Appl. Math. Lett. Vol. 9, No. 5, pp. 45-49, 1996
Pergamon Copyright©1996 Elsevier Science Ltd
Printed in Great Britain. All rights reserved
0893-9659/96 $15.00 + 0.00
PII: S0893-9659(96)00071-7

The Szeged and the Wiener Index of Graphs

S. KLAVZAR*
University of Maribor, Slovenia
Department of Mathematics, PEF, University of Maribor
Koroska 160, 62000 Maribor, Slovenia

A. RAJAPAKSE
Montanuniversitat Leoben, Austria
Mathematik und Angewandte Geometrie, Montanuniversitat Leoben
A-8700 Leoben, Austria

I. GuTMAN!
Attila J6zsef University, Szeged, Hungary
Institute of Physical Chemistry, Attila Jézsef University
P.O. Box 105, H-6701, Szeged, Hungary

(Received and accepted January 1996)

Abstract—The Szeged index Sz is a recently introduced graph invariant, having applications in
chemistry. In this paper, a formula for the Szeged index of Cartesian product graphs is obtained
and some other composite graphs are considered. We also prove that for all connected graphs, Sz
is greater than or equal to the sum of distances between all vertices. A conjecture concerning the
maximum value of Sz is put forward.
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1. INTRODUCTION

In recent research in mathematical chemistry, particular attention is paid to distance-based graph
invariants. The oldest and most thoroughly examined such invariant is the Wiener index (or
Wiener number) W; for details on its theory see the review [1]. Another, newly introduced
invariant of the same kind is the Szeged index [2] Sz. A few basic mathematical properties of Sz
were established [2-5] and its certain chemical applications reported [6,7].

Graphs considered in this paper are finite, connected and undirected, without loops or mul-
tiple edges. For a graph G, let V(G) and E(G) denote its vertex set and edge set, respectively.
The number of vertices of G will be denoted by |G| and dg(v) will stand for the degree of a
vertex v in G.

Let dg(u,v) be the number of edges in a shortest path between vertices u and v in a graph G.
Then the Wiener indez of a graph G, W(G) is defined as W(G) =1/23_, .cv(q) d6(u,v)-

Let e = uv be an edge of a graph G. Let Ni(e | G) be the vertices of G which are closer to u
than to v and let Na(e | G) be those vertices which are closer to v than to u. More formally,
Ni(e | G) = {w | w € V(G),dg(w,u) < dg(w,v)} and Ny(e | G) = {w | w € V(G),dg(w,v) <
dg(w,u)}. Let ni(e | G) = |N1(e | G)| and no(e | G) = |N2(e | G)|. Then the Szeged indez of a
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graph G, denoted by Sz(G), is defined as

546)= ¥ mi(e|G)m(e|G).
e€E(G)

Notice that in the previous works, [2-5] the symbol W* was used instead of Sz, and no name for
the respective graph invariant was put forward.

The Cartesian product G x H of graphs G and H has the vertex set V(G x H) = V(G) x V(H)
and (a,z)(b,y) is an edge of G x H if a = b and zy € E(H), or ab € E(G) and z = y. Note that
each edge of G x H is either contained in an (isomorphic) copy of G or in an (isomorphic) copy
of H. Observe also that in G x H, there are |H| isomorphic copies of G and |G| isomorphic copies
of H. The Cartesian product is associative and commutative. Furthermore, it is connected if
and only if both factor graphs are connected.

The Wiener index of Cartesian product graphs was studied in [8,9]. Here we consider the
Szeged index of such graphs. In the next section, we establish a formula for Sz of Cartesian
product graphs in terms of their factors and extract some important special cases. This formula,
compared with the respective expression for W, indicates that in the case of Cartesian product
graphs, Sz exceeds W. In Section 3, we show that a more general result holds, namely that for
all {connected) graphs, Sz > W. We further propose a conjecture about the maximum value
of Sz. Finally, in Section 4, we consider the Szeged index of some other composite graphs.

