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ABSTRACT. Certain polynomials in n? variables which serve as generating functions

for symmetric group characters are sometimes called (.S,,) character immanants. We
point out a close connection between the identities of Littlewood-Merris-Watkins
and Goulden-Jackson, which relate S;,, character immanants to the determinant,
the permanent and MacMahon’s Master Theorem. From these results we obtain
a generalization of Muir’s identity. Working with the quantum polynomial ring
and the Hecke algebra H,(q), we define quantum immanants which are generat-
ing functions for Hecke algebra characters. We then prove quantum analogs of the
Littlewood-Merris-Watkins identities and selected Goulden-Jackson identities which
relate H,(q) character immanants to the quantum determinant, quantum perma-
nent, and quantum Master Theorem of Garoufalidis-Lé-Zeilberger. We also obtain
a generalization of Zhang’s quantization of Muir’s identity.
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1. INTRODUCTION

Among their abundant results expressing generating functions in terms of matrix
traces and determinants, Goulden and Jackson [GJ92] obtained several identities
concerning polynomials

Imm, () = Z XMW1+ T,

inx = (x11,...,%T,n) whose coefficients are given by irreducible characters x> of S,,.
We will call these polynomials irreducible character immanants. Using their identi-
ties, Goulden and Jackson gave new presentations of results of Littlewood, MacMa-
hon, and Young, reiterating a little-known interpretation of MacMahon’s celebrated
Master Theorem which had been stated by Vere-Jones in [VJ83]. Also giving new
interpretations of Littlewood’s results, Merris and Watkins [MW85] stated similar
formulae for irreducible (and other) character immanants by summing products of
permanents and determinants. After reviewing background material in Section 2, we
will use the Littlewood-Merris-Watkins identities to give a new proof of the Goulden-
Jackson identities. We will also generalize Muir’s identity.

Many of the above results have natural noncommutative extensions. Authors
such as Cartier-Foata [CF69], Foata-Han [FHO7a], [FHO7b], [FHO8|, Garoufalidis-
Lé-Zeilberger [GLZ06], Hai-Lorenz [HL07|, Konvalinka-Pak [KP07], Krattenthaler-
Schlosser [KS99], and Zhang [Zha98| have stated quantum analogs of the Master
Theorem, Muir identity, and related identities. After reviewing the relevant quan-
tum algebras in Section 4, we will state and prove quantum analogs of identities of
Littlewood-Merris-Watkins and selected identities of Goulden-Jackson in Section 5,
showing that these new quantum identities are related to one another in much the
same way as their classical analogs. While natural quantum analogs of the most
general Goulden-Jackson identities fail to hold, we employ results of Garoufalidis-Lé-
Zeilberger to quantize the Vere-Jones interpretation of the Master Theorem, and to
generalize Zhang’s quantization of Muir’s identity.

2. THE SYMMETRIC GROUP, C[z], AND IMMANANT IDENTITIES OF
LITTLEWOOD-MERRIS- WATKINS

Classical generating functions for symmetric group characters are polynomials be-
longing to a special graded component of the ring Clz] = Clzy1,...,2,,]. Recall
that the symmetric group S, is generated by the adjacent transpositions sy, ..., S,_1
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subject to the relations

2 _ _
s; =1, fori=1,...,n—1,
5i5;8; = 5j8iS;, if i — j| =1,
S8 = S;Si, if ‘Z — j‘ Z 2.

A standard action of S,, on rearrangements of the word 1---n is defined by letting s;
swap the letters in positions ¢ and ¢ + 1,

§;0a1::-Qp = Q1 *** Aj—1Q41A;Qi42 * * * Ay

For each element v = s;, ---s;, € S,, we define the one-line notation of v to be the
word vy ---v, =wvol---n. Thus, denoting the identity permutation of S, by e, the
one-line notation of e is 12 - - - n. Using this convention, the one-line notation of vw is

(vw)y - (vw), =vo(woe) =vowy: Wy = Wy, * Wy,

Thus, the one-line notation of s1s € S3 is 312. We will denote the one-line notation
of vt =3, -5, by vyt v

Let /(w) be the minimum length of an expression for w in terms of the generators.
Equivalently, ¢(w) is the number of inversions in the one-line notation of w. Let <
denote the Bruhat order on 5,,, i.e., v < w if every reduced expression for w contains

a reduced expression for v as a subword. (See, e.g., [Hum90].)
The ring C[z] is naturally graded by degree,
Clz] = P A,
r>0

where A, is the C-span of all monomials of total degree r, and the natural basis
an,n . e .
Vlaia, ..., an, € N} of Clz] is a disjoint union

a1,1
{Im © o Inyn
a1 | pGnn
U{$1,1 l’n,n

r>0

ayi+ - gy =1}

of bases of the homogeneous components {A, |r > 0}.

We may further decompose each homogeneous component A, by considering pairs
(L, M) of multisets of integers. Thus we obtain the multigrading

A= P A,
LM
|L|=[M|=r

where Ay, js is the C-span of monomials whose row indices and column indices (with
multiplicity) are equal to the multisets L and M, respectively. Just as the Z-graded
components A, and A, satisfy A, A; C A, 1, the multigraded components Ay, p; and
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A satisty Ap Ao C Apwr munr, where U denotes the multiset union of two
multisets,
1. .. w1b...pfh = 10+0 . it
def
Thus Ay [ is the C-span of the monomials {@1,, - - - Tpw, |w € S,}. We will call
elements of this submodule immanants. Defining the notation %" = zy, v, * ** Tu, 0,5
we may rewrite the natural basis of the immanant space as {z°" |w € S, }.

