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THE CONJECTURE ON DISTANCE-BALANCEDNESS
OF GENERALIZED PETERSEN GRAPHS HOLDS WHEN
INTERNAL EDGES HAVE JUMPS 3 OR 4

GANG MA, JIANFENG WANG, AND SANDI KLAVZAR

ABSTRACT. A connected graph G with diam(G) > ¢ is ¢-distance-balanced if
|[Way| = |Wya| for every z,y € V(GQ) with dg(z,y) = ¢, where Wy, is the set
of vertices of G that are closer to @ than to y. Miklavi¢ and Sparl [Discrete
Appl. Math. 244 (2018), 143-154] conjectured that if n > ny, where ng = 11
if k=2, n, = (k4 1)2 if k is odd, and ng = k(k + 2) if k£ > 4 is even, then
the generalized Petersen graph GP(n, k) is not ¢-distance-balanced for any
1 < ¢ < diam(GP(n,k)). In the seminal paper, the conjecture was verified
for k = 2. In this paper we prove that the conjecture holds for k¥ = 3 and for
k= 4.

1. INTRODUCTION

Let G = (V(G),E(G)) be a connected graph and u,v € V(G). The set of
vertices that are closer to u than to v (with respect to the standard shortest-
path distance dg(u,v)) is denoted by Wy,. When |Wy,| = |W,,| holds, the pair
of vertices u and v is called balanced, and when every pair of adjacent vertices
is balanced, G is called distance-balanced. Distance-balanced graphs were first
considered in [I1]; the term “distance-balanced” was coined in [I3]. For a number
of reasons, both theoretical and applied, distance-balanced graphs received a lot of
attention, see [1I, 31 [, 5] [6] [7], 8, 12} 15} 16} 17, 19, 21]. We should also mention in
passing that distance-balanced graphs can be equivalently described as the graphs
whose Mostar index (see [2]) equals 0.

More generally, let ¢ € [diam(G)] = {1,2,...,diam(G)}, where diam(G) is the
diameter of G. Then G is called (-distance-balanced [9] if each pair of vertices
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u,v € V(G) with dg(u,v) = ¢ is balanced. For a study of 2-distance-balanced
graphs see [I0], and for several results on ¢-distance-balanced graphs see [14}, 20].

This paper is about the distance-balancedness of generalized Petersen graphs.
The interest in these graphs was already shown in [I3] where it was conjectured
that for any integer k > 2, there exists a positive integer ng such that GP(n, k) is
not distance-balanced for every n > ng. The validity of the conjecture has been
demonstrated in [21]. Interest in the distance-balancedness of generalized Petersen
graphs continued in [I8][20]. In [I8] it was proved that GP(n, k) is diam(GP(n, k))-
distance-balanced as soon as n is large relative to k; more precisely, the following
theorem was proved.

Theorem 1.1 ([I8]). If n and k are integers, where 3 < k < n/2, and
8, k=3,
10, k=4,
=) EERD D ks odd and k > 5,
, k is even and k > 6,
then GP(n, k) is diam(GP(n, k))-distance-balanced.
On the other hand, Miklavi¢ and épar posed the following:
Conjecture 1.2 ([20]). Let k > 2 be an integer and let
11, k=2,
nk =1 (k+1)%, k odd,
k(k+2), k>4 even.

Then for any n > ny, the graph GP(n,k) is not {-distance-balanced for any 1 <
¢ < diam(GP(n, k)). Moreover, ny is the smallest integer with this property.

In [20], Conjecture was verified for k = 2. In this paper, we prove that
Conjecture holds true for k¥ = 3 and for k£ = 4 by establishing the following
results.

Theorem 1.3. For any n > 16, the generalized Petersen graph GP(n,3) is not
L-distance-balanced for any 1 < £ < diam(GP(n,3)). Moreover, 16 is the smallest
integer with this property.

Theorem 1.4. For any n > 24, the generalized Petersen graph GP(n,4) is not
(-distance-balanced for any 1 < £ < diam(GP(n,4)). Moreover, 24 is the smallest
integer with this property.

To prove these two theorems, it suffices to prove the first assertion of each
of them. With these results in hand, the facts that 16 is the smallest integer in
Theorem [I.3]and that 24 is the smallest integer in Theorem follow by computer
experiments presented in [20, Table 1].

Full proofs of Theorems [I.3] and [I.4] are very long and repetitive. We therefore
present in the next two sections only selected, representative cases. The other cases
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of the proofs however can be found in Appendix [A]and Appendix [B] We conclude
the paper by suggesting a problem in Section [

To conclude the introduction, recall that the generalized Petersen graph GP(n, k),
n>3,1<k<n/2 is defined by

V(GP(n,k)) ={u; : i € Zpn} U{v; : i € Zyp},
E(GP(n,k)) = {ujuiyr : 1 € Zp} U{vvigg 8 € Zy} U{uv; @ i € Zy, ).

2. SKETCH PROOF OF THEOREM [L3]

As mentioned in the introduction, it suffices to prove that for any n > 16, the
generalized Petersen graph GP(n,3) is not ¢-distance-balanced for any 1 < ¢ <
diam(GP(n, 3)). We split the argument into the cases £ =1, £ =2, and 3 < ¢ <
diam(GP(n, 3)), to be respectively covered by Propositions and

Proposition 2.1. For any n > 16, the generalized Petersen graph GP(n,3) is not
1-distance-balanced.

Proof. Since dgp(n,3)(uo,vo) = 1, it suffices to prove that [Wy,v,| < [Wygu,|- We
divide the discussion into six cases based on n mod 6, and for transparency and
to avoid repetition, present only the first case in detail. Details for the other five
cases are given in Appendix [A]

Let n = 6m where m > 3. By symmetry, it suffices to consider vertices u; and
v; where 1 <7 < . Then the following holds:

If 1 <t < m, then d(ug,us:) = 2+t and d(vg,ust) = 1+ t.

If 1 <t <m, then d(ug,vs:) =1+t and d(vg, v3:) = t.

If 1 <t< m, then d(u U3t+1) =3+t and d(Uo,U3t+1) 24 t.
If 0 <t < m, then d(ug, v3i+1) = 2+t and d(vo, v3e4+1) = 3 + ¢.
If 1 <t < m, then d(ug, usir2) = 4+t and d(vg, usir2) = 3 + ¢.
If 0 <t < m, then d(ug, v3t42) = 3+t and d(vg, v342) =4+ t.
d(ug,u1) =1 and d(vg, u1) = 2.

d(ug,us) = 2 and d(vg, ug) = 3.

In the above consideration, we have 2m+2 vertices from W, and 4m —2 vertices
from Wy, Since we have considered only the vertices u; and v; with 1 <7 < 3,
there are in total twice as many vertices, except that wus,, and vs,, are considered
twice (and they lie in Wy,y,). Since clearly ug € Wiy, and vg € Wiy, we
conclude that

|Wv0uo| :2(4m—2)+1—2=8m—5.

Because m > 3, we indeed have |Wy,uo| < [Waguo |-
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The conclusions in the remaining cases are as follows:

If n=6m+1, m >3, then |Wiyyu,| = 4m + 3 and Wy, | = 8m — 3.
If n = 6m+ 2, m > 3, then |[Wyu,| = 4m + 4 and |Wyyy, | = 8m.

If n =6m+ 3, m >3, then |Wyu,| =4m + 7 and |Wyyy,| = 8m — 1.
If n=6m+4, m >3, then |Wy 0, = 4m + 6 and |Wyq, | = 8m + 2.
o If n=6m+5, m > 2, then |Wy0,| = 4m + 5 and |Wyyq,| = 8m + 3.

Note that in some cases there may be vertices which are of equal distance to ug
and vg. Anyhow, in each case we have |Wy,u,| < [Waguo |- O

Proposition 2.2. For any n > 16, the generalized Petersen graph GP(n,3) is not
2-distance-balanced.

Proof. Since dgp(n,s3)(u0,v—3) = 2, it suffices to prove that [Wiygv_,| < [Wo_suol-
We divide the discussion into six cases based on n mod 6, and for transparency and
to avoid repetition, present only the first case in detail. Details for the other five
cases are given in Appendix [A]

Firstly we consider vertices v_1, v_o, u—_1, u_s:
d(ug,v—1) =2 and d(v_3,v_1) = 4.
d(uo, U_Q) = d(U_g, 1}_2) = 3.
d(ug,u—1) =1 and d(v_3,u_1) = 3.
d(UO,U_Q) = d(U_g,u_Q) =2.

So u_1,v_1 € Wy,v_, and no vertex of {v_1,v_9,u_1,u_2} is in Wy,_,4,-
Next we consider vertices v; where 0 <7 < n — 3 and u; where 1 < j <n — 3.
Let n = 6m where m > 3. Note that v_3 = v,_g and n —3 = 6m —3 = 3(2m —1).
o If 0 <t <m—1, then d(ug,vs;) = d(vgm—3,v3:) = 1+ t.
If m <t < 2m — 1, then d(vem—3,vs:) = 2m — 1 — t and d(ug,vs:) >
d(Vem—3, U3t)-
o If0 <t < m—1, then d(ug,vst+1) = 2+t and d(ug, v3t4+1) < d(Vem—3, V3t+1)-
If m <t <2m—1, then d(ug,v3i+1) = d(Vem—3, V3t+1) = 2m — t + 2.
o [fO<tL m72, then d(uo, U3t+2) = 3+t and d(UO, 1}3t+2) < d(’UGm_g, ’U3t+2).
If m—1<t<2m—1, then d(ug, v3t+2) = d(Vem—3,V3t42) = 2m —t + 1.
o If 1 <t <m—1, then d(ug, ust) = d(Vem—3,uzt) = 2+ t.
If m <t < 2m — 1, then d(vgm—3,ust) = 2m — t and d(ug,uss) >
d(vem—3, ust).
o If 1 <t<m-— 1, then d(UQ,U3t+1) = d(U677L_3, U3t+1) =3+t.
If m <t<2m—1, then d(vem—3,usi+1) = 2m —t + 1 and d(ug, ugrr1) >
d(v6m73»u3t+1)~
o If 1 <t<m—2, then d(uo,uSHQ) = d(vﬁmfg, U3t+2) =4+t.
Ifm—1<t<2m—1, then d(vgm—3, ustr2) = 2m — t and d(ug, ugtre) >
d(V6m—3, Uzt 42)-
(] d(uo,ul) = 1, d(vgm_g,ul) =2m+ 1, d(uo,u2) = 2, d(’[)@m_g,’u,g) = 2m.
Note that ug € Wy s and vem—3 € Wiy, .u,- Combined with the above
discussion we get |Waygve,,_s| = 2m +4 and Wy, _su,| = 4m — 1. Because m > 3,

we can conclude that |Wigvs,. 5| < [Wogm_suol-
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The conclusions in the remaining cases are as follows:

If n=6m+1, m >3, then |Wy_,| =2m+4 and |W,_,, | = 4m + 2.
If n =6m+ 2, m >3, then |Wy0_,| =2m + 3 and [W,_,4,| = 4m + 1.
If n =6m+ 3, m >3, then |Wyu_,| =2m + 6 and [W,_,,,| = 4m + 3.
If n=6m+4, m >3, then |Wy o .| =2m +4 and |W,_,4,| = 4m + 2.
o If n=6m+5, m>2, then [Wy,,_,| =2m+5 and |[W,_,,,| =4m + 5.

In each case we have |Wyyo_o| < [Wo_sul- O

Proposition 2.3. For any n > 16, the generalized Petersen graph GP(n,3) is not
C-distance-balanced for any 3 < ¢ < diam(GP(n, 3)).

Proof. For a given fixed n, we set D = diam(GP(n, 3)).

For any 3 < £ < D, we first show that there exists v; such that d(ug,v;) = ¢,
where 6 < j <n/2. From [I8] we recall that there exists j* such that d(ug, uj) =
D.

Ifn=6m (m >3)orn=6m-+1 (m > 3), then we know from [I8] that
j*=3(m—1)+2and D = d(ug,u;+) = m+ 3. Note that d(ug,v3s42) = s + 3,
where 2 < s <m — 1, and d(ug,v3s) = s+ 1, where 2 < s < m.

Ifn=6m+2(m>3)orn==06m+3 (m > 3), then from [I8 we know that
j* =3m+1and D = d(ug,u;~) = m+ 3. Note that d(ug,vss+1) = s + 2, where
2 < s<m,and d(ug,v3s) = s+ 1, where 2 < s < m.

If n =6m+4 (m > 3), then from [18] we know that j* = 3m + 2 and D =
d(ug,uj+) = m + 4. Note that d(ug,v3s42) = s + 3, where 2 < s < m, and
d(ug,v3s) = s+ 1, where 2 < s < m.

If n=6m+5 (m > 2), then (again by [18]) j* =3m + 1 and D = d(ug, u;-) =
m + 3. Note that d(ug,vsst1) = s + 2, where 2 < s < m, and d(ug,vss) = s + 1,
where 2 < s < m.

From the above discussion, for any ¢ where 3 < ¢ < D, there exists a j such that
6 < j <n/2and d(ug,v;) = £. Define the following sets of vertices:

Vi={u:1<i<j—1}Uf{v;: 1<i<j—1},
Vo=Au;: j+1<i<n—-1}U{v;: j+1<i<n-—1},

W&UUJ = Waugw; 0 (Vi U {uo, vo, uj,v5}),
W,}Juo = Wa,uo N (V1 U{uo,vo,uj,v5}),
W2, = Wago, N (Va U {uo, v, uz,v;}),
Wiuo = Wy,ue N (V2 U {ug, vo, uj,v;5}).
Because 6 < j < n/2, we have |W, OU | =W, uOvn ]\ and |V, b uO| =W, vn JuO| So
Wagus| = [Wago, | + Wego, | =2 = Wy, | + W, | =2 and
(Wosuol = Wl + [We iyl =2 = | vju0|+| e Juo\*Q-

In the following we will compute |V, UOU | and |WV, v wo,| where 6 < j < n — 6. The
computation is divided into six cases, and for transparency and to avoid repetition,
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we present only the first case in detail. Details for the other five cases are given in
Appendix [A]

The computation of |[W}
follows:

1 . .
yus. | and [Wo | where s is odd and s > 5, is as

o If 0 <t < s, then d(up,vst) = 1+t and d(vss,v3t) = s — t.
fo<t< 551, then d(ug, vs:) < d(vss, vst).
If 351 <t < s, then d(ug,vst) > d(vss, v3t).

o If 0 <t < s, then d(ug,vsiy1) =2+t and d(vss, v3e41) = s —t + 3.
If 0 <t < = then d(ug, vsi41) < d(vss, Vais1)-
If % <t < s, then d(up,vsi11) > d(vss, V341)-

o If 0 <t < s, then d(ug, vsrr2) = 3 + t and d(vss, v3i42) = s —t + 2.
fo<t< s;l’ then d(uo,v3t+2) < d(UgS,U3t+2).
If 351 <t < s, then d(ug, v3e42) > d(vss, Ust42)-

o If 1 <t <s, then d(up,ust) =2+t and d(vss,uzt) =s —t+ 1.
fi1<t< 551’ then d(ug, ust) < d(vss, ust).
If % <t < s, then d(ug,ust) > d(vss, ust).

o If 1 <t < s, then d(ug,ust+1) =3+t and d(vss, user1) =5 —t+ 2.
If1<t< Sgl, then d(uo, U3t+1) < d(’U3s, U3t+1).
If % <t < s, then d(ug,ust+1) > d(vss, Ustt1).

o If 1 <t < s, then d(ug,ust+2) = 4+t and d(vss, user2) = s —t+ 1.
f1<t< 553, then d(ug, ustt2) < d(vss, uset2)-
If 553 <t < s, then d(ug,ust+2) > d(vss, Usit2).

o d(ug,ur) =1, d(vss,u1) = s+ 2, d(ug, uz) = 2, and d(vzs,us) = s+ 1.

Note that ug € Wy, and vz, € W, . Combined with the above discussion we
obtain |[W}

- 1 _
01}35\' = 3§ — 3 and |V.Vv.35u0| =3s—1.
The conclusions in the remaining cases are as follows:

e If s >4 and s is even, then [W , | =3sand [W,, , | =3s+2.

0V3s

o If s > 3 and s is odd, then |W1}0v35+1| =3s+1 and |Wv135+1u()| =3s+3.
o If s >4 and s is even, then [W, . [=3s—2and [W), ., |=3s.

e If s > 5 and s is odd, then [Wy . . |=3s—1and [W, . |=3s+1.
o If s >4 and s is even, then [W, . [=3s+2and [W, . |=3s+4.
o Wil =Tand W,  |=T1.

o Wi .. |=6and|W,  |=6.

o [Wil=9and W, , |=9.

b ‘W&0v9| =T and |Wv19uo‘ =38.

o (Wi, |=9and W , |=10.

