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Abstract. In this paper, a (d + 1)-pencil lattice on a simplex in R? is studied.
The lattice points are explicitly given in barycentric coordinates. This enables the
construction and the efficient evaluation of the Lagrange interpolating polynomial
over a lattice on a simplex. Also, the barycentric representation, based on shape
parameters, turns out to be appropriate for the lattice extension from a simplex to
a simplicial partition.
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1. Introduction

The approximation of multivariate functions by the polynomial inter-
polation is one of the fundamental approaches in multivariate approxi-
mation theory. Among crucial steps in this process, one is particularly
important, namely a selection of interpolation points. It is well known
that the existence and the uniqueness of the Lagrange interpolant in
11 (d > 1), the space of polynomials in d variables of total degree < n,
heavily depends on the geometry of the interpolation points. This fact
makes interpolation in several variables much more complicated than
the univariate one. Although a simple algebraic characterization states
that a set of interpolation points is correct in II¢ if and only if they
do not lie on an algebraic hypersurface of degree < n, it is useless in
practical computations, since in general it can not be checked in the
floating point arithmetic. Thus a considerable research has been focused
on finding configurations of points which guarantee the existence and
the uniqueness of the Lagrange interpolant.

Perhaps the most frequently used configurations of this type are
lattices which satisfy the well-known GC (geometric characterization)
condition (see [2]). They have a nice geometric background, since they
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are constructed as intersections of hyperplanes. Furthermore, they pro-
vide an easy way to construct the Lagrange basis polynomials as prod-
ucts of linear factors. Among several known classes of lattices ([1], [3]),
principal lattices ([2]), and their generalization, (d + 1)-pencil lattices
([6]) are the most important.

The first step in multivariate Lagrange interpolation in R? is usually
a construction of interpolation points on a simplex, a corner stone of
the d dimensional Euclidean space. This leads to a natural general-
ization, lattices over triangulations, or more generally, over simplicial
partitions. Two main questions arise: what are explicit coordinates of
lattice points and how should such lattices be put together to ensure
at least continuity over common faces of simplices.

In this paper we use a straightforward approach to answer the first
question. We provide a closed form formula for lattice points on a
simplex in barycentric coordinates. The novel representation, based on
control points, provides shape parameters of the lattice with a clear
geometric interpretation. Furthermore, the corresponding Lagrange in-
terpolating polynomial is derived. Since the Lagrange basis polynomials
are products of linear factors, some simplifications are done in order to
decrease the amount of work needed.

This representation of lattices is useful in many practical appli-
cations, such as an explicit interpolation of multivariate functions,
in particular, approximation of functionals defined on a simplex (nu-
merical methods for multidimensional integrals, e.g.), finite elements
methods in solving partial differential equations . ... On the other hand,
we provide fundamental tools for the construction of continuous splines
over simplicial partitions, the problem which has already been observed
in [4] but only for triangulations.

The paper is organized as follows. In the next section a novel defini-
tion of a lattice, based on control points, is given and the barycentric
coordinates of lattice points are derived. In Section 3 the Lagrange in-
terpolation polynomial is presented, and in the last section an example
is given to conclude the paper.

2. Barycentric form of a (d+ 1)-pencil lattice in R%

In [6] an explicit representation of a (d 4 1)-pencil lattice of order n
on a d-simplex was provided. This approach heavily depends on homo-
geneous coordinates, and a nice illustrative explanation can be found
in [7], where the cases perhaps most often met in practice, i.e., d = 2
and d = 3, are outlined. Here our goal is an explicit representation
in barycentric coordinates using a novel approach, since this enables a
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natural extension from a simplex to a simplicial partition (see [4] for
the case d = 2).

A simplex in R? is a convex hull of d + 1 vertices T;, i = 0,1,...,d.
Since for our purposes the ordering of the vertices of the simplex will
be important, the notation

A= <T0>Tla-"7Td>7

which defines a simplex with a prescribed order of the vertices T';, will
be used. The standard simplex of vertices

L i=y,

T; = (6; ;)" i=0,1,....d, 52-,].;:{0 P2

=1
will be denoted by Ag.