For a function f : S, — C, we follow [Sta00] in defining the f-immanant to be the
element
Immy () = Z fw)z1 ;- T,
wWESh
of the immanant space. Two well-known examples are the determinant and perma-
nent, whose coefficient functions are the sign and trivial characters of S,,, respectively.

Let A = (A1,...,\) be an integer partition (with ¢ > 0) and let A" denote the
transpose (also called the conjugate) of the integer partition . (See [Ful97].) Im-
manants Imm »(z) constructed from the irreducible characters x* : S, — R of S,
are usually abbreviated Imm, (z),

(2.1) Immj (z) = Y xMw)z"".

weSy
It is well known that irreducible characters are class functions on S, in the sense
that if v and w have the same cycle type in S,, then x*(v) and x*(w) are equal.
Equivalently, we have x*(v) = x*(w) if v = vwu~! for some u € S,,.

Immanants which are somewhat better understood than irreducible character im-
manants correspond to characters {¢* |\ F n} induced from the sign character of
Young subgroups of S, and to characters {#*| X\ - n} induced from the trivial char-
acter of Young subgroups of .5,,. Simple formulas for these immanants employ deter-
minants and permanents of submatrices

XrJjg = (Ii,j)z'el,jeJ

def

of z. In particular, Littlewood [Lit40] and Merris and Watkins [MW85] showed the
following.

Theorem 2.1. Fix a partition X\ = (A,...,\o) = n. Then we have

Imma(z) = Y det(x,,)---det(zy,,),
(I, 1¢)

Immm (x) = Z pel"(le,[l) e 'per(xfe,lz>7
(I, 1¢)

where the sums are over all sequences (I1,...,1;) of pairwise disjoint subsets of [n]
satisfying |1;| = A;.

(2.2)
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We will give our own proof of this fact in Section 5.

Each of the sets {x*| A F n}, {n*| A n}, {¢* |\ F n} forms a basis for the space
of class functions on .S,,. We may express the first basis in terms of the others by

(2.3) Z ot =) K e,

"

and we therefore may express irreducible character immanants in terms of the induced
character immanants by

(2.4) Imm, (z Z admm, (z) = Y K -iTmme(2).

I

The coefficients appearing in these identities are called the inverse Kostka numbers
and may be defined by

(2.5) det(Ex4j-i)ijmr = D KA+ G

ukEn

where {;|i > 0} are commuting indeterminates, and where we define &, = 1, and
§& = 0 for ¢ < 0. This definition implies that we have K - }\ = 0 unless A < p in
majorization. (See [Ful97].) Thus the sums in (2.3) and (2.4) may be taken over
> Xand > N respectively.

While the immanant space is just one graded component of Clz], one can un-
derstand all other components in terms of immanants as well. In particular, given
multisets L = 142%...pf M = 1™2m2 ... n"n with 1+ - -+0, = my+---+m,, =T,
we define the L, M generalized submatriz of x to be the r X r matrix x5, obtained
from x by repeating the ith row ¢; times and ith column m; times for ¢ = 1,... n.
For example when L = 1112, M = 1334 we have

(61,62,63,64) = (3,1,0,0), (ml,mg,mg,m4) (1 O 2 1)

11 T13 T13 T14
T11 T13 1,3 T14
11 T13 1,3 T14
To1 T23 T23 T24

LM =

In general, it is easy to see that elements of the component Ay, of C[z] are precisely
the specializations of the r x r immanants

{Immf(yl,lv e 7yr,r> ‘ f:8 — (C}
at y =xrum.

Using generalized submatrices, we may generalize the Littlewood-Merris-Watkins
identities (2.2) as follows.
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Proposition 2.2. Fiz an r-element multiset M = 17" ---n™ of [n] and a partition
A= (A1,...,A) of r. Then we have

Immos (2 ar) = ma!---my! Z det(z, 5, ) - - -det(xy,.,)

(J1yeenrJe)

where the sum is over all sequences (Jy,...,Js) of subsets of [n] satisfying |J;| = \;
and JJU---U J, =M.

Proof. Let y = (y1.1,---,¥Yrr). The map y — x5 defines a ring homomorphism
Cly] — CJz] and thus preserves the identities (2.2). We therefore have

Imm A(QL’MM Z det xMM)Il [1) det((l’M’M)[b[l).
(It 1)
Each term in the above sum has the form det(x, j,) - - -det(z, s,), where (Jy, ..., Ji)

is a sequence of submultisets of M satisfying |J;| = \; and J; U ---U J, = M.
Since repeated rows and columns cause the determinant to vanish, we may sum
over sequences of subsets. Now if Ji,...,J, are all sets, then the number of times
det(xy,.5,) - - -det(xy, 5,) appears in this sum is my!---m,!. O

Similarly, we have the following generalization of the permanent identity in (2.2).

Proposition 2.3. Fiz an r-element multiset M = 1™ ---n™" of [n] and a partition
A= (A1,...,A) of r. Then we have

Immp (za) = > 00K, Joper(zs, ) - per(w,..),
(le 9 )

where the sum is over all sequences (Ji,...,J;) of submultisets J; = 1941 .. .plin of
[n] satisfying |J;| = Ni, J1UW---U J, = M, and where

l
my;
oCh,..J=T1(. ™ )
( ! Z) i=1 (]i,b cee a]i,n)

Proposition 2.2 leads to another generalization of Theorem 2.1.