When n > 17, from the above computation of [W,,, | and [W, , | where 6 <
Jj <n—6, for any 3 < ¢ < D, we know that there exists j where d(ug,v;) = ¢ and
6 < j <n/2such that [Wy,u,| < [Wy,u,l- O
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3. SKETCH PROOF OF THEOREM [L4]

As mentioned in the introduction, it suffices to prove that for any n > 24, the
generalized Petersen graph GP(n,4) is not ¢-distance-balanced for any 1 < ¢ <
diam(GP(n,4)). We split the argument into the cases £ =1, £ =2, and 3 < /¢ <

diam(GP(n,4)), to be respectively covered by Propositions and

Proposition 3.1. For any n > 24, the generalized Petersen graph GP(n,4) is not
1-distance-balanced.

Proof. Since dgp(n,4)(uo,vo) = 1, it suffices to prove that [Wy,v,| < [Wysu,|- We
divide the discussion into eight cases based on n mod 8, and for transparency and
to avoid repetition, present only the first case in detail. Details for the other seven
cases are given in Appendix [B]
Let n = 8m, where m > 4. By symmetry, it suffices to consider vertices u; and
v; where 1 <4 < 3. Then the following holds:
o If 1 <t < m, then d(ug,vqt) =1+t and d(vg,vas) = t.
If 0 <t < m, then d(ug,var+1) = 2 + t and d(vg, vaz+1) = 3 + ¢.
If 0 <t < m, then d(ug, var42) = 3+t and d(vo, vaz42) =4 + ¢.
If 0 <t < m, then d(ug,vsr+3) =3+t and d(vg, varr3) =4+ t.
If 1 <t <m, then d(ug,ust) =2+t and d(vg,ugs) =1+ ¢.
If 1 <t < m, then d(ug, uqrt+1) = 3+t and d(vo, ugr+1) = 2 + ¢.
If 1 <t < m, then d(ug, ugr42) = 4+t and d(vg, ugs2) = 3+ t.
If 1 <t < m, then d(ug, ugr4+3) = 4+t and d(vg, ugr4+3) = 3+ t.
d(ug,u1) =1, d(vg,u1) = 2, d(ug, uz) = 2, d(vo,uz) = 3, d(ug,us) = 3, and
d(’Uo, Ug) = 3.
Note that ug € Wiyye, and vg € Wy,u,. Combined with the above discussion we
arrive at |[Wyg | = 2(3m+2)+1 = 6m+5 and |[Wy, .| = 2(bm—5)+3 = 10m—7.
Because m > 4, we can conclude that |[Wou,| < [Wogu |-
The conclusions in the remaining cases are as follows:
e If n = 8m+1, where m > 3, then |W, .| = 6m+3 and |Wyyy,| = 10m —5.
If n = 8m+2, where m > 3, then |Wy.,| = 6m+4 and Wy, | = 10m —2.
If n = 8m+3, where m > 3, then |Wy.,| = 6m+5 and [Wy,y,| = 10m —1.
If n = 8m+4, where m > 3, then |Wy.,| = 6m+8 and [Wy,y,| = 10m —2.
If n = 8m+5, where m > 3, then |Wy ., | = 6m+7 and [Wy,y,| = 10m+1.
If n = 8m+6, where m > 3, then |Wy, ., | = 6m+6 and W, ., | = 10m+2.
e If n = 8m+7, where m > 3, then |W,, .| = 6m+7 and |Wygy,| = 10m+3.
In each case we have |Wyg v, | < [Waguel- O

Proposition 3.2. For any n > 24, the generalized Petersen graph GP(n,4) is not
2-distance-balanced.

Proof. Since dgp(p,a)(10,v—4) = 2, it suffices to prove that [Wiyge_,| < [Wo_,uol-
We divide the discussion into eight cases based on n mod 8, and for transparency
and to avoid repetition, present only the first case in detail. Details for the other
seven cases are given in Appendix

Firstly we consider vertices v_1, v_a, v_3, u_1, U_9, U_3:
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d( )=2and d(v_4,v_1) =4,
d( ) =3 and d(v_4,v_2) =4,
d(’LLO, 7),3) d(1)74, 1},3) = 3,
d(ug,u—1) =1 and d(v_g,u_1) =
d( )

)

Up, V-1
Ug, V-2

3,
Ug, U_2 2 and d(v_yq,u_2) = 3,
d(ug,u—3) =3 and d(v_4,u_3) = 2.

Next we consider vertices v;, 0 <4 <n—4,and uj, 1 <j <n—4. Let n = 8m,

m > 4.

Note t
discuss

Note that n —4 = 8m — 4 = 4(2m — 1).
If 0 <t <m-—1, then d(ug,vs) = d(vgm—a,v4¢) =1 + .
If m <t < 2m — 1, then d(vgm—4a,v4t) = 2m —t — 1 and d(ug,vas) >
d(Vgm—a, Vaz).
If0 <t < m—1, then d(ug, vat+1) = 2+t and d(ug, var4+1) < d(Vsm—a, Vatr+1)-
If m <t<2m—1, then d(ug, var+1) = d(Vgm—a,Vary1) = 2m — t + 2.
If0 <t< m—l, then d(uo, U4t+2) = 3+t and d(UQ, ’U4t+2) < d(’Ugm_4, ’U4t+2).
If m <t <2m—1, then d(ug, var2) = d(Vsm—a, Vary2) = 2m — t + 2.
If0 <t <m—2, then d(ug, var+3) = 3+t and d(uo, var+3) < d(Vgm—a, Var43)-
If m—1<t<2m—1, then d(ug, var+3) = d(Vgm—a,Vat13) = 2m —t + 1.
If 1 <t <m-—1, then d(ug, ust) = d(vgm—a,ust) = 2+ t.
If m <t < 2m — 1, then d(vgm—4a,uss) = 2m — t and d(ug,usr) >
d(vgm—a, Uat).
If 1 <t <m-—1, then d(ug, ugr11) = d(Vgm—a,uge11) = 3+ .
If m <t <2m—1, then d(vgm—4a,tst+1) = 2m —t + 1 and d(ug, ugry1) >
d(V8m—4, Udr41)-
If1 <t<m-—2, then d(uo,u4t+2) = d(USm_4, U4t+2) =4+ t.
Ifm—1<t<2m—1, then d(vgm_4, ua12) = 2m—1t+1 and d(ug, ugs2) >
d(”USm—4, U4t+2)~
If 1 <t <m—2, then d(ug, u4r+3) = d(Vgm—a,ugr13) = 4+t
Ifm—1<t<2m—1, then d(vgm—_a4, uat+3) = 2m — t and d(ug, ugrr3) >
d(V8m—4, Uar43)-
d(UO, ul) =1, d(vgm_4,u1) =2m-+1, d(’LLQ,UQ) =2, d(’Ugm_4,U2) =2m+1,
d(uo,u;,») = 3, and d(Ugm_4,U3) = 2m.
hat ©ug € Wygugm_a
ion we arrive at |[W,,

and vgm—4 € Wiy, _4u,- Combined with the above
| =3m+7and |W,,, _,u,| = 5m. Because m >4

0V8m—4

we may conclude that |Wiy v, ol < [Wogm_suol-

The conclusions in the remaining cases are as follows:

e If n = 8m+1, where m > 3, then |Wy,.,_,| = 3m~+7 and |W,_,4,| = 5m+3.
o If n = 8m+2, where m > 3, then |Wy,._,| = 3m+6 and |W,,_,,,| = 5m+2.
e If n = 8m+3 where m > 3, then |W,_,| = 3m+7and |[W,_,.,| = 5m+3.
o If n = 8m+4, where m > 3, then |Wy,_,| = 3m~+9 and |W,,_,4,| = 5m+4.
o If n = 8m+5, where m > 3, then |Wy,_,| = 3m~+7 and |W,_ 4, | = 5m+3.
o If n = 8m+6, where m > 3, then |Wy,o_,| = 3m+8 and |[W,_,4,| = 5m+6.
o If n = 8m+7, where m > 3, then |Wy,._,| = 3m+8 and |W,,_,4,| = 5m+6.

In each case we have |Wy_,| < |Wy_,u,| @s required. O
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Proposition 3.3. For any n > 24, the generalized Petersen graph GP(n,4) is not
C-distance-balanced for any 3 < ¢ < diam(GP(n,4)).

Proof. For a given fixed n, we set D = diam(GP(n,4)).

For any 3 < ¢ < D, we first show that there exists v; such that d(ug,v;) = ¢
where 8 < j < n/2. From [I8] we recall that there exists j* such that d(ug, u;-) =
D.

If n = 8m, where m > 4, or n = 8m + 1, where m > 3, then from [I8] we know
that j* = 4(m—1)+2 and D = d(ug, uj+) = m+3. Note that d(ug, v4s+2) = s+3,
where 2 < s <m — 1, and d(ug,v4s) = s + 1, where 2 < s < m.

If n = 8m + 2, where m > 3, or n = 8m + 3, where m > 3, then from [I8] we
know that j* = 4m+1 and D = d(ug, uj+) = m+3. Note that d(ug, vas+1) = s+2,
where 3 < s < m, and d(ug,v4s) = s + 1, where 2 < s < m.

If n = 8m + 4, where m > 3, or n = 8m + 5, where m > 3, then from [I8] we
know that j* = 4m+2 and D = d(ug, u;+) = m+4. Note that d(ug, vast2) = s+3,
where 2 < s <'m, and d(ug, v4s) = s + 1, where 2 < s < m.

If n = 8m + 6, where m > 3, then from [I§] we know that j* = 4m + 3 and
D = d(up,uj+) = m+ 4. Note that d(uo,vas+3) = s + 3, where 2 < s < m, and
d(ug,v4s) = s+ 1, where 2 < s <m.

If n = 8m + 7, where m > 3, then from [I§] we know that j* = 4m + 2 and
D = d(ugp,uj+) = m+ 4. Note that d(uo,vast2) = s+ 3, where 2 < s < m, and
d(ug,v4s) = s+ 1, where 2 < s < m.

By the above discussion, there exists j, where 8 < j < n/2, such that d(ug,v;) =
¢ for any 3 < ¢ < D. Define the following sets of vertices:

Vi={u:1<i<j—1}Uf{v;: 1<i<j—1},
Vo={u;: j+1<i<n—-1}U{v;: j+1<i<n-—1},

Wiago, = Wagu, N (Vi U {uo, vo, uj,v;}),
W,}]uo = Wajue N (Vi U {uo, vo, uj,v5}),
Wgov = Wugv; N (V2 U{uo,vo,uj,v5}),
ijug = Woy,uo N (V2 U {uo,vo,uj,vj}).

Because 8 < j < n/2, we have |W, Ov | = Wiy, ;[ and W5 2wl =Wy Juol- SO
(Wago, | = [Wagw, | +1 uouJ| —2= Wy, [+ Wy, [ -2 and
(Wosuol = (W | + W5, |—2—| uJu0|+| ool = 2-

In the following we will compute |W, uOv | and |W, vjuo where 8 < j < n —8.

The computation is divided into eight cases, and for transparency and to avoid

repetition, present only the first case in detail. Details for the other seven cases

are given in Appendix [B
The computation of |W,

wovs. | and WV, |, where s > 5 is odd, is as follows.
o If 0 <t < s, then d(ug,vs:) =1+t and d(vgs,va) = s —t.

Ifo<t< 551’ then d(ug, var) < d(vas, Vat).

If % <t < s, then d(ug,vat) > d(vas, vVaz).

'U49u0

Rev. Un. Mat. Argentina, Vol. 68, No. 2 (2025)



712 G. MA, J. WANG, AND S. KLAVZAR

o If 0 <t < s, then d(ugp,vary1) = 2+t and d(vys, Vary1) = s —t + 3.
If 0 <t < = then d(ug, vars1) < d(vas, Vags1).
If % <t < s, then d(ug, vat41) > d(Vas, Vazs1)-

o If 0 <t < s, then d(ug, varr2) = 3 + t and d(v4s, Vagro) = s — t + 3.
Ifo<t< s;l’ then d(UO,’U4t+2) < d(”U4S,”U4t+2).
If ‘*;‘—1 <t < s, then d(ug, vat42) > d(vas, Vazi2).

o If 0 <t < s, then d(ug, varys) = 3+t and d(vys, Vazr3) = s —t + 2.
fo<t< Sgl, then d(uo,v4t+3) < d(U4s,U4t+3).
If % <t < s, then d(ug, var43) > d(vas, Vazt3)-

o If 1 <t <s, then d(ug,ugt) =2+t and d(vgs, ugr) = s —t+ 1.
Ifi1<t< 551, then d(ug, ugr) < d(vgs, Ugz).
If 551 <t <s, then d(ug,ust) > d(vas, uat).

o If 1 <t < s, then d(ug,ugt+1) =3+t and d(vgs, ugrr1) =5 —t+ 2.
If1<t< 551, then d(ug, tgr41) < d(vgs, Ugrt1)-
If % <t<s, then d(uO,U4t+1) > d(’U4S,U4t+1).

o If 1 <t < s, then d(ug, uary2) =4+t and d(vys, vgr2) = s —t + 2.
If1<t< 353, then d(uo,u4t+2) < d(’l}48, U4t+2).
If 551 <t < s, then d(ug, use+2) > d(vas, Usrto).

o If 1 <t < s, then d(ug, uary3) =4+t and d(vys, ugrr3) = s —t+ 1.
If 1 <t <233, then d(uo, uar+3) < d(vas, Usry3)-
If 553 <t < s, then d(uo, use+3) > d(vas, Uar43).

o d(ug,u1) = 1, d(vgs,u1) = s+ 2, d(ug,u2) = 2, d(vgs,uz) = s + 2,
d(ug,ug) = 3, and d(v4s,us) = s+ 1.

Note that ug € W,}Ov% and vy4s € W,}4Su0. Combined with the above discussion we
arrive at Wy, | =4s—3and [W,, _, |=4s—1.

The conclusions in the remaining cases are as follows:

o If s >4 and s is even, then [Wy . | =4s—1and [W;, , |=4s+1.

e If s >3 and s is odd, then W, . . |=4s+1and W, |=4s+3.
o If s >4 and s is even, then [W, , . [=4s—3and [W, , . |=4s—1
o If s > 5 and s is odd, then [Wy . | =4s—1land W, |=4s+1.
e If s >4 and s is even, then |W50U4S+2\ =4s+1 and |Wv14s+2uo‘ =4s+3.
o If s > 5 and s is odd, then |W1}Ov45+3| =4s+1 and |Wv145+3u0| =4s+ 3.
o If s >4 and s is even, then [W, . [=4s+1and [W) ., |=4s+3.
o Wi .| =8and |W,, |=8.

o [Wi ol =11and [W; . |=10.

o Wi ., |=10and W} . |=10.

o Wi .,,l=10and W}  |=11.

° ‘W&0v14| =12 and |Wv114u0\ =13.

o Wi, |=14and W}  |=15.

When n > 26, from the above computation of [Wy , [ and [W, |, where 8 <

j <n—38, for any 3 < ¢ < D we know that there exists j where d(ug,v;) = ¢ and
8 < j < n/2 such that [Wygy,| < [Wy,u|- When n = 25, we have d(ug,vs) = 3,
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d(ug,v12) = 4, d(ug,v11) = 5, and D(GP(25,4)) = 6. From the above computation
of |W7}0Uj| and |W; . |, we know that [W,o,| < [Wy,u,| for any j € {8,11,12}. O

3 U0

4. CONCLUDING REMARKS

In this paper, we prove that GP(n, 3) is not ¢-distance-balanced for n > 16 and
1 < ¢ < diam(GP(n,3)). We also prove that GP(n,4) is not ¢-distance-balanced
for n > 24 and 1 < ¢ < diam(GP(n,4)). Earlier it was proved in [20] that GP(n, 2)
is not ¢-distance-balanced for n > 11 and 1 < ¢ < diam(GP(n, 2)).

From Proposition[2.1|we know that [Wy,ue|—|Wagv, | is about 3 of [V (GP(n, 3))|.
From Proposition [3.1{ we know that [Wygu,| — [Wauge,| is about 1 of [V/(GP(n,4))|.
The above observations encourage us to try to consider Conjecture [I.2]for distance-
balancedness of the generalized Petersen graph GP(n,k) for k > 5. The authors
in [21] proved that, for any k > 2 and n > 6k?, GP(n, k) is not distance-balanced.
If Conjecture is right, the “6k2” in [21] can be greatly improved.

Similarly, From Proposition we know that |W,,_,u,| — |Waugv_s| is about % of
|[V(GP(n,3))|. From Proposition we know that [W,_,u,| — [Wagw_,| is about
% of [V(GP(n,4))|. So we can consider Conjecture for 2-distance-balancedness
of the generalized Petersen graph GP(n, k) for k > 5.

The discussions on distance-balancedness and 2-distance-balancedness of GP(n, k)
for k > 5 can be merged into fewer cases, since |Wyouo| — [Waugwo| and [Wi_, uo| —
|[Wuov_, | are large relative to |V(GP(n, k))|. This will be the subject of our future
work.

