GEOMETRIC ASPECTS OF MULTIPARAMETER SPECTRAL THEORY

Luzius GRUNENFELDER AND ToMAz KOSIR

ABSTRACT. The paper contains a geometric description of the dimension of the total root subspace of
a regular multiparameter system in terms of the intersection multiplicities of its determinantal hyper-
surfaces. The new definition of regularity used is proved to restrict to the familiar definition in the
linear case. A decomposability problem is also considered. It is shown that the joint root subspace
of a multiparameter system may be decomposable even when the root subspace of each member is
indecomposable.

1. INTRODUCTION

In this paper, we are mainly interested in a geometric description of the dimensions of the root
subspaces (which are also called generalized or algebraic eigenspaces) of regular multiparameter sys-
tems of arbitrary degree. Binding and Browne studied in [3] a special class of linear two-parameter
systems over the real numbers, and showed that the dimension of the root subspace at a given
eigenvalue is equal to the sum of the orders of contact of the eigencurves at that eigenvalue. In this
special case our results reduce to those of [3]. In [3] analytical methods were used, while we are
using results from algebraic geometry [17] and commutative algebra [1,16].

The study of eigenspaces and root subspaces is one of the central topics of multiparameter
spectral theory. Its importance stems primarily from classical analysis, where the understanding
of root subspaces yields various completeness and expansion results. The literature on the subject
is extensive and for further details we refer to the books [2,9,14,19,21]. Beside this ‘classical’
motivation our topic may also be of algebraic and geometric interest. For example, the somewhat
related problem of linearization of polynomials in several variables was studied in [5,6,20].

An n-parameter system f is a system of n endomorphisms f; : AV, — AR V; of free A-
modules, where we assume that A is a commutative regular Noetherian algebra of Krull dimension
dim A = n over a field F' and V; are finite dimensional vector spaces over F. Typically, A = F[x]
is the polynomial algebra in n variables x = (x1,x2,...,2,) and f; are polynomials in x whose
coefficients are linear maps on V;. We say that f is regular if the determinants {det f;|i = 1,2,... ,n}
form a regular sequence in A. Another equivalent definition is that f is reqular if the Koszul complex
K a(det f) is acyclic [17]. We show that in the particular case when A = F[x] and all the f; are linear
polynomials this definition coincides with the usual definition of regularity that is used, for instance,
by Atkinson in [2]. Our definition of regularity not only extends the familiar one to the nonlinear
case, but is also natural in the context of the commutative algebra used in our proofs. Another
advantage is that it can be localized and so we can speak of local regularity at each eigenvalue.
Since our results are local in nature, it suffices to assume local regularity of the systems. One of the
crucial results is that regularity of the system f at a point m in its spectrum o(f) implies acyclicity
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of its Koszul complex K 4(f), where A is the localization of A at m. In [10] we proved that the root
subspace of a linear multiparameter system at a point m € o(f) is given by the cotensor product

N =M@ MIgA” .. @4 MO,

where M; is the cokernel of f; localized at m and where © is the contravariant functor which takes a
module into its dual comodule [12]. The left adjoint of * is * and the composite °* is the completion
functor for the cofinite topology. Hence, for every A%comodule A/ the dual M = N* is a module
over a complete local ring so that we can apply Serre’s multiplicity theory [17] to compute the
length I of M. Our main result is that

IAM) = 14 (A/(det f1,. .., det fr)),

which in turn is the intersection multiplicity of the system of determinantal hypersurfaces at the
point m. In the case A = F[x] and m = (x1 — A1, 22 — Ao, ... , &, — A\p,) the residue class field of A
is the fixed underlying field F', therefore the length coincides with the dimension of M as a vector
space over F. For a general maximal ideal m of A we have dimp M = [4(M)[A/m : F]. In the
paper we mostly consider the case when A/m = F.

For the terminology from commutative algebra used in this paper we refer to the books of
Matsumura [16] and Serre [17], while for the terminology concerning the coalgebra dual of the
polynomial algebra we refer to our papers [10,11]. All algebras and coalgebras are over a fixed base
field F. If A is a commutative F-algebra and M is an A-module then Max(A) and Spec(A) are the
maximal ideal spectrum and the prime ideal spectrum of A, while Var(M) = {p € Spec(A)|M, #
0} = {p € Spec(A4)|ann M C p} is the variety of M.

2. SPECTRAL PROPERTIES OF AN ENDOMORPHISM

For any regular commutative Noetherian algebra A over the field F' and any finite dimensional
vector space V there is a canonical isomorphism of A-algebras

AQEndp(V) = Ends(AQ V).
For every element f € A ® Endpr (V') consider the exact sequence
AoV L AV - M -0
and its localization at a maximal ideal m of A
AV L Aev —M—o,

where the Noetherian local algebra A4 = A, has maximal ideal mA and the residue class field
k = A/mA is a finite field extension of F. The coalgebra dual A° is a colocal coalgebra and

A = A% is the completion of A in its m.4-adic topology. The comodule dual sequence
0
0-M A0V ALy

is exact, since the functor © : Mod?Y — Comod 4o is a right adjoint [12]. Our main interest lies with
M. But M%0 = MY and the completion functor ** = A®@4 — : Mod 4 — Mod 3 is exact, so that
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we may always replace A by its completion A%*. Since A is regular the localization A = A, is also
regular [17, p. IV-41, Prop. 23], and A is a unique factorization domain [17, IV-39].
The spectrum of the A-endomorphism f: A® V — A® V is defined by

o(f) = Max(A) N Var(M).

In this paper we study spectral properties of the root subspaces of one and several endomorphisms
and we will therefore mainly consider the localized exact sequences above.

For an element p € A we denote by (p) the ideal generated by p in the localized algebra A = A,.
If V' is finite dimensional and det f is a regular element of A then f(adjf) = (det f) ® 1. The
commutative diagram with exact rows of A-modules

0 —— AV 9 Aoy L A/ldet f)@V — 0

] | ]

0 —— AoV — o Agv — M -0

induces a commutative diagram with exact rows of .4°-comodules

(0]
0 —— MO — AV ., AV —— 0

ol H [

0 —— (Afdet )P @V —— ALy DL pogy 0
and therefore (A/(det f))° = ker((det f)?). Observe that the A-module map 7 : A/(det f)@V — M

is surjective.

2.1. Theorem. Suppose that A is regular, hence a unique factorization domain, and that det f =
plllpl;...pff is the primary decomposition in A of the determinant of f € A ® Endp(V). If
pi = (pi) fori = 1,2,...,r then {p1,p2,... ,Pn} is the set of minimal primes associated with
M, {p1,p2,...,pr} C AssM C VarM, and l; = l,,(M) is the length of the Ay, -module M,,.

