A BIJECTIVE PROOF OF THE ASM THEOREM
PART II: ASM ENUMERATION AND ASM-DPP RELATION

ILSE FISCHER AND MATJAZ KONVALINKA

ABSTRACT. This paper is the second in a series of planned papers which provide first
bijective proofs of alternating sign matrix results. Based on the main result from the
first paper, we construct a bijective proof of the enumeration formula for alternating sign
matrices and of the fact that alternating sign matrices are equinumerous with descending
plane partitions. We are also able to refine these bijections by including the position of the
unique 1 in the top row of the matrix. Our constructions rely on signed sets and related
notions. The starting point for these constructions were known “computational” proofs,
but the combinatorial point of view led to several drastic modifications. We also provide
computer code where all of our constructions have been implemented.

1. INTRODUCTION

Bijective combinatorics is an area of mathematics merely concerned with proving that
two finite sets have the same cardinality by constructing explicit bijections between the two
sets. Such proofs can be particularly satisfying, especially when the construction is elegant,
but often they also reveal many more details about the relation between the two sets than
just equinumerosity. A famous set of problems that has resisted numerous attempts to find
bijective proofs for about 40 years now is concerned with alternating sign matrices (ASMs)
and their relations to certain classes of plane partitions. In his collection of bijective proof
problems (which is available from his webpage) Stanley says the following about the problem
of finding these bijections: “This is one of the most intriguing open problems in the area of
bijective proofs.” The current paper is now the second in a planned series of papers that seek
to give first bijective proofs of ASM results.

Alternating sign matrices were introduced by Robbins and Rumsey in | | as square
matrices with entries in {0,1,-1} such that, in each row and each column, the non-zero
entries alternate and sum to 1. They conjectured that the number of n xn ASMs is given by

(35 +1)!

[T

§=0 (n+j)!"

which was then proved by Zeilberger in | | and a bit later also by Kuperberg | .
For a more extensive account on the history of ASMs, see the first part [I'I{]. In this second
part we will use the main result from the first paper ['I{] to give a bijective proof of the
enumeration formula for n x n ASMs as well as of the enumeration formula for n x n ASMs
with fixed position of the unique 1 in the top row. Secondly, we will provide a bijective proof
of the fact that there is the same number of descending plane partitions (DPPs) with parts
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less than or equal to n as there is of n x n alternating sign matrices, and also here we will be
able to refine the bijection to include one parameter.

In order to define DPPs;, recall that a strict partition is a partition A = (Ay,...,\;) with
distinct parts, i.e., Ay > Ay > ... > \; > 0. The shifted Young diagram of shape A is an array
of cells with \; cells in row ¢ and where each row is indented by one cell to the right with
respect to the previous row. The shifted Young diagram of shape (5,3,2) is displayed next.

A column strict shifted plane partition (CSSPP) is a filling of a shifted Young diagram with
positive integers such that rows decrease weakly and columns decrease strictly. A descending
plane partition (DPP) is a CSSPP such that the first part in each row is greater than the
length of its row and less than or equal to the length of the previous row, see | |. An
example is given next.

The ASM enumeration. The bijection that underlies the bijective proof of the enumeration
formula of ASMs as well as the one of the refined enumeration formula involves the following
sets:

e Let ASM,, denote the set of ASMs of size n xn, and, for 1 <i<n, let ASM,,; denote
the subset of ASM,, of matrices that have the unique 1 in the first row in column 4.
There is an obvious bijection ASM,,; - ASM,,_; which consists of deleting the first
row and first column.

e Let B,, denote the set of (2n—1)-subsets of [3n-2] ={1,2,...,3n-2} and, for 1 <i < n,
let B,,; denote the subset of B,, of those subsets whose median is n +7 - 1. Clearly,
|Bn| _ (3n—2) and |Bn,z| — (n+i—2)(2n—i—1).

2n-1 n-1 n—1
e Let DPP,, denote the set of descending plane partitions with parts no greater than
n; let DPP,,; denote the subset of descending plane partitions with ¢ — 1 occurrences

of n. We clearly have DPP,, ; = DPP,,_;.

One main achievement of this paper is the construction of the following bijections. To
emphasize that we are not merely interested in the fact that two signed sets have the same
size, but want to use the constructed signed bijection later on, we will be using a convention
that is slightly unorthodox in our field. Instead of listing our results as lemmas and theorems
with their corresponding proofs, we will be using the Problem—Construction terminology as
in [['K]. See for instance [Voe| and [Baul.

Problem 1. Given n € N, 1 <4 <n, construct a bijection

DPPn_l X Bn,l X ASMnJ‘ — DPPn_l X ASMnJ X Bn,i .
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Assume that we have constructed such bijections. Then we also have a bijection
DPPn_l X Bn,l X ASMn = U (DPPn_l X Bn,l X ASMn’l)
i U (DPPn_l X ASMnJ X Bn,z) = DPPn_l X ASMn,l X Bn —> DPPn_l X ASMn_l X Bn
for every n. But by induction, that gives a bijection
DPPg x---x DPP,,_; x By 1 x-- x B,, 1 x ASM,, — DPP( x--- x DPP,,_; x By x--- x B,
which proves the ASM theorem

CXREE oSSt
[Bial T (B7) i (n+J)'

J=1\j-1

|ASM,, | = Hfl
Hj:l
and also the refined ASM theorem
n+i—-2\ (2n—i-1 _
‘ASMH—1|'|Bﬂ,i|=(n1)(n1) 3]+1)'
[ B | i) 5o e+t
using the fact that DPP; is non-empty (as it contains the empty DPP).
The bijections from Problem 1 have been implemented in Python and the code is available

at https://www.fmf .uni-1j.si/~konvalinka/asmcode.html. In fact, the bijection depends
on an integer parameter x and we provide the case n =3, ¢ =2, x = 0 next.