Corollary 2.4. For k=1,...,n define

Fiz a partition A = (Ay,...,A\) b r. Then we have

ImmEA(JTMM)
Oé)q ...aAZ —_— _— 0,
2 mil- -y,

where the sum is over all r-element multisets M = 1™ ---n™" of [n].
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3. THE GOULDEN-JACKSON IDENTITIES, MACMAHON MASTER THEOREM AND
MUIR IDENTITY

Goulden and Jackson [GJ92] stated several identities relating the irreducible charac-
ter immanants {Imm, (x) | A F n} to multivariate generating functions and to MacMa-
hon’s Master Theorem. We will summarize their results and give new proofs which
expose connections to the Littlewood-Merris-Watkins identities in Theorem 2.1 and
Propositions 2.2-2.3.

To begin, we state the following fact [GJ92, Eqn. (6)] concerning a power series and
its inverse. (For a proof, see [Ganb9, Ch.1 §4], [MacT79, pp. 22-23].)

Proposition 3.1. Let A = (Ay,..., \¢) be a partition and let (o)r>0 and (Bk)r>o0 be
sequences of elements of a commutative ring R. If the sequences are related by the
identity
k
Zk>0 ag(— ; ot
in R[[t]], then the A\ x A\ matriz A = (O‘ATL-—HJ') and the ¢ x { matrix B = ((,—i+j)
satisfy det(A) = det(B).

To state the main results [GJ92, Thm. 2.1, Cor.2.3] on irreducible character im-
manants, we define the sequences (o )rez, (Bk)rez, (Vk)kez, (0k)rez of polynomials in
Z[z] by the generating functions

det(I + tx) t*, tk,
et(I + tz) Zak dl i) ; B
(3.1)
(I +tx) t*, Stk
per(I + tx) ka per( —tx ; K

and by the requirement that polynomlals with indices not appearing here be zero.
Now fix a partition A = (Ay,..., ) = r and define the \; x A; matrices A, D and
the ¢ x ¢ matrices B, C by

(3'2) A= (O‘)\Ti—i-i-j)’ B = (ﬁ)\i_i'f‘j)? C= (’}/Ai—i+j)> D= (6)\Ti—i+j)'

It is easy to see that the determinant of each of these matrices belongs to A,. By
Proposition 3.1 we also have det(A) = det(B) and det(C') = det(D). Moreover, we
have the following more specific descriptions of these polynomials.

Theorem 3.2. Fiz a partition A+ r and define matrices A, B as in (3.2). Then we
have

(3.3) det(A) = det(B) = 3 T (Earar)

myl---m,!
! n!
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where the sum is over all r-element multisets M = 1™ ---n™" of [n].

Proof. Observe that the polynomials {ay | k € Z} in the commutative ring Z[x] satisfy
ao=1,a,=0if k<0, and

(3.4) Z det(zr,r)

if & > 0. Thus by Propositions 2.2-3.1 and the definition of the inverse Kostka
numbers, we have

det(B) = det(A) = Y K Jray, - ay,,
u>A"
K Z Immﬁu (LL’M7M)
T LN LT,
u>A" M
Z Imm)\ I'MM

U

In the special case r = n, we have that the projection of det(A) = det(B) onto the
immanant space is equal to Imm,(z). A weaker result applies to det(C') and det(D).

Theorem 3.3. Fiz a partition A = r and define matrices C, D as in (3.2). Then
we have det(C) = det(D) and for any r-element subset I C [n], the projection of this
polynomial onto Ay is equal to Immjy(xy s).

Proof. The polynomials {vy | k € Z} satisfy v = 1, 7 = 0 if £ <0, and
(3.5) Ve = Z per(zr,r)

I1Cin]
\T|=k

if £ > 0. By (2.2), Proposition 3.1 and the definition of the inverse Kostka numbers,
we have

det( det Z )\’7,“ : "Y,Ml
u>A
= Z ( Z Immnu(llfMM + ZlmmfN (ZIZ’NN))
u>A McC[n]
|M][=r
= Z Immy (2,0 +ZImm§N (TNN)s
McC|[n]

|M|=r
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where the last sums on the above two lines are over r-element multisets N of [n] in
which some element appears with multiplicity at least two, and fx ,, gn are functions
from S, to Z. L]

Again, in the special case r = n, we have that the projection of det(C') = det(D)
onto the immanant space is equal to Imm, ().

The special case of Theorem 3.2 corresponding to the partition A = (r),

per(xMM)
mq!---m,!’

is equivalent to MacMahon’s Master Theorem [Macl5]. This easy equivalence seems
to have been first stated explicitly by Vere-Jones [VJ83]. (See also [VJ84], and the ear-
lier paper [Sch54], which does not explicitly mention the Master Theorem.) Goulden
and Jackson [GJ92, Thm. 3.3] state and prove this more explicit version of the Master
Theorem as follows.

Theorem 3.4. Fix a multiset M = 1" ---n" of [n]. The coefficient of 2{"* - - - 2"
mn

(3.7) (ixl,m)ml o (Zn:l"mza>m
j=1 Jj=1

and the projection of

1
(38) det(I — x)
onto Anar are both equal to
per(zasar)
myl-omy!

Proof. The coefficient of 2" --- 2" in (3.7) may be interpreted as follows. Circle n
entries of the matrix x,, so that each row contains exactly one circled entry and
column ¢ contains exactly m; circled entries for + = 1,...,n, and take the sum of
products of all such collections of circled entries. But this sum is the same as that
obtained by circling one entry per row and one entry per column in the matrix x s s
in all possible ways, divided by m4!---m,!. Thus the coefficient in question is equal
to per(xarar)/(mal---myl).