A (d + 1)-pencil lattice of order n on A is a set of ("gd) points,
generated by particular d + 1 pencils of n 4+ 1 hyperplanes, such that
each lattice point is an intersection of d+ 1 hyperplanes, one from each
pencil. Furthermore, each pencil intersects at a center

C,cR? i=0,1,....,d,

a plane of codimension two. The lattice is actually based upon affinely

Figure 1. A 3-simplex (To,T1,T2,T3) in R, lattice control points P; and centers
C,.

independent control points

P07P17"'7Pd7 PiERda
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where P; lies on the line through T'; and T;;; outside of the seg-
ment T, T; 41 (Fig. 1). The center C; is then uniquely determined by a
sequence of control points

PP 1,....Pi g9, (1)

where
{Pit1, Pita, ..., Piya2} CC;NCiya.

Here and throughout the paper, indices of points, centers, lattice pa-
rameters, etc., are assumed to be taken modulo d + 1.

Thus with the given control points, the lattice on a simplex is deter-
mined. Quite clearly, the geometric construction of the lattice assures
CinA=0,i=0,...,d, and also that each C; is lying in a supporting
hyperplane of a facet (T, T;iy1,...,Titq—1) of A (Fig. 2).

T3

To Ty To

Figure 2. The 4-pencil lattices of order n = 2,3 on a simplex A and the intersections
of hyperplanes through the centers of the lattice with facets of A.

Let v = (71,.--,74), Vi € Np, denote an index vector and let

d 1—ad

. 1 .
o] ZZZ% Ula=9 1-a’ a7, J € No.
i=1 Js a=1,

A (d + 1)-pencil lattice of order n on the standard simplex Ay, as
introduced in [6], is given by free parameters

a>0 and ﬂ::(ﬁ(h/gl?"'aﬁd)?B’i>0,i207"'ad'

Control points P; = P; (a, B) of the lattice on A4 are determined as

B
P, = ,0,0,...,0],
51_60T’
P, = |0,0,...,0, bi , Pitt ,0,0,...,0|,i=1,...,d—1,
%fl—’ﬁz‘_ﬂi-i-l ﬂi—i—l_ﬂiTI—"
i— —1—3
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Ba
P, = |o0,0,...,0,—2
o Pt

(2)

If Bi41 = B; for some 0 < i < d (and o = 1 if i = d), then the control
point P; is at the ideal line and the hyperplanes in the corresponding
pencil are parallel. Further, lattice points are given as

<Q’7)m§n = (Qy (O"ﬁ))mgn’
where
Qy (:8) =  (BralT ], Bra M=% ],
Bal V== ] Baa ) ()
and

D = oM n — |vy[], + Bl Y™ ], + - + Baa® [yd, -

Since the points P;, T; and T'; 41 are collinear, the barycentric coordi-
nates P; o of P; w.r.t. A are particularly simple,

1 .
P, A = ()’07_“’0’7’_i7070"“70 ,1=0,1,...,d—1,
’ %,_/1—52 1—&4%,_/
) d—1—1i
&d 1
Pin = |——_00,....0— |, 4
b 1—&a — 1—¢&a @)
where
62(507517"')511)

are new free parameters of the lattice. Note that & > 0, since P; is not
on the line segment T';T; 1, and that a special form of barycentric co-
ordinates is used in order to cover also the cases of parallel hyperplanes
(& = 1). We are now able to give the relations between parameters 8
and &.

Theorem 1. Let A C R be a d-simplex, and let the barycentric
representation P; o,7 = 0,1,...,d, of control points P; of a (d + 1)-
pencil lattice on A be prescribed by & = (£o,&1,...,&q) as in (4). Then
the lattice is determined by parameters o and B that satisfy

d S|
a= 1[4 @:H@, i=1,2,...,d. (5)
i=0 Po j=0
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Proof. An affine map A carries /A to the standard simplex Ay,
where the lattice is given by (3) with the control points (2). The i-

th barycentric coordinate of a point £ = (x1,x9,...,24) wrt. Ag =
(Ty,Ty,...,Tq), T; = (5i7j)§.l:1, is obtained as
i—1 J
V01<<T0,T1,...,Ti_g,x,Ti,...,Td» 1—Z$]~, 1=1,
IR (6)
vol (Ad) J
Ti—1, i Z 27

where vol is a signed volume in R?. So it is straightforward to compute
the barycentric coordinates of (2) w.r.t. Ag. The inverse map A~!
brings the control points (2) as well as the lattice from A, back to A.
But barycentric coordinates are affinely invariant, so the barycentric
coordinates of transformed control points w.r.t. /A do not change and
are given by (4). Therefore

b &
B —Bo 1-&'
Bi 1
Bi—Bir1  1-&’ 1=1,2,...,d -1,
Ba 1

Bi—anfBy  1—&
This describes the system of d + 1 equations for d + 1 unknowns

G i=1,2,....d.