Moreover, if dim A = 2, then Ass M = Var M \ {m}.

Proof. For every prime ideal p of A the sequence of A,-modules

AoV I A0V — M, -0

is exact and f(adj f) = (det f) ® 1 has localization f,(adj f,) = (det f,) ® 1. Observe that det f,
is invertible in A, if and only if p; ¢ p for i = 1,2,...,7, i.e. det f, is not invertible in A, if and
only if p; € p for some i. Hence, M, # 0 if and only if p; € p for some ¢. Moreover, M,, # 0
for all ¢, so that p; € Var M for every i. This implies that p € Var M if and only if p; € p and
hence {p1,p2,...,pr} C AssM. If p € Var M and dim A/p = n — 1 then p = p; for some 4. If
dim A = 2 then Ass M = Var M \ {m}. This is because M, # 0 if and only p; € p for some ¢,
therefore p; C p C m, which implies that p;, = p or p = m.

Now observe that dim Ay, = 1, since every nonzero principal prime ideal of a unique factorization
domain has height one. Thus, A, is a discrete valuation ring, i.e. a local Noetherian domain whose
maximal ideal is principal, while

dim M = dim A/ ann M = dim A/p; = coht p; = dim A — 1.
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In the exact sequence of Ay, -modules

e,

the module M,, is not zero and det f,, = ¢;pl* for some invertible element ¢; in A,,. Since A,, is a
discrete valuation ring, in particular a principal ideal domain, the map f,, can be diagonalized, i.e.
My, = @, Ay, /pl A for some integers dig > dig > ... > dis, and I,,(M) = [(M,,) = > dij =
l;,, O

Let us mention at this point that for every A-module map f: A®V — A® V the equal-
ity f(adj f) = (det f) ® 1 implies that (det f) C ann M C N;p; = (p1p2 - pr), where det f =
pll1 pl22 ...plr is the primary decomposition in A and p; = (p;).

2.2. Theorem. Ifm € o(f) is simple, i.e. if M/mM = A/mA, then M = A/(det f).

Proof. The maximal ideal of A = Ay, is mA and A/mA ®4 M = M/mM. Every homomorphism
0: A/mA— M/mM can be lifted to an A-module map x : A — M such that the diagram

A X

nl ln
AfmA —— M/mM

commutes, and so 1 ® 4 x = 0 (via the natural isomorphism A/mA® 4 A= A/mA). Tensoring the
exact sequence of A-modules
A5 M —coky —0

by A/mA over A gives a commutative diagram

AmA@ L A 225 A/mA@p M —— A/mA@ 4 coky — 0

=| ~| ~|

A/mA LN M/mM  — cokyx/mcoky —— 0

with exact rows. If 6 : A/mA — M/mM is an isomorphism, then cok y/mcokxy = 0. By the
Nakayama Lemma [1] we must conclude that cok x = 0, so that x : A — M is surjective and
ker x = ann M. If det f = pll1 pl22 - plr is the primary decomposition then it follows from Theorem
2.1 that p; = (p;) € Ass M. Then A,, is a discrete valuation ring for each ¢ and hence (ann M),, =
ann(M,,) = p;*A,, for some s; < ;. On the other hand, because M,, can be generated as an
Ap,-module by a single element, it follows that the map f,, in the exact sequence

U
has a diagonal matrix representation with diagonal (p;*,1,... ,1). But then s; = [;, since det(f,,) =
ciplii for some invertible element ¢; in A,,, and so ann M, = pﬁ Ay,. Moreover, if a € ann M, i.e.
aM = 0, then aM,, = 0, hence a € ann M, = pi A, for every i, which implies that each pi divides
a in A, so that a € (det f). We conclude that ker y = ann M = (det f) and A/(det f) 2 M. O

The above theorem remains valid when A and M are replaced by A/m’A and M /m‘M for i > 1.
It follows that the isomorphism A/(det f) = M is an isomorphism of filtered .A-modules.
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3. FINITE SYSTEM OF ENDOMORPHISMS

Consider a system f = (fi1, fa,..., fn) of endomorphisms f; € End4(A ® V;), where the V; are
finite dimensional vector spaces over the field F. Note that n = dim A. For each f; consider the
exact sequence

A®V S5 AV, - M; — 0

and its localization
AV, 5 AV, - M; — 0

at a maximal ideal m of A. Then the comodule dual sequence

0— M= AaV; 5 LAV
is also exact. The joint spectrum of f is the intersection
o(f) = Misyo(fi) = Max(A) Mz, Var(M;)

and consists of all maximal ideals m of A satisfying (M;)m # 0 for i =1,2,... ,n. If A = F[x] and
m = (r; — A\1,Z2 — Aa,... , Ty — Ay) then A = (A1, A2,...,\,) is an eigenvalue of f in the sense
usual in multiparameter spectral theory [2,3,10,11,14]. In this case we will frequently change the
notation and write A for the ideal m.

The Koszul complex K 4(f) associated with f is defined recursively by

Ka(fi): AoV, Lh Aev,

and
Ka(fi,--o  fi, fixr) = Kal(fr,- -5 fi) @4 Ka(figr)-

Its homology is denoted by H,(f). In a similar way we construct the Koszul complex K 4(det f) of
the n-tuple det f = (det f1,det fo,... ,det f,,) of elements of A recursively by

det fl
_—

KA(detfi) DA A
and
Ka(det f1,... ,det fi,det fiy1) = Ka(det fi,det fa,... ,det f;) @4 Ka(det fi11)

and its homology is H,(det f). Since localization and completion are exact and preserve tensor
products, we see that K4(f)m = K4(f) and K4(det f)ym = Ka(det f) at the maximal ideal m of
A. Moreover, H,(K4(f)) 2 H,(K4(f))n and in particular

Ho(KA(f) = Hy(Ka(f)m) 2 M; @4 M4 ... 04 My,

A chain complex K is called acyclic if H,(K) = 0 for all p # 0. The system f is called regular
if the Koszul complex K 4(det f) is acyclic. Locally, we say that f is regular at a maximal ideal
m € o(f) if Ka(det f) is acyclic. By [17, IV-5-12] it is equivalent to say that f is regular (locally
regular, respectively) if (det fi,det fa,... ,det f,,) is a regular sequence in A (in A, respectively).
An element m € o(f) is called simple if M;/mM; = A/mA for i =1,2,... ,n. The following two
results are immediate consequences of Theorem 2.2.
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3.1. Corollary. A point m € o(f) is simple if and only if
MEM @AMo®@4 ... 04 M, 2 A/(det f1,det fo,... ,det fp,)

as filtered A-modules. O

3.2. Corollary. If m € o(f) is simple, then M is (up to isomorphisms of filtered A-modules)
uniquely determined by the determinants det f1,det fs,... ,det f, in A. In particular, the length of
the A-module M /mF M depends on the determinants only. O

The Koszul complex K 40 (f?) associated with the sequence of .A°-comodule maps £ is the cochain
complex defined recursively by

Kp(f)): A2V, - A2V,

and
0
Kao(f)so oo f2 f20) = Kao (£, .o o f) @ Kao(f2)1).