On the other hand, the projection of (3.8) onto A is equal to the projection of
B onto Aps ar, which by (3.6) is per(xarar)/(mal---my!). O

This same special case (3.6) of Theorem 3.2 provides a proof of (a generalization
of) Muir’s indentity.
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Corollary 3.5. Let M = 1™ -.-n™ be an r-element multiset of [n], r > 0. Then

we have
min{r,n}
det ~ ~
Z (—1)t Z e (xz,{)?er(xM I,M-I)' _p,
— = (mq — i)l (my, — ip)!
\IT=k

where the second sum is over sets I = 1" ---n' contained in M.

Proof. By the definitions in Equation (3.1), the sequences (o )r>0 and (Bx)r>o satisfy

min{r,n}
(3.9) S (DB =0
k=0
for r > 0. Using (3.4) and (3.6) and projecting both sides of (3.9) onto A s, we
have the desired result. U

In the special case M = [n|, we obtain Muir’s classical identity
n

> (=18 det(wyp)per(wpyr,pmr) = 0.

k=0 IC[n]
[1|=k

4. THE HECKE ALGEBRA AND QUANTUM POLYNOMIAL RING

In order to state and prove quantum analogs of the identities concerning generating
functions for symmetric group characters, we present the Hecke algebra, a quantum
analog of C[S,], and the quantum polynomial ring, a quantum analog of the ordinary
polynomial ring in n? variables.

The Hecke algebra H,(q) is a noncommutative C[q?, ¢~ 2]-algebra generated either
by the set {Ts, |1 < i < n — 1} of natural generators, or equivalently by the set

{TVSZ. |1 <i<n—1} of modified natural generators, subject to the relations

T2 = (¢ — )T, +q, T?=(qz —q )T, +1, fori=1,....,n—1,
TsiTSsti = TSjTSiT8j7 Tsifsj-j:‘si = Ts-fs-fs-a if |Z - ]| = ]-7

J J J
TSiTSj = TS]‘TSH TsiTS]‘ = ,'Z’:ijsm lf ‘7’ - .]| Z 2

=

The natural and modified natural generators are related by ii = q_%Tsi. If si, -5
is a reduced expression for w € S,, we define

Ty = Tsil fw = q_%Tw = fsil ce 'Tsila T. =T, =1.

ST

Sil’
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We shall call the elements {7, |w € S,} and {T,,|w € S,} the standard basis and
modified basis, respectively, of H,(q) as a C[q%,q_%]—module. Specializing H,(q) at
q% = 1, we obtain the classical group algebra C|[S,,| of the symmetric group.

One multiplies modified basis elements by recursively using either of the formulae

fsifw - ]:Siw 1 1.5 lf Sit > W,
Tsw+ (q2 —q 2)T, if s;w < w,
(4.1) ~
fwai _ ,—Z’:wsi ) s lf ws; > w,
Tws, + (@2 — q2)T,, if ws; < w.

This procedure yields elements ¢/, € (C[q%, q_%] occurring as coefficients in the ex-
pression

(4.2) T.T, =Y T,

By the symmetry of the formulae (4.1), we see immediately that these coefficients

satisfy Cory = cffllu,l. We also have the following equalities.

w1

Lemma 4.1. The coefficients {c;,, | u,v,w € S, } satisfy ¢, = c; 1

Proof. First consider the case w = e. It is clear from (4.1) that we have ¢}, = 1.
On the other hand, it is also clear that if £(u) # ((v), or if £(u) = {(v) and v # ut,
then T, does not appear in the expansion of T, T,,. Thus we have

: -1

. 1 ifv=u"",
Cu,v = .

0 otherwise,

which is clearly equal to 03;1.
Now consider the identity
TET — (X a8 — (X, 1),
YyESy YyESh

—1

. . -~ . . W . u
Equating the coefficients of T, in these expressions, we have ¢/, = oot 0

A second noncommutative (C[q%, q_%]—algebra is the quantum polynomial ring .A(q).
It is generated by n? variables z = (211, .., %) representing matrix entries, subject
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to the relations
1
TioXi ke = q2T; 1k T50,
1
TjkTik = 42X kLj k,

TjkLig = TiLj ks

(4.3)

1 _1
TjuTik = Tiplie + (¢ — ¢ 2)TieTjp,
for all indices ¢ < j, k < £. The quantum polynomial ring often arises in conjunction

with the quantum coordinate ring of SL(n,C), which may be expressed as a quotient
O,SL(n,C) = A(q)/(dety(z) — 1), where

1w _1\plw
(44) detq(I) djf Z (_q 2)6( )xl,uq o Tpaw, = Z (_q 2)6( )xwl,l Ly, n

wESy wWESh
is the quantum determinant. (We caution the reader that the second equality above
is implied by the third relation in (4.3), and does not hold in an arbitrary noncommu-
tative ring in n? variables.) Specializing A(q) at g> = 1, we obtain the commutative
polynomial ring Clz].

As a C[q%, q‘%]-module, A(q) is spanned by monomials in lexicographic order, and
we can use the relations above to convert any other monomial to this standard form.
It is easy to see that the monomials {z*" |u,v € S, } satisfy
(4.5)

Tsiv if s,u > u and s;v > v, or if s;u < u and s;v < v,
iy — Twsiv (q

v — (g2 — ¢ 2)z™?  if s;u < wand s;v > v.

1 .