For 3 < ¢ < diam(GP(n, k)), the ¢-distance-balancedness of Conjecture for
k > 5 cannot be easily investigated. A new approach may be needed.

Since Miklavi¢ and Sparl proposed the two conjectures about the ¢-distance-
balancedness of GP(n, k) in 2018, only a few positive results have appeared in the
past several years. To the best of our knowledge, the discussion is complicated even
for some special pairs of (n, k). At present, there are only a few pairs of (n, k) for
which the ¢-distance-balancedness of GP(n, k) has been studied completely. Thus,
many pairs of (n, k) remain for which the ¢-distance-balancedness of GP(n, k) will
be worth studying in the future.

APPENDIX A. REMAINING CASES FOR THEOREM [L.3

Remaining cases of Proposition [2.1

(2) When n = 6m + 1 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 < ¢ < 3.

d(ug,vst) = 1+t and d(vg,vs:) =t where 1 <t < m. d(ug,v3t+1) = 2+t where
0 <t <m. d(vo,vsi11) = 3+t where 0 < ¢t < m—2, and d(vo, V3(m—1)4+1) = m+1.
d(ug,v3r42) = 3+t and d(vg, v3e42) =4+t where 0 < ¢t < m.

d(ug,ust) = 2+t and d(vg,uzt) = 1+t where 1 < ¢t < m. d(ug,u;) =1 and
d(vo,u1) = 2. d(ug,ugty1) = 3+t and d(vo,ugey1) = 2+ ¢ where 1 < ¢ < m.
d(ug,uz2) = 2 and d(vg,uz) = 3. d(ug, ugty2) = 4+t and d(vg, ugrr2) = 3+t where
1<t<m.
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Note that ug € Wy, and vg € Wiyguy,-
[Waowo| =2(2m+1)+1=4m+3 and |W,
m > 3, [Waugue| < [Wagus |-

(3) When n = 6m + 2 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 < ¢ < 3.

d(ug,v3t) = 1+t and d(vg,vs;) =t where 1 <t < m. d(ug,vst+1) =2+t and
d(vo,v3t41) = 3+t where 0 < ¢t < m. d(ug,vse42) = 3+ ¢ where 0 < ¢ < m.
d(vo,v3¢42) = 4+t where 0 <t <m — 2, and d(vo, V3(m—1)+2) = m + 1.

d(ug,ust) = 2+t and d(vg,uzt) = 1+t where 1 < ¢t < m. d(ug,u;) =1 and
d(vo,u1) = 2. d(ug,ugty1) = 3+t and d(vo,ugey1) = 2+ ¢ where 1 < ¢ < m.
d(ug,uz2) = 2 and d(vg,uz) = 3. d(ug, ugty2) = 4+t and d(vg, ugi+2) = 3+t where
1<t<m.

Note that ug € Wy, and vg € Wiy, Combined with the above discussion,
[Wowol =22m + 1) 4+ 2 = 4dm + 4 and |Wygy,| = 2(4dm — 1) + 2 = 8m. Because
m 2 3’ |Wuovo‘ < |WU0U0|'

(4) When n = 6m + 3 where m > 3.

Combined with the above discussion,
| =2(4m —2)+1 = 8m — 3. Because

oUo

By symmetry, we just need to consider vertices u; and v; where 1 <i < 3.
d(ug,v3t) = 1+t and d(vg,vs:) =t where 1 <t < m. d(ug,vs+1) =2+t and
d(vg,v3e+1) = 3+t where 0 <t < m. d(ug,vsir2) =3+t and d(vo,vst12) =4+t

where 0 <t < m.

d(ug,ust) = 2+t and d(vg,ust) = 1 +t where 1 <t < m. d(ug,u;) = 1 and
d(vo,u1) = 2. d(ug,uzty1) = 3+t and d(vg,ugey1) = 2+ ¢ where 1 < ¢ < m.
d(ug,uz2) = 2 and d(vg,u2) = 3. d(ug, ugt2) = 4+t and d(vg, ugtr2) = 3+t where
1<t <m.

Note that ug € Wy, and vg € Wygy,. Combined with the above discussion,
[Waowvo| =2(2m+3)+1=4m+7 and |Wy,y,| = 2(4m —1)+1 = 8m — 1. Because
m = 3, [Wugue| < [Woguol-

(5) When n = 6m + 4 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 <i < 3.

d(ug,vst) = 1+t and d(vg,vst) =t where 1 <t < m. d(ug,v3t41) = 2+t where
0<t<m. dlvg,vst41) = 3+t where 0 <t < m — 1, and d(vo, v3m+1) = m + 1.
d(ug,v3e42) = 3+t and d(vg, v3442) = 4+ ¢ where 0 < ¢t < m.

d(ug,uss) = 2+t and d(vg,usgt) = 1+t where 1 < ¢t < m. d(ug,u;) = 1 and
d(vo,u1) = 2. d(ug,ugiy1) = 3+ ¢ and d(vo,ugiy1) = 2+ ¢ where 1 < ¢ < m.
d(ug,us) = 2 and d(vo,u2) = 3. d(ug, usi+2) = 4+t and d(vg, usi+2) = 3+ where
1<t<m.

Note that ug € Wy, and vg € Wy, Combined with the above discussion,
[Waowvo| = 2(2m +2) +2 = 4m + 6 and |[Wyyu,| = 2 X 4m + 2 = 8m + 2. Because
m Z 3& |Wuovo‘ < |WU0U0|'

(6) When n = 6m + 5 where m > 2.

By symmetry, we just need to consider vertices u; and v; where 1 < ¢ < 5.

d(ug,v3t) = 1+t and d(vg,vs:) =t where 1 <t < m. d(ug,vst+1) =2+t and
d(vg, vsi+1) = 3+t where 0 < t < m. d(up,vst+2) =3+t where 0 < ¢ <m—1 and
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d(uo, V3m42) = m+2. d(vo,v3s42) =4+t where 0 <t <m—2, d(vo, V3(m—1)42) =
m ~+ 2 and d(vg, V3ma2) = m+ 1.

d(ug,ust) = 2+t and d(vg,ust) = 1+t where 1 < ¢t < m. d(ug,u;) = 1 and
d(vo,u1) = 2. d(ug,ugtr1) = 3+t and d(vg,uger1) = 2+ ¢ where 1 < ¢ < m.
d(ug,u2) = 2 and d(vg,u2) = 3. d(ug, ugtr2) = 4+t and d(vg, ugri2) = 3+t where
1<t <m—1. d(ug, usm+2) = m+ 3 and d(vo, uzm+2) = m + 2.

Note that ug € Wy, and vg € W,y,. Combined with the above discussion,
[Waowo| =2(2m+2)+1=4m+5 and |Wyoy,| = 2(4dm+1) 4+ 1 = 8m + 3. Because
m 2, |Wuovo‘ < |Wvouo|' U

Remaining cases of Proposition [2.2]

(2) When n = 6m + 1 where m > 3.

Note that n —3=6m — 2 =3(2m — 1) + 1.

d(ug,v3t) = d(Vm—2,v3t) = 1+t when 0 < ¢ < m. d(ug,vst) = d(Vgm—2,V3t)
2m —t+2 when m+ 1 <t < 2m — 1. d(ug,vser+1) = 2+t and d(ug, v3t+1)
d(UGm,Q, ’U3t+1) when 0 é t S m—2. d(UGm,Q, 03t+1) =2m—t—1and d('LL(], ’U3t+1)
d(UGm,Q,UgtJrl) when m —1<t<2m—1. d(uo, ’U3t+2) =3+t and d(uO,U3t+2)
d(Uﬁm_Q, U3t+2) when 0 <t <m — 1. d(uO,’U?,H_Q) = d(vﬁm_g,v3t+2) =2m—t+4+2
when m <t < 2m — 1.

d(uo,u?)t) = d(’t}ﬁm_g,U3t) =2+t when 1 S t S m — 1. d(Uﬁm_Q,U3t) =
2m —t + 1 and d(ug,ust) > d(vem—2,us) when m < ¢t < 2m — 1. d(up,u1) =
1 and d(vgm—2,u1) = 2m. d(ug,ust+1) = d(Vgm—2,u3t+1) = 3+t when 1 <
t < m-—2. d(’l)am_g,U3t+1) =2m —t and d(uO,U3t+1) > d(Uﬁm_Q,u3t+1) when
m—1<t<2m—1. d(up,uz) = 2 and d(vgm—2,u2) = 2m + 1. d(ug,ust12) =
d(vgm—2,ust+2) =4+t when 1 <t < m — 2. d(vem—2,ust+2) = 2m —t + 1 and
d(ug, ust2) > d(Vgm—2,Ust+2) when m — 1 <t < 2m — 1.

Note that ug € Wygvg,,_» and Vem—2 € Wi, ,u,- Combined with the above
discussion, |Wygvg,_o| = 2m + 4 and W, _,u,| = 4m + 2. Because m > 3,
|Wu0v5m,2‘ < ‘WU6m72u0|'

<
>
<

(3) When n = 6m + 2 where m > 3.

Note that n —3 =6m — 1 =3(2m — 1) 4 2.

d(ug,v3t) = d(Vem—1,v3t) = 1+t when 0 < t < m+1. d(ug, vst) = d(Vem—1,Vst) =
2m —t+ 3 when m +2 <t < 2m — 1. d(up,vst+1) = 2 + ¢ and d(ug, v34+1) <
d(’Uﬁm_l, U3t+1) when 0 <t <m — 1. d(uo,v3t+1) = d(vﬁm_l,v3t+1) =2m—t+2
when m <t < 2m—1. d(ug,v312) = 3+t and d(up, vai12) < d(Vgm—1,V3¢1+2) when
0 <t <m—3. d(uo, v3(m—-2)+2) = d(Vem—1,V3(m-2)+2) = Mm~+1. d(Vem—1,V3t42) =
2m —t — 1 and d(ug,v3¢42) > d(Vem—1,V3t+2) when m — 1 <t < 2m — 1.

d(ug,ust) = d(Vgm—1,ust) =2+t when 1 <t < m. d(vgm—1,ust) =2m —t+ 2
and d(ug,ust) > d(vem—1,us:) when m +1 < ¢t < 2m — 1. d(up,u1) = 1 and
d(Vem—1,u1) = 2m+1. d(ug, ust+1) = d(Vem—1,Ust+1) =3+t when 1 <t <m—1.
d(Vem—1,ust+1) = 2m —t + 1 and d(ug, ust+1) > d(Vem—1,use+1) when m < ¢t <
2m—1. d(UQ,’U,Q) = 2and d('Uﬁm_l,uz) =2m. d(UO,U3t+2) = d(v6m_1,u;:,t+2) =4+
twhenl <t <m-—2. d(UGm—17u3t+2) =2m—t and d(UQ,U3t+2) > d(’t}ﬁm_l, ’U,3t+2)
when m—1<t<2m—1.
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Note that ug € Wygug,, 1 and Vsm—1 € Wy, u,- Combined with the above
discussion, |Wygven_ .| = 2m + 3 and |Wy,,, ,u,| = 4m + 1. Because m > 3,
|Wu0'06m71| < ‘W’U6m71u0|'

(4) When n = 6m + 3 where m > 3.

Note that n — 3 = 6m = 3 x 2m.

d(uo,vs3t) = d(Vem,v3t) = 1+t when 0 <t < m — 1. d(vgm,vs:) = 2m —t and
d(ug,v3t) > d(Vem,v3t) when m <t < 2m. d(up,vsir1) = 2+t and d(ug, v3i11) <
d(Vgm,v3t1) when 0 < ¢ < m. d(ug,vst+1) = d(Vem,v3t+1) = 2m —t + 3 when
m+1 <t < 2m. d(ug,vsre) = 3+t and d(up,vsi12) < d(Vem,v3t+2) when
0<t<m-—1. d(ug,vst+2) = d(Vem, Vsr+2) = 2m — t + 2 when m <t < 2m.

d(ug, ust) = d(Vem,uzt) = 2+t when 1 <t <m—1. d(vgm,ust) = 2m—t+1 and
d(ug, ust) > d(vem,uzt) when m < ¢ < 2m. d(ug,u1) = 1 and d(vgm, u1) = 2m+2.
d(uO,U3t+1) = d(U6m,U3t+1) =3+¢twhenl1l <t < m-—1. d(UGm,u?,t_H) e
2m — t+ 2 and d(ug, use+1) > d(Vem, use+1) when m < t < 2m. d(up,us) = 2 and
d(Vgm,u2) = 2m + 1. d(ug, ustt+2) = d(Vem,ust+2) =4+t when 1 <t < m — 2.
d(Vem, ugtr2) = 2m —t+1 and d(ug, uztr2) > d(Vem, ust+2) when m—1 <t < 2m.

Note that ug € Wygvg,, and vem € Wy, u,- Combined with the above discussion,
[Waoven | = 2m + 6 and |Wy,, .| = 4m + 3. Because m > 3, [Wuove | < [Waguol-

(5) When n = 6m + 4 where m > 3.

Note that n —3=6m+1 =3 x2m + 1.

d(UO,Ugt) = d(v6m+1,’()3t) = 1+t when 0 <t< m+1. d(UO,Ug,t) = d(v6m+17’t}3t) =
2m —t+ 3 when m 4+ 2 < t < 2m. d(ug,v3t+1) = 2+t and d(ug,v3i+1) <
d(V6m+1,v3¢41) when 0 <t < m — 2. d(uo,v3(m—1)+1) = d(V6m+1,V3(m-1)41) =
m+ 1. d(vgm+t1,v3t41) = 2m — t and d(ug, v3e+1) > d(Vem+1, Vse41) when m <t <
2m. d(ug,v3e42) = 3+t and d(ug, v3t4+2) < d(Vem1,Vst+2) when 0 < t < m — 1.
d(ug, v3t42) = d(Vem41,V3t42) = 2m — t + 3 when m < t < 2m.

d(ug,ust) = d(Vems1,ust) = 2+t when 1 <t < m. d(vgms1,ust) = 2m —
t + 2 and d(ug,ust) > d(vemt1,ust) when m +1 < ¢ < 2m. d(ug,u;) = 1 and
d(’UGerl,Ul) =2m+1. d(uo,u3t+1) = d(v6m+1; U3t+1) =3+t when 1 S t S m—1.
d(Vem1,ust+1) = 2m—t+1 and d(ug, uzi+1) > d(Vem1, uger1) whenm <t < 2m.
d(ug,u2) = 2 and d(vem, uz) = 2m=+2. d(ug, ust+2) = d(Vem+t1, Use+2) = 4+t when
1<t<m-1. d(U6m+1,U3t+2) =2m —t+ 2 and d(UQ,U3t+2) > d(U6m+1,U3t+2)
when m <t < 2m.

Note that ug € Wygvgny: and Vemi1 € Wi, 1uo- Combined with the above
discussion, |Wygvgm.i| = 2m + 4 and [Wy,, uo| = 4m + 2. Because m > 3,
|Wu0v67n+1‘ < |Wv6m+1u0 |

(6) When n = 6m + 5 where m > 2.

Note that n =3 =6m +2 =3 x 2m + 2.

d(ug,v3t) = d(Vgmr2,v3¢) = 1+t when 0 < t < m+1. d(ug,vs) = d(Vemr2,V3t) =
2m —t +4 when m + 2 < t < 2m. d(ug,var1) = 2+t and d(ug,v3r1) <
d(v6m+2, U3t+1) when 0 S t S m. d(uo, "U3t+1) = d(v6m+2, 1)3,5+1) =2m—t+3 when
m+1<t<2m. d(ug,vsir2) = 3+t and d(up, vsi42) < d(Vem+2,Vst+2) when
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0<t<m-—2. d(v6m+271}3t+2) =2m —t and d(uO,’L)gt+2) > d(UGm-&-la U3t+2) when
m—1<t<2m.

d(ug,uzt) = d(Vgmy2,use) = 2+t when 1 < t < m. d(vemi2,ust) = 2m —
t + 3 and d(ug,ust) > d(Vgmi2,us:) when m +1 < ¢t < 2m. d(ug,u;) = 1 and
d(Vgm2,u1) = 2m+2. d(ug, uzir1) = d(Vemao, ugrr1) = 3+t when 1 <¢ <m—1.
d(Vgm+t2,ust+1) = 2m—t+2 and d(ug, ugir1) > d(Vem+2, user1) when m < t < 2m.
d(ug,us) = 2 and d(vem, uz) = 2m+1. d(ug, usi+2) = d(Vem—2, Ust+2) = 4+t when
1<t<m-—2. d(’()@m+2,’u,3t+2) =2m —t+1 and d(uO,’LL3t+2) > d(U6m+2,U3t+2)
when m — 1 <t < 2m.