Since the functor © : Mod 4 — Comod 4o is exact [12] and preserves tensors, it follows that K 40 (£f°)
KA(£)? and H*(K 40(f°)) & H,(K4(f))°. In particular,

>~

HO(K 0 (£°)) 2 Ho(K ()" 2 MY @4 M) 4" a4 M),

is the ‘total root space’ of the system f at m.

Our main tool relating the geometric aspects of the determinants detf to the module theoretic
aspects of the M, is Serre’s multiplicity theory [17]. In addition, the following theorem is a crucial
step toward our main result.

3.3. Theorem. If the system f is reqular at a point m € o(f) then :
(1) the Koszul complex K A(f1, fa,..., fi) is acyclic and A-free for each i =1,2,... ,n,
(2) Tor (My @4 ®aMi—1,M;) =0 fori=2,3,...,n and j #0.

Proof. By definition, f is regular at the point m if K 4(detf) is acyclic. By [17, IV-5-12] it is
equivalent to say that det f = (det f1,det fa, ... ,det f,) is a regular sequence in A. Since det f; # 0
and f;(adj f;) = (det f;) ® 1 = (adj f;) f; we have the commutative diagram with exact rows and
columns of A-modules

0 —— AoV, -, AgV, — M, -0

H adj f; 223

(det ,)@1
B

0 —— ARV, ARV, — A{det f) @V, — 0
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for each i = 1,2,... ,n. This means in particular that

0— AoV, Ih A0V, = M; — 0

is a free A-resolution of M;, so that
dh g M; = 1.

But A is a regular Noetherian local algebra, so we also have [17, IV-35-43]
gldhA=dimA=n and dhyM;+ codhy M; =n.

We conclude that dim M; = n — 1 = codhy M; and similarly dimN; = n — 1 = codh4 N;, so
that each M; and each N; is a Cohen-Macaulay A-module [17, IV-18]. Moreover, we also have the
commutative diagram with exact rows and columns of A-modules

0 0
| |
0 —— AoV, 4% Ay, —— N 0
L -
0 —— AoV, Y9 Sov, — — A/detf) @ Vi — 0
| |
M, —— M;
| |
0 0

foreachi=1,2,... ,n.

We want to show by induction on ¢ that in fact the Koszul complex K A(f1, fo,..., fi) for i =
1,2,...,n, is a free resolution of MU = M; @4 My @4 -+ @4 M;, ie. that Ka(f1,...,f;) is
acyclic. So suppose that X; = KA (f1,..., fi) is acyclic and let Y; = K 4(det f1,det fo,... ,det f;),
which is acyclic by hypothesis. Then by induction the map of complexes

FZX1 —>Yi,

is defined as the tensor product of the injective maps F} : K4(f;) — Ka(det f;) given by the

commutative diagrams

AV, —E Asv;

H adjfjl 9
A@Vj M A@VJ
so that

Fip1 =F;®@a Fip1: Xip1 = X @4 Ka(fir1) = Yi @4 Ka(det fiy1) = Yigr.
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This map of complexes induces a map of exact sequences in homology
Ho(Hp(Xi) @4 Kalfiv1)) —— Hp(Xip1) ——  Hi(Hp-1(Xi) ®4 Kalfiv1))
Ho(Hp(Yi) @4 Ka(det fiy1)) —— Hp(Yiq1) —— Hi(Hp—1(Y:) ®4 Ka(det fiy1))

for p > 0 [17, p. IV-2, Prop. 1], where the left hand and the right hand horizontal arrows are
injective and surjective, respectively. When X; is acyclic, and since Y is acyclic by hypothesis, the
diagram is trivial for p > 1, so that

Hp (XiJr]_) - 0

for p > 1. The case p = 0 reduces to the commutative square

Ho(Ho(X:) ®4 Ka(fis1)) —— Ho(Xit1)
Ho(Ho(Y:) ®4 Ka(det fiy1)) —— Ho(Yit1)
and it gives a canonical map
Hy(Fip) = p 1 MU = Hy(Xi11) = Ho(Yiga) = AP @ vty

where MU = My @4 My @4 ... @4 Mipr, AP = A/(det fi,...  det fi11) = A/(det f1) @4
@4 Af(det fipr), piH =y @4 po ®a - @4 pip1, and VO = Vi ® ... @ Vi, When p =1
we get the commutative square

Hi(Xip1) ——  Hi(Ho(Xi) @4 Ka(fit1))
Hi(Yiy1) —— Hi(Ho(Y:) @4 Ka(det fiy1))

The left hand vertical arrow of the first of the above two diagrams is the ‘cokernel’ and the right
hand vertical arrow of the second diagram is the ‘kernel’ of

1®afit1
—_—

Hy(X;) @4 (A® Vigr) Hy(X;) @4 (A® Vigr)

HO(Fi)®A1J( lHo(Fi)®Aadj fit1

Ho(Y;) @4 (AR Vig1) 18adet i,

Ho(Y;) @4 (AR Vitq)
in which the bottom map
det fiy1 : Al @ VEHD o Al g p(i+D)

is injective by hypothesis. If Hy(F;) were also injective then we could conclude that the top map is
injective and hence also that

Hy(Xi11) — Hi(Ho(X) ®4 Ka(fis1)) = 0.
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To make the induction procedure work one must now be able to show that the ‘kernel’ vanishes,
i.e. that HO(F'L'—‘,-l) : H()(Xi+1) — HO(YH-I), is injective.
To begin we will show that Ho(F;) ® 4 adj f;11 is injective. For this it suffices to prove that

1®4adj fiz1: Ho(Y;) @4 (A® Vig1) — Ho(Y;) @4 (A® Vig1)

is injective. The map det f;41 : Al — Al is injective by hypothesis. From the commutative
diagram

Al @ v, L Al g v,

| Jo

Al @ v, 2 Al g v,
we find that f;41 : All @ Vigr — All @ Vit1 is injective. But the diagram

Al @ Vi Adifirr g ® Vit

| o
Al @ Vi detfiv1 A ® Vit

also commutes so that ‘ ‘
adj fir1: A @ Vigr - AT @ Vi

is also injective.