—q 2)z™Y if s;u > wand s;v < v,
1
2

= N|=

Thus for all w € S,, we have the identity
(4.6) ¢ = p&v

-1

On the other hand, we do not in general have the equality of z** and z* ¥

Applying (4.5) recursively to express z** in terms of the natural basis, we obtain an
expression of the form

(47) VY — l,e,vflw + Z dg’wl,e,u’
u>vlw
where the coefficients d;, ,, belong to N[q% — q_%].
Like C[x], the noncommutative ring A(q) has a natural grading by degree,

Alg) = P A(g),

r>0

where A, (q) is the C[q% , q_%]-span of all monomials of total degree r. As before, the
natural basis {zyj" - @' |a11, ..., ana € N} of A(g) is a disjoint union of bases of
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the homogeneous components {A4,(q) |r > 0}, and we may further decompose each
homogeneous component A,(q) as

Ar(q) = P Arula),

|LI=[M|=r

where Ay a(q) is the C[q%, q_%]—span of monomials whose row indices and column
indices (with multiplicity) are equal to the multisets L and M, respectively. Again

we have AL,M(Q)AL',M'(Q) C ALLUJL’,MLUJM’(Q)-

Thus Apm)(q) is the C[q?, ¢ 2]-submodule of A(q) spanned by the monomials
{2 = Ty - Topw, |W € Sy} We will call elements of this submodule quantum
immanants, and for any C[q%, q_%]—linear function f: H,(q) — C[q%, q_%], we define
the quantum f-immanant to be

(4.8) Immy(x) = > f(T,)z"".

’LUES'!L

We will see in Theorems 5.4, 5.7 and 5.9 that the modified basis {7, |w € S5,} is a
more natural choice for the definition (4.8) than is the standard basis {7, |w € S,}.
Corresponding to the Hecke algebra sign character xén Ty (—q_%)é(w) is the
quantum determinant

—l w e,w
dety(x) = (—¢72)"™@z",

and corresponding to the Hecke algebra trivial character x7 : T, +— (q
quantum permanent

D=

) is the

1 w e,w
pery(x) = (q2)"asw.

When n = 3 we have
dety () = 211222733 — q_%I1,11'2,3373,2 — q_%$1,2$2,1553,3
+ q_1$1,2552,3553,1 + q_1$1,3952,11'3,2 — q_%xl,ﬂz,ﬂ&b
per,(r) = 111722733 + q%$1,1$€2,3$3,2 + Q%I1,2I2,1SL’3,3

3
+ qT12723%31 + qT13021%32 + G221 3T2 273 1-

5. FORMULAE FOR QUANTUM CHARACTER IMMANANTS

In analogy to the irreducible S,, character immanants, we shall construct quantum
1
immanants Imm,(z) from the irreducible characters Xy Halq) — Clgz,q 2] of



14 MATJAZ KONVALINKA AND MARK SKANDERA

e -1 w e,w
(5.1) Tmm,s (259) = Y Xo(Tw)z” = Y x;(Tw)(—q2) ",

wWESH weSy

Two examples, as we have mentioned, are the quantum determinant and quantum
permanent. The following table shows the values of irreducible characters on modified
basis elements of Hy(q).

w Xo'"M(Tw)  xo"M(Tw)  X22(Tw) XHTw)  Xg(Tw)
1234 1 3 2 3 1
1243,1324, 2134 gt g2 —2q% qr—q 3 23 —q 3 e
1423,1432,3124,2314 | ¢! -1 —1 qg—1 q
2143 q! -2 ql+g q—2 q
4123,2413,3142,2341 | —q~> q 3 0 —qg? ¢
1342, 3214 g3 g% 0 ¢ g
4132,4213,2431,3241 |  ¢2 0 —1 0 ¢
3412 g2 -1 g t+gq -1 ¢
4312, 3421 —q 3 q 2 g —q3 —q3 q:
4231 —q_% —q_g q_% — q% q% q%
4321 q3 —q1 2 —q @

Note that the trace y, of a matrix representation of H,(q) is not an S,-class func-

tion, in the sense that yo(Z,) and xq(Ty-1,4) are not in general equal (equivalently,
Xq(T) and x,(Ty-144) are not in general equal). On the other hand, x, does have
the conjugation property one would expect: x,(7,) = x4(T, ' T,T,). We will use the
term H,(q) character to refer to any function x, : H,(¢) — C[q%,q_%] having this
conjugation property, whether or not the function is the trace of a matrix representa-
tion. Quantum analogs of the immanants {Imm (z) | A F n} and {Imm,(x) | A = n}
correspond to characters {e) | A - n} and {n) | A F n} induced from the sign character
and trivial character of Hecke algebras of Young subgroups of .S,,.

We will use the following standard notation and facts about Young subgroups. Let
J be a subset of the standard generators {si,...,s,_1} of W = S,, and let W be the
corresponding Young subgroup of W. Let W /W be the set of cosets of the form uW.
Each such coset is an interval in the Bruhat order and thus has a unique minimal
element and a unique maximal element. Let W7 be the set of minimal representatives



GENERATING FUNCTIONS FOR HECKE ALGEBRA CHARACTERS 15
of cosets in W/W. It is well known that we have

={w e S, |ws; >w for all s; € J}
(5.2) ={wesS,|sw ! >w"foralls; €J}
' = {w i appears before i + 1 in wy - - -w,, for all s; € J}

= {w|w; ' <w_} for all s; € J}.