| ASMHJ | =

(@,12345,%8) - (®75‘1’8,23457) (z 12345,‘1’_11‘1’) - (z,%%?,23456) (@,12345,86‘1’) - (@75?8,234 6)
001 001 010 010 100 001
(®,12346,(1)(1)8) - (@76?8,13457) (@ 12346,?}1?) o (®,$8?713456) (®,12346,8$(1)) - (;25 090 13456)
001 001 010 010 100 001"
(@,12347,?68) o (g,é?8,12457) (@ 12347,?711?) o (z,689,12456) (@,12347,86?) o (2.018,1245 6)
001 001 010 010 100 001"
(@,123567?68) - (2,8?8,13456) (@ 12356, ?Jl?) o (27(1)8(1),12456) (@,12356,86?) - (2 698,12456)
001 001 010 010 100 001
(@,123577?%8) - (276?8,13457) (g,12357,‘1’}1?) - (2,%8?,12457) (@712357,86‘1’) - (2,6?8 12457)
001 001 010 010 100 001"
(@,12367,2(;)51%) - (2,@251%,13467) (@,12367,%’{13) - (2,3%51%3,12467) (@123677%2) - (2751;25712467)
(2,12345,?68) o (@,5?8,23467) (2,12345,‘1’}1?) o (z,é%?,23467) (2,12345,36?) o (;25 009 23457)
001 001 010 010 100 010"
(2,12346,%8) o (g,é?8,13467) (2,12346,?}1?) o (z,689,13467) (2,12346,8%?) o (2,981, 13457)
001 001 010 010 100 010"
(2,123477%@) - (@,ég§712467) (2712347,?){13) - (@,é@%,mm) (2,123477%2) - (@,é§g712457)
(2,12356,2%%1;) - (27%%13,23456) (2,12356,2-112) - (2,}1;%723456) (27123567%2) - (2é§g 13456)
(2 12357 ?58) o (2 090 23457) (2 12357 ?-ﬁ?) o (2 509 23457) (2 12357 86?) o (2 001 1345 7)
’ 7001 001’ ’ 010 010’ ’ 7100 010’
(2,12367,2@@) - (2,@35,23467) (2,12367,2%13) - (2,(%)@3,23467) (2,12367,@@2) - (2,é$2,13467)

The ASM-DPP relation. We also construct an explicit bijection that proves |ASM,, | =
|DPP,, | and more generally |ASM,, ;| = |DPP,, ;|.

Problem 2. Given n € N, 1 <7 <n, construct a bijection
DPP,_; x ASM,,; — ASM,, ; xDPP,, ;.

Indeed, once this is proven it follows that |DPP,_;|-|ASM,,;| = |ASM,, |- |DPP, ;| =
|ASM,,_; |- | DPP,,;|. By induction, we can assume |DPP,,_; | =|ASM,,_; | and so |ASM,, ;| =
|DPP,,;|. Summing this over all ¢ implies | DPP,,| = | ASM,, |.

The bijections from Problem 2 have also been implemented, see the above mentioned
webpage. Again the bijection depends on an integer parameter x and the case n =4, i = 2,
x =0 is as follows.


https://www.fmf.uni-lj.si/~konvalinka/asmcode.html
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The process of finding our bijections started by translating known “computational” proofs

| for the original proof and [Fis16] for the most concise version so far)

7

(see [Fis06, Fis0

However, the combinatorial point of view led to several interesting

modifications so that the original proofs are not always apparent.

into bijective proofs.

Structure of the paper. We start by a short introduction on signed sets and sijections

in Section 2. Note that these are a special case of traced monoidal categories, see [J5VI0].
In Section 3 we apply some of these notions to obtain a sijection on B, ;, which serves also

as a good warm-up. In Section 4 we “sijectify” known results on determinants such as the
multiplicativity and Cramer’s rule. In Section 5, we summarize some prerequisites needed

from [I'I{] before we finish the construction in the final two sections.

2. SIGNED SETS AND SIJECTIONS

Our constructions rely heavily on the notion of signed sets. We use the terminology that

was developed in [FI]. We repeat the key points here, and refer the reader to [, §2] for

all the details and examples.
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A signed set is a pair of disjoint finite sets: S = (S*,57) with S*nS- = @. Equivalently, a
signed set is a finite set S together with a sign function sign: S — {1,-1}, but we will mostly
avoid the use of the sign function. Signed sets are usually underlined throughout the paper
with the following exception: an ordinary set S always induces a signed set S = (5,@), and
in this case we identify S with S. We summarize related notions.

e The size of a signed set S is |S| =|S*| - |S7|.

e The opposite signed set of S is =S = (57, 5%).

e The Cartesian product of signed sets S and T is
SxT=(S*"xT*uS xT",S*™xT " uS xT%).

e The disjoint union of signed sets S and T is

SuT=(8x({0},2))u(Lx({1},2))

e The disjoint union of a family of signed sets S, indexed with a signed set T is

LIS, =U(s, X@)

tel tel
Here {t} is ({t}, @) if teT* and (2,{t}) if teT".

Most of the usual properties of Cartesian products and disjoint unions of ordinary sets extend
to signed sets.
An important type of signed sets are signed intervals: for a,b € Z, define

_[([a,b],2) if a<b
[a’b]_{(z,[bu,a—l]) ifa>b

Here [a,b] stands for the usual interval in Z. The signed sets that are of relevance in this
paper are usually constructed from signed intervals using Cartesian products and disjoint
unions.