Note that ug € Wiygvg,in and Vemi2 € Wag,iouo- Combined with the above
discussion, |Wygvgn ol = 2m + 5 and [Wyg, huo| = 4m + 5. Because m > 2,
|Wuov6m+2‘ < |erm+2uo | U

Remaining cases of Proposition

(1a) The computation of [W, .. | and W], , | when s = 3.

d(UO,Uo) =1 and d(’Ug,’Uo) = 3. d(UO,Ug) = d(’t}g,vg) = 2. d(UO,U(;) = 3 and
d(vg,vs) = 1. d(ug,v1) = 2 and d(vg,v1) = 6. d(ug,vs) = 3 and d(vg,vs) = 5.
d(ug,v7) = 4 and d(vg,v7) = 4. d(ugp,v2) = 3 and d(vg,ve) = 5. d(ug,vs) = 4
and d(vg,vs) = 4. d(ug,vs) = 5 and d(vg,vs) = 3. So g, V1, V4,V € W&ng and
V6, Vg € W’l:)lg’u.o’

d(ug,us3) = 3 and d(vg,uz) = 3. d(ug,us) = 4 and d(vg, ug) = 2. d(ug,ug) =5
and d(vg,ug) = 1. d(ug,u1) =1 and d(vg, u1) = 5. d(ug, us) = 4 and d(vg, ug) = 4.
d(ug,u7) = 5 and d(ve,ur) = 3. d(ug,us) = 2 and d(vg,u2) = 4. d(ug,us) =5
and d(vg,us) = 3. d(ug,us) = 6 and d(vg,us) = 2. So uy,up € Wy, and
Ug, Ug, U7, Us, Ug € Wvlgu0~

Note that ug € W\,
Wiy =7 and [W, . | =8.

(1b) Computation of |W.}

When s = 2,

d(ug,vo) = 1 and d(vg,vg) = 2. d(ug,vs) = 2 and d(ve,v3) = 1. d(ug,v1) = 2
and d(ve,v1) = 5. d(ug,vs) = 3 and d(ve,v4) = 4. d(ug,v2) = 3 and d(ve,v2) = 4.
d(ug,vs) =4 and d(ve,v5) = 3. So vg,v1, V2, V4 € W,}O% and v3,v5 € WI}GUO.

d(ug,us) = 3 and d(ve,uz) = 2. d(ug,us) = 4 and d(ve,ue) = 1. d(ug,u1) =1
and d(vg,u1) = 4. d(ug,us) = 4 and d(ve, uq) = 3. d(ug,u2) = 2 and d(vg, ug) = 3.
d(ug,us) = 5 and d(ve, us) = 2. So u1,uz € Wy . and uz, ug, us, ug € W, -

Note that ug € Wy, ,, and v € Wy, . Combined with the above discussion,
W2 0| = 7 and (Wl = 7

When s > 4,

d(ug,v3s) = 1+t and d(vss,v3t) = s —t where 0 <t < s. When 0 <t < 552,
d(uo,v3t) < d(vzs,v3). When § <t < s, d(uo,v3t) > d(vzs, vs3e). d(uo,v3i41) =
2+t and d(v3s, v3i41) = s —t+3 where 0 < ¢ < 5. When 0 <t < 3, d(uo, v3141) <
d(’U3S,’U3t+1). When 5372 <t<s, d(uo,v3t+1) > d(vgs,v3t+1). d(uo,vgt_,_g) =3+t
and d(vss, v3i42) = s —t+ 2 where 0 <t <s. When 0 <t < %, d(ug, v3ty2) <
d(035,03t+2). When % <t<s, d(uo,vgt+2) > d(’UgS, 'U3t+2).

and vg € W}

voup- Combined with the above discussion,
0V9

yos. | and W | when s is even and s > 2.
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d(ug,uss) =2+t and d(vss,uzs) = s—t+1 where 1 <t <s. When1 <t < 5;2
d(uo,uzt) < d(vss,uz¢). When § <t <'s, d(ug,uss) > d(vss,ust). d(ug,ur) =1
and d(vss,u1) = s+ 2. d(ug,ust+1) = 3+t and d(vss, ustr1) = $ —t + 2 where
1<t<s Whenl <t < 552, d(uo,u3t+1) < d(’Ugs,U3t+1>. When % <t <s,
d(uo,u3t+1) > d(UgS,U3t+1). d(uo,ug) = 2 and d(’U3s,UQ) =s+1. d(UQ,U3t+2) =
4+t and d(vss,uzir2) = s —t+ 1 where 1 < ¢t < s. When 1 < t < 5;4,
d(uo, usty2) < d(v3s, ussy2). S22 <t < s, d(uo, ugir2) > d(Vss, Usiy2)-

Note that ug € W and vss € T/V1 Combined with the above discussion,

’U.()’L)3 V3sUO
Wiy, | =3s and [W,, | =3s+2.
(2a) Computation of | uOv3§+1| and | U3g+1u0| when s is odd and s > 3.

d(ug,v3s) = 1+t and d(v3st1,v3:) = s —t+ 3 where 0 < t < s. When 0 <
t < = d(ug,v3) < d(vssq1,vs). When 25 <t < s, d(ug, vs) > d(vssi1,v30).
(uo,v3t+1) =2+t and d(v3s+1,v3t+1) =s5— twhere 0<t<s When0<t< = 3
d(ug, v3i41) < d(V3541,V3¢41)- 1 <t <s, d(ug,v3i41) > d(v3s+1,’03t+1)
d(ug,v3e42) = 3+t and d(1)35+1,’l)3t+2) = s—1t+ 3 where 0 < t < s. When
0<t< %, d(’LL()7’l)3t+2) < d(v35+1,v3t+2). When %1 <t<s, d(’LL07’U3t+2) >
d(v3s41,V3¢42)-
d(uo,u?,t) =2+t and d(vssy1,ust) = s —t+2 where 1 <t <s. When 1 <
t < 551 d(ug, ust) < d(vssg1,us). When SH < ¢ < s, d(ug, uz) > d(vssy1,use).
d(uo,ul) =1 and d(vgsy1,u1) = s+ 1. d(uo,U3t+1) =3+t and d(vsst1,Ustt+1) =
s—t—|—1 (up, ust+1) < d(vssy1,ust+1). When
S+ <t<s, d(uo,u3t+1) > d(U3s+1,U3t+1) d(U07U2) =2 and d(v3s41,u2) = s+2.
d(uo,U3t+2) =4+t and d(vsst1,uzir2) = s —t+ 2 where 1 < ¢t < s. When
1<t <253 d(uo, ugey2) < d(vV3sq1, Usita). sol <t < s, d(uo, uziy2) >
d(“35+17 U3t+2)
Note that uo e Wl

UOV3s+1

| =3s+1and |W,

and 1133“ c W}l Combined with the above

V3s41U0 "

| =3s+ 3.

discussion, |W,

uO'U35+1 'US +1U0

(2b) Computation of |W,

When s = 2.

d(ug,vo) = 1 and d(v7,v9) = 5. d(up,vs) = 2 and d(vy,vs) = 4. d(ug,vs) = 3
and d(vr,ve) = 3. d(ug,v1) = 2 and d(v7,v1) = 2. d(ug,vs) = 3 and d(v7,v4) = 1.
d(ug,v2) = 3 and d(v7,v2) = 5. d(ug,vs) = 4 and d(vy,vs) = 4. So vg,v2,v3 €
Wi, and vy € W, .

d(ug,us) = 3 and d(vz,uz) = 3. d(ug,us) = 4 and d(vr,ug) = 2. d(ug,u1) =1
and d(vz,u1) = 3. d(ug,us) =4 and d(vr,us) = 2. d(ug,ur) =5 and d(vy,uz) = 1.
d(ug,us) = 2 and d(v7,uz) = 4. d(ug,us) = 5 and d(vr,us) = 4. So uy,us € W}

Uov7
1
and ug, us, ug, ur € W,_,, .

Waveers | and W5, | when s is even and s > 2.

Note that ug € Wjow and v; € W, . Combined with the above discussion,
| u0v7‘ = 6 and | v7u0| = 6'
When s > 4.

d(ug,vst) = 1+t and d(vssy1,v3:) = s —t+ 3 where 0 < ¢t < s. When 0 <
t < S+2, d(ug, v3) < d(vzst1,v3:). When % <t <s, d(ug,vst) > d(vzss1,vst)-
d(ug,v3e41) = 2+t and d(vss41,vse4+1) = s—t where 0 <t < s. When 0 <t < %
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s—2

d(uo, v3141) < d(v3s41,v3¢41). When <t < s, d(ug,v3i41) > d(V3s41,V3¢41)-
d(uo, v3t42) = 3+t and d(vssy1,v3i42) = s—t+3 where 0 <t < s. When0 <t < 3,
d(uo,v3¢42) < d(v3sy1,v3i42). When 5 <t <s, d(uo, v3eq2) > d(v3syi1, U3t42).
d(uo,ust) = 24t and d(vzst1,u3¢) = s—t+2 where 1 <t <s. When 1 <t < 3,
d(uo,ust) < d(vsy1,use). When 5 <t <'s, d(ug,ust) > d(vzst1,use). d(uo,ur) =
1 and d(U33+1,U1) = s+ 1. d(UO,U3t+1) =3+t and d(’l}33+1,U3t+1) =s—t+1
where 1 <t < s. When1l <t < 552, d(ug, usi41) < d(v3st1,use+1). When
(Uo, U3t+1) > d(’l}33+1, U3t+1). d(UQ,’U,g) =2 and d(’l)35+1,UQ) =s+2.
d(ug,uztro) = 4+t and d(vsss1,usiy2) = s —t + 2 where 1 < t < s. When
1<t < 232 d(uo, uges2) < d(v3st1,usiro). When 552 <t < s, d(ug, ugps2) >
d(v35+17 U3t+2)

Note that uo € Wum)3 ., and v35+1 € Wvgsﬂu0 Combined with the above
discussion, Wy ,. . | =3s—2and [W, . |=3s.
(3a) Computation of |W, | and |W, | when s is odd and s > 3.

UO'U3 s+ 2 'US s+2UQ

When s = 3.

d(ug,v9) = 1 and d(v11,v0) = 7. d(ug,vs) = 2 and d(v11,v3) = 6. d(ug,vs) =3
and d(’l]ll,'l}ﬁ) = 5. d(U(),’Ug) = d('[)ll,’Ug) = 4. d(U(),'Ul) = 2 and d(vu,vl) = 6.
d(ug,vq) = 3 and d(v11,v4) = 5. d(ug,v7) = 4 and d(v11,v7) = 4. d(up,v10) = 5
and d(vi1,v10) = 3. d(up,v2) = 3 and d(v11,v2) = 3. d(ug,vs) =4 and d(v11,v5) =

1
2. d(uo,vg) = 5 and d(vi1,vs) = 1. So wg,v1,v3,v4,v6 € Wy, ,,, and vs,vs,vig €
1

clll(u%,u;),) = 3 and d(v11,u3) = 5. d(ug,us) = 4 and d(v11,us) = 4. d(ug,ug) =
5 and d(viy,u9) = 3. d(ug,u;) = 1 and d(vi1,u1) = 5. d(ug,uy) = 4 and
d(U117U4) =4. d(uO,U7) =5 and d(Ull,U7) =3. d(uo,ulo) =6 and d(vll,ulo) = 2.
d(ug,u2) = 2 and d(vii,u2) = 4. d(ug,us) = 5 and d(vi1,us) = 3. d(ug,us) =6
and d(v11,ug) = 2. d(ug,u11) = 7 and d(v11,u11) = 1. So uy,uz,us € WJOvH and
Us, U7, U, Ug, U10, UL1 € W}

V11UQ "

Note that ug € Wy, and vi1 € W, .. Combined with the above discussion,
| uo’U11| = 9 a‘nd | v11u0| = 10'
When s > 5.

d(ug,v3t) = 1+t and d(vzsao,v3:) = s —t +4 where 0 < t < s. When 0 <
t < S+3, d(UO,’Ugt) < d(’UgS+27U3t). When % <t<s, d(UO,’Ugt) > d(v33+2,v3t).
d(UO,U3t+1) = 2+t and d(vssy2,v3t41) = s —t + 3 where 0 < t < s. When
0<t< %7 d(U(),U3t+1) < d(035+2703t+1). When % <t<s, d(UO,’USt+1) >
d(v3st2,V3t41). d(ug,v3e42) = 3+t and d(vssta,v3t42) = s —t where 0 < ¢ <
s. When 0 < t < 553, d(uo,v3t+2) < d(’l}38+2,’l}3t+2). When 553 <t < s,
d(ug, v3e42) > d(V3s42, U3t42)-

d(ug,uss) = 2+t and d(vssyo,us) = s —t+ 3 where 1 < ¢ <s. When 1 <
t < 3'2"1, d(ug,ust) < d(vssta,us). When % <t <s, d(ug,ust) > d(vssta,ust).
d(ug,u1) =1 and d(vssta,u1) = s+ 2. d(ug,use+1) = 3+t and d(vsst2, ust+1) =
s—t+2where1 <t <s. When1<t< 5%, d(ug,usi1) < d(vsss2, uses1). When
s=1 <t< S, d(’U,o, ’U,3t+1) > d(U35+2, U3t+1). d(uo,u2) =2 and d(U35+2,U2) =s+1.
d(ug,usi42) = 4+t and d(vssyo,usiy2) = s —t+ 1 where 1 < ¢t < s. When
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1 <t< 853, d(UO,U3t+2) < d(1}35+27U3t+2). When % <t< S, d(uO7U3t+2) >

d(v35+27 U3t+2)
Note that uo e Wl

UOV3s+2

| =3s—1and |WV,

and v35+2 e Wl Combined with the above

V3s42U0 "

discussion, |W, | =3s+1.

UOU35+2 'US 542 U0

(3b) Computation of |W,

When s = 2.

d(ug,v9) = 1 and d(vs,vg) = 6. d(ug,v3) = 2 and d(vs,v3) = 5. d(ug,vs) = 3
and d(vs,ve) = 4. d(ug,v1) = 2 and d(vs,v1) = 5. d(ug,vs) = 3 and d(vs,v4) = 4.
d(ug,v7) = 4 and d(vs,v7) = 3. d(UO,’Ug) = 3 and d(vs, v2) = 2. d(ug,vs) = 4 and
d(vg,v5) = 1. So vy, v1,v3, V4, Vg € I/Vuov8 and vy, vs,v7 € Wvlsuo.

d(ug,u3) = 3 and d(vg,us) = 4. d(ug,ug) = 4 and d(vs,ug) = 3. d(ug,u) =1
and d(vs,u1) = 4. d(ug,us) =4 and d(vs, us) = 3. d(ug,ur) =5 and d(vs, uz) = 2.
d(ug,uz2) = 2 and d(vs, uz) = 3. d(ug,us) =5 and d(vs, us) = 2. d(ug, us) = 6 and
d(vs,ug) = 1. So uy,uz,uz € W} and ug,us, ug, uy, ug € W}

wovsero| A0 (W | when s is even and s > 2.

UoUs V8UQ "
Note that ug € Wy, and vs € W, . Combined with the above discussion,
| uo’t)g‘ = 9 and | ’U8u0| = 9
When s > 4.

d(ug,v3t) = 1+t and d(v3st2,v3:) = s —t + 4 where 0 < t < s. When 0 <
t < S+2 d(ug, vs) < d(v3st2,v3:). When % <t < s, d(ug,vst) > d(vssta,vst).
(u0703t+1) = 2+t and d(v3s12,v3141) = s—t+3 where 0 <t <s. When0 <t < 3,
d(uo, v314+1) < d(vsst2,v3e41). When =22 <t < s, d(ug, v341) > d(V3s42, V3e41)-
d(ug, v3e42) = 3+t and d(vss42,vsi42) = s—t where 0 <t < s. When 0 <t < %4,
d(uo,v3t42) < d(V3st2,V3t42)- 522 <t < s, d(ug, v3e+2) > d(v3st2, V3i42).
d(ug,uss) = 2+t and d(vssqo,us) = s —t + 3 where 1 < t < s. When
1<t <2, d(ug, ust) < d(vssi2, uz). When =2 <t <5, d(ug, us) > d(vssto, uzt).
d(umul) = 1 and d(v33+2,u1) = s+ 2 d(U(),U3t+1) = 3 +t and d(U35+2,U3t+1) =
S5 sSts < (w0, use41) < d(v3s42,usi+1). When
5 <t < s, d(uo,user1) > d(vssyo, usiq1). d(uo,u) = 2 and d(vssyo,uz) = 5+ 1.
d(ug,ustr2) = 4+t and d(vssso,ugry2) = s —t+ 1 where 1 < ¢t < s. When
1<t <254 d(uo, ugey2) < d(v3sta, Usita). 522 <t < s, d(uo, uz42) >
d(v35+27 U3t+2)
Note that uo e Wl

UOV3s+2

| =3s+2and |W,

and v35+2 e Wl Combined with the above

V3s42U0 "

discussion, |W, | =3s+4. O

UOU35+2 'U3‘5+2u0

APPENDIX B. REMAINING CASES FOR THEOREM [L4]

Remaining cases of Proposition [3.1}

(2) When n = 8m + 1 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 <i < 3.

d(ug,v4t) = 1+t and d(vg,vy) =t where 1 <t < m. d(ug,var+1) =2+t and
d(vo, vag41) = 3+t where 0 <t <m—2. d(uo, Vam—1)+1) = d(Vo, Va(m—1)41) = M+
1. d(ug,vat42) = 3+t and d(vg, vary2) = 4+t where 0 < ¢t < m. d(ug, var+3) = 3+t
and d(vg, vai+3) = 4+t where 0 < ¢ < m.
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d(ug,ugr) = 2+t and d(vp,uqr) = 1+t where 1 < ¢t < m. d(ug,u;) = 1 and
d(vg,u1) = 2. d(ug,usr+1) = 3+t and d(vo,uge+1) = 2+t where 1 <t < m.
d(ug,uz) = 2 and d(vg,u2) = 3. d(ug,ust+2) = 4 + ¢ and d(vg, ugr2) = 3+t
where 1 < t < m. d(ug,u3) = 3 and d(vo,u3) = 3. d(ug,ust+3) = 4 + t and
d(vg, uggr3) = 3+t where 1 <t < m.