Let us first show that plt) = Ho(Fiy 1) : Ho(Xip1) — Ho(Yi41) is injective for i = 0,1. For
i = 0 this is clear from the first diagram in this proof. The case ¢ = 1 is a bit more complicated.
Consider the diagram

My ® Vs B, My ® Vs — My @4 Mo
N1®A1l m@ﬂl M1®A1l

.A/<det f1> & 1748 L .A/<det f1> & ve (A/(det f1> X Vl) ®4 Mas

H adj f2l 1®AN2J{

Alldet f1) @ V@ 220 Ardet fl @V — APl @ v @)

where all the vertical maps, except possibly the right hand top vertical map, are injective, the
left hand horizontal maps are injective and the right hand horizontal maps are surjective. The
composite of the right hand vertical maps is Hyo(F2). Moreover, we have the exact sequence

Torf (M, Ma) — My @4 My 22245 (A/(det f1) © Vi) @4 Ma — Ny @4 Mz — 0,
and so it suffices to show that Tor;'(N7, M3) = 0. But this follows from the commutative diagram

N @V, Pk, N1 @V, —— M @4 M,

s 1 !

AJldet fY @V 220 4/idet f) @ VR ——— AP gV
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in which the left hand vertical map, the left hand bottom horizontal map and hence also the left
hand top map are injective. Now let ¢ > 1.

Induction hypothesis: For each j such that 0 < j <4 and every subset J C [n] with [j]NnJ =0
and |J| =i — j the map

pl s Ml @, A7 — Al g4 AT @ V)

is injective. Here [j] = {1,2,...,j} and |J| is the cardinality of J. Furthermore, A7 is the tensor
product over A of the quotients A/(det fi) with k € J, i.e. A7 = A/J, where J is the ideal of A
generated by {det fi|k € J}.

If k£ ¢ [j] U J then by the induction hypothesis and the regularity condition the vertical maps
and the bottom horizontal map in the commutative square

MUl @ AT 2 Al g, AT
M[i]l lu[ﬂ
AWVT g () e AluT g ()

are injective and hence so is the top horizontal map. Furthermore, since (adj fx)fr = det fr =
fr(adj fx), it follows that in the commutative diagram with exact rows

MUl @4 AT @V —>./\/l[] QUAT @V, —— MU @4 M, @4 A7

| o I

M @4 AT @V 2 MUl @, A @V, ——— MU @4 Ay @4 A @ VA,

in which the right hand horizontal maps are surjective and the left hand bottom map is injective,
the maps fr and adj fx are injective and hence so is pg. Moreover, for every [ such that 1 <[ < j
and J; = (I+1,...,7,k)UJ it follows by the induction hypothesis and the regularity condition that
the vertical maps and the bottom horizontal map in the commutative square

Ml=1 @4 Al M= @4 A%

M[Fl]l lu[lfll

AI-10I g =1 et pp—1jug g 1 0-1)

are injective and hence so is the top horizontal map. In the commutative diagram with exact rows

det f;
—

Mg Aoy, —L s MU A @Y, —— MU @4 AN

| s I

Mg, A gV 2 pmli- g, A @V —— M g, A 04 AT 0

the map det f; is injective and the right hand horizontal maps are surjective. Since (adj f;)f; =
det f; = fi(adj f1), it follows from the above commutative diagram that the maps f; and adj f; are
also injective and hence so is p;.

Now, choosing k =i + 1, we find by composition that

phl s Ml g 4 47 — AUl g4 AT @ VO
is injective for j =0,1,2,... i+ 1 and any J C [n] with [jjnJ =0 and |J|=i+1—j. O
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4. EULER CHARACTERISTIC AND INTERSECTION MULTIPLICITIES

As in the preceeding sections
dim M = dim A/ ann4 M = sup {dim(.A/p)|p € Ass(M)}

is the Krull dimension of an A-module M. Moreover, since A is a Noetherian (complete regular)
local algebra over a field F', the ‘intersection theorem’

dim N < dhy M+ dim(M @4 N)

of Peskine-Szpiro [4, Cor. 9.4.6] holds for finitely generated A-modules M and N.

4.1. Lemma. If f is regular then the A-module M1 @ 4 Mo ® 4 -+ @4 M,, has finite length and
fori=1,2,... ,n:
(1) dim(M; @4 My ®4 -+ @4 M;) =n —1,
(2) dim(M;1 @4 - @4 M;) +dimM; 1 = dim A+ dim(M; @4 Mo @4 -+ @4 M;11), where
My = A,
(3) My @A Moy®4 - @4 M; is a Cohen-Macaulay module.

Proof. As in the proof of Theorem 3.3, we denote by M the product M; @4 Ma @4 -+ @4
M;, i = 1,2,...,n. The module MM is also denoted by M. If f is regular then detf =
(det f1,det fa,... ,det f,) is a regular sequence in A, so that A/(detf) has finite length. The
surjection A/(detf) ® V' — M implies that M has finite length, since V=1V, @ Vo ® --- ®@ V,, is
finite dimensional over F'. By Theorem 3.3 we have the inequalities

dhqa M < and dha(M; @4 @4 M) <n—i+1

for © = 1,2,...,n. Moreover, dimM = 0 since M has finite length, and dimM; = n — 1 by
Theorem 2.1, Applying the theorem of Peskine and Szpiro [4, Thm. 9.4.5] to M = M @ 4
(Mip1 @4 ®a My) we get that dim M < dhg (M1 ®4 - @4 M,) < 1 —i. Now Ml =
MU ® 4 A, hence [4, Cor. 9.4.6] gives

n=dimA < dhiy MI +dimMI @A) <i+n—i=n

for i =1,2,...,n. But then we must conclude that dh g M!? =i and dim M = n — i for each i,
and therefore A _
dim M + dim M, 1 = 2n —i — 1 = dim A + dim M+

fori=1,2,...,n— 1. The equality dhy M + codhy M1 =n [17, IV-35, Prop. 21] implies that
codhy MY =n —i = dim M, so that each M[? is a Cohen-Macaulay module. O

4.2. Corollary. Ifq={q1,q2,.-. ,qn} is a reqular sequence in A and p; is a prime divisor of q;
for each i then the sequence p = {p1,p2, ... ,pn} is also regular.