The generalization of bijections to signed sets is played by “signed bijections”, which we
call sijections. A sijection ¢ from S to T,

p:S =T,

is an involution on the set (S*u S~)u (T*uT~) with the property p(S*uT-)=S"uT*. It
follows that also (S~ uT*) =S*uT-. A sijection can also be thought of as a collection of a
sign-reversing involution on a subset of S, a sign-reversing involution on a subset of 7', and a
sign-preserving matching between the remaining elements of S with the remaining elements
of T. The existence of a sijection ¢: S = T clearly implies |S| = |S*| - |S~| =|T*| - |T"| = [T

In Proposition 2 of [I'K] it is explained how to construct the Cartesian product and
the disjoint union of sijections, and also how to compose two sijections using a variant of
the Garsia-Milne involution principle. These constructions are fundamental for most of the
constructions in this paper. It follows that the existence of a sijection between S and T is
an equivalence relation; it is denoted by “~”.

The sijection that is underlying most of our constructions is the following.

Problem 3. ([I'l{, Problem 1]) Given a,b, ¢ € Z, construct a sijection

a=agpea,c]l=[a,b]ulb+1,c].
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Construction. For a < b < ¢ and ¢ < b < a, there is nothing to prove. For, say, a < ¢ < b, we
have

[a,b]ulb+1,c] = ([a,c]ue+1,b])u[b+1,c] =[a,c]u([c+1,b]u(-[c+1,b]))

and since there is a sijection [c+ 1,b]u(=[c+1,b]) = &, we get a sijection [a,b]u[b+1,c] =
[a,c]. The cases b<a<e¢, b<c<a, and ¢ < a<b are analogous. O

It has been speculated by combinatorialists working on bijections between ASMs and
classes of plane partitions such as DPPs or totally symmetric self-complementary plane
partitions that these bijections will involve some sort of jeu de taquin. We are wondering
whether the application of oy . has anything to do with such a jeu de taquin move.

In [F'K], the notion of elementary signed sets and normal sijections turned out to be useful
to simplify the description of several sijections.

Definition 4. A signed set A is elementary of dimension n and depth 0 if its elements are
i 2. A signed set A is elementary of dimension n and depth d, d > 1, if it is of the form
LIS,

tel

where T is a signed set, and S, are all signed sets of dimension n and depth at most d—1, with
the depth of at least one of them equal to d—1. A signed set A is elementary of dimension n
if it is an elementary signed set of dimension n and depth d for some d € N.

The projection map on an elementary set of dimension n is the map

GA-Z"

defined as follows. If the depth of A is 0, then & is simply the inclusion map. Once & is
defined on elementary signed sets of depth < d, and the depth of A is d, then A = |ler S,,
where & is defined on all S,. Then define £(s,t) =£(s) for (s,t) € A. -

A sijection T = f between elementary signed sets T and f of the same dimension is
normal if £(¢(t)) = &(t) for allte TUT.

The sijection o from Problem 3 is normal.

The main reason normal sijections are important is that they give a very natural special
case for disjoint unions of sijections (see [I'1<, Proposition 2 (3)]). Suppose that T and T are
elementary signed sets of dimension n, and that ¢: T = T is a normal sijection. Furthermore,
suppose that we have a signed set S, for every k € Z". Then we have a sijection

L) Sery = L Sy

tel’ teT
Indeed, [I'IX, Proposition 2 (3)] gives us a sijection provided that we have a sijection ¢;: Sey =

Secpqry) satistying @y = ¢, for every t e TuT. But since £(1(t)) = £(t), we can take ¢ to
be the identity.

3. A SIJECTION ON B, ;
For a set A and n € N, denote by (‘2) the set of all n-element subsets of A.

Problem 5. For a,b,c e N, construct a bijection

([a+2+c])X([bzc])_)([a+ll))+c])x([azc])‘
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Construction. An element on the left can be interpreted as a pair (A, B) of disjoint subsets
of [a+ b+ c] with |A| = a and |B| = b, and an element on the right can be interpreted as a
pair (B, C') of disjoint subsets of [a + b+ ¢] with |B| = b and |C| = ¢. The bijection is then
(A,B)~ (B,[a+b+c]~ (AuB)). O

The following construction gives a sijective proof of a variation of the Chu-Vandermonde
identity:.

Problem 6. For a,b,c € N, construct a sijection

g( 1)J( ) ([a+ c-j- 1]) . {(“*i*"j) ifa>b

Jary a-1 (—1)5([ Ca]) ifa<b
Construction. By the standard bijection between weak compositions® of n with k& summands
and ([”Zl_tl]), an element of the signed set on the left can be interpreted as a pair (J,7),
where J is a subset of [b], 7 is a weak composition of ¢ — |.J| with a parts, and the sign of
such a pair is (=1)M1.
Assume first that a > b. The pairs with J = @ and 7 = ... = m, = 0 are clearly in bijection with
weak compositions of ¢ with a—b parts, and therefore with c-element subsets of [a +c-b—-1].
And we have a sign-reversing involution on the remaining pairs: if ¢ is the smallest element
with i € J or m; > 0, then remove ¢ from J and add 1 to 7; if i € J, and add 7 to J and subtract
1 from m; if 7 ¢ J.
If a < b, the pairs with J n[a] = @ and 7 = 0 (and therefore necessarily |J| = ¢) have sign

(-1)¢ and are clearly in bijection with subsets in ([b;a’]). On the remaining pairs, we have
the same sign-reversing involution as before. O

If a <b<a+c, both sets ([‘”C;b_l]) and ([ a]) are empty. Note that the sijection proves
the (obvious) equality

1 .
(1-2)° L _Jaw= ?fazb.
(1-z) (l—I)b_a fa<h

Problem 7. For n,i € N, construct a sijection

n [2n—i-1
|_| )J+1( ?2_9+1)xBn7j=>Bn,i.