By
Since the solution is given by (5), the proof is completed. O
Note that, in contrast to parameters 3, the introduced parameters &
have a clear geometric meaning, and can be used as shape parameters

of the lattice (see [4] and Fig. 3, e.g.).
Let us shorten the notation with the following operator

Wi RN - RE, Wz .= 1711.1,- W0 := 0.
T

Corollary 1. The barycentric coordinates of a (d+ 1)-pencil lattice of
order n on A = (T, T4,...,Ty) w.r.t. A are determined by £ as

By =W (an_% V0l €00 ]y e &0 Eamr@® [’Yd]a) , (7)

where v € Ng“, |7 = n, and " = ngo &.
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Proof. By applying (6) and (5) to (3), one obtains
By =W (' n— |yll,, &0 ], 600 €am1a® [l )

where v € N¢, |y| < n. To make the formula more symmetric, we can,
without loss of generality, replace the index vector vy = (v1,...,74) by
the index vector v = (Y0,71,---,74), Y0 :=n — ||, and (7) follows. O

Note that & appears in (7) implicitly, since o™ = g:o &.

3. Lagrange interpolation

One of the main advantages of lattices is that they provide an explicit
construction of Lagrange basis polynomials as products of linear fac-
tors. Therefore some simplifications can be done in order to decrease the
amount of work needed. Details on how this can be done in barycentric
coordinates are summarized in the following theorem.

Theorem 2. Let a (d 4+ 1)-pencil lattice of order n on A be given in
the barycentric form by parameters & = (£, &1, ..., &) as in Corollary 1
and let data

f’yeR7 7:(707717"7761)61\154—17 ’7‘:/’7/7

be prescribed. The polynomial p,, € I1¢ that interpolates the data
(ffy)m:n at the points (ny)m:n is given as

d
pn(x) = Z fyLy(z), xc R sz =1. (8)
[Y|=n =0
The Lagrange basis polynomial L« is a product of hyperplanes, i.e.,
d vi—1
Lo(x) =TT [T Pijy (=), (9)
i=0 j=0
where
hijoy (®) = M (901 + <1 — [n[,r_l]j’;]() ¢ ($)> . (10)
[n—jl,
and
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Proof. Let v = (70,71, - --,74d), |Y] = n, be a given index vector. Let
us construct the Lagrange basis polynomial L~ that satisfies

_J 1L Y =,

Ly (By) = { 0, v #7.
Based upon the GC approach, this polynomial can be found as a
product of hyperplanes H;j~ with the equations h;;~y = 0, j =

0,1,...,7—1,9=0,1,...,d, where H; j~ contains the lattice points
indexed by

(105 M5+« -3 Mim15 J5 Mik 15 -+ -5 Md) 5 Zﬂk =n-—J
k;éz

Quite clearly, the total degree of such a polynomial is bounded above by
gl 0 '1=n. But, for fixed ¢ and 5,0 < j < ~; — 1, a hyperplane
H; j~ 1s determmed by the center C;;+1 and the point U at the edge

(T;,Tit+1) with the barycentric coordinates w.r.t. (T;,T;4+1) equal to

( [, — [n—J = sl ) |
[n]a - [TL _j]a + [TL _j]aé.’i’ [n]a - [n _j]a + [TL _j]aé.i
The equation h; j~ = 0 is by (1) given as
det (:L',U, Pi+17Pi+2,~--,Pz‘+d—1) =0. (11)

Let us recall the barycentric representation (4) of P;. A multiplication
of the matrix in (11) by a nonsingular diagonal matrix

diag(l, [n]a - [n _j]a + [n _j]a§i7 1- €i+17 1-— §i+27 sy 1- §i+d—1)v

and a circular shift of columns simplifies the equation (11) to

Iy Li4+1 e e Lit+d
[n]a_[n_j]a [n_]]a&/
1 —&it1
det 1+ —&ito =0.
1 _§i+d—1

A straightforward evaluation of the determinant yields

i+d—1 i+d i+d—1
n—J, (Hgk)xz S (Hgk):,

t=14+1
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and further

i+d
= dlawi— (o~ —dla) 3 —m =
t=i+1 Hé’k

k=i
= [n—Jlazi = (o = [n = Jjla) @i (2) = 0.
If j > 0, this gives also a relation