2. THE FORMULA FOR CARTESIAN PRODUCTS
THEOREM 2.1. For any graphs G and H, Sz(G x H) = |G[3Sz(H) + |H[3S2(G).

ProoOF. Let P = G x H. Since there are only two types of edges in P—corresponding to copies
of H and of G, respectively—the Szeged index of P can be written as the sum of

Y > m@9)ay) | P) n2((az)(e,y) | P),

a€V(GQ) zycE(H)

and

> Y mez)b2)| P)-ny(a,2)(b,z) | P).

2€V(H) ab€E(G)

Observe now that n1((a,z)(a,y) | P) = |G|-n1(zy | H) and ny((a, z)(a,y) | P) = |G|-n2(zy | H).
Analogous statements hold for the edges in copies of G, i.e., edges (a,z)(b,z). Thus, Sz(P) is
equal to

GP S ni(oy | H) omaay | )+ HP Y ni(ab] G)-ma(ab] G),
zy€E(H) abEE(G)

which completes the proof.

Since the Cartesian product is associative, repeated application of Theorem 2.1 yields the
following corollary.

COROLLARY 2.2. Let n > 2. Then, for any graphs Gy,...,G, on at least two vertices,
n
Sz(G1x Gy x - xGp)=> | Sz(G:) - [[1GiP | -
i=1 J#i

Recall from [8,9] that the Wiener index of the Cartesian product of two graphs is given by the
formula W (G x H) = |G|*W(H) + |H|*W(G), and therefore,

WG xGyx - xGyp)= \Z: (W(G,.)-H|G,-|2) :

i=1 jei
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We give two examples for the above results.

(i) Denote the Cartesian product of n copies of a graph G by G™. Then we have Sz(G™) =
n|GPR"=D82(G) and W(G™) = n|G|2*~DYW(G). The later formula also appears in [8].

(ii) Grid graphs are Cartesian products of paths, i.e., graphs of the form P, x P,. Recall
from (8,9] that W(P,) = 1/6n(n? ~ 1). Since in addition Sz(P,) = W(P,), we have
S2(Pp x Pp,) = 1/6(2n*m3 —nm(n? —m?)) which should be compared with W (P, x P,) =
1/6(n’m?(n + m) — nm(n — m)).

3. RELATION BETWEEN SZEGED AND WIENER INDICES

Comparing the formulas for the Szeged and Wiener index of G x H, it is readily seen that
Sz increases with the size of the graphs G and H faster than W. In particular, Sz(G x H)
will exceed W(G x H) whenever Sz(G) and Sz(H) exceed W(G) and W(H), respectively. This
observation is, however, just the tip of an iceberg. Namely, we now demonstrate the following
result conjectured in [2].

THEOREM 3.1. S2(G) > W(G) holds for all (connected) graphs.

The class of graphs for which Sz and W coincide was characterized by Dobrynin and one of
the present authors [4]: these are the graphs with complete blocks. This, in particular, implies
that Sz = W for trees and for complete graphs.

Theorem 3.1 could be obtained by combining certain results from {3,4] (but it was not stated
in either of those articles. Here we offer a direct and more transparent proof.

Consider a graph G and choose one of the shortest path between each pair of its vertices.
The set of these paths is denoted by Q; its cardinality is |G|(|G| — 1)/2. (The way in which the
elements of Q are chosen is immaterial.) Let e = uv be an edge of G. Denote by Q(e) the subset
of ) containing paths that go through the edge e.

LEMMA 3.2. W(G) = X cp(q) I92e)

PrOOF. The right-hand side of the equation counts the distances between all pairs of vertices
of G by counting how many times an edge is contained in the (chosen) shortest paths, and then
summing the result over all edges. Hence, the lemma.

Denote by z; and zo the endpoints of the path w in Q(e). If by starting from x; and going
along w, the vertex u is passed before v, then x; is said to be the u-endpoint, and x5 the v-endpoint
of w.

Let Ny(e | ©) and N3(e | ) be the sets of u-endpoints and v-endpoints, respectively, of the
paths from Q(e).

Because w is a shortest path, z; € N;(e | G), ie, N(e | Q) C Nie | G) for i = 1,2.
Consequently,

INfe| )| <ni(e|G); i=12 (1)

LEMMA 3.3. |Q(e)| < |N7(e| Q) |N5(e| Q).