To prove quantum analogs of the formulae (2.2), we consider elements of H,(q)
which are often used in conjunction with Young subalgebras. (See, e.g., [Cur85],
[CIKT71], [Dou90].) For each permutation u € W, define the Hecke algebra elements

(5.3) Towy =T Y () WT, Ty, =Tu Y ()7
yeW yeWw
Note that if J = ) then each coset W/W; is a single element u € S,, and we have
Ty, = Tuv, = T..
The elements (5.3) are used to construct induced representations as follows. Given

a partition A = (Aq,..., ) of n, choose any rearrangement v = (v1,...,1,) of A and
define the subset J = J(v) of generators of S, by

(5.4) J={s1, oy Sn1F N {Surs Svrtims - oy Svatotve g}
Letting H,(q) act by left multiplication on the C[q%, q_%]—spans of coset sums

(5.5) span, 1 ,E]{TuWJ lu e W7}, span, s { w, lue W'l

ClqZ,
we obtain the two H,(¢q) modules corresponding to induction of the sign and trivial

representations (respectively) of Young subalgebras of type A. For each w € S, the

matrices representing the two actions of T, have entries indexed by permutations
u,v € W7, which we describe as follows.

Lemma 5.1. Fizw in S, andu, v in W7. For the above constructions of the induced
sign and trivial H,(q) modules, the u, v entries of the matrices representing T are
equal to the coefficients of T, in T, TWJT v and T, Wy, T respectively.

Pmof The two u, v entries are equal to the coefficients of T3, in T, wlyw, and of
;i T,T" ow,- Equivalently, they are equal to the coefficients of T, in T, wlvw, and
fwT;WJ. By the definitions (4.2) and (5.3), these coefficients are

_1 u 1 U
Z (_q 2)é(y)cw,vy’ Z (q2)e(y)cw,vy‘

yeWy yeW
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On the other hand, the coefficients of T, in
T T — e N O Tl N p o
T.Tw, T, (—q 2)" W, Ty1,-1, T Ty, Ty (q2)" T, Ty1,—1

yeW; yeW,
are equal to
Yo s D @) Y,
yeWy yeW,
Since ciy,lv,l = cZ:;U,l’w,l = Cyuy by Lemma 4.1, we have the desired result. O

From this fact, we obtain the following Hecke algebra “generating functions” for
induced characters.

Lemma 5.2. Let A\, v and J be as above. Then we have

S LTw, T =Y eT)lw, Y LT, Tor = > m(Tu)Te.

vew’ wWESy vewJ wESH

Proof. Using the formulae in Lemma 5.1 and summing over all diagonal matrix entries,
we obtain the desired equalities. O

These Hecke algebra generating functions in turn are related to quantum im-
manants by the actions of H,(q) on A, n(q) defined by

~ siv xevsiv if SZ/U > /U7
I + (q% — q_%)xe’” if s;0 <w,
(5.6)

e, vs; 7
~ -1 ~ -1 oV if vs; >0
& OTS. = ¥ € OTS. =¥ %= _ 1 1 . ’ ’

&V 4 (¢ — ¢ 2)a®"  if vs; < .

A straightforward but tedious computation shows that the left and right actions
commute. By the definitions, it is easy to see that we have

(5.7) T,o0z%¢ = 20T, = 2"

for all v € 5,,. On the other hand, we do not in general have the equality of T, o x&%
and x** o T,,. One consequence of the definitions (5.6) is the following formula.

Lemma 5.3. For allv e W/, y € W;, we have T, 028 0Tt =av W'
Proof. By (5.2) and (5.6) we have
TyoxYoT, 1 =aYoT,n=a¥ ¥ “oT,1=a¥

By (4.5), this is equal to vt O

Now we quantize the Littlewood-Merris-Watkins identities in Theorem 2.1 as fol-
lows.
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Theorem 5.4. Fix a partition X\ = (A1,...,\) of n and let v = (v1,...,v4) be any
rearrangement of \. Then we have

Immeé (x) = Z detq(xh,h) e detq(xlbfz)v

Iyl
(5.8) bt
Immné () = Z pel”q(le,[l) e 'perq(xfz,lz>a
(1,10)
where the sums are over all sequences (I1,...,1;) of pairwise disjoint subsets of [n]

satisfying |1;| = v;.

Proof. Define the set J = J(v) of generators as in (5.4). By definition of the induced
character immanants and by Lemma 5.2 we have

Immgé(x) = Z e[l\(i) ox®’ = Z e;‘(i})i} ox®® = Z TUTW]val o x®°.

vESy vESy vew?

Similarly, Imm,(z) = >, cys TVUT&/JTVUA o x%°.

On the other hand, we may describe terms in the sums on the right hand side of
(5.8) by using the last expression in (5.2) to deduce that all monomials which appear
have the form 2z° """ for some v € WY and y € W,. In particular, choose v € W
and define sets Ly, ..., Ly of indices by L; = {v;!,...,v;'} and

) 141

Li = {Uljll-i-"'+l/¢71+17 st 7/U1j_1::—-..+yi 5 1= 2, ooy g
Then we have
(5.9) dety(zr, 1,) - -dety(zr,1,) = Z (=g 2) g ™
yeW;

By (5.7) and Lemma 5.3, this sum is equal to
Z (—q_%)e(y)ﬁ, ox o T, 1 = TVUTWJ ox®¢oT, 1 = TVUTW]TVUq o x®°.

yeW,

Furthermore, by letting v vary over W7 in (5.9), we obtain all possible products of
complementary principal quantum minors of sizes vy X v1, ..., X v (in order). Thus
we have

Z detQ($I1,I1) Y detQ(xIe,Iz) = Z j:vTWJTv*1 o9 = Immeé (ZL’)

(It Ip) vew?!

