zjv; : 1 <j < s} which is a union of two ©*-classes in Sub(G) [3] and the above

arguments hold.

G Sub(G)
F F
. . Subdivision . . .
@ Construction of quotient graphs il
(1,0)
¢ (0 (F), my(F;))
1 |
IF| (a;(F)), b(F)) (c;(F)), di(F))

l
¢ (0y(F;), my(F7))
K; K, IF;|

Figure 2: Construction of quotient graphs G/F; and Sub(G)/F]

Theorem 3. Let F(G) = {Fy,...,F}} be the O-partition of a partial cube G and F'(Sub(G)) =
{F{,...,F.} the ©* -partition of Sub(G). If T1 € {W, Sz, Szc, Szev, PI, S, Gut}, then

k

TI(SUb(G)) = Z TI(K2,|F,|7 (qu” Sf})a 52) )
1=1



Furthermore,
(i) W(Sub(G)) = 2W(G) + 4Wye(G) + 2We(G) + [E(G)[(|V(G)| + |E(G)| - 1),
(ii) Sz, (Sub(G)) =252,(G) + 4526, (G) + 2582.(G) + (|E(G)|? = PI([G))(|V(G)| + |E(G)| +2) —
k
2[E(G)| - ;1 |E[?,
k
(iii) Sze(Sub(G)) = 85z(G) — 2| E(G)| + 2(|E(G)|> = PI(G))(|E(G)| +1) - 2 ; |E[?,

(iv) Szey(Sub(G)) = 3[852¢u(G)+8Sz(G)+(|V(G)|+3|E(G)|+4)(|E(G) > — PI(G)) —4|E(G)| —
k
3 ;1 |57,

(v) Sz (Sub(G)) = 2[952e(G) 4+ 652y (G) + Szu(G) + (|V(G)| + 3| E(G) |+ 4) (| E(G)|? — PI(G)) —
41E(G)| -3 ; |Fil?],

(vi) PI(Sub(G)) = 2(|E(G)P + PI(G)),
(vii) S(Sub(G)) = 16Wye(G) + 16W.(G) + 4|E(G)|(|V(G)] — 1) + 6| E(G)|? + 2PI(G),
(viii) G(Sub(G)) = 32W.(G) + 10| E(G)[2 — 4|E(G)| + 6PI(G).

Proof. As noted above, the ©*-classes of Sub(G) yield the quotient graphs Ky g, with strengths
and weights as given in Figure 2. Hence the first formula of the theorem follows from Theorem 2.

Applying the same theorem, we can compute as follows.

M-

Il
MR

(i) W(Sub(@)) = S W (Ko, (wh, 3), 5L

7

I

Il
—

[m(ﬂ')ci(m’) 1 [a(ED + e(FD) + |BI(F] - 1)]

2

Il

Il
—_

[2n1<Fi)n2<Fi> 2y (F)ma(F) + ma (Fyna(F)] +

7

2y (Fms(F) + | B [ (F) + na(F) + ma(Fy) + ma(Fy) + | Fy| — 1}}

= 2W(G) + 4Woe(G) + 2We(G) + [E(G)|(IV(G)] + [E(G)] - 1).



(ii) Sz, (Sub(G ZS'Z’U Kz JE] ( ) )

= Z | il [(ai(F{) +HIE] = D(e(F) +1) + (ei(F) + [Fi - 1)
+

2a;(F))ci(F)) + |Fi|[ci(F}) + ai(F}) + 2] — 2

2n (F; ) + 2[n1(Fy)ma(Fy) + ma (Fi)na(Fy)] +

2m (F;)ma(Fy) + |E| [n1(Fy) 4 no(F) + ma(F) + ma(F) + |Fi| 4 2] —
!FHZ—Q]

= 252,(G) +45200(G) + 2Sze( )+ (|B(G)]* = PI(G))(IV(G)|+

[E(G)| +2) = 2|E(G I—ZIFI3

(iii) Sze(Sub(G ZSze (K25, (wy, 1), st)
_ Z 7 [(bi(F{) +F| = 1D)(d:(F)) + 1) + (di(F]) + |F| - 1)
() + 1)
:izk;m\[%i( Ddi(F}) + | F|[bi(F) + di(F)) + 2] — 2

k
= 31 s (Ema(F) + 20 () + ma(F) + ||+ 1] -
2R - 2]

k
= 852.(G) = 2|E(G)| + 2(|E(G)]* = PI(G))(IE(G)| + 1) — 22 |Ei[°.