Proof. Since A/(q1,. .. ,qn) has finite length also A/(p1, ..., p,) has finite length and dim A/(p;) =
n — 1. Observe that Theorem 3.3 is still valid if we replace M; by A/(p;), fi by pi, adj f; by ¢;/pi,
and det f; by ¢;. Now taking M; = A/(p;) in Lemma 4.1 we see that p is a regular sequence. [
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Next we recall some of the definitions and the properties of the theory of cycles [17]. If q is a
prime ideal of A then ht g = dim A, and coht q = dim.A/q. Moreover, ht q + coht q = dim A = n,
since A is a finitely generated F-algebra and an integral domain. The free abelian group

2(A) = {>" =a)al=(a) € Z

generated by Spec(A) is the group of cycles of A. If

Zo(A) =3 D za)alx(a) €Z

coht q=a

is the subgroup of cycles of coheight a, then Z(A) = ®Z,(A). A cycle z =) 2(q)q is called positive
if and only if 2(q) > 0 for all q. Grading by height or codimension gives Z%(A) = Z,,_,(A) =

{qu:a z(q)alz(a) € Z}.
If dim A = n and a + b = n + ¢ then the cycle product

t Za(A) @ Zy(A) — Ze(A)

is defined by linearity
Za * Rb = Z Za(p)zb(q)XAt (At/p7 At/q)t7

coht t=c

e P g =2 nieee X (Ac/p, Ac/q)t. Grading by height or codimension gives
2 ZYA) @ ZP(A) — Z9TP(A),

where

2. 8 = Z 2 (p)27 (@)x* (A /p, Ac/a),
ht t=a+p3

Le. p g = th t=a+p3 XAt (At/pv At/q)t
For any finitely generated .A-module M and every integer a, consider the cycle [17, V-1-2]

coht q=a

where lq(M) = [“a(M,), coht ¢ = dim .A/q, and the sum is over all prime ideals q of coheight a.
If dimM < a, dimN < b and dim(M @4 N) < ¢ with a + b = n + ¢ then the cycles z,(M) and
2p(N) are defined, intersect properly, and Serre’s theorem [17,V-22] says that the intersection cycle
is given by

Za(M) - 2,(N) = 2e(Tor! (M, N)) = Y (=1)"z(Tor (M, N)),

where the coefficient of a prime ideal p € V(M ® 4 N') with coht p = ¢ is the Euler characteristic

Xp(MN) = (=1)1(Torf (M, N),),

%
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which is additive in M and N
Some of the properties of the cycle function z, are :

(1) zg(M) >0.

(2) z24(M) =0 if dimM < a—1: If dimA/ann M = dimM < a — 1 and coht ¢ = a then
ann M is not in ¢ and hence M, = 0.

(3) zq is additive: If 0 - N — M — L — 0 is exact then so is 0 — N, - M, — L, — 0.
Hence, (M) = 1(Ny) + (L) so that z,(M) = z,(N) + z4(L).

(4) Universal property: Every additive function on K, (A) taking positive values in an ordered
abelian group factors through z,.

(5) If Ais a domain and dim A = n, then Z,,(A) = Z and z,, : K,,(A) — Z is the rank function.

4.3. Theorem. Letf be an n-parameter system, m € o(f) and let I be the ideal (det f1,det fo, ...,
det f,) in A= An. Iff is reqgular at m then M = M1 @4 Ma®@4 ... R4 M, has finite length and

AM)= D Ly (M), (M)A (1), A (p2), - A (pa)) = TA(A/D),

pi| det f;

where the length l,,(M;) of the localization of M, at p; is equal to the multiplicity of p; in det f;

and I (A/(p1), A/ (p2), ..., A/{pn)) = XA/ (p1,p2,s . s pn)) = i(p1,p2s. .. ,Pn) i the intersection
multiplicity of the hypersurfaces defined by the irreducible polynomials p; at the point m.

Proof. Lemma 4.1 says that
n—s=dmM; ®4... 04 M) =sup{cohtp|p € Ass(M; @4 ... 04 M;)}.

In particular, M has finite length and the cycles z,_1(M;) intersect properly. In fact, since
TorA(Ml QA @AM, M) =My R4 ... 04 Mg by Theorem 3.3(2) and

dim(M; ®4 - @4 M) +dim Mgy =dim A+ dim(M; @4 - @4 Msy1)

by Lemma 4.1, the cycles z,_ (M1 ®4 ... ®4 M;) and z,_1(Mgy1) intersect properly for each
s=1,2,... ,n—1[17, p. V-22, Prop. 1]. Now one proves by induction on s that

Zn—l(Ml) . Zn_l(./\/lg) o Zn—l(Ms) = Zn_s(./\/ll RA...Qa MS)
In particular, for s = n we get
anl(Ml) . anl(Mg) et anl(Mn) = Zo(M) = lA(M)m

By Theorem 2.1 the prime ideals of coheigth n — 1 in Var(M;) are exactly the principal primes
generated by the prime divisors of det f;, and so

(M) = D L(Maa= Y Ly (M) (p),

coht g=n—1 p|det f;

where p runs all over prime divisors of det f;. The associativity of the cycle product shows that the
coefficient of m on the left hand side of the equation is exactly

STl (M) L (MA)XCA/ (), AL (D).

p¢| det f7,
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The same procedure applied to the system det f shows that this is also equal to [(A/(det f)). Further-
more, it follows by Corollary 4.2 that we may replace the Euler characteristic x*(A/(p1),. .., A/(pn))
by the length I4(A/(p1,... ,pn)). O

If the Koszul complex K 4(f) of the n-parameter system f on the affine space A™ is acyclic, then
so is K 4(f) at every point A, since localization and completion are exact. In this case the assertions
of Theorem 4.3 hold for every point XA in A™, i.e. at the ideal m generated by the polynomials
$i—>\i,i:1,2,... , .

Note that if the residue class field A/mA of A is isomorphic to the base field F' then the length of
the A-module M coincides with the (vector space) dimension of M over F,i.e. I*(M) = dimp(M).
Since M is finite dimensional, there is a positive integer, and hence a least positive integer r, such
that m"M =0, i.e. m" C annyg M. On the other hand, since the det f; form a regular sequence,
there is an integer, hence a least integer s, such that m® C I, i.e. annym® = M (see [18, p. 186,
Lemma 1]). The string of inclusions

n
I1C ZannAMj CanmyM Cm
j=1

implies that r < s, with equality if [ = ann 4 M.

Observe that Theorem 4.3 generalizes a result of Binding and Browne [3], who proved for a
particular class of linear two-parameter systems with /' = R that the dimension of the root subspace
(in our notation of M; ® 4 M) at the simple point A equals the sum of the orders of contact of
the eigencurves (counting multiplicities) passing through A. For the two-parameter case and also
for a simple point in the spectrum we have a more direct proof of Theorem 4.3 avoiding the use of
Theorem 3.3.