Similarly, the identity per, (zr,r,)---per (2L, r,) = TvTéin,fl o x¢ leads to the

q
claimed formula for Imm, (). O
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We caution the reader that the quantum identities in Theorem 5.4 do not specialize
as simply via generalized submatrices as do their classical analogs. For instance, we
may use the following table of characters (in which the (w, x,) entry gives x,(7%))

W [t=e 8 d=a mt=gt o
123 1 2 1 6 3 3
132 | —q @ —qT @ 3(gE—qI) 27 —q7F ¢ —2¢°
213 | —¢7 @ —q ¢ 3@ —qr) 2q2—qr q2—2g3
231 gt —~1 q q—2+q! qg—1 g -1
312 gt —~1 q q—2+q! qg—1 gt -1
321 —q_% 0 q% qg — q_% q% —q_%

to compute

1

1 1 1 1
Imme (7112,112) = (3 4+ ¢2 — 2¢ 2)a) 1020+ (@2 —2¢77 + ¢~ = 1)a11219%01

_ _3
+ (g =1 —q )z pm11004
1 _1 _1
= (3 +q2 — 2(] Z)SL’% 122,2 + (— 2 1):171,125'17225'271.

This is not equal to the specialization of the first sum in (5.8) at = x112.112,
_1 _1
detq(:)s11711)17272 + 2detq($12,12)a?171 = (3 —q 2)1’%711'272 — 2(] 2,1,121,272,1-

The authors do not know quantum analogs of Propositions 2.2-2.3 or Corollary 2.4.
Nevertheless, we will succeed in quantizing a special case of the Goulden-Jackson
identities in Theorem 3.2 by applying Theorem 5.4.

Just as inverse Kostka numbers describe the expansions of induced sign and trivial
characters of S,, in terms of irreducible S,, characters, these numbers also describe
the expansions of induced sign and trivial characters of H,(q) in terms of irreducible
H,(q) characters. (No “quantum analog” of inverse Kostka numbers is needed for
this purpose. See [GP0O, §9.1.9].) Specifically we have

(5.10) Z oy =) K el

I

Now let us quantize the Goulden-Jackson generating functions (3.1). We define the

sequences (o )kez, (Ok)kez, (Vk)kez, (0k)rez of polynomials in A(q) by the generating
functions

k k
det, (I + tz) = Zakt, g => Bt

k>0

(5.11)
(I +tx) t*, St
per + tz) Z% per —tx Z k

k>0
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in A(q)[[t]], and again by the requirement that polynomials with indices not appearing
here be zero. In terms of these sequences, define the A\ x A\; matrices A, D and the
¢ x ¢ matrices B, C as before,

(5.12) A= (CY,\TZ._H]'), B = (Bxi—i+j); C = (Vi-it) D= (5)\Ti—z'+j)'

To provide a quantum analog of Theorems 3.2-3.3, we must evaluate some form of
the determinant at the matrices defined in (5.12). Perhaps surprisingly, we will use
the classical (commutative) determinant and will justify this by stating the following
commutative properties of the sequences defined in (5.11).

Theorem 5.5. The polynomials {ay |k € Z} in A(q) pairwise commute, as do the
polynoials {Gy | k € Z}.

Proof. The pairwise commutation of the polynomials {ay | k € Z} is due to Domokos
and Lenagan [DLO03, Thm. 6.1]. Using (5.11) to write B = Bg_10q4 —- - - £ Sroe—1 F o,
we see that the polynomials {0y | k € Z} pairwise commute as well. O

While it is not in general true that the polynomials {v |k € Z} or {0y |k € Z}
in A(q) pairwise commute, we do have the following weaker result. Let R(gq) be the
quotient of A(g) modulo the ideal generated by all monomials of the forms x; yx;
and x; T .

Theorem 5.6. In R(q), the canonical images of the polynomials {v | k € Z} pairwise
commute, as do the canonical images of the polynomials {6y | k € Z}.

Proof. 1t is easy to see that we have

(5.13) Vi = Z per,(771).

IC[n]

[1|=i
Choose indices i < j, define the partition A = (j,¢), and consider the product 7;v;
in R(q). Each term of the form per (. s)per, (2 ) vanishes in R(q) unless I and J
are disjoint. Collecting terms of the form per,(zs)per, (7 ;) for each (i + j)-element
subset K of [n], we have

q

Vi = Z Z Pefq(SCJ,J)pel”q(II,z)a

K (J,I)
where K varies over all (i + j)-element subsets of [n] and (J, I) varies over all pairs of
disjoint subsets of [n] satisfying |J| = j, |I| =i, I UJ = K. On the other hand, for
each subset K of [n], we have by Theorem 5.4 that the induced character immanant
Immgé(:)s & k) 1s equal to this second sum, and also to the similar sum over pairs (1, J)

satisfying |I| =i, |J| = j. It follows that v;v; = vy, in R(q).
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As in the previous proof, we may write each polynomial §; as a sum of products of
the polynomials 7, ..., 7; to see that we have 6,0; = 9,0, in R(q). O

Now we compute the determinants of A, B, C, D in R(q). For the matrices A,
B, whose classical determinants are well-defined even in A(q), this is equivalent to
computing the determinants in .4(q) and projecting them onto the immanant space.

Theorem 5.7. In R(q), the nonquantum determinants det(A), det(B), det(C'), and
det(D) are all equal to Imm, ().