[n_j]a

[l —n— gl

g (z) =

for a particular z that satisfies (11). But 0 < j <; <mn, so

q; (B’Y) = [n]a[n__[nVﬂa%]a (B’Y)i

simplifies the equation of the hyperplane

[ = jlazi = ((nly = [n = j]a) 4 (%)
n_j]a (B’Y)z_([na [ ]]a) di (37)

to the assertion (10). Consider now an index vector 4 # 7. Since
|v'| = |v| = n, there must exist an index i,0 < i < d, such that
Vi < ;. So v, appears as one of the indices j in the product (9). Thus
Loy (ny/) = 0. But from (12) one deduces L (By) = 1, and the proof

is completed. O

hijay (z) = [ (12)

Note that h; ;s in (10) depends only on the i-th component of the
corresponding point Bry. This is not obvious from the classical rep-
resentation of Lagrange basis polynomial, and is vital for an efficient
computation.

Let us now give some remarks on how to organize the computations.
Let A be a simplex in R? with vertices V;, 4 = 0,...,d, given in
Cartesian coordinates. The Cartesian coordinates of the lattice points
are

Mm

(Q’)') (B’Y)j+1 (Vi)i» i=1,2,....d

0

J

If one is looking for an explicit expression of the Lagrange interpolating
polynomial p,(u), u = (ur,us,...,uq) € R over the given A, the
symbolic system

d d
S (Vi)aj=ui, i=12,....d > x;=
j=0

Jj=0
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has to be solved. This leads to the solution of the form
Jy ::gj(u), j 220,1,...,d. (13)

After inserting (13) into (8), one obtains the interpolating polynomial
pn(u) over the lattice on A.

Let now U be an arbitrary point in A. We would like to efficiently
evaluate the interpolating polynomial p,, at the point U. The previous
observation gives one of the possible ways, but one can use a more
efficient method by computing the barycentric coordinates U of the
point U w.r.t. A. They can be obtained by solving a linear system

1L 1 1\ (1
Vo Vi - Vy - \U )~
By inserting U into (8), the desired value p, (U) is obtained.
It can be shown that the computational cost needed for the deriva-
tion of the lattice points on an arbitrary simplex A and for the evalu-

ation of the Lagrange polynomial over A are roughly equivalent to the
one presented in [6].

4. Example

In this section the results of the paper will be illustrated by an example
for the planar case, i.e., d = 2, where a 2-simplex is a triangle A :=
(Ty,T1,T2). Let a 3-pencil lattice of order 3 on A be given by control
points Py, P1, Py € R? and let the data fy € R, |y] = 3, at lattice
points be prescribed. Barycentric coordinates w.r.t. AA of the lattice on
A\ are given by free parameters &y, &1 and & as

By =W ("2 [y0],, , &0 [11] 4 » €061 [12],) 5
a = JY&&i&, |y] = 3. Let us now compute the Lagrange interpo-

lating polynomial p3(z), £ € R?, 32 jx; = 1, over the lattice that
interpolates data fy sampled from the surface given by

£(¢) = 3¢~ (G+G) 4 o—2(+E) 4 3, (14)

By Theorem 2,

p3(x) = D fyLy(),
[YI1=3
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where Ley, |7| = 3, is equal to one of the following cases

?:0 hiﬂj’ El’L, Vi = 37

(a2+a+ i;i Ek)3 ) 1 ' . . o
<a2<1+a+a2>( sy (hso Mhmo i) s 38 <2 =295 = 1,

(a7 +a+) i;;fk)3

a2(1+ata?) (T} & )

o?+£o(a+ 3
((jgégglgl))) (H?:O hi,()) ) ’y = (17 17 1)7

with

[n _j]a — [n]a Tito.
n—4l, &1 T

[n =l = ]

hi"IB =x; + - & xiv1 +
i) (N

Combining these with the results in [4], where 3-pencil lattices on
triangulations have been studied, a continuous piecewise polynomial
interpolant over the triangulation can be obtained (Fig. 3).

Figure 3. The surface (14) over a star ([5]) with two different continuous piecewise
polynomial interpolants.
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