Construction. By definition, we have a bijection B, ; - ([””_2]) X ([2"_i_1]). So

e (2 = (2 () ()
Lo ()

By using the bijection from Problem 5 fora=n-1-7, b=n-1, c=j, we get a sijection to
et o . o
|_|(—1)j([2n i 1]) y ([n . z]) y ([2n J 2])
§=0 n—l J 7’L—1

"n weak compositions, 0 is allowed as a summand.
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Now if use the sijection from Problem 6 for a =n, b=n—-1i, c=n -1, we obtain a sijection to

([2n—i—l]) y ([n+i—2])

n-1 n-1 )

which is equivalent to B,, ;. ]
The next goal is to prove that the sets ASM,, ; satisfy the same “equalities” as B, ;, i.e. to

construct a sijection

[2n—-i-1]

n—i-j+1

e

An important part of the remainder of the construction will then be played by “bijective
linear algebra” adapted to signed sets.

) « ASM,,; —> ASM,,

4. BIJECTIVE LINEAR ALGEBRA

Denote by &, the signed set of permutations (with the usual sign). Given signed sets

P, 1<i,5<m, deﬁne the determinant of P =[P ”];'”3:1 as the signed set

det(P) = |_| £1,7r(1) x P
meS,,

= m,m(m)*

Let us prove some classical properties.
Problem 8. Given P =[P ]i"%_,, Q= [QU]Z}:D construct a sijection

det(R) = det(P) x det(Q),
where R = [R;]7%_ 1, R, ;=4 Py, xQ

4,7=17 =—=4,j )
Construction. On the left, we get (after using commutativity) signed sets

: . X eee X X X eee X
S Loy, e X Lo, X Q) XX Gy

for a permutation 7 € &, and [y,..., 1, € [m]. If there exist 4,7, i # 7, [; =1, (and 7, j are the

smallest such indices), then we have

Slgnﬂ- .Bl,ll X eee X Bm,lm X Qll,ﬂ'(l) X eee X le,ﬂ'(m)
=-—signo- Py, x-x P, x(Q

X eoe X
=m,lm X o(1) le,a(m)’

where o = 7 (i,7). If (l4,...,1,) form a permutation of [m], then these are precisely the
signed sets that appear in the Cartesian product det(P) x det(Q), with the correct sign. O

Problem 9. Given P = pq];”q 1, signed sets X, Y and sijections
|_| Bi,q X Kq - Xz
q=1

for all i € [m], construct sijections

det(P) x X, == det(P),
where P/ =[P |» , P =P, ifq#j, P ;=Y forall je[m].

p,g=1" =—p,q
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Construction. For a given permutation 7 and fixed ¢ € [m], we have sijections

(1) q|:|1£1,7r(1) X Pz 1,7(3-1) x P —i+1,ﬂ'(7j+1) X X Bmﬂr(m) x Xq

= Py gy XX Py iy XY x P

i+l,m(ivl) XX

=m,w(m)
by assumption. In the disjoint union over all permutations 7w with 7(¢) = 7 and over all
i € [m] of the domains of these sijections, we obviously get the term det(P) x X, for ¢ = j. If

q + 7, then

SIgNT - Py gy X} Py iy X Py X Py sy X X Py

—(signo Py oy X X Pyt o1y X By X Pyt ity X X Lo gomy ) -
where p is chosen so that 7(p) = ¢, and o0 =7-(i,p). In other Words, there is a sijection from
the coefficient at X to @. On the other hand, the disjoint union over all permutations 7
with 7(2) = j and over all i € [m] of the codomains of the sijections in (1) is just det(P’). O

The following is implied immediately, as det(P?) is clearly g if Y, =... =Y, =@.
Problem 10. Given P =[P,;]1"_,, signed sets X; for j € [m], and sijections

m
|_| Bz‘,j X Kj - J,
=1

construct a sijection
det(P) x X; = @.

5. PREREQUISITES FROM PART I

In this section, we summarize definitions and results from Part I that are necessary for
the constructions that will follow.

The following objects extend the classical Gelfand-Tsetlin patterns, see | , p- 313] or
[ , (3)] for the original reference.

Definition 11. For k € Z, define GT(k) = ({-},2), and for k = (k1,...,k,) € Z", define
recursively
GT(K) = GT(ky, -, hn) = Ll GT(,.. l).

lE[kl,kz]xmx[knfl,kn]

In [FK], we have constructed the following sijections.
Problem 12. ([I'KX, Problem 5]) Given k = (ky,...,k,) € Z™ and 7, 1 <i <n -1, construct a

sijection
7T:7Tk’i3g(k1,... ):> GT(kl, .. 1 1,kl+1+1 k' 17k’i+27'--7kn)-

In the case that k1 < ky < ... <k, Gelfand—Tsethn patterns can be thought of triangular
arrays of integers of the following form

Q11

)

Q21 a2 2

ap-21 Cen R Ap—-2 n-2
An-1,1 An-1,2 cee e Ap-1,n-1
Qp 1 Ay, 2 (p,3 e . Qpn

) )



10 ILSE FISCHER AND MATJAZ KONVALINKA

such that a,; = k; for ¢ € [n], and the entries increase weakly along ~-diagonals and
along “-diagonals. In this classical case, we speak of a monotone triangle if the rows are

strictly increasing. Monotone triangles with bottom row (1,2,...,n) are in easy bijective
correspondence with ASMs of size n x n, see, for instance, [I'<].
The notion of monotone triangles can also be extended to the case when k = (ky,... k)

is not weakly increasing as is explained next.