4.4. Theorem. If the 2-parameter system f is reqular at the point m € o(f) then My ® 4 M2 has
finite length and

AMi@aMz) = D Ly (M), (M2)I*(A/ (p1, p2)) = 14 (A/(det f, det fa)),
pi| det f;

where
IA(A/(p1,p2)) = i(p1, p2)

is the intersection multiplicity of the algebraic curves defined by the irreducible polynomials p1 and
po at the point m.

Proof. By 2.1 there are canonical surjective A-module maps 7; : A/(det f;) ® V; — M, for each
i = 1,2 and hence a surjection of A-modules A/I®V — M, where I is the ideal (det f1,det fo) C A
and M = M; ® 4 My. The quotient A/I has finite length, i.e. Ass. A/I = {m}, since K 4(detf)
is acyclic. Now M has finite length, since A/l has it and since V is finite-dimensional. It now
suffices to observe that dim.A = 2 and dimM,; = 1 for ¢ = 1,2. Since Upeass m,P is the set
of zero-divisors for M; in A and m ¢ Ass M, there is a non-zerodivisor a; € m for M, hence
dim M;/a;M; = 0. This means that codh M; = dim M;, i.e. that M; is a Cohen-Macaulay
A-module, and we conclude by [17, V-19] that TorkA(Ml,Mg) = 0 for kK > 0. This implies that
Xm (Tor (M1, My)) = IA(M; ®4 Ms). For the rest see [8, 18 p.186], or prove it directly as
follows. The pair (det f1,det f2) forms a regular sequence in A, and so det f; and det fo must be
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relatively prime. Moreover, every pair of irreducible divisors {pi,p2} of {det f1,det fo} forms a
regular sequence in the Noetherian regular local (hence Cohen-Macaulay) algebra A [8 p. 40, 18].
It follows by [17, IV-5] that the Koszul complex K 4(p1,p2) = Ka(p1) @ 4 K 4(p2) is a free resolution
of the A-module A/(p1,p2). We conclude that

Tor (A/(p1), A/ (p2)) = A/ (p1) ©.4 A/ (p2) = A/ (D1, p2)
by [17, V-26], so that x*(A/(p1), A/ (p2)) = I*(A/(p1,p2)). O

4.5. Theorem. Ifm is a simple regular point for the multiparameter system f then
M = .A/<detf1, ce ,detfn>

and

M) = Y Ly (M), (M)A A/ (prop2, -, pa)) = FAA/T),

pil det fz

where I = (det f1,det fa,... ,det f,,) and I(A/{p1,pay... ,pn) = i(p1,D2s... ,Dn) is the intersec-
tion multiplicity of the hypersurfaces defined by the irreducible polynomials p; at the point m.

Proof. Tt suffices to show that the Koszul complex K 4(f) is acyclic. The Koszul complex K 4(det f)
is acyclic by assumption. It follows in particular that det f; # 0 and hence that f; : AQV; — ARV,
is injective for ¢ = 1,2,... ,n so that K 4(f;) is a free resolution of the .A-module M;. By Theorem
2.2 we have that M; = A/(det f;). Now we prove by induction that K 4(f) is acyclic. Assume that
Yi = Ka(f1) @4 Ka(f2) @4 ... @4 Ka(fi) is a free resolution of M; ® 4 Mo @4 ... @4 M; =
A/(det f1,det fa,... ,det f;). The acyclicity of K 4(detf) implies that

Tor{'(A/(det f1,det fo,... ,det f;), A/(det fi11)) =0
for j # 0 and therefore that
HJA(Y;H) = Torf(./\/ll QAMa®A ... 04 Mij;Mip1) =0

for j # 0. We conclude that Y;y; is acyclic and the proof is complete when i =n —1. [

5. THE LINEAR MULTIPARAMETER CASE

A linear n-parameter system f is a system of linear polynomials
n
fi(x) = ZAij%‘ — Aio, (i=1,2,...,n)
j=1

in n variables x = (z1, 2, ... ,2,), where we assume that the coefficients A;; are linear maps acting
on a finite-dimensional vector space V; over a field F. From now on we assume that F' is infinite.
The linear map A;; induces a linear map A}Lj on the vector space V=V, @ Vo, ® --- ® V,, by acting
on the ¢-th tensor factor. The determinant Ag of the matrix

A;h A;{Q e Ain
A21 A22 T A2n
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is a linear transformation on V. It is well defined because any two entries from distinct rows in

the above matrix commute. In a similar way linear transformations A; (i =1,2,...,n) on V are
n

defined by replacing the i-th column in the matrix by [ALO] et
=1
Recall that for each f; we have the short exact sequence

F[X]®V¢£>F[x]®Vi—>Mi—>0

and its localization at a maximal ideal m in the variety Var M;

AoV, Ih AoV, — M; — 0.

5.1. Theorem. For a linear multiparameter system f over an infinite field F' the following are
equivalent :

(1) £ is regular, i.e. K4 (detf) is acyclic,

(2) there exists o € F (i =0,1,...,n) such that Y ., a;A; is invertible,

(3) the spectrum o (f) is finite,

(4) the (Krull) dimension dim F [x] / (det f1,det fa,... ,det f,,) =0,

(5) the sequence (det f1,det fa,... ,det f,) is a reqular sequence in F [x].

Each of the above statements implies :
(6) the Koszul complex K 4 (f) is acyclic for all m € o (f) and HY (f) has finite length.

Proof. The implication (2) = (3) was proved by Atkinson in [2, Thm. 6.8.1] and the inverse
implication (3) = (2) follows from [2, Thm. 8.7.2]. (Note that in the proof of [2, Thms. 8.2.1 and
8.7.2] the fact that F'is an infinite field is used. This is the case for instance, if char F' = 0.) To show
that (3) < (4) note that the spectrum o (f) coincides with the set of all maximal ideals containing
det f. This set is finite if and only if dim F'[x] / (det f1,det fo,... ,det f,,) = 0. The equivalencies
(1) & (4) and (1) < (5) are proved by Serre in [17, p. III-11, Prop. 6] and [17, p. IV-5, Prop. 3],
respectively.
Finally it follows by Theorem 3.3 that (1) = (6). O

Each of the equivalent statements (1), (3), (4) or (5) could be used as a definition of regularity
of a linear multiparameter system. Theorem 5.1 implies that in the linear case our definition of
regularity is equivalent with the standard one, i.e. to the statement (2) in Theorem 5.1 (see e.g.