Note that ug € Wy, and vg € W,,yy,. Combined with the above discussion,
[Waowvo| = 2(83m+1)4+1 = 6m+3 and |Wyu,| = 2(5m—3)+1 = 10m — 5. Because
m 2 3, [Wague| < [Woguol-

(3) When n = 8m + 2 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 < ¢ < 3.

d(ug,v4) = 1+t and d(vg,vy) =t where 1 <t < m. d(ug,var+1) =2+t and
d(vo,var41) = 3+t where 0 < ¢t < m. d(ug,var42) = 3+t and d(vo, vgr40) =4+t
where 0 <t < m — 2. d(ug, Vam-1)+2) = m + 2 and d(vo, Va(m—1)+2) = m + 1.
d(ug,var43) = 3+t and d(vg, varr3) =4+t where 0 <t < m.

d(ug,uqt) = 2+t and d(vg,usr) = 1+t where 1 < ¢t < m. d(ug,u;) =1 and
d(vg,u1) = 2. d(ug,uss+1) = 3+t and d(vo,use+1) = 2+t where 1 < t < m.
d(ug,u2) = 2 and d(vo,uz) = 3. d(uo,uat+2) = 4 + ¢ and d(vo, usr2) = 3+t
where 1 < t < m. d(up,us) = 3 and d(vo,us) = 3. d(ug,use+3) = 4+t and
d(vg, uat+3) = 3+t where 1 <t < m.

Note that ug € Wy, and vg € Wy, Combined with the above discussion,
[Waowvo| = 2(83m~+1)+2 = 6m+4 and Wy u,| = 2(5m —2)+2 = 10m — 2. Because
m Z 35 |Wuovo‘ < |WU0U0|'

(4) When n = 8m + 3 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 <i < 3.

d(ug,v4t) = 1+ ¢ and d(vg,vy) =t where 1 <t < m. d(ug,vsr+1) = 2+t and
d(vo,’l}4t+1) =3+t where 0 S t S m. d(UQ,’U4t+2) =3+t and d(’Uo, ’U4t+2) =4+t
where 0 < ¢ < m. d(ug,var+3) = 3+t and d(vg, var+3) = 4+t where 0 <t <m—2.
d(10, Va(m—1)+3) = m + 2 and d(vo, Vym—1)43) = m + 1.

d(ug,uqr) = 2+t and d(vg,ugr) = 1+t where 1 <t < m. d(ug,u;) =1 and
d(vo,u1) = 2. d(ug,usty1) = 3+t and d(vg,ugry1) = 2+ ¢ where 1 < ¢ < m.
d(ug,u2) = 2 and d(vo,uz) = 3. d(ug,ust+2) = 4 + ¢ and d(vo, ugr2) = 3+t
where 1 < t < m. d(ug,u3) = 3 and d(vo,u3) = 3. d(ug, uat+3) = 4 + t and
d(vg, uas+3) = 3+t where 1 <t < m.

Note that ug € Wyye, and vg € Wyyy,. Combined with the above discussion,
[Weowe| = 2(3m+2)+1 =6m+5 and Wy .| = 2(dm—1)+1 = 10m — 1. Because
m = 3, [Wague| < [Woguol-

(5) When n = 8m + 4 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 < i <

d(ug,vat) = 1+t and d(vg,vst) =t where 1 <t < m. d(ug,v4t+1) = 2+t and
d(vo,vary1) = 3+t where 0 < ¢t < m. d(ug,vari2) = 3+t and d(vo, Varyo) =4+t
where 0 <t < m. d(ug,v4+3) = 3+t and d(vg,v413) = 4+ ¢ where 0 < ¢ < m.

d(ug,ust) = 2+t and d(vp,uqr) = 1 + ¢t where 1 < ¢t < m. d(ug,u;) = 1 and
d(vg,u1) = 2. d(ug,ugr+1) = 3+t and d(vo,use+1) = 2+t where 1 < ¢t < m.

|3
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d(uo,uz) = 2 and d(Uo,UQ) = 3. d(UO,U4t+2) =4+t and d(’Uo,U4t+2) =3+t
where 1 < t < m. d(ug,us) = 3 and d(vo,us) = 3. d(ug,use+3) = 4+t and
d(vg, uar+3) = 3+t where 1 <t < m.

Note that ug € Wy, and vg € Wy, Combined with the above discussion,
[Waowo| = 2(3m+3)+2 = 6m+8 and Wy, u,| = 2(5m—2)+2 = 10m — 2. Because
m > 3, |Wu0v0‘ < |Wvou0|'

(6) When n = 8m + 5 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 <¢ < 5.

d(ug,v4) = 1+t and d(vg,vs) =t where 1 <t < m. d(ug,var+1) =2+t and
d(vg,var41) = 3+t where 0 <t <m—1. d(ug, Vam+1) = m~+2 and d(vo, Vam41) =
m+1. d(ug, var42) = 3+t and d(vg, vgr42) = 4+t where 0 < t < m. d(ug, Vart3) =
3+t and d(vg, vgr43) =4+t where 0 <t < m.

d(ug,ugr) = 2+t and d(vp,uqr) = 1+t where 1 < ¢t < m. d(ug,u;) = 1 and
d(vg,u1) = 2. d(ug,uss+1) = 3+t and d(vo,use+1) = 2+t where 1 < t < m.
d(ug,uz) = 2 and d(vo,uz) = 3. d(up,ust2) = 4 +t and d(vo,uges2) = 3+
where 1 < t < m. d(ug,us) = 3 and d(vo,u3) = 3. d(ug,ust+3) = 4 + t and
d(vg, uggr3) = 3+t where 1 <t < m.

Note that ug € Wy, and vg € W,,y,. Combined with the above discussion,
[Waowvo| =2(83m +3) +1 =6m+7 and |[Wy,u,| =2 X 5m + 1 = 10m + 1. Because
m > 3, |Wuovo‘ < |Wv0uo|'

(7) When n = 8m + 6 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 <i < 3.

d(ug,v4t) = 1+t and d(vg,vst) =t where 1 <t < m. d(ug,v4t+1) = 2+t and
d(vo,vary1) = 3+t where 0 < ¢t <m. d(ug,vary2) =3+t and d(vo, vgry2) =4+t
where 0 <t <m—2. d(uo, Va(m—1)+2) = d(Vo, Vam—1)42) = m~+2. d(uo, Vam42) =
m+2 and d(vg, Vams2) = m+1. d(ug, vae+3) = 3+t and d(vg,v4e13) = 4+t where
0<t<m.

d(ug,ug) = 2+t and d(vg, uqr) = 1 +t where 1 < ¢t < m. d(ug,u;) = 1 and
d(vo,u1) = 2. d(ug,usry1) = 3+t and d(vg,ugry1) = 2+ ¢ where 1 < ¢ < m.
d(ug,u2) = 2 and d(vg,u2) = 3. d(ug, usty2) = 4+t and d(vg, ugri2) = 3+t where
1<t<m—1. d(ug, uamse) = m+3 and d(vg, Ugma2) = m~+ 2. d(up,us) = 3 and
d(vg,u3) = 3. d(ug, usrr3) =4+t and d(vo, uary3) = 3+t where 1 <t < m.

Note that uy € Wy, and vg € Wyyy,. Combined with the above discussion,
[Weowve| =2(3m +2) +2 =6m+ 6 and |[W,,u,| = 2 X 5m + 2 = 10m + 2. Because
m = 3, [Waugue| < [Woguol-

(8) When n = 8m + 7 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 <i < 3.

d(ug,va) = 1+t and d(vg,vy) =t where 1 <t < m. d(ug,vsr+1) = 2+t and
d(vg, vary1) = 3+t where 0 <t < m. d(ug,vgrr2) =3+t and d(vo,vae12) =4+t
where 0 < ¢t < m. d(ug,vary+3) = 3+t and d(vo,vae43) = 4+t where 0 < ¢t <
m — 2. d(uo, Vam—1)+3) = d(V0, Vaim—1)+3) = m + 2. d(uo, Vam43) = m + 2 and
d(vg, Vam+3) = m + L.
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d(ug,ugr) = 2+t and d(vp,uqr) = 1+t where 1 < ¢t < m. d(ug,u;) = 1 and
d(vg,u1) = 2. d(ug,usr+1) = 3+t and d(vo,uge+1) = 2+t where 1 < ¢t < m.
d(ug,us) = 2 and d(vg,ug) = 3. d(ug, ust2) = 4+t and d(vg, ugri2) = 3+t where
1<t <m. d(ug,us) =3 and d(vg, uz) = 3. d(ug, ugr4+3) = 4+t and d(vg, uge43) =
3+t where 1 <t <m — 1. d(ug, Uam+3) = m+ 3 and d(vg, Ugms3) = m + 2.

Note that ug € Wy,w, and vg € W,yy,. Combined with the above discussion,
[Waowvo| =2(83m+3)+1 =6m+7 and [Wyu,| = 2(5m+1)+1 = 10m+ 3. Because
m 2 3, [Wugue| < [Woguol- =

Remaining cases of Proposition [3.2

(2) When n = 8m + 1 where m > 3.

Note that n —4 =8m —3=4(2m — 1) + 1.

d(ug,var) = d(Vsm—3,v4e) = 1+t when 0 <t < m. d(ug,vst) = d(vgm—3,v4t) =
2m —t+2 when m+1 <t < 2m — 1. d(ug,vart+1) = 2+t and d(ug, vary1) <
d(vgm—3,v4¢1+1) when 0 <t < m—2. d(vgm—3,vat4+1) = 2m—t—1 and d(ug, var41) >
d(vgm—3,vat+1) when m — 1 <t < 2m — 1. d(ug, var12) = 3+ ¢ and d(ug, vary2) <
d(’USm_g,U4H_2) when 0 S t S m— 1. d(uo,v4t+2) = d(vgm_g,v4t+2) =2m —1t+2
when m <t < 2m—1. d(ug,v4+3) = 3+t and d(up, va113) < d(Vgm—3,V4¢+3) When
0<t<m-—1. d(ug,var+3) = d(Vgm—3,Var+3) =2m —t+ 2 when m < t < 2m — 1.

d(ug,usr) = d(vgm—3,ust) = 2+t when 1 < t < m — 1. d(vgm-3,ust) =
2m —t + 1 and d(ug, usar) > d(vgm—3,uqt) when m < ¢ < 2m — 1. d(ug,u1) =
1 and d(vgm—s,u1) = 2m. d(ug,uarr1) = d(vgm—3,User1) = 3+ ¢ when 1 <
t<m-—2. d(Ugm_g,U4t+1) = 2m — t and d(’LLQ,U4t+1) > d(’Ugm_g,’LL4t+1) when
m—1<t<2m-—1. d(up,us) = 2 and d(vsm—3,u2) = 2m + 1. d(ug, u4s2) =
d(vgm—3,ust42) =4+t when 1 <t < m — 2. d(vgm—3,usrt2) = 2m —t + 1 and
d(ug, ugrr2) > d(vgm—3,use42) when m — 1 < ¢t < 2m — 1. d(up,us) = 3 and
d(’Ugm_?,, U3) =2m+1. d(UQ,’U,4t+3) = d(’Ugm_g,U4t+3) =4+twhenl <t<m-2.
d(’USm_g, U4t+3) =2m—t+1 and d(UO, ’U,4t+3) > d(Ugm_g, U4t+3) when m—1<t<
2m — 1.

Note that ug € Wygvg,, 5 and vgm—3 € Wy, .y,. Combined with the above
discussion, |Wygvsn, 5| = 3m + 7 and |Wy,,, sue] = 5m + 3. Because m > 3,
|Wu0v87n73‘ < ‘WU8'77L73u0|'

(3) When n = 8m + 2 where m > 3.

Note that n —4 =8m — 2 =4(2m — 1) 4 2.

d(ug, vat) = d(Vgm—2,v4¢) = 1+t when 0 < t < m+1. d(ug, vat) = d(Vgm—2,vat) =
2m —t+ 3 when m+ 2 <t < 2m — 1. d(ug,vary1) = 2+t and d(ug, var41) <
d(vsm_g,’U4t+1) when 0 S t S m — 1. d(uo,v4t+1) = d(Ugm,_27U4t+1) =2m —t+2
when m <t <2m—1. d(ug,va+2) = 3+t and d(up, var12) < d(Vgm—2, Var4+2) when
0 <t <m—2. d(uo, Vaim—2)+2) = d(V8m—2,Va(m—2)+2) = Mm~+1. d(vgm_2,V4142) =
2m —t — 1 and d(ug,vary2) > d(vgm—2,vap42) when m — 2 < t < 2m — 1.
d(ug,var43) = 3+t and d(ug,var43) < d(Vgm—2,vV4¢43) when 0 < t < m — 1.
d(’u,o,1)4t+3) = d(vgm_g,’l}4t+3) =2m —t+2whenm <t <2m— 1.

d(ug, ugr) = d(Vgm—2,us4s) =2+t when 1 <t < m. d(vgm—2,ust) =2m —t + 2
and d(ug,uqs) > d(vsm—2,uss) when m +1 < ¢t < 2m — 1. d(up,u1) = 1 and
d(vgm—2,u1) = 2m+1. d(ug, ugrt+1) = d(Vgm—2,Usp41) =3+t when 1 <t <m—1.
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d(vgm—2,ust+1) = 2m —t + 1 and d(ug, ugrr1) > d(vgm—2,Usr+1) when m < t <
2m—1. d(ug,us) = 2 and d(vgm—2, u2) = 2m. d(ug, tart2) = d(Vgm—2, Usrr2) = 4+
t when 1 <t <m—2. d(vgm—2, ustt2) = 2m—t and d(ug, ugzy2) > d(Vgm—2, Ustt2)
when m—1 <t <2m—1. d(ug,u3) = 3 and d(vgm—2,u3) = 2m~+1. d(ug, ugry3) =
d(vgm—2,ust+3) =4+t when 1 <t < m — 2. d(vgm—2,ust+3) = 2m —t + 1 and
d(ug, Uar+3) > d(Vgm—2, Ust13) when m — 1 <t < 2m — 1.

Note that ug € Wygvg,,_» and vgm—2 € Wy, ,u,. Combined with the above
discussion, |Wygvsn, o] = 3m + 6 and |Wy,,, ,u,] = 5m + 2. Because m > 3,
|Wu0v87n—2‘ < ‘WUS'"L72U/O|'

(4) When n = 8m + 3 where m > 3.

Note that n —4 =8m — 1 =4(2m — 1) 4+ 3.

d(uo,v4t) = d(?)gm_1, 1}4,5) = 1+t when 0 <t< m+1. d(UQ,U4t) = d(Ugm_l,’U4t) =
2m —t+ 3 when m +2 <t < 2m — 1. d(ug,var+1) = 2+t and d(ug, vary1) <
d(vsm—1,v4¢4+1) when 0 <t < m. d(ug,vat+1) = d(Vsm—1,Vat+1) = 2m —1t+ 3 when
m+1<t<2m—1. d(ug, vart2) = 3+t and d(ug, var42) < d(Vgm—1,Vat4+2) When
0<t<m—1. d(ug,var+2) = d(Vgm—1,V4¢42) =2m —t+2 when m <t < 2m — 1.
d(ug,vaers) = 3+t and d(ug, varrs) < d(Vsm—1,Vat+3) when 0 < t < m — 2.
d(u0, Va(m—2)+3) = d(Vsm—1, Vam—2)43) = m~+1. d(vgm—1,v4¢13) = 2m —t—1 and
d(uo,v4t+3) > d(vgm_l,l}4t+3) when m — 2 <t <2m — 1.

d(ug, ugr) = d(Vgm—1,uss) =2+t when 1 <t < m. d(vgm—1,ust) =2m —t+ 2
and d(ug,uqr) > d(vsm—1,u4t) when m +1 < ¢t < 2m — 1. d(up,u1) = 1 and
d(vgm—1,u1) = 2m + 2. d(ug, ugr+1) = d(Vgm—1,uae4+1) = 3+t when 1 < ¢t <
m — 1. d(Ugm_l,U4t+1) =2m —t+ 2 and d(uo,u4t+1) > d(’Ugm_l,’U,4t+1) when
m <t < 2m—1. d(ug,u2) = 2 and d(vgm—1,u2) = 2m + 1. d(ug, ugr2) =
d(vgm—1,ust42) =4+t when 1 <t < m — 2. d(vgm—1,ust+2) = 2m —t + 1 and
d(ug, uarr2) > d(vgm—1,usrr2) when m — 1 < t < 2m — 1. d(up,us) = 3 and
d(vgm—1,u3) = 2m. d(ug,usr+3) = d(Vgm—1,Usr+3) = 4+t when 1 <t < m — 2.
d(vgm—1,uat+3) = 2m — t and d(ug, var+3) > d(Vgm—1,Uar+3) when m —1 <t <
2m — 1.