Definition 13. (1) Suppose that k = (ky,...,k,) and 1= (l1,...,l,-1) are two sequences
of integers. We say that 1 interlaces k, 1 <k, if the following holds:
(a) for every i, 1 <i<m—1,1; is in the closed interval between k; and k;yq;
(b) if ki_y < ki < kipq for some i, 2<i<n—1, then l;_y and l; cannot both be k;;
(C) ’Lf ]{?Z > lz = ki+1; then i <n -2 and li+1 = lz = ki+1;
(d) Zf ]{?Z = lz > ki+17 then v > 2 and li—l = lz = kz
(2) A monotone triangle of size n is a map T:{(i,j):1<j <i<n} —7Z so that line i—1
(i.e. the sequence Ti_y1,...,T;1,-1) interlaces line i (i.e. the sequence T;1,...,T;;).
(3) The sign of a monotone triangle T' is (=1)", where 1 is the sum of:
e the number of strict descents in the rows of T', i.e. the number of pairs (i,7) so
that 1 <j<i<n and T;; >T; j11, and
o the number of (i,7) sothat 1 <j<i-2,i<n and T;; > Ti1; =T} ji1 = Ti-1,j11 >
E,j+2'

The following is a monotone triangles of size 5 with sign —1.

The purpose of [FIX] was to construct a sijection between monotone triangles and yet
another type of objects, namely shifted Gelfand-Tsetlin patterns, to be defined next. These
new objects involve arrow patterns, which are triangular arrays 7" = (¢, ,)1<p<q<n arranged as

tl,n

t1,mn-1 ton
T = t1,n-2 ton-1 t3,n ;

t1,2 t23 tn-1,n

with t,, € {«, N, x}. The sign of an arrow pattern is 1 if the number of x’s is even and -1
otherwise, and the signed set of arrow patterns of order n is denoted by AP, .

The role of an arrow pattern of order n is that it induces a deformation of (ki,...,k,),
which can be thought of as follows. Add ky,...,k, as bottom row of T' (i.e., t;; = ki),
and for each v orx which is in the same v -diagonal as k; add 1 to k;, while for each \
or v which is in the same -diagonal as k; subtract 1 from k;. More formally, letting
0,(v)=0,(x)=0(N)=0(x)=Tand §,(N)=0.(v) =0, we set

o(T)= Y 5[(752-,]-)—25\(@,1») and d(k, T) = (ky + ¢1(T), ko + o(T), - i + cn(T))

j=i+1

for k = (ki,...,k,) and T € AP, .
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Definition 14. Fork = (ky,...,k,), define shifted Gelfand-Tsetlin patterns, or SGT patterns
for short, as the following disjoint union of GT patterns over arrow patterns of order n:

SGT(k) = | | GT(d(k,T))

TeAP,
The main result of [I'l(] is a construction that solves the following problem.
Problem 15. ([I'KX, Problem 10]) Given k = (ky, ..., k,) € Z™ and x € Z, construct a sijection
[ = [y, MT(K) = SGT(K),

A computer code for this construction is also available at the webpage mentioned in the
introduction, and the concrete example k = (1,2,3) and x = 0 is provided in [FI<].

6. ROTATION OF MONOTONE TRIANGLES

The purpose of this section is solve the following problem.
Problem 16. Given k = (kq,...,k,), construct a sijection
MT (k) —> (~1)" MT(rot(k)),
where rot(k) = (ka, ..., kn, k1 —n).

For a set U ¢ N, define ¢;(U) =1 if j € U and 0 otherwise. For k = (ky,...,k,) and j > 1,
define

E(k)= || UEDWIGT(k+e(U),kr+e(U),. .. .k +e(U))

ve(ln) UV
and
F,0)= L L EDIGT (R - e (U) ks = ea(U), .. b = en(U)).
ve(lr)y UV
Problem 17. Given k = (kq,...,k,) and j > 0, construct a normal sijection

L] L (~D)V[Ey + e1(U), kg + €2(U)] % -+ x [kn-y + €n1(U), kn + €a(U)]

V() UV

o [{Ria + 1} 1el
= L L U Ok i-1lel
Ve([nj_-l]) vev Iri(gl[:rll_)i]@ =1 [k’z + Ei(U), ki+1 + EZ(U)] 72— 1,2 ¢ I

Construction. Construction is by induction with respect to n. Consider n = 2. Both sides
are empty if 57 > 2, and both sides are also obviously equal if j = 0. The cases j = 1,2 follow
easily from the construction in Problem 3.
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Suppose n > 3. Then there exist normal sijections

LI LG 1)'U‘H ki+ & (U), ki + € (U)]

VE(["]) Ucv

— U U 1>'U'(H[k:+ez<U> /fz+1+€z+1(U)}) [os + e (U), ]

V(1) UV i=1

oo L) LG 1)|U|”(H[ki+ei(U),ki+1+ei+1(U)])x[kn_1+en_1(U),kn+1]

VE([" 1] )UCV i=1

— |_] |_] (—1)|U| (ﬁ [ki + €(U), ki1 + €i+1(U)]) < [kn1, kn]

Ve([n;l]) Ucv i=1

L |_| |_| (—1)‘U|+1 (ﬁ [ki-FEZ'(U),kHl-FEHl(U)]) X [kn—lakn—1+€n—1(U)_1]

VE([n;I]) Ucv =1

v | L (1)l (ﬁ (ki + €(U), ki1 + em(U)]) X [kno1 + 1, ky + 1]

ve(y UV i=1

[ |_| |_| ( ].)Ul(H[ki+€i(U),ki+1+€i+1(U)])X [/{Jn_l-i-l,k?n_l-i‘(fn_l(U)—]_],

Ve( ]) Ucv i=1

using « from Problem 3 twice as well as [a,b] = =[b+ 1,a—1]. By induction, the first and
the third term can be combined to obtain the terms in the codomain with n -2 ¢ I.