PROOF. Observe that |Q(e)| = |Nf(e | Q)||N3(e | )| would hold only if for every pair of
vertices r1 and z2, 73 € Ny (e | Q), z2 € Nj(e | ), there would be a path in Q(e), connecting z;
and ;. Because not all such paths need to be present in Q(e), the inequality follows.

PROOF OF THEOREM 3.1. Combine Lemmas 3.2. and 3.3. with (1).

Among (connected) graphs on n vertices, the path P, has maximum Wiener index and W(P,)
=n(n?—1)/6 [1]. Thus, the Wiener index increases at most as a third-degree polynomial of the
number of vertices.

The Szeged index can increase as a fourth-degree polynomial of the number of vertices. An
example for this is the graph Gn = K|n/2j,|n+1/2), for which Sz(G,) = n1/186, if n is even and
Sz(Gp) = (n +1)%(n — 1)2/16 if n is odd.
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CONJECTURE. K)y,/3),n+1/2) has maximum Szeged index among all (connected) graphs on n ver-
tices.

It is known [2] that the conjecture is true for bipartite graphs.

4. NOTE ON THE SZEGED INDICES OF
OTHER COMPOSITE GRAPHS

Besides Cartesian product graphs, several other composite graphs were examined in [9]: the
join of graphs, the composition of graphs, the corona of graphs and the cluster of graphs. For all
of them, formulas are given for the Wiener index of a composite graph in terms of parameters
of factors, more precisely in the numbers of edges and vertices of the factors. Although it is
also possible to obtain such formulas for the Szeged index of all these compositions, the obtained
expressions are not as nice as in the case of the Wiener index. Therefore, we will not write
them all down, instead we will present two typical examples. But first, we have to define the
corresponding compositions.

The join G+ H of graphs G and H is obtained from the disjoint union of the graphs G and H,
where each vertex of G is adjacent to each vertex of H. The composition G[H] of graphs G
and H has the vertex set V(G[H]) = V(G) x V(H) and (a,z)(b,y) is an edge of G[H] ifa = b
and zy € E(H), or ab € E(G). The composition is also known as the lericographic product of
graphs.

For brevity, we introduce the following notion. For an edge uv of a graph G, let Ng(uv) be
the set of common neighbors of u and v.

We first consider the join P = G + H of graphs G and H. Then Sz(P) is clearly equal to

)" ni(ab| P)-ng(ab| P)+ Y nm(zy|P)ma(zy| P)+ Y, ni(az|P)-ny(az|P).
abEE(G) zy€E(H) aeV(G)
z€EV(H)

Since the join of two graphs has diameter at most two, Sz(P) is equal to

>~ (de(a) — |Ne(ab)]) - (da(b) — |Ne(ab)l)

abEE(G)
+ Y (da(@ - |Nu@y)) - (@u(y) - INa(=))+ > (H|-du(@))- (G| - do(a)).
zyEE(H) a€V(G)

z€V(H)
Comparing this expression with the respective formula for the Wiener index
W(G + H) = |G| + |H|> + |G| [H| - (IG| + |H| + |E(G)| + |E(H))),

we indeed see that the situation is nicer for the Wiener than the Szeged index. However, the
formula for the Szeged index becomes more readable in some special cases. For instance, suppose
that the graphs G and H are k-regular, triangle-free graphs. Then, for any edge ab of G, we have
|[Ng(ab)| = 0 (and analogously for any edge of H). Thus, we have

S5z(G + H) = k’|E(G)| + ¥°|E(H)| + |G| [H|(|H| - k)(IG| - k).

Similar arguing applies also to the composition of graphs G and H. Without going into details,
we state that the Szeged index of G[H] is equal to

1G] Y. (du(=) - |Nu(zy))) - (du(y) — |INu(zy)))
cyEE(H)

+ > > (HI-du(y)+|Hni(ab| G))- (|H| - du(z) + |H|nz (ab] G)).
abEE(G) ;gggg;
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