Note that ug € Wygus,, . and vgm—1 € W,
discussion, |Wygvem_,| = 3m + 7 and |W,
|W'U40'08m—1‘ < ‘W'USm—luO|'

(5) When n = 8m + 4 where m > 3.

Note that n — 4 = 8m =4 x 2m.

d(ug,vat) = d(vgm,var) = 1+t when 0 < ¢t < m — 1. d(vgm,vat) = 2m — t
and d(ug,vsr) > d(vgm,var) when m < ¢t < 2m — 1. d(ug,v4+1) = 2 + ¢ and
d(’UJO7’U4t+1) < d(vgm,’l}4t+1) when 0 < t < m. d(UO,’U4t+1) = d(’Ugm,U4t+1) =
2m —t+3 when m+1 <t < 2m — 1. d(ug,vart2) = 3+t and d(ug, vary2) <
d(Vsm, vary2) when 0 < ¢ < m — 1. d(uo, vart+2) = d(Vsm,Vat42) = 2m —t + 3
when m <t < 2m — 1. d(ug,vat13) = 3+t and d(ug, var+3) < d(Vgm, Vaz+3) When
0<t<m—1. d(ug,vaty+3) = d(Vsm,Var+3) =2m —t+2 when m <t < 2m — 1.

d(ug, uar) = d(vgm, uar) = 2+t when 1 <t < m—1. d(vgm,uss) = 2m—t+1 and
d(ug, uar) > d(vsgm, uar) when m < ¢ < 2m. d(ug,ur) =1 and d(vgm, u1) = 2m+ 2.
d(ug, uar41) = d(Vgm, uar41) = 3+t when 1 <t <m—1. d(vgm, tar+1) = 2m—1+2

em_1uo- Combined with the above
| = 5m + 3. Because m > 3,

8m —1U0
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and d(ug, uary1) > d(Vsm,uar+1) when m < ¢t < 2m — 1. d(ug,u2) = 2 and
d(vgm,u2) = 2m + 2. d(ug, uart2) = d(Vgm,tat+2) =4+t when 1 <t < m — 1.
d(Vgm, Ugry2) = 2m —t+ 2 and d(ug, uar2) > d(Vsm, Uar2) when m <t < 2m—1.
d(ug,u3) = 3 and d(vgm,us) = 2m + 1. d(ug, usry3) = d(Vsm, Uar+3) = 4+t when
1<t <m—2. d(vsm,usrs) = 2m —t + 1 and d(ug, warr3) > d(vsm, tsrrs) when
m—1<t<2m—1.

Note that ug € Wygug,, and vgy, € Wi, v, Combined with the above discussion,
[Wogvem | = 3m + 9 and |[Wi,,,u,| = 5m + 4. Because m > 3, [Waygvem | < [Woguol-

(6) When n = 8m + 5 where m > 3.

Note that n —4=8m+1=4 x2m + 1.

d(ug, v4t) = d(Vgm+1,v4¢) = 1+t when 0 < ¢t < m+1. d(ug,vat) = d(Vsm+1, Var)
2m —t+ 3 when m 4+ 2 < t < 2m. d(ug,v441) = 2+t and d(ug, vars1)
d(v8m+1,Vae41) when 0 <t < m — 2. d(uo, Vaem—1)+1) = A(V8m+1, Vam—1)41)
m + 1. d(U8m+1,U4t+1) =2m —t and d(UQ,’U4t+1) > d(U8m+1,U4t+1) when m
t < 2m—1. d(ug,vsr2) = 3+t and d(ug,vae4+2) < d(Vgmt1,Varr2) when 0
t <m—1. d(ug,var+2) = d(Vsm+1,Vat42) = 2m —t + 3 when m <t < 2m — 1.
d(ug,var43) = 3+t and d(ug,var43) < d(Vsm41,Vat+3) when 0 < t < m — 1.
d(ug, Var43) = d(Vsm41,Vart+3) = 2m —t + 3 when m <t < 2m — 1.

d(ug,ugr) = d(vgma1,uar) = 2+t when 1 < t < m. d(vgms1,usr) = 2m —
t + 2 and d(ug,ust) > d(vgma1,uar) when m +1 < ¢ < 2m. d(ug,u;) = 1 and
d(vgm+1,u1) = 2m~+1. d(ug, wart1) = d(Vgm+1, Uarr1) = 3+t when 1 <t <m—1.
d(Vgm41,tarr1) = 2m —t 4+ 1 and d(ug, vas+1) > d(Vsmt1, Uarr1) when m < ¢t <
2m. d(uo,u2) = 2 and d(v8m+1,u2) =2m + 2. d(uO,U4t+2) = d(v8m+1,u4t+2) =
44+t when 1 <t <m—1. dvsms1,Uat+2) = 2m —t + 2 and d(ug, ugry2) >
d(Vgm+1, Uar4+2) when m <t < 2m — 1. d(up,us) = 3 and d(vgm+1,us) = 2m + 2.
d(ug, Uarys) = d(Vgmy1, Uarq3) = 4+t when 1 <t < m — 1. d(vgmi1,Uart3) =
2m —t + 2 and d(ug, ugr+3) > d(Vsmt1, Uar+3) when m <t < 2m — 1.

Note that ug € Wiygvg,,; and vgmi1 € W, 1uo- Combined with the above
discussion, |Wygvg,oi| = 3m + 7 and [Wi,, o] = 5m + 3. Because m > 3,
|WUUUSm,+1‘ < |WU8m+1uo|'

(7) When n = 8m + 6 where m > 3.
Note that n —4=8m +2 =4 x 2m + 2.
d(ug, var) = d(vsmy2,v4¢) = 1+t when 0 < t < m+1. d(ug,va) = d(Vsm2,var) =
2m —t+ 4 when m 4+ 2 < ¢t < 2m. d(ug,vge41) = 2+t and d(ug, vae41) <
d(Vgm+42,Vat+1) when 0 <t < m. d(ug, Var41) = d(Vgm2,Varr1) = 2m —t+3 when
m+1<t<2m. d(UQ,U4t+2) =341t and d(uo,v4t+2) < d(v8m+2,v4t+2) when
0<t<m-—2. d(’Usm+27U4t+2) =2m —t and d(uo,v4t+2) > d(v8m+2, ’U4t+2) when
m—1<t<2m—1. d(ug,va+3) = 3+t and d(ug, var+3) < d(Vgm+2, Var+3) when
0<t<m-—1. d(ug,var+3) = d(Vgm+2,Var+3) = 2m —t+ 3 when m <t < 2m — 1.
d(ug,ugt) = d(Vgmy2,uar) = 2+t when 1 < t < m. d(vgmi2,ust) = 2m —
t + 3 and d(ug,uar) > d(Vgmyo,usr) when m +1 < ¢t < 2m. d(ug,u;) = 1 and
d(U877L+27U1) =2m+2. d(UO,U4t+1) = d(U8m+2, U4t+1) =3+twhenl<t<m-—1.
d(vgm+t2,ust41) = 2m — t + 2 and d(ug, ugs+1) > d(Vgmt2,Use+1) when m < ¢
2m. d(ug,u2) = 2 and d(vgmt2,u2) = 2m + 1. d(ug, uar+2) = d(Vsm2, Udt+2)

INIA A I

IIVAN
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44+t when 1 <t < m—2. dvgmio,tgrr2) = 2m —t + 1 and d(ug, uggr2) >
d(vgm+t2, Uar2) when m — 1 < t < 2m. d(ug,us) = 3 and d(vgm42,us) = 2m + 2.
d(u07u4t+3) = d(v8m+2,U4t+3) =4+t whenl<t<m-—1. d(v8m+2,u4t+3) =
2m —t + 2 and d(ug, var+3) > d(Vsmt2, Uar+3) when m <t < 2m — 1.

Note that ug € Wiygvg,,in and vgmi2 € Wi, ou,- Combined with the above
discussion, |Wygvg, ol = 3m + 8 and [Wy,, .| = 5m + 6. Because m > 3,
|Wu0v8m+2‘ < |Wv8m,+2u0 |'

(8) When n = 8m + 7 where m > 3.

Note that n —4=8m +3 =4 x 2m + 3.

d(ug, v4t) = d(Vgm+3,v4¢) = 1+t when 0 < ¢ < m+1. d(ug,vst) = d(Vsm+3, Var) =
2m —t + 4 when m + 2 < ¢t < 2m. d(ug,vat+1) = 2+t and d(ug,var1) <
Cl(’Ugm_|_37 U4t+1) when 0 <t < m. d(uo, U4t+1) = d(l]sm_;,_g, ’U4t+1) =2m —t+4 when
m+1<t<2m. d(ug,var2) = 3+t and d(ug, varr2) < d(Vgm+s, Varr2) when
0<t<m-—1. d(ug,vart2) = d(Vgm+3,Var+2) = 2m —t + 3 when m < t < 2m.
d(ug,var43) = 3+t and d(ug,var43) < d(Vgm3,Vat+3) when 0 < t < m — 2.
d(Vgm+3,Vat+3) = 2m — t and d(ug, Var4+3) > d(Vsm+3, Var3) when m — 1 < ¢t <
2m — 1.

d(ug, ugr) = d(Vgmts,uar) = 2+t when 1 <t < m. d(vgmts,usr) = 2m—t+3 and
d(ug, uar) > d(Vgm+3,uar) when m+1 <t < 2m. d(ug,u1) = 1 and d(vgmts, u1) =
2m+3. d(ug, ugt+1) = d(Vsm+3, ar+1) = 3+t when 1 <t < m. d(vsmis, Uatt1) =
2m —t+3 and d(ug, tar+1) > d(Vgm43, Usry1) when m+1 <t < 2m. d(ug,uz) =2
and d(vgmis,u2) = 2m + 2. d(ug, ugr2) = d(Vgmis, User2) = 4+ ¢ when 1 <
t < m-—1. d(vgnl+3,U4t+2) =2m —t + 2 and d(UO,U4t+2) > d(U8m+3,U4t+2)
when m < ¢t < 2m. d(ug,us) = 3 and d(vgm+s,us) = 2m + 1. d(ug, uarys) =
d(vsm+t3,Uary3) = 4+t when 1 <t < m — 2. d(vgmss,Uarts) = 2m —t + 1 and
d(ug, ugr+3) > d(Vgm43, Uarrs) when m — 1 <t < 2m.

Note that ug € Wiygvg,,\ s and vgme3 € W, su,- Combined with the above
discussion, |Wygvg,. | = 3m + 8 and [Wy,, su,| = 5m + 6. Because m > 3,
|WUOUSm+3‘ < |stm+3uo . U

Remaining cases of Proposition [3.3

(1a) The computation of [W, , | and |[W] , | when s = 3.
d(ug,v9) = 1 and d(vi2,v0) = 3. d(ug,vs) = d(vi2,v4) = 2. d(ug,vs) = 3 and
d(vi2,v8) = 1. d(ug,v1) = 2 and d(v12,v1) = 6. d(ug,vs) = 3 and d(vi2,v5) = 5.
d(ug,v9) = 4 and d(v12,v9) = 4. d(ug, v2) = 3 and d(v12,v2) = 6. d(ug,ve) = 4 and
d(’U12,’U6) = 5. d(UO,Ulo) =5 and d(Ulg,Ulo) = 4. d(uo,vg) = 3 and d(Ulg,U3) =
5. d(UO,U7) = 4 and d(’UlQ,U7) = 4. d(UO,’Ull) = 5 and d(’Ulg,’Ull) = 3. So
Vo, U1, V2, V3, U5, 06 € Wi, and vs,v10,011 € Wy -

d(ug,us) = 3 and d(vig,us) = 3. d(ug,us) = 4 and d(v12,us) = 2. d(ug,u12) =
5 and d(viz,u12) = 1. d(ug,u1) = 1 and d(via,u1) = 5. d(ug,us) = 4 and
d(vi2,us) = 4. d(ug,ug) =5 and d(viz,ug) = 3. d(up,uz) = 2 and d(vi2,uz) = 5.
d(uO,U(;) =5 and d(Ulg,UG) = 4. d(Uo,’ulo) =6 and d(’Ulg,Uu)) = 3. d(’LLQ,U3) =
3 and d(viz,u3) = 4. d(ug,u7) = 5 and d(viz,u7) = 3. d(up,u11) = 6 and

_ 1 1
d(1)127U11) =2. So Ui, Ug, U3 € V[/uov12 and Ug, U7, U, U9, U109, U1, UTI2 € Wvlzuo’
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Note that ug € Wy, ,,, and vio € W . Combined with the above discussion,
Wi, =10 and W7 _, | =11

(1b) Computation of [W . | and |W;, , | when s is even and s > 2.

When s = 2,

d(ug,vo) = 1 and d(vg,vg) = 2. d(ug,vs) = 2 and d(vs,vs) = 1. d(ug,v1) = 2
and d(vs,v1) = 5. d(ug,vs) = 3 and d(vs,vs) = 4. d(ug,v2) = 3 and d(vs,v2) = 5.
d(ug,ve) = 4 and d(vs, vg) = 4. d(UO,'Ug) = 3 and d(’l}g,'l)g) =4. d(ug,v7) = 4 and
d(vs,v7) = 3. So vy, v1,v2, V3,05 € VVuOv8 and vy, vy € Wvguo

d(ug,uq) = 3 and d(vs,us) = 2. d(ug,us) = 4 and d(vs,ug) = 1. d(ug,u;) =1
and d(vs,u1) = 4. d(ug,us) = 4 and d(vs, us) = 3. d(ug,uz) = 2 and d(vs, us) = 4.
d(ug,ug) =5 and d(vs, ug) = 3. d(ug,us) = 3 and d(vs, usz) = 3. d(ug,ur) =5 and

1
d(vs,uz) = 2. So uy,ug € Wuovg and uy, us, ug, uz, us € Wy, .