[2])-

The following is a restatement of Theorem 4.3 for the linear case.

5.2. Theorem. If f is a regular linear n-parameter system on the affine space A™ then the
A-module M = M1 @4 Mo R4 ... R4 My, has finite length and

ZA (Ml ®AM2 ®A®A MTL) = Z lpl(Ml)'--lpn(Mn)lA (A/ <p17p27"' 7pn>)7

pi‘detPL‘
where
ZA (A/ <p17p27"' 7pn>) :i(p1,p2,... 7pn)

is the intersection multiplicity of the hypersurfaces defined by the irreducible polynomials p; at the
point m € o (f).
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5.3. Example. Let us consider the linear 2-parameter system f, where the matrices f;(x) and
fa(x) are given by

r1+xo+1 0 0 0 _ _
2 201 + o +1 11—y 2 z2—1l =10
and T T 0
0 1+ T2 xr1 + X2 To — 1 0 1 .
0 0 0 x1 + 229 2
This system is simple at the point m = (z1,x2), i.e. the joint eigenspace at A = (0,0) is 1-

dimensional, so by Corollary 4.5 we have
M = Ml ®A M2 = .A/ <detf1,detf2> s

where det f1 = 2(x1 + 22 + 1) (21 + 222) (21 + 22)? and det fo = x1 (22 — 21)x2. A direct calculation
shows that for i = 1,2,... the lengths of the filtered modules M/m‘M are 1,3,6,8,9,9,... respec-
tively, and thus A (M) =dimp M =9. Let p11 = 21 + 222, p12 = 1 + T2, P21 = X1, P22 = Ty — T
and ps3 = x9. By Theorem 5.2 we see next that

3 3
dimp M =Y 1A (A (p11,p2;) + 2D IA(A/ (pra,paj) =1+1+14+24+242=09.

Jj=1 J=1

5.4. Example. Some of the irreducible curves may be singular. Here is an example of such a
linear 2-parameter system f = (f1(x), f2(x)) in A5 :

X1 i) 0 0 0 r1 X2 0 0 0
0 r1T X2 0 0 0 r1T X2 0 0
f1 ($1, 33'2) = —1 0 Tr1T X2 0 N f2 (261,1‘2) = 0 0 Tr1 X2 0 5
0 0 0 Ir1 X2 1 0 0 Tr1 T2
0 0 0 1 = 0 0 0 0 =m

with the determinants det f; = (23 — 22)(2? — z2) and det fo = z1(zf — 23). The irreducible
1 2 )27 1

components are then py; = 23 — 23, p1o = 2% — T2, po1 = 21 and poy = o7 — 23. The point (0,0) is
then singular point for the curves of p1; and pas. Next it follows that
i(p11,p21) = 4 (A/ <93§’ - $§a$1>) =4 (A/ <$1v$3>) =2,
i(p11,p22) = A (A/ <$‘I’ - 553753111 - $§>)
=14 (A/ (2} — 23, 22)) + 4 (A) {2} — 23,21 —22)) =6+2 =38,

since x} — 23 = 14 (:r:f - w%) + 23 (21 — 22), and

i (p12,p21) = 4 (A/ <$% - $27$1>) =14 (A/ (z1,29)) = 1,
i (P12, p2o) = 14 (A/ (2% — wo, 2] — 23))
= A (A/ <x% — :rg,x2>) + 14 (A/ <x% — T, 21 — x2>)
+A (A {2} — 20,21+ 22)) =2+ 1+1=4,

since 21 —a3 = 27 (23 — 22) + 2 (x1 — x2) (¥1 + 22). Because [, (M;) =1fori=1,2and j = 1,2,
we conclude that dimp (M7 ® 4 M3) = 15.
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6. BLOW-UP AT A SINGULAR POINT

The results in Theorem 4.3 and Theorem 5.2 provide a nice geometric interpretation of the
dimension of the total root space at a point A = (A1, A, ... , A,), i.e. at the ideal m = (1 — Ay , 20—
A2,. ..y Tp — Ap) , in the spectrum of a multiparameter system as long as all varieties associated with
the irreducible factors of the det f; are non-singular at that point. In the singular case the results
still hold, but are not so intuitive anymore. As a remedy we propose to blow up the affine space
A™ at the point A (see [13,18]).

Let us assume for simplicity that A = (0,0,...,0) € A™; the blow up at another point is obtained
by an affine change of coordinates. Consider the subvariety

B = {(x,y) |ziy; = zjy;,1 <i,j <n} C A" x P!,
where P"~! is the n — 1-dimensional projective space over F, and the projection map
7B A" x Pl B0 n
defined by 7 (x,y) = x. The ‘diagonal’ map
p:A"/{A} = B/m7(N),
given by p(x) = (x,x), is easily seen to be inverse to the corresponding restriction of 7, and moreover
a7 ) = A} x Pt 2 prl

For any line L, passing through A, described by the parametric equation x = at, one has p(x) =
(x,a) for t # 0, and 71 (La) N ({A} x P"~1) = {(0,a)}. We may extend p to

pa: A" — B

by defining p(A) = (0,a). Choosing various lines, i.e. as a varies through P"~! we get all possible
points of A x P*~1thus blowing up A to {A} x P*~! = #=1(X). This gives a bijective correspondence
between lines through A in A™ and points of the ‘exceptional divisor’ E = 7~(X). Observe that
B =(B\7'\)Ur () and that B\ 7= 1(\) = A"\ {A} is irreducible. Hence the closure
B\ {z1 = 0} is irreducible as well. But 77!(La), and thus also 771 (La) N7~ (X), are in B\ 7=1(\)
for every a € P!, so that 7=1(A\) € B\ 7=1(X). Therefore, B\ 7~}(A) = B and B is irreducible.

If Y € A™ is a closed subvariety passing through A then the ‘blow-up’ of a curve Y at A is
the closure Yg = 7= 1Y \ {A}) in B. It is called the ‘strict transform’ of ¥ under the blow-up
m:B— A":

The total inverse image in B of the variety Y of an irreducible polynomial p(x) € F[x] passing
through 0 in A™ is

71'71(Y) ={(x,y) |p(x) = 0;z;y; = z;y;, 1 <1i,j <n} CA" x Pt
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The projective space P"~1 is covered by the n open sets U; = {yl|y; # 0}. If y; # 0, then we may
set y; = 1 and use the remaining coordinates as affine parameters, so that

T HY)N (A" x Uy) = {(x,2) |p(x) = 0,x = z1(1,2)} € A*" L.
The substitution x = z1(1,z), then gives
p(X) = xipq(wbz):

where ¢ is irreducible and not divisible by z; and e, is the largest power of the maximal ideal
m of A containing p(x). The two irreducible components give £ = {(x,z)|x =0} and By =
{(x,2) |¢(z1,2) = 0,x = 21(1,2)}, so that By N E = {z|q(0,z) = 0} is a variety of dimension n — 2.