The second term is equal to @ unless €, 1(U) = 1, while the fourth term is equal to @
unless €,_1(U) = 0. Combining these terms we get

L] DY (ﬁ (ki + 6, (U), ki + e,-+1(U)]) x [kng + €n-(U), knoy + 1] x {kn_1}

VE([TJ_L:IQ]) Ucv i=1

] |_| I_l 1)|U|+1 (ﬁ []Ci-l‘EZ‘(U)?]{IHl-FEHl(U)]) X [kn—2+€n—2(U)ukn—1] X {kn—l}

VE([ ]) Ucv

— || L 1|U|(H[ki+ei(U),ki+1+ei+1(U)])x{kn1+1}x{kn1},

ve(ln-2 UsV i=1

using « to obtain the sijection. By induction, the codomain of this sijection is the term of
the codomain in the problem with n—2¢€ I.
The combination of the sijections is normal because « is normal. 0

Problem 18. Given k = (ky,...,k,) and j > 1, construct sijections
E,(k)=g and F;k)=g.
Construction. It is clear that £ j(k) =@ if j > n, so it is enough to construct a sijection

Ej(k) = |_| Ej(l)‘

lE[k1,k2]X-~~X[k"_1,kn]




A BIJECTIVE PROOF OF THE ASM THEOREM, PART II 13

We obtain such a sijection using the normal sijections from Problem 17: Observe that E (k) is
the disjoint union of the family GT(ly, .. .,l,-1) over the domain of the sijection in Problem 17,
while Llie[g, ky]x-x[kn1,ka] £ (1) is the disjoint union of the same family over the part of the

codomain where I = @. For the part of the codomain where I # @, GT(ly,...,l,-1) = @ as

GT(ly,...,l,1) = @ whenever [; = [;,1 + 1 for some i since [z + 1,z] = @. The sijection is then
the disjoint union of the identity sijections as discussed at the end of Section 2.
The construction of the sijection F;(k) = @ is analogous. U

Let us also define

Ek)= || LEDIGT(k ke +e(U), ... kn+ e (U))

VE([Q;."]) Ucv

and

Fik)= | L EDYGT(k k= ea(U), .. ko — en(U)).
VG([Z;n]) Uucv

The previous problem can be rephrased as follows.

Problem 19. Given k = (kq,...,k,) and j > 0, construct sijections
! 7 j—i [/] :
Ej(k) : |_|(_1) . Xﬂ(kl"'zak%'“?kn)
i=0 ?

and

Fl(k) = !;|)(_1)j—i([g]) « GT(ky =i, K ).
Construction. The sijections are trivial for j = 0. For 7 > 0, we can split pairs (U,V),
UcVe ([?]), that appear in £;(k) into three groups: 1 ¢V, 1eU, and 1€ V,1¢ U. This
gives an equivalence £, (k) ~ E'(k)u (=Ej_ (k1 +1,ky, ..., k,)) UL} (k) and, together with
Problem 18, an equivalence E’(k) ~ B | (k1 + 1,ky, ..., k) u (=Ej_,(k)). The first sijection
is now constructed inductively, and the second construction is analogous. 0

The following problem involves arrow patterns (see Section 5) as well as arrow rows, which
are defined as follows: An arrow row of order n is a row of length n with elements ~, 7, %,
where the positive elements are precisely those with an even number of %’s. The signed set of
arrow rows of length n is denoted by AR,. Given 7" e AP, | and p € AR, write uT” (resp.,
T'u) for the arrow pattern of size n that we obtain if we add p (with all arrows reflected
along the horizontal axis) to 7" as the leftmost ~-diagonal (resp., rightmost \-diagonal) in
such a way that the first element of the arrow row is the bottom (resp., top) element of the
added diagonal.

Problem 20. Given k = (kq,...,k,) and T" € AP

o1, construct a sijection

|_| @(kl +Cl(:uT,)7k2+CQ(MT,)7"'7kn+0n(MT,))
“Gﬂn—l

— || GT(ki1+co(T'n) ko +cr(T'w), ... ky+ coor (T'1)).

ueAR, 4
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Construction. Write [; = k; + ¢;_1(T") for i =2,...,n, and define

n—-1-j

F-= 7@:(—1)11-1—]- %J(_l)p([n _g - 1]) x Fl (k4 pilay ..y ly).

By the definition of E;., this signed set is equivalent to

L_E](—l)p (n|:|0p|7|(_1)n_l_j+q([n _g - 1])) x GT (k1 +p,lo—€9,..., 1, —€n),

where the outer disjoint union is over p € [0,n — 1] and € = (9, ..., €,) € [0,1]", the innermost

[2,n

disjoint union is over V € (n_’j_]l) that contain all ¢ with ¢; = 1, and we set ¢ = €3+ ... + €.

Clearly, this is equivalent to

n—1-

H(_l)p( H}p(—l)n_l_j+q( [n-1-q] ) x ([n—j - 1])) x GT (k1 +p,lo—€,...,1h—€,),

n-1-q-j p
and Problem 6 fora=p+1,b=n-1-qgand c=n—-p-1 gives us the equivalence
P~ |_|(_1)n+p+q_1( La] ) x GT(k1+p,la—€ay... 1, —€).
X n-p-1

On the other hand, note that ky +c; (uT”) = ky+ Y0 0 (113) and ki +c;(uT") = 1;—8 » (pi-y ) for
i=2,...,n. Let us see how many times GT (k1 + p,ls — €a,...,1, — €,) appears in the disjoint
union | year, | GT (k1 +ci(uT"), ko + co(pT"), ... kn + co(uT")). Whenever ¢; = 1, we must
have ;1 € { 7, %}, and whenever ¢; = 0, we must have p; ; =~. That means that among
the ¢ 7’s with ¢; = 1, we have to select p— (n—-1-¢q) x’s. That gives an equivalence

E% |_| Q(kl+Cl(,UTI)7k2+02(,UT,)7"'7kn+Cn(,uT,))'

neAR, 4
In an analogous way, we prove that

Ex~ || GT(ki+cn(T'u) ko+car(T'w), ... kn+coor(T'1)),

MEAiRnfl
where
n—1 ‘n—l—j n— o 1 ,
g= ey o (" ) e o)
j=0 p=0 p
The sijection £ = F easily follows from Problem 19. U

Now we are in the position to give a sijective proof of the rotational invariance up to sign.