Note that ug € Wy, and vs € Wy, . Combined with the above discussion,
| uo’t)g‘ = 8 and | ’Uguo| - 8
When s > 4,

d(ug,vae) = 1+t and d(vys,v4¢) = < <t< 552,
d(uo,vat) < d(vas,va). When 5 <t < s, d(uo,var) > d(vas, Var). d(uo,var41) =
2+t and d(v4s, vVar41) = s —t+3 where 0 < ¢ < 5. When 0 <t < 3, d(uo, varq1) <
d(U4S,’U4t+1). When S;J <t<s, d(uo,v4t+1) > d(v4s,v4t+1). d(uo,v4t+2) =3+t
and d(v4s, Vagq2) = s —t+ 3 where 0 <t < s. When 0 <t < 3, d(uo, varq2) <
d(v4g,v4t+2) When § <t < S, d(UO,’U4t+2) > d(U4g,’U4t+2) d(uo,v4t+3) =3+t
and d(’U4S,’U4t+3) 2 d(uo,v4t+3) <
d(’U4S,’U4t+3) When 2 S t< S, d(uo,v4t+3) > d(’l}4s,1}4t+3)

d(ug,uge) = 2+t and d(vgs,ugr) = s—t+1wherel <t <s. Whenl1 <t < 552,
d(uo,usr) < d(vas,uge). When § <t <'s, d(ug, uar) > d(vas, uat). d(ug,ur) =1
and d(vgs,u1) = s+ 2. d(ug,ugr+1) = 3+t and d(vas, ugry1) = $ —t + 2 where
1<t<s Whenl<t< 552, d(uo, uasy1) < d(vas, uger1). When 5 <t < s,
d(uO,U4t+1) > d(U4s,’LL4t+1). d(UO,UQ) = 2 and d(’U4s,’UQ) =54 2. d(UQ,U4t+2) =
4+t and d(vys, Ugry2) = (ug, Ugrt2) <
d(’U4S,’LL4t+2). (UO,U4t+2) > d(’U4S,U4t+2). d(’uO,’u?,) = 3 and
d(vgs,uz) = s+ 1. d(ug,uger3) = 4+t and d(vgs, uger3) = s — t + 1 where
(U07U4t+3) < d(’l)4s,’U,4t+3). 552 <t < S,

d(ug, use43) > d(v4s, U4t+3)
Note that ug € W and vas € W1 Combined with the above discussion,

UQV4s V4sUo*

4s — 1 and |W, | =4s+ 1.

| uov4s| U4 uo

(2a) Computation of [Wy , . |and [W, . . | when s is odd and s > 3.
d(ug,vat) = 1+t and d(vgsy1,v4e) = s —t+ 3 where 0 < ¢t < s. When 0 <
t < S+1 (UQ,U4,5) < d(’U45+1,’U4t) When ﬁ <t<s, d(uo,v4t) > d(U45+1,1}4t)
d(ug U4t+1) =2+tand d(v45+1,v4t+1) = s—t where 0 <t <s. When0 <t < 2 3
d(ug, Var41) < d(Vasq1, Vagy1)- St <t < s, d(ug, vagg1) > d(v4s+1,v4t+1)
(uo,v4t+2) 3+t and d(v4s+1,v4t+2) = s —t+ 3 where 0 < t < s. When
0 <t <=2 d(ug,varro) < d(vassr,var2). When =H <t < s, d(ug, vagy2) >
(Vas+1, Vary2). d(uo,vae43) = 3+t and d(vast1,Vae43) = § — t + 3 where 0 <

S
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t < s. When 0 S t S s;l’ d(uo,v4t+3) < d(U4S+17U4t+3). When % S t < S,
d(uo, vat43) > d(Vast1,Vat43)-

d(ug,uqr) = 2+t and d(vgst1,uat) = s —t+ 2 where 1 <t < 5. When 1 <
t < 551, d(ug, ug) < d(vasy1,use). When S <t <, d(ug, ug) > d(vasy1,uar).
d(uo,ul) =1 and d(’l}4s+1,U1) =s+1. d(uO,U4t+1) =3+t and d(v4s+1,u4t+1) =
s—t+1wherel <t<s. Whenl <t< 553, d(ug, uarr1) < d(Vast1,Uars1). When
% <t < s, d(ug, tarr1) > d(Vgst1, Uar1)- d(ug,uz) = 2 and d(vgsq1,u2) = s+2.
d(ug, ugr+2) = 4+t and d(vgsy1, Uars2) = s —t + 2 where 1 < ¢t < s. When
1<t < 553, (1o, Ugrro) < d(Vist1,Usri2)- 851 <t < s, dlug,ugsra) >
d(v4s+1,U4t+2) d(UQ,Ug) = 3 and d(’U4g+1,U3) = S+ 2 d(UO,U4t+3) = 4 +t and
d(Vasq1,Usq3) = 5 —t + 2 52, d(ug, useys) <
d(Vast1, Uart3)- R

Note that uo e Wl

UOV4s+1

| =4s+1 and |W,

<t<s, d(um U4t+3) > d(v4s+1, U4t+3)
and v45+1 e Wl Combined with the above

V4s41U0 "

discussion, |W, | =4s+ 3.

uO’U4s+1
(2b) Computation of |W,
When s > 4,
d(ug,var) = 1+t and d(vgs41,v4t) = s —t + 3 where 0 < ¢t < s. When 0 <
t < =82, d(ug,var) < d(vass1,va). When 552 <t <'s, d(ug,var) > d(Vast1, var).
UO,U4t+1) =2+t and d(vasq1, Vagy1) =
Uo ’U4t+1> < d(v4s+17v4t+1). When 552 <t<s, d(’u,o,’U4t+1) > d(’l}4s+1,’l}4t+1).
)=
)
)=

v4a+1u0

Waoaes, | and W5, | when s is even and s > 4.

U

(
(
(ug, vaty2) = 3+t and d(vast1, Vag2) = s—t+3 where 0 <t < s. When 0 <t < 3,
(u Vat42) < d(U4s+1,U4t+2). When % <t < S, d(UQ,’U4t+2) > d(U43+1,1}4t+2).
(u0,va¢43) = 3+t and d(vast1,vary3) = s—t+3 where 0 <t < s. When 0 <t < 3,
(u0,vat43) < d(Vasy1,Vae43). When § <t <, d(ug,vasy3) > d(Vasi1, Vary3)-
d(uo, ust) = 24t and d(vast1,usae) = s—t+2 where 1 <t <s. When 1 <t < 3,
d(uo, uat) < d(vasy1,uae). When 5 <t <'s, d(ug, uar) > d(vast1,uar). d(uo,ur) =
1 and d(U43+1,U1) =s+ 1. d(UQ,U4t+1) =3+t and d(’U4s+1,U4t+1) =s—t+1

where 1 <t <s. Whenl < ¢t < 552, d(ug, ugr41) < d(vast1,Uarr1). When

5 < s, d(uo, uarp1) > d(Vastr, uagp1). d(uo, uz) = 2 and d(vasy1,u2) = s+2.

d(ug, ugrr2) = 4+t and d(vgsy1, Uar42) = s —t + 2 where 1 < ¢t < s. When

552, (Uo,U4t+2) < d(’U4s+1,U4t+2). When 852 <t<s, d(uO,U4t+2) >

d(Vas41, Uarr2). d(ug,us) = 3 and d(vgst1,us) = s+ 2. d(uo,u4t+3) =4+t and

d(Vgst1, Uary3) = s — t + 2 where 1 <t < s. When 1 <t < 2=, d(ug, uar+3) <
d(vgs41, Uart3). When 552 <t < s, d(UOau4t+3) > d(v4s+17u4t+3)

Note that uo e Wl and v43+1 c Wl Combined with the above

UQV4s+1 V4s4+1U0 "

| =4s — 3 and |W, | =4s — 1.

QU UK

discussion, |W,

u0v4b+1 'U4s+1u0

(3a) Computation of |W, | and |W,
When s = 3,

d(up,v9) = 1 and d(v14,v0) = 7. d(up,v4) = 2 and d(vq

3 and d(U14,U8) = 5. d(uO,’Ulg) = and d(’l}14,1}12) =

(’014,’01) = 6. d(UQ,’U5) = 3 and d(U14 ) =35. d(uo, )

d(ug,v13) = 5 and d(vi4,v13) = 3. d(ug,v2) = 3 and d(v14,

4 and d(vi4,v6) = 2. d(uog,v10) = 5 and d(vi4,v10) = 1.

| when s is odd and s > 3.

uov4s+2 114s+2u0

) = 6. d(’u,o,’l)g) =
d(ug,v1) = 2 and
4 and d(’U14,’U9) = 4.
) =
d
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d(U147U3) = 6. d(uo,v7) =4 and d(’U147U7) =35. d(UO,’Ull) =5 and d(U14, 1}11) =4.
So Vo, V1, U3, V4, Us, U7, V8 € W’U«O’U14 and Ve, V10, V11, V13 € W'L)14u

d(ug,uq) = 3 and d(vi4,uq) = 5. d(ug,ug) = 4 and d(v14,us) = 4. d(ug,ui2) =
5 and d(vig,u12) = 3. d(ug,u1) = 1 and d(via,u1) = 5. d(ug,us) = 4 and
d(’U14,’LL5) = 4. d(UQ, ug) = 5 and d(’U14,UQ) =3. d(uo,u13) =6 and d(’U14,U13) =2.
d(’UJO7UQ) = 2 and d(’l}14,UQ) = 4. d(uo,uﬁ) = 5 and d(v14,u6) = 3. d(UO,Ulo) =
6 and d(vig,u10) = 2. d(ug,u1s4) = 7 and d(vig,u14) = 1. d(ug,usz) = 3 and
d(v14,us) = 5. d(uO,U7) =5 and d(vi4,u7) = 4. d(ug,u11) = 6 and d(v14,u11) = 3.
So U1, Uz, U3, Uq € Wl and ug, U7, Ug, U10, U1, U12, U13, U4 € Wk

uUQV14 V14UQ "
Note that up € W&ovm and v14 € WUMuO Combined with the above discussion,
Wiyo,l =12 and W5, . | =13.
When s > 5,

d(ug,v4e) = 1+t and d(vgst2,v4t) = s —t + 4 where 0 < t < s. When 0 <
t < g+3, d(ug,vat) < d(vgst2,v4:). When % <t < s, d(ug,vat) > d(vsy2,Vat).
d(uo,v4t+1) = 2+t and d(v4st2,vat41) = S —t + 3 where 0 < t < 5. When
0<t< Sgl, d(uo,v4t+1) < d(v4s+2,v4t+1). When % <t < s, d(UQ,’U4t+1) >
d(v4s+2,v4t+1) d(uo,v4t+2) =3+t and d(’U43+27U4t+2) = s — t where 0 <t<
s. When 0 < t < 5;3, d(ug, varro) < d(vast2,Varr2). When 353 <t < s,
d(ug, Var42) > d(Vasq2,Va042). d(ug,var43) = 3+t and d(vasyo,Var43) =5 — 1+ 3
where 0 < ¢t < s. When 0 < ¢ < 551, d(uo,Var43) < d(vgsy2,Var+3). When
S <t < s, d(ug, varys) > d(vasya, Varts)-
d(ug,ugr) = 2+t and d(vgsyo,usr) = s —t+ 3 where 1 < ¢ <s. When 1 <
t < Q'H, d(ug, ugr) < d(vgst2,uqs). When 3'2"—1 <t <s, dug, ust) > d(vast2,Uat).
d(uo,ul) =1 and d(vgst2,u1) = s+ 2. d(ug, uar+1) = 3+t and d(vgst2, Ugt11) =
s—t+2wherel <t<s. Whenl <t < 551, d(ug, uarr1) < d(vast2,ussr1). When
(w0, Uar+1) > d(Vast2, tart1). d(ug,uz) =2 and d(vgsyo,uz2) = s+ 1.
d(ug,ugr42) = 4+t and d(vgsyo, uarr2) = s —t + 1 where 1 < ¢ < 5. When
553, d(uo, uary2) < d(Vasta, ugr42). When 553 <t < s, d(ug, uses2) >
d(vgst2, Uarr2). d(ug,uz) = 3 and d(vgsta,us) = s+ 2. d(ug, usry3) = 4+t and
d(’U4s+2,U4t+3) =s—t+2wherel <t <s. Whenl<t< 853, (UO,U4,§+3) <
d(Vsst2, Usr43)- s=L <t < s, d(uo, tarrs) > d(Vasta, Uarts).
Note that uo e w} and v45+2 c W} Combined with the above

UOVas+2 V4s42U0 "

| =4s—1 and |W, | =4s+ 1.

discussion, [Wy, .. -

v4 +2Uo
(3b) Computation of |W,
When s = 2,
d(UO,Uo) =1 and d(’U107’UQ) = 6. d(uo,v4) =2 and d(’l)lo,’U4) = 5. d(UQ,Ug) =3
and d(vip,vs) = 4. d(ug,v1) = 2 and d(vig,v1) = 5. d(ug,vs) = 3 and d(v1g,v5) =
4. d(ug,v9) = 4 and d(v19,v9) = 3. d(up,v2) = 3 and d(vig,v2) = 2. d(ug,vs) = 4
and d(v1p,ve) = 1. d(ug,v3) = 3 and d(vig,v3) = 5. d(uo,v7) =4 and d(v19,v7) =
4. So vy, v1,v3, Vs, V5,08 € I/Vuov10 and v, vg, Vg € vauo
d(uO,U4) =3 and d(Ulo, U4) =4. d(uo, u8) =4 and d(v10,u8) =3. d(uo,ul) =
and d(’Ulo, ul) =4. d(’lLo, U5) =4 and d(l}lo, U5) = 3. d(UO, Ug) =5 and d(’Ulo, )
2. d(ug,u2) = 2 and d(vig,u2) = 3. d(ug,us) =5 and d(vig,ug) = 2. d(ug,u19) =

| and |V, | when s is even and s > 2.

UO'U4 +2 'U4 +2Uo

1
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6 and d(vig,u10) = 1. d(up,u3) = 3 and d(vig,us) = 4. d(uO,U7) = 5 and
d(vio,u7) = 3. So uy,us, us, uy € W} and us, ug, w7, ug, Uy, U1g € W,k

'U'O'Ulo V10UO0 "
Note that ug € Wy, ,,,, and vg € W . Combined with the above discussion,
Wi, =11 and W, .| = 10.
When s > 4,

d(ug,v4e) = 1+t and d(vgst2,v4e) = s —t +4 where 0 < t < s. When 0 <
t < =2 d(ug,var) < d(vasto,var). When = <t < s, d(ug,var) > d(Vasta, vVar).
(u07v4t+1) =2+t and d(vgs12,v4041) = s—t+3 where 0 <t < 5. When 0 <t < 3,
d uo,v4t+1) < d(’()45+2,1)4t+1) When ﬁ <t<s, d(UO,U4t+1) > d(’l}4s+2,1}4t+1)
Ug, Vagt2) = 3+t and d(v45+2,v4t+2) =s—twhere 0 <t <s. When0 <t < %5 4
)
)
)

(
d(
d(ug, Var42) < d(Vast2,Vagy2). 52 <t < s, d(ug, varg2) > d(v4s+2,v4t+2)
d(ug, vagrs) = 3+t and d(vgsyo, Var13) = s—t+3 where 0 <t <s. When0 <t < 3,
d(uo, vaty3) < d(Vasy2,varg3). When § <t <s, d(uo,varys) > d(vasy2, Vary3)-

d(ug,ugr) = 2+t and d(v4s+2,U4t) = s—t+3 where 1 <t < s. When
1<t <3, d(uo,uar) < d(vasy2, use). When %2 <t < s, d(ug,ugt) > d(vgst2,Ust).
d(ug,u1) =1 and d(vgst2,u1) = s+ 2. d(ug, uar+1) = 3+t and d(vast2, Ugt+1) =
s—t+2wherel <t <s. Whenl<t< 552, d(ug, uar1) < d(vgst2,user1). When
% <t < s, d(UO,U4t+1) > d(U4S+2,U4t+1). d(UO,Ug) = 2 and d(’U4s+2,UQ) =s+1.
d(ug, uarr2) = 4+t and d(vgsio,uary2) = s —t+ 1 where 1 < ¢t < s. When
1<t <2554 duo, uary2) < d(vasta, ugrr2). When 552 <t < s, d(ug, usey2) >
d(vgsy2, Uarr2). d(ug,uz) = 3 and d(vgsta,us) = s+ 2. d(uo,u4t+3) =4+t and
d(’U4S+2,U4t+3) =s—t+ 2 2 d(UQ,U4t+3) <
d(vast2, Uarrs). When 552 <t < s, d(uo,u4t+3) > d(v4s+2au4t+3)

Note that uo € I/V1 and v49+2 IS Combined with the above

UOV4s+4-2 Vas42UQ "

| =4s+ 1 and |W, | =4s + 3.

discussion, [Wy .. ..

1)4 +2U0
(4a) Computation of |W,
When s = 3,
d(ug,v9) = 1 and d(vis,v0) = 7. d(ug,v4) = 2 and d(vq

3 and d(vis,vs) = 5. d(ug,vi2) = 4 and d(vis,v12) = d(ug,v1) = 2 and

d(’Ul5,U1) =T. d(UQ,’U5) = 3 and d( 15, = 6. d(UO,Ug) 4 and d(’U15,’U9) = 5.

d(uO,Ulg) = 5 and d(’l)15,’l)13) = 4. ( ) = 3 and d(U15,’l)2) = 6. d(UO,’UG) =

4 and d(7)15,116) = 5. d(UQ,Ulo) =5 nd d(’l)15,1)10) = 4. d(U(),’U14) = 6 and

d(vi5,v14) = 3. d(ug,vs3) = 3 and d(v15,v3) = 3. d(ug,v7) = 4 and d(vy5,v7) = 2.

| and |W, | when s is odd and s > 3.