6.1. Proposition. Let pi(x),p2(X),...,pn(X) be a reqular sequence in F[x] and let Y1,Ya,... .Y,
be the corresponding hypersurfaces in A™. Then E N}_; Y is a finite set and

i 1Yz ... Vs A") =TI ex(Y) + ) i(w; By, By,,... . By,; B),
PEE

where ex(Y;) = ep, is the largest power of the mazimal ideal m of A containing p;(x).

k3

Proof. If p1(x), p2(x),... ,pp(x) form a regular sequence of polynomials in F'[x], then the intersec-
tion multiplicity
i V1Y, . Yo A™) =14 (A/ (p1,p2, - -+ s Dn))

of the corresponding hypersurfaces Y7, Ya, ..., Y, at the point A in A" is finite, and hence EN}_, By,
is a finite set. Moreover, if 7 : B — A" is the blow-up of A" at the point A with the exceptional
divisor FE, then the inverse image divisor of Y; on B is 7*(Y;) = ex(Y;)E + By, [8, p. 82]. The
assertion now follows from [8, p. 124]. See also [18, IV.3]. O

6.2. Example. As an illustration let us consider again the same 2-parameter system f in A° as in
Example 5.4 :

I T2 0 0 0 r1T X2 0 0 0
0 Tr1T X2 0 0 0 r1T X2 0 0
f1 ((L‘l, (L'Q) = -1 0 1 T3 0 y f2 ((El,fli'g) = 0 0 1 T2 0 s
0 0 0 r1 X2 1 0 0 1 X2
0O 0 0 1 x 0O 0 0 0 =z

with the determinants det f; = (23 — 23)(2? — x2) and det fo = z1 (2] — 23). Then, with z12 = x4,

one obtains p1; = 22 (21 — 22), p12 = x1(21 — 2), P21 = 71 and pay = 23 (71 — 23), and we see that

i (Y11,Y21) = e(Yi1)e(Yar) + i(Z11,Z21) =2+ 0 = 2,
i (Y11, Ya2) = e(Y11)e(Yaz) +i(Z11, Z22) =6 +2 =8,
i (Y12,Y21) = e(Yi2)e(Ya1) + i(Z12,Z21) =14+ 0 =1,
i (Yia, Yao) = e(Yia)e(Yaz) + i(Z1, Zoz) = 3 +1 =

Since all I, (M;) = 1 we conclude that dimr M; ®4 M = 15, which coincides with the result
obtained in Example 5.4.
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7. (IN)DECOMPOSABILITY OF THE ASSOCIATED MODULES

7.1. Proposition. If the module M = Mj @4 Mo ®4 - @4 M,, is indecomposable then all the
modules M; are indecomposable.

Proof. 1t is clear that if M; is decomposable then M is decomposable since & and ® 4 are distribu-
tive. [0

7.2. Proposition. If m € o (f) is simple then M, and also each M;, is indecomposable.

Proof. The decomposition of M = K @ £ induces a decomposition of M = KO @ £ where
MO = M/mM. Since M© is one-dimensional one of K(©) and £ is 0. By the Nakayama,
Lemma then one of the modules K or £ is 0. The proof for M, is the same. [

In general however, the converse of Proposition 7.1 does not hold :

7.3. Example. Consider the two-parameter system

I 0 r1 X2 i) 0 To T1
oz 0 0 [0 z 0 0

fl (X) - 1 0 x 0 and f2 (X) - 1 0 T 0
0 1 0 = 0 1 0 =x

Then det f1 (x) = 23 (z1 — 1) and det f5 (x) = 23 (x2 — 1). Because Ay is invertible it follows by
Theorem 5.1 that the system f = (f1, f2) is regular. All the irreducible factors of the determinantes
det fi and det fo are linear. Conting the multiplicities of these irreducible factors it follows by
Theorem 5.2 that the root subspace at (0,0) has dimension 9.

One checks directly that

0
M(l)(o) =1 € ® 2 s a,0eF
B
and
« 0 0
M?(l)z epo ® B +e01 ® 0 —e0® 0 s o, B,7,0,e € F
v € «@
) o B
Let U be the subcomodule of M{ ‘generated’ by the element
1 0 0
0 0 0
u=-eg @ 0 +e01 ® 0 —€0® |
0 1 0
Then
« 0 0
0 0 0
U={en® 3 ten®@ | o —ew®| o, By EF
¥ o 0
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Since U is the smallest subcomodule of M{ containing u it is indecomposable. Note also that
M?(O) C U and therefore Y©) = ./\/l?(o). Suppose that MY is decomposable, i.e. M{ = K @ L.
Then U = UNK) @ (UNL). From the relation U = M(l)(o). it follows that U = KO @ £©)
and hence either K£(© = 0 or £(®) = 0. But then it follows by the dual Nakayama Lemma [12] that
either L = 0 or £ = 0. Hence M? is indecomposable. The proof that M} is indecomposable is the
same only the indices ¢ = 1 and ¢ = 2 are interchanged.

Let R be the root subspace of the associated system I' at A = (0,0). Obviously R is invariant
for both I'; and I'y. We use the main results of [15] to construct a basis B for R such that the pair
(T'1,T'2) restricted to R is in the canonical form

I'ir=

OO OO OO O oo
OO O OO OO oo
OO DO OO OO oo
SO OO OO OO
[=lelelaloeoBoBal e
SO OO oo o +HOO
O OO OO OO oo
S OO, OO O OO
OO OO OO O oo

and

Iolr =

OO O OO OO
(=il el el S =]
OO O OO OO
O OO OO O oo

OO OO OO O oo
OO OO OO O oo
OO O OO OO oo
OO DO OO0 O oo
[N eleleNeoNBeoNal =)

s}
s}
[an)
s}

Now it is easy to check that R = Ry ® Rs, where R; is spanned by the first 8 vector of the
basis B and R, is spanned by the last vector in B, and that both R; and Ry are invariant for I'y
and I'y. Then R is decomposable as a module over the algebra generated by I'y and I's. Since

R=¢f <./\/l§0) ®Po ./\/léo)) by the main theorem of [10] it follows that ./\/lgo) ®Po ./\/lgo), and thus also
M1 ® 4 Moy, is decomposable.
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