Construction for Problem 16. We use the sijection I' from Problem 15 (which depends on a
parameter ).

MT(K) — SGT(K) = || GT(ky +er(T),..., ki + a(T))
TeAP

= | [ GT(k+ca(uT") ke +co(uT"), ..., ky + cu(pT")).
Tle&n—l 'L"E&n—l
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Apply the sijection from Problem 20, and then rotation of GT patterns (using the sijections
from Problem 12). We get

|_| |_| GT(ky+cn(T'p) ko +cr(T' ), - - bp + cua (T71))
Tle&n—l #E@n—l

= (-1 | Ll GT(ka+er(T') + 1, k4 cna(T'p) + L ky + e (T'p) =+ 1)
Tleﬁnfl /‘Leﬂnﬁl

=(-1)"" | GT(ka+ar(T)+1,....ky+cna(T) + 1,k +co(T) —n+1).

TeAP
We subtract 1 from all GT patterns and apply I'!, and obtain (-1)""! MT(rot(k)). O

7. EQUALITIES DETERMINING ASM,, ;

Suppose that we are given a weakly increasing sequence k = (k1,...,k,) and i € N. We
define
MT (k) ={T e MT(k):T),is11=-..=Tp1 =k, Thi1 # k1}
as the signed subset of monotone triangles with k; in the first position in exactly the last ¢
rows. Similarly, we define

Mz(k) = {T € M(k):Tn—Hl,n—Hl = ... = Tn,n = kna Tn—i,n—i * kn}

as the signed subset of monotone triangles with £, in the last position in exactly the last ¢
rOWS.

Problem 21. Given a weakly increasing k = (k1,...,k,) and i > 1, construct sijections
i—1 ) =1
MT; (k) = |_|(—1)J([Z , ]) x MT (k1 + 5+ 1, ko, ... k)
j=0 J

and

MT (k) — D:(-nj(“ . 1]) « MT (k1 ko, . ko = j — 1).

Construction. The signed sets MT, (k) and MT(ky + 1, ko, ..., k,) are obviously equivalent:
just increase/decrease the first element of the bottom row of a monotone triangle to get a
sijection. For ¢ > 1, we have

Mz(k) = uml'—l(kla l27 s 7ln—1)7
1

where the disjoint union is over all 1= (ls,...,[l,_1) that interlace (ko,...,k,). By induction,
we have a sijection to

|T|g(—1)j([i;2]) x MT (k1 + 5+ 1,1o,...,1,),

and it remains to find a sijection from this signed set to
[ (i -1] _
L (1) MO+ )
=0 J

An element of this signed set is ((A,T),7) for a subset A of [i - 1], j = |A], and T a
monotone triangle with bottom row (k; + j + 1,ko,...,k,). Let the second-to-last row be
(k?l +p+ ]_, lg, R 7ln—1)7 where (lg, ceey ln—l) interlaces (l{fg, . ,]{Jn) If kl +p+]_ < kg or 1{51 +p+1 =
ko < Iy, we must have k1 +j+ 1< ki +p+ 1, so we have two options. If [A|=p and i—1¢ A,
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the element (((A,T),p),1) appears in the signed set on the left. The elements with |A| < p
or i —1 € A cancel each other: simply add or remove ¢ — 1 from A. On the other hand, if
kiy+p+1>kyor ki+p+1=Fky=1y, we have k1 +j+ 1> k; +p+1, and we again have two
options. If |[A|=p+1 and i—1€ A, the element (((A~{i-1},T),p),l) appears in the signed
set on the left, and the elements with |A| >p+1 or i — 1 ¢ A cancel each other. O

Problem 22. Given n € N and i € [n], construct a sijection

n i f[2n-i-1]
-1 j”([ ) ASM,, ; ASM,, ;.

Construction. Using the obvious bijection ASM,, ; = ASM,, ,,+1-; obtained by reflecting along
the vertical axis and complementation, we get a sijection

|;| 1)3“( QZ__; N ]1) x ASM,, ; = |_|( 1)3”( [QZ__Z._+1]1) x ASM,, 41—
= Q(—l)”‘j([ iz N ]) x ASM,, ; = |7|(—1)"-J‘([§Z:; i 1]) x ASM,,;

_ |7|(_1)n—j—1([2” ‘ji - 1]) x ASM,y 2001

By rotating the alternating sign matrix by 90° counterclockwise and using the usual bijection
between ASMs and monotone triangles with bottom row 1,...,n, we get a sijection ASM,, ; -
MT,(1,...,n), and by reflecting along the vertical axis of symmetry and rotation by 90°
clockwise, we get a sijection ASM,,; — MT'(1,...,n). The first sijection constructed in
Problem 21 gives us a sijection

L|(—1)n-j-1([2” ‘ji ) 1]) x ASM,, 951
. |7|(—1)n—f—1([2” ‘ji - 1]) 9 (|?|(-1)p([2” ‘pj - 2]) < MT(2+p,2,... ,n))
— | |(-1)"P ! (u(_1)j([2n _ji - 1]) x ([2” —J- 2])) x MT(2+p,2,...,n).