UO'U4 +3 'U49+3u0

) = 6. d(UQ,’Ug) ==

Il _,;m

_ _ 1
d(uO7’l)11) = 5 and d(’Uls,'Ull) = 1. So Vo, V1, V2, V4, Us, Ve, Ug, Vg € Wuov15 and
V7,010, V11, V13, V14 € W, -

d(ug,uq) = 3 and d(vis,uq) = 5. d(ug,ug) = 4 and d(v1s,us) = 4. d(ug,u12) =
5 and d(vis,u12) = 3. d(ug,u1) = 1 and d(vis,u1) = 6. d(ug,us) = 4 and
d(’Ul5,U5) =5. d(UO, UQ) =5 and d(’U15,Ug) =4. d(’u,o,ulg) =6 and d(’Ul5,U13) =3.
d(uo,uz) = 2 and d(’l}15,UQ) = 5. d(uo,u6) = 5 and d(v15,u6) = 4. d(UO,ulo) =
6 and d(vis,u10) = 3. d(uo,u14) = 7 and d(vis,u14) = 2. d(ug,uz) = 3 and
d(vi5,u3) = 4. d(ug,u7) =5 and d(vis,ur) = 3. d(ug,u11) = 6 and d(v15,u11) = 2.
d(ug,u15) = 7 and d(vis,u15) = 1. So wuy,us,us, us,us € Wl and ug, U7, Ug,

1 UuUpv15
U1, U11, 12, U13, U14, U15 are Wv15u0
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Note that ug € Wy, ,,. and vi5 € W _, . Combined with the above discussion,
Wil =14 and W7 _, | =15.
When s > 5,

d(ug,vae) = 1+t and d(vgst3,v4e) = s —t + 4 where 0 < t < s. When 0 <
t < =3 d(ug,var) < d(vasys,va). When =53 <t < s, d(ug,var) > d(Vasts, var).
d(ug,var41) = 2+t and d(vst3,V4e41) = s —t + 4 where 0 < t < s. When
0 <t <= d(uo,vat1) < d(vasss,va1). When =53 <t < s, d(ug,vapy1) >
d(’U4s+3,’U4t+1). d(uo,v4t+2) =3+t and d(U4s+3,’U4t+2) = s—t+ 3 where 0 <
t<s. When0 <t < Sgl, d(ug, Varr2) < d(Vgsys,Vattr2). When %1 <t <s,
d(ug, var+2) > d(Vast3,Vai42). d(ug,vaq3) = 3+t and d(vgeq3,Vaq3) = 5 — ¢

where 0 < t < s. When 0 < t < %, d(ug, var+s) < d(Vast+s,Varts). When

523 <t < s, d(ug, Varrs) > d(Vasss, Varys)-

d(ug,ugr) = 2+t and d(vgsys,uar) = s —t+ 3 where 1 < ¢ < s. When 1 <
t < =L d(ug, ugr) < d(vasys,use). When S <t < s, d(ug, ua) > d(vasys, ua).
d(ug,u1) = 1 and d(vgst3,u1) = s+ 3. d(ug, uarr1) = 3+t and d(vgst3, Uger1) =
s—t+3where1 <t <s. When1<t< 5% d(ug,uset1) < d(vasss, tag41). When
st <t <5, d(ug, uaer1) > d(vasts, warr1). d(uo, uz) = 2 and d(vagts, uz) = s+2.
d(ug, uar42) = 4+t and d(vgsts, ary2) = s —t + 2 where 1 < t < s. When
1<t <2553 duo, uary2) < d(vVasts, ugt2). When 551 <t < s, d(ug, ugey2) >
d(vgsy3, Uarr2). d(ug,uz) = 3 and d(vgsts,us) = s+ 1. d(ug, uarr3) = 4+t and

d(V4st3,user3) = s —t+1 where 1 <t <s. When1 <t < 553, d(ug, uges3) <

d(Vast3, Uarts). When 552 <t <5, d(ug, usr+3) > d(vasts, warrs).
Note that ug € W} and vgs43 € WL . Combined with the above
UQV4s+3 + V4s43U0

discussion, |[W} | =4s+1and [W,, . |=4s+3.

0V4s+3

(4b) Computation of |W.}

When s = 2.

d(ug,v9) = 1 and d(v11,v9) = 6. d(ug,vs) = 2 and d(v11,v4) = 5. d(ugp,vs) =3
and d(v11,vs) = 4. d(ug,v1) = 2 and d(vi1,v1) = 6. d(ug,vs) = 3 and d(v11,v5) =
5. d(uO,Ug) =4 and d(’()n,vg) = 4. d(uo,vg) =3 and d(’UH,’Ug) = 5. d(uo,vﬁ) =
4 and d(vn,vﬁ) = 4. d(UO,Ulo) = 5 and d(vn,vlo) = 3. d(UO,’Ug) = 3 and
d(v11,v3) = 2. d(ug,v7) = 4 and d(v11,v7) = 1. So v, v1, V2, V4, V5,08 € W&ov“
and v3,V7,V10 € Wvllluo'

d(uO,U4) =3 and d(’Ull,U4) =4. d(UO,Ug) =4 and d(’U117U8) =3. d(uo,ul) =1
and d(vi1,u1) = 5. d(ug, us) = 4 and d(v11,us) = 4. d(ug, ug) = 5 and d(v11, ug) =
3. d(ug,u2) = 2 and d(vi1,u2) = 4. d(ug,us) =5 and d(vi1,us) = 3. d(ug,u10) =
6 and d(vii,u19) = 2. d(ug,uz) = 3 and d(v11,u3) = 3. d(ug,uy) = 5 and
d(vi1,u7) = 2. d(ug,u11) = 6 and d(viy,u11) = 1. So uy,us,uy € W} and

1 uov11
Ug, U7, U, Ug, U10, U1l € W 0

| and [W}

o rauo| When s is even.

0V45+3

Note that ug € Wy, ,,, and v1; € W}, . Combined with the above discussion,
Wiy, | =10 and W, . | = 10.
When s > 4.

d(ug,var) = 1+t and d(vgst3,v4e) = s —t + 4 where 0 < t < s. When 0 <
t < =2 d(ug,var) < d(vasys,va). When = <t < s, d(ug,var) > d(vasts, var).
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d(ug,vaer1) = 2+t and d(v4st3,Vae41) = s —t + 4 where 0 < ¢t < s. When
0 <t < =2 d(uo,vart1) < d(vasys,var1). When 222 <t < s, d(ug,vagy1) >
d(U4S+3,’U4t+1). d(uo,v4t+2) =3+t and d(U4S+3,’U4t+2) =s—t4+ 3 where 0 <
t < s. When 0 <t < 5, d(ug,vat42) < d(vast3,Vary2). When § < t < s,
d(ug, varr2) > d(Vas3, varya). d(uo,vaprs) = 3+t and d(vasy3,varys) = s — ¢
where 0 < t < 5. When 0 < t < 552 d(ug,vars3) < d(vasy3,Varrs). When

2
852 <t < s, d(ug, vaggs) > d(vast3, Varys).

d(ug,ugr) = 2+t and d(vgsys,uar) = s —t + 3 where 1 < ¢t < s. When
1<t< %, d(uo,u4t) < d(U4s+3,’U,4t). When % <t<s, d(uO,U4t) > d(’U4s+3,U4t).
d(uo,ul) =1and d(U4s+3,U1) =s4+3. d(UO,U4t+1) =3+t and d(’l}4s+3,U4t+1) =
s—t+3 where 1 <t <s. When 1 <t < 3, d(ug,usars1) < d(Vasys, uaer1). When
5 <t <s, d(uo,uars1) > d(Vasy3, uaiq1). d(uo,u2) = 2 and d(vgsy3, up) = s + 2.
d(ug, ugrr2) = 4+t and d(vgsys, Uari2) = s —t + 2 where 1 < ¢t < 5. When
1<t< 852, d(uo,u4t+2) < d(v4s+3,U4t+2). When 552 <t < s, d(’u,o,U4t+2) >
d(’U4s+3,U4t+2). d(uO,U3) = 3 and d(’U4S+3,U3) =54 1. d(uO,U4t+3) =4+t and
d(V4st3,use43) = s —t+ 1 where 1 <t <s. When1 <t < 5;4, d(ug, uges3) <

d(vasys, useqs). When 552 <t <, d(uo, tarss) > d(Vssts, Uatss)-

Note that uy € W50v4s+3 and v4e43 € W1}4S+3UD. Combined with the above
discussion, Wy . .| =4s+1and W), |=4s+3. O
REFERENCES

[1] A. ABIAD, B. BRIMKOV, A. EREY, L. LESHOCK, X. MARTINEZ-RIVERA, S. O, S.-Y. SONG, and
J. WILLIFORD, On the Wiener index, distance cospectrality and transmission-regular graphs,
Discrete Appl. Math. 230 (2017), 1-10. DOI| MR | | Zbl

[2] A. ALt and T. DoSLI¢, Mostar index: Results and perspectives, Appl. Math. Comput. 404
(2021), Paper No. 126245. DOI| [MR| [Zbl

[3] K. BALAKRISHNAN, B. BRESAR, M. CHANGAT, S. KLAVZAR, A. VESEL, and

P. ZIGERT PLETERSEK, Equal opportunity networks, distance-balanced graphs, and Wiener
game, Discrete Optim. 12 (2014), 150-154. DOI| MR || Zbl

[4] K. BALAKRISHNAN, M. CHANGAT, I. PETERIN, S. SPACAPAN, P. SPARL, and A. R. SuB-
HAMATHI, Strongly distance-balanced graphs and graph products, Furopean J. Combin. 30
no. 5 (2009), 1048-1053. [DOI| /MR [Zbl

[5] S. CABELLO and P. LUKSIC, The complexity of obtaining a distance-balanced graph, FElectron.
J. Combin. 18 no. 1 (2011), Paper 49.| DOI \MR/| Zbl

[6] M. CAvALERI and A. DONNO, Distance-balanced graphs and travelling salesman problems,
Ars Math. Contemp. 19 no. 2 (2020), 311-324. DOI| MR /||Zbl

[7] B. FERNANDEZ and A. HUIDUROVIC, On some problems regarding distance-balanced graphs,
European J. Combin. 106 (2022), Paper No. 103593. | DOI| MR/|| Zbl

[8] B. FERNANDEZ, S. MIKLAVI®, and S. PENJIC, On certain regular nicely distance-balanced
graphs, Rev. Un. Mat. Argentina 65 no. 1 (2023), 165-185. DOI|| MR | Zbl

[9] B. FRELIH, Razli¢ni vidiki povezavne regularnosti v grafih, Ph.D. thesis, University of Pri-
morska, Koper, 2014. Available at https://hdl.handle.net/20.500.12556/RUP-8929.

[10] B. FRELIH and S. MIKLAVIE, On 2-distance-balanced graphs, Ars Math. Contemp. 15 no. 1
(2018), 81-95. [ DOI| [MR/| | Zbl

Rev. Un. Mat. Argentina, Vol. 68, No. 2 (2025)


https://doi.org/10.1016/j.dam.2017.07.010
https://www.ams.org/mathscinet-getitem?mr=3684935
https://zbmath.org/?q=an:1368.05035
https://doi.org/10.1016/j.amc.2021.126245
https://www.ams.org/mathscinet-getitem?mr=4243272
https://zbmath.org/?q=an:1510.05031
https://doi.org/10.1016/j.disopt.2014.01.002
https://www.ams.org/mathscinet-getitem?mr=3189033
https://zbmath.org/?q=an:1308.05041
https://doi.org/10.1016/j.ejc.2008.09.018
https://www.ams.org/mathscinet-getitem?mr=2513907
https://zbmath.org/?q=an:1185.05052
https://doi.org/10.37236/536
https://www.ams.org/mathscinet-getitem?mr=2776825
https://zbmath.org/?q=an:1218.05043
https://doi.org/10.26493/1855-3974.2096.c9d
https://www.ams.org/mathscinet-getitem?mr=4183154
https://zbmath.org/?q=an:1465.05052
https://doi.org/10.1016/j.ejc.2022.103593
https://www.ams.org/mathscinet-getitem?mr=4463010
https://zbmath.org/?q=an:1504.05078
https://doi.org/10.33044/revuma.2709
https://www.ams.org/mathscinet-getitem?mr=4615156
https://zbmath.org/?q=an:1533.05077
https://hdl.handle.net/20.500.12556/RUP-8929
https://doi.org/10.26493/1855-3974.1382.dee
https://www.ams.org/mathscinet-getitem?mr=3862079
https://zbmath.org/?q=an:1404.05041

[11]
[12]
[13
[14]
[15]

(16]

[17
18]
[19]
[20]

21]

DISTANCE-BALANCEDNESS OF GENERALIZED PETERSEN GRAPHS 733

K. HANDA, Bipartite graphs with balanced (a, b)-partitions, Ars Combin. 51 (1999), 113-119.
MR, [ Zbl

A. Tui¢, S. KLAVZAR, and M. MiLANOVIC, On distance-balanced graphs, European J. Combin.
31 no. 3 (2010), 733-737. DOI| MR/||Zbl

J. JEREBIC, S. KLAVZAR, and D. F. RALL, Distance-balanced graphs, Ann. Comb. 12 no. 1
(2008), 71-79. DOI 'MR/| Zbl

J. JEREBIC, S. KLAVZAR, and G. Rus, On /¢-distance-balanced product graphs, Graphs Com-
bin. 37 no. 1 (2021), 369-379. DOI| | MR/ Zbl

K. KUTNAR, A. MALNIG, D. MARUSIC, and S. MIKLAVIC, Distance-balanced graphs: Symme-
try conditions, Discrete Math. 306 no. 16 (2006), 1881-1894. DOI| MR ||Zbl

K. KUTNAR, A. MALNIG, D. MARUSIC, and S. MIKLAVIC, The strongly distance-balanced
property of the generalized Petersen graphs, Ars Math. Contemp. 2 no. 1 (2009), 41-47.
DOII MR/ |Zbl

K. KUTNAR and S. MIKLAVIC, Nicely distance-balanced graphs, Furopean J. Combin. 39
(2014), 57-67. DOI ' MR/| Zbl

G. Ma, J. WANG, and S. KLAVZAR, On distance-balanced generalized Petersen graphs, Ann.
Comb. 28 no. 1 (2024), 329-349. | DOI| MR/ |Zbl

S. MIKLAVIG and P. éPARL, On the connectivity of bipartite distance-balanced graphs, Fu-
ropean J. Combin. 33 no. 2 (2012), 237-247. DOI| MR ||Zbl

S. MIKLAVIC and P. SPARL, (-distance-balanced graphs, Discrete Appl. Math. 244 (2018),
143-154. DOII IMR/| | Zbl

R. YanG, X. Hou, N. L1, and W. ZHONG, A note on the distance-balanced property of
generalized Petersen graphs, Electron. J. Combin. 16 no. 1 (2009), Note 33. DOI | MR || Zbl

Gang Md*
School of Mathematics and Statistics, Shandong University of Technology, P. R. China
math_magang@163.com

Jianfeng Wang
School of Mathematics and Statistics, Shandong University of Technology, P. R. China
jfwang@sdut.edu.cn

Sandi Klavzar

Faculty of Mathematics and Physics, University of Ljubljana, Slovenia
Faculty of Natural Sciences and Mathematics, University of Maribor, Slovenia
Institute of Mathematics, Physics and Mechanics, Ljubljana, Slovenia
sandi.klavzar@fmf.uni-1j.si

Received: May 29, 202
Accepted: September 24, 2024
Early view: September 30, 2024

Rev. Un. Mat. Argentina, Vol. 68, No. 2 (2025)


https://www.ams.org/mathscinet-getitem?mr=1675124
https://zbmath.org/?q=an:0977.05039
https://doi.org/10.1016/j.ejc.2009.10.006
https://www.ams.org/mathscinet-getitem?mr=2587025
https://zbmath.org/?q=an:1221.05115
https://doi.org/10.1007/s00026-008-0337-2
https://www.ams.org/mathscinet-getitem?mr=2401137
https://zbmath.org/?q=an:1154.05026
https://doi.org/10.1007/s00373-020-02247-9
https://www.ams.org/mathscinet-getitem?mr=4197386
https://zbmath.org/?q=an:1459.05063
https://doi.org/10.1016/j.disc.2006.03.066
https://www.ams.org/mathscinet-getitem?mr=2251569
https://zbmath.org/?q=an:1100.05029
https://doi.org/10.26493/1855-3974.75.895
https://www.ams.org/mathscinet-getitem?mr=2491630
https://zbmath.org/?q=an:1197.05028
https://doi.org/10.1016/j.ejc.2013.12.002
https://www.ams.org/mathscinet-getitem?mr=3168514
https://zbmath.org/?q=an:1284.05084
https://doi.org/10.1007/s00026-023-00660-4
https://www.ams.org/mathscinet-getitem?mr=4711804
https://zbmath.org/?q=an:1536.05165
https://doi.org/10.1016/j.ejc.2011.10.002
https://www.ams.org/mathscinet-getitem?mr=2854645
https://zbmath.org/?q=an:1233.05129
https://doi.org/10.1016/j.dam.2018.03.011
https://www.ams.org/mathscinet-getitem?mr=3802543
https://zbmath.org/?q=an:1387.05069
https://doi.org/10.37236/271
https://www.ams.org/mathscinet-getitem?mr=2574683
https://zbmath.org/?q=an:1185.05055

	1. Introduction
	2. Sketch proof of Theorem 1.3
	3. Sketch proof of Theorem 1.4
	4. Concluding remarks
	Appendix A. Remaining cases for Theorem 1.3
	Remaining cases of Proposition 2.1
	Remaining cases of Proposition 2.2
	Remaining cases of Proposition 2.3

	Appendix B. Remaining cases for Theorem 1.4
	Remaining cases of Proposition 3.1
	Remaining cases of Proposition 3.2
	Remaining cases of Proposition 3.3

	References