10



(1v) Szep (Sub(G)) =

( ) SZt Sub

(vi) PI(Sub(G

k
> Sew (Ko gy, (wh, s}), s1)

=1
ZF\[az )4 1B = D(d:(ED) + 1)+ (d(E) + ||~ 1)
(@s(E) + 1) + ((F) + | = D(@(F) + 1) + (ei(ED + [F — 1)

(F) + 1)

k

=12Fi\[ﬂai(ﬂ’)di(ﬂ'wbi( Der(ED)] + 1Fil [as(FY) + du(EY)

2'7

+b;(F)) + di(F, )+4]—4}
ZF\[ ma(E5) + ma(Fi)na(F3)) + 8ma (Fyma(Fi) +

|F |[n1( ) +TL2(F') + 3m1(Fi) + 3m2(Fi) —|—3‘Fi‘ —l—4] — 3‘Fi‘2 —

=3 |:SSZeU(G) +852(G) + (IV(G)| + 3|E(G)| + 4)(|E(G)]* - PI(G))~

k
1B -3 IR
=1

Z Sz K2|F| ) )

= Sz, (Sub(G)) + Sze(Sub(G)) 4 28 2zey (Sub(G)).

ZPI K2|F\ v? v) )
—ZW[ D)+ B =1+ di(F)) + 1+ di(F)) + |F| — 1
+bi(F, )+1}
k
= 2311 + ) +
_QZyF[ml ) + 2ma(F, ~)+2|Fz|—|Fil]
= 2(|B(G)]* + PI(G)).

11



k
(vii) S(Sub(G)) = ZS K, (wh, sh), st)

i=1
Zk;[ F}) + |F|) + ci(F)(20:(F)) + [Fi])] + | B3| [264(F)) +
2d;(F}) + 2a;(F}) + 2¢;(F}) + 2|F;|] + 4|F|(|Fi| — 1)

= Zk: {4[ai(F{)di(F{)+Ci(F{)bz(F )] + 2| F| [2ai(F) + 2¢:(F})+
bi(Fy) + di(F}) + 3|F;| — 2]

k
= Z |:8 [nl(Fz)mg(Fz) + ng(Fz)ml(Fz)] + 16m1(Fi)m2(Fi)+

2|Fl| [271,1(Fi) + QnQ(Fi) + 4my (FZ) + 4m2(Fi) + 3|FZ| — 2]

= 16Wye(G) + 16Wo(G) + 4|E(G)|([V(G)| — 1) + 6| E(G)[2 + 2PI(Q).

M-

s
Il
i

(viii) G(Sub(@)) = G (Ko, |F; s (wy, v)’si)

|

N
Il
i

[ [(204(F)) + |F3]) (2ds(F}) + | F3D)] + | Fi| [2(20:(F)) + | Fi|)+

2(2d;(F)) + |F|)] + 4|F]” — 4|F|

= 32W.(G) + 10|E(G)|? — 4|E(G)| + 6PI(G).

F}) + |F;|[8bi(F}) + 8d;(F}) + 10| F;| — ]]

IIM?r I M?r

32my (Fy)ma(F;) + 16| Fy| [ma (F;) + ma(F;)] + 10| — 4IEI]

O]

We now show an application of Theorem 3 to the subdivisions of circumcoronenes. For the
circumcoronene series depicted in Figure 3, the cuts are shown in Table 4. Due to the symmetry

of the circumcoronene H,, the cuts are symmetric to each other and clearly |Hy;| = |Ayi| = |O4il.