Proof. By Proposition 3.1, we have det(A) = det(B). Computing in R(q), we have

(5.14) det(A) = det(B) = > K.\ Y dety(wr,p,) - dety(ws, 1,.),
MZ)\T (117 Jm)
=1, i)
where the second sum is over all sequences ([1, ..., I,,) of pairwise disjoint subsets of

[n] satistying |I;| = p;. By Theorem 5.4, this is equal to
ZK ylmm e (z) = Imm, ().

>N
Similarly, by Proposition 3.1 we have det(C') = det(D) in R(q) and thus
det(C) = det(D Z K, B Z pery(®r,n) - - pery (21, 1,.),
l">>‘ (Ily Jm)
=155 m )

where the second sum is over all sequences of pairwise disjoint subsets of [n] satisfying
|I;| = p;. By Theorem 5.4, this is

ZK \mm, o(x) = Imm,, (z).
B>

O

When quantizing an identity, one often replaces nonnegative integers and the ordi-
nary factorial function with appropriate quantum analogs. We will do this as follows.
For each nonnegative integer k, define the quantum analog of k to be the expression

0 if k=0,
(k)q = 1 2 k-1 .
1+g24+q2+---+q =z otherwise.
Define the quantum factorial function ! by

<m¢={1 S

1-(2),---(k); otherwise.
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. . 1 . .
Note that the evaluation of the above expressions at gz = 1 gives the classical non-
negative integers and factorial function.

The most natural quantization of Theorem 3.2 would assert the equality of det(A),
det(B) and

Immxé (zM,M)
(>19) 2 Tt

Unfortunately, this equality does not hold in general. For instance, when A = 21, we
have

det |i012 Z?] = (detq(l’lg,lg) + detq(l’13713) + detq(x23723))(:c1,1 + T2.2 —|—LL’373) — detq(az)

1 1
= Immxgl (x) + (Iilxm —q 2311 %12%21) + -+ (332,233%,3 — q 229 3T39T33).

Computing Immx§1 (1’112,112>, Immxéu ($1127112) = detq(Ilnglg), etc., we see that this
is equal to

Immxgl(l'lm,llz) — dety(x112,112) ey Imm, 2 (%933,233) — dety(T233.233)
2,11, 2,11, ’
which differs from the formula (5.15).

Immxgl (:L’) +

Problem 5.8. Fiz a partition A and define a matriz A as in (5.12). Ezpress det(A)
as a linear combination of quantum (irreducible) character immanants of generalized
submatrices of A.

On the other hand, the special case of Problem 5.8 corresponding to the partition
A = 1" does lead to the identity one would expect, and is equivalent to a quantization
of the MacMahon Master Theorem. This quantized Master Theorem was first stated
by Garoufalidis-Lé-Zeilberger [GLZ06, Thm. 1] in a slightly more general form, using
“right quantum” variables which satisfy only three of the four relations in (4.3). In
the spirit of Vere-Jones, we state the quantized Master Theorem as follows.

Theorem 5.9. Let z = (z1, ..., 2,) be a vector of quasicommuting variables satisfying
2% = q%zizj if 1 < 7, and commuting with x. Let M = 1" -.-n™ be an r-element

multiset of [n]. Then the coefficient of z{™ - - zI" in

(5.16) (Sonm) ™o (Dmmsn)™
j=1 i=1

and the projection of

(5.17) det, (I — x)
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onto Aprai(q) are both equal to

per, (Tar,nr)

(ma)gl- - (mn)g!

Proof. The equality of the coefficient of z{™ --- 2" in (5.16) and the projection of

n

(5.17) onto A ar(q) is due to Garoufalidis-Lé-Zeilberger [GLZ06, Thm. 1].

Let S(M) be the set of rearrangements of M, and for each word w = wy - --w,
in S(M) define £(w) to be the number of pairs (7, ) of indices satisfying ¢ < j and
w; > w;. Now define the r X n matrix

F = diag(z1,..., 21,22, -, 22, Zns - -+ Zn) TM ]
—— —— ——
mi mo Lz
and expand the sum
Z (q%)é(w)Fe,w.
weS (M)

Using the relations z;z; = q%zizj to express terms of this expansion as lexicographi-
cally ordered monomials, we obtain the coefficient of z7"* - -- 2™ in (5.16). But this
is equal to

1 3 )4(w) T ew _ perq(szM)
Gl 2 O = G

As a consequence, we obtain the following natural quantum analog of (3.6).

Corollary 5.10. The functions (5,),cz defined in (5.11) satisfy

(5.18) Br=>" bery (s

v (ma)g! - (my)q!”

where the sum is over all r-element multisets M = 1™ ---n™ of [n].

As another consequence, we obtain the following quantization of the generalized
Muir identity in Corollary 3.5.

Corollary 5.11. Let M = 1™ ---n™ be an r-element multiset of [n|, r > 0. Then

we have
min{r,n}

Z (_1)k Z detq(il?l,l)pel"q(ﬂfM\I,M\I) _ 0
k=0 ICM (my — il)q! (Mg — in)q! ’
|T]=k

where the second sum is over sets I = 1" ---n* contained in M.
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Proof. As before, we deduce from (5.11) that

min{r,n}

(5.19) > (DB =0

k=0
for r > 1, and it is easy to see that we have

Q. = Z detq(l’[’[)
I1Cin]
\I|=k
for k =0,...,n. Now using (5.18) and projecting both sides of (5.19) onto Az (q),
we have the desired result. OJ

In the special case M = [n], we obtain Zhang’s quantization [Zha98, Thm. 3.2] of
Muir’s identity,
Z(—l)k Z dety (w1 1)per, (Tm)~r,mj~1) = 0.

k=0 IC[n]
\T|=k
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