J p

The sijection from Problem 6 for a=p+1,b=2n-71-1, ¢c=2n-p -2 gives a sijection to
-1 -1
|_|(—1)n+P—1( [i-1] )x MT(2+p,2,....n) = |_|(—1)”+p—1([Z ]) x MT(2n - p,2,...,n).
P 2n-p-2 P p

Now note that rot(2n —p,2,...,n) = (2,...,n,n - p) and use the sijection from Problem 16
to get a sijection to

g(—l)p([i;l]) x MT(2,...,n,n-p) = g(—l)p([i;l]) xMT(1,...,n=-1,n-1-p).

The second sijection from Problem 21 now gives a sijection to Mi(l, ...,n)~ASM,,;. O

Problem 23. Given n, construct a sijection

det(P) = (-1)"'DPP,_,,
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where P = [P, ;]7;_, with

Pi=(- 1)J+1([2n._i._1]) u{ém i=]

—i—j+1 otherwise
Construction. We define signed sets S, ; = (—1)i+j(][.’j) and S = [S; ;7,2 Tt is clear that
det(S) is a signed set with one positive element and no negative elements, so, by Problem 8,
we have a sijection
det(P) = det(S) x det(P) = det(R),

where R = [R;;]7;L, R, ; = L=t S, x P By using Problem 6 for a =n+ 5,0 = n,c =

where B2 ij=1> 1t Zp+l,j+1°
i, Lo ()72 = G )
Lo () ) = o) = (M)

we get a sijection to det(7), where T, ; = (-1)7 ( ni2] ) u (- 1)“1”(] ) for 1<i,j<n-1.
We can also start with a matrix W = [W, ;17! ww = ([”]]) if i # j, and W, ; ([ ]) [0,0].

4,5=17
Its determinant can be, by the Lindstrém-Gessel-Viennot lemma | , |, interpreted
as a collection of non-intersecting lattice paths between (0,7 + 1) and (i — 1,0) for ¢ in a
subset of [n - 2]. By adding the step (-1,i+ 1) - (0,7 + 1), ignoring the steps at height 0,
and recording the heights of all steps, we indeed get descending plane partitions with parts
<n-1. Again, we have sijections

det(W) == det(W) x det(8) == det(U),
where U, ;=)= 1I/V xS, ;- Now we use Problem 6 for a=i+2,b=n,c=j-1,

e () () — () 1)

j-p pel i+1/\j-p
g +j—k]\([n] [n-i-2]
e (G = e (M 5F)
Do (") ()
which gives a sijection to (=1)"~'det(7). This finishes the construction. O

Now we have to put all the ingredients in place.

Construction for Problem 1. By Problems 10 and 23, it is enough to construct sijections

|_|P X(BnleSMn]U ASMnlen]):>®

where P, ; was deﬁned in Problem 23. But this is done by adding the signed set P, x
(Bn1 xASM,,; u—ASM,, 1 x B,,1), which has size 0, and using Problems 7 and 22 on the two
terms of the resulting disjoint union. O

Construction for Problem 2. Using Problem 22, there are sijections

u_gi’ijSMn,j:(D" N 1]) ASM,,

=2 n
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foralli=1,2,...,n, where P, ; is defined as in Problem 23. Using Problem 9 and Problem 23,
it follows that there are SlJectlonS

DPP,_; x ASM,, ; == det(P’),

where P’ is obtained from P by replacing the j-th column by (( [2n-i-1 )x ASMn1)2< o

Equivalently, with @ = ( e 1] ) x ASM,,; and @’ the (n—1) x (n - 1) matrlx of all empty
sets, except for the j-th column, 2 < j < n, which is [Qi]ZZQ, there is a sijection

DPP,_; x ASM,, ; == det(P u @’) u-det(P).
Using § from Problem 23, we obtain
det(Pu @) u—det(P) = det(S) x (det(Pu Q) u-det(P)).
Using Problem 6 for a=n,b=n,c=n—-i-1,

gﬁi,p Q |_|( 1) 1+p( [n ]Z) « ([Zn—pl— 2]) < ASM,

n—
- l|;|)(—1)’“( Z]) x ([2” _nl__ b= 2]) x ASM,, | = {QSM’“ 2 Z Z: 1 .
Using 7 from Problem 6, we obtain a sijection to
(-1)"* det(T7) x ASM,, 1,
where 77 is obtain from T by deleting the last row and (j — 1)-st column.

On the other hand, let W’ = (W, ]2, with
W= ([Zf‘ll])' p<n—1|_I [0,0] p:q<n—1'
P (["JEIJ ]) p=n-1 (@ otherwise

By refining the considerations from Problem 23, there is a sijection from det(W’) to DPP,, ;
using the Lindstrom-Gessel-Viennot lemma. Again we have sijections

det(W?) = det(W?) x det(S) = det(U?),

with U7 = [vaq]g;ll such that U’ coincides on the top n — 2 rows to 7_ up to sijections. As

for the bottom row, we have

g(_l)m([nw y])( ) (Jy GRS y])([k]):{m 4=j-1

n-1 %] otherwise ’

and we obtain a sijection to (~1)"* det(77).

8. CONCLUDING REMARKS

In this paper, we present the first bijective proof of the enumeration formula for alternating
sign matrices. The bijection is by no means simple; the construction is based on [I'K], and
combined the two papers have about 40 pages, with the technical constructions taking about
20 pages. We also needed more than 2000 lines to produce a working Python code. However,
note that the first proof of the ASM theorem by Zeilberger was 84 pages long. We certainly
hope that our proof will be simplified and shortened in the future.
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On the other hand, this successful translation of a computational proof into a bijective
proof also raises questions as to the relation between these two types of proofs. Under
what circumstances is such a translation possible? If there exists a simple explicit bijection
between, say, ASMs and DPPs, can it be converted into a (simple) computational proof?
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