12



The cardinality of |H;| has been computed in [10]:

n+1 :11<i<n-1
|H;| =

2n i=n

Table 4: Elementary cuts of the circumcoronene H,

Elementary cuts Notation Direction towards centre
Horizontal {H;: 1<i<n} North
{H_;: 1<i<n-1} South
Acute {4;: 1<i<n} North-West
{A_;: 1<i<n-1} South-East
Obtuse {0;: 1<i<n} North-East
{O_;: 1<i<n-—-1} South-West

Figure 3: The structure of circumcoronene H,
n—1
Let F be the set of cuts of H,. Then > |F|?> =6 (n+i)3+3(2n)% = w In
FeF i=1

addition to this computation, we now recall the results related to H,, in order to compute the

topological indices of the subdivision of H,.
Theorem 4. If n > 1, then the following hold.
1. [21] W(H,) = £(164n° — 30n3 + n),
2. [30] We(Hy) = (24605 — 340n" + 140n3 — 5n% — n),

13



3. [1] Wye(Hy) = 75(492n° — 340n* + 25n% + 3n),

4. [10] Szy(Hy) = 2(36n° — n* 4+ n?),

5. [9] Sze(Hy) = 15(1215n° — 1599n° + 680n* — 105n® + 55n% — 6n),
6. [1] Szev(Hy) = 55(1620n5 — 1066n° + 135n* — 1003 4 45n% — 4n),
7. [1] Sz (Hy) = (67505 — 533n° + 160n* — 23n® + 23n? — 2n),

8. [1] PI(H,) = 81n* — 68n3 + 12n% — n,

9. [12] S(Hy) = 2(492n° — 205n" — 45n3 + 25n + 3n),

10. [1] Gut(H,) = £(1476n° — 1230n* + 230n> + 75n% — 11n).

Table 5: Asymptotic behaviors of H,, and Sub(H,,)

Asymptotic Behavior
Topological index N
H, Sub(Hy,)
Wiener Bdpd N 125N
Vertex-Szeged 54n5 N 12.5N
Edge-Szeged %nbﬁ N 8N
Edge-vertex-Szeged | 81nS N 10N
Total-Szeged %ne’ N 9.68N
Padmakar-Ivan 81nt N AN
Schultz %Tﬁ N 10N
Gutman %)76115 N 8N

Theorem 5. If n > 1, then the following hold.
1. W(Sub(H,)) = 410n® — 205n* + Tn® + 4n,
2. SZ,(Sub(H,)) = $(1350n° — 646n° + 101n* + 64n® — 17n? + 12n),
8. SZ(Sub(Hy)) = £(4860n° — 5136n° + 1805n* — 70n® + 251 + 16n),
4. 8Zcy(Sub(Hy)) = 55(16200n° — 12436n° + 3055n + 370n3 — 85n? + 96n),
5. SZy(Sub(Hy)) = £(16335n° — 12969n° + 3585n + 2751 — 60n? + 94n),

14



6. PI(Sub(H,)) = 324n* — 244n3 + 42n? — 2n,
7. S(Sub(H,)) = 1968n° — 1312n* + 140n3 + 58n2 + 10n,
8. Gut(Sub(H,)) = £(1968n° — 1640n" 4 330n° + 65n2 — 3n).

The exact analytical expressions of the indices presented in Theorems 4 and 5 are univariate
polynomials with degree 6 for the four variants of the Szeged indices, degree 4 for the PI index and
degree 5 for the Wiener, Schultz and Gutman indices. As n increases indefinitely, the asymptotic
behaviors of the Szeged indices being the highest degree polynomial dominates the other indices in

H,, and Sub(H,).

4 Topological indices of SiO,; quartz

The structure of SiOs quartz of dimension n is shown in Figure 4. The only difference between the
subdivision of circumcoronene and SiOsy quartz is that the additional 6n pendant vertices. In this

section, we compute various distance and degree-distance based topological indices of SiOs quartz.

Figure 4: Elementary cuts on the structure of SiOy quartz

Theorem 6. If G is the n-dimensional (n > 2) SiOs quartz structure, then the following holds.
1. W(G) = £(4460n° + 4745n" 4 2748n3 — 677n? + 64n),
2. Sz,(G) = 1(2170n5 + 13061 — 773n* + 808n> + Tn? 4 22n),
8. Sz.(G) = $(6910n° + 181n° — 1100n" + 25151 — 230n? + 64n),
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4. Szen(G) = (1302005 + 3398n° — 3925n* + 476003 — 305n% 4 122n),

5. Sz(G) = 5(50710n° + 13688n° — 13915n* + 18590n3 — 103512 + 482n),
6. PI(G) = 540n* — 172n3 + 18n? + 4n,

7. S(G) = £(5352n° + 11057n + 16613 + 265n2 + 80n),

8. Gut(G) = 2(2676n" + 6455n° + 5875n? — 680n + 29).

Proof. We have |V(G)| = |V (Sub(H,))| + 6n and |E(G)| = |E(Sub(H,))| + 6n. To proceed the
computation of indices, we first identify the ©*-classes on the edges of G. The horizontal, acute
and obtuse cuts are similar to that of the subdivision of circumcoronene, along with 6n pendant

cuts P; on the boundary of SiOy quartz structure as shown in Figure 4.

Case 1: {H;: 1<i<n}

On applying the cut H;, the quotient graph obtained is K x| which is similar to that of the quo-
tient graph of the subdivision of a partial cube shown in the Figure 2. The edge-strength value is
1 each and the vertex-strength-weighted values (a;(F}),b;(F})) and (¢;(F}),d;(F})) are as follows:
For1<i<n-—1,

a;(F]) = 1{5i® + 10in + i}, bi(F]) = 3i* + 6in — i — n,

)

¢i(F}) = 3{30n% — 10in — 5i® + 4n — 3i}, d;(F)) = 18n* — 3i? — 6in — n — i.

()

We denote,
TI(Gy) = TI(G/H;, (w!,s'),st). (1)

v (&
For i = n,

ai(F}) = ¢;(F]) = 3{15n? + n}, bi(F)) = d;(F}) = 9n* — 2n.

7 3

TI(Go) = TI(G/H;, (w!,s),st). (2)

vrTv/rTe

Case 2: {P,: 1<i<6n}

Since there are 6n pendant vertices along the boundary of SiOs quartz, we observe that each pendant
edge-cut forms its own ©*-class. The quotient graph obtained is a Ky graph with edge-strength 1

and vertex-strength-weighted values as follows:
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c(Ff) = V(G) =1, d(F)) = [BE(G)| - 1.

Set
TI(Gs) = T1(G/F;, (w),s,). s¢) - (3)
From Egs. (1)-(3), we obtain
n—1
TI(G) =6 TI(G1)+ 3TI(G2) + 6nTI(Gs).
i=1

Using a straightforward computation by a MATLAB interface, we get the required expressions. [

5 Conclusion

In this paper, we have shown the connection between partial cubes and its subdivision graph with
respect to distance and degree-distance based topological indices. The results obtained in this
paper can be used in the efficient computation of the subdivision of any member of the family
of partial cubes. We have applied these formulae to compute the indices of the subdivision of a
circumcoronene. The analysis of asymptotic behaviors indicated that the variants of the Szeged
indices of the circumcoronene and its subdivision dominates the other indices.

In Theorems 3, 5, and 6 the edge-Wiener index and the vertex-edge-Wiener index are not
included because they lead to certain technical problems. The method of computing these indices
for a strength-weighted graph and application of it to the subdivision graphs of partial cubes are
under investigation though. In addition, it is interesting to note that the results in Theorem 3
can be extended to more than one subdivision of an edge and applied on variants of graphyne and
graphydyine such as a-, -, and y-graphyne, and a-, -, and y-graphdyine that are respectively
obtained [23,27,28] by inserting one acetylenic linkage -C = C- and two acetylenic linkage between

two bonded carbon atoms in graphene.
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