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A GROEBNER BASIS FOR THE 2 x 2
DETERMINANTAL IDEAL MOD ¢

TOMAZ KOSIR AND B.A. SETHURAMAN

ABSTRACT. In an earlier paper ([6]) we had begun a study of the
components and dimensions of the spaces of (k— 1)-th order jets of
the classical determinantal varieties: these are the varieties Z:? i
obtained by considering generic m x n (m < n) matrices over rings
of the form F[t]/(t¥), and for some fixed r, setting the coefficients
of powers of ¢ of all r X » minors to zero. In this paper, we consider
the case where r = k = 2, and provide a Groebner basis for the
ideal 755" which defines the tangent bundle to the classical 2 x
2 determinantal variety. We use the results of these Groebner
basis calculations to describe the components of the varieties 27"
where r is arbitrary. (The components of 25" and Z,";" were
already described in [6].)

1. INTRODUCTION

Let F be an algebraically closed field and A% the affine space of
dimension k over F. By a variety in A% we will mean the zero set
of a collection of polynomials over F' in k variables; in particular, our
varieties are not assumed irreducible. In the paper [6], we had begun
a study of the components and dimensions of the following varieties
that are very closely related to the classical determinantal varieties:
Consider the truncated polynomial ring F[t]/(t*) (k= 1,2,3,...), and
let X(t) = (x;;(t)):; be the generic m x n (m < n) matrix over this
ring; thus, the (4, j) entry of X is of the form x; ;(t) = xl(’oj) +x£1)t—|—- ct

7j
Ef;_l)tk’*l, where for various i, j and [ the xﬁlj) are variables. Let Z"}" be

the ideal of R = F[xl(l]) |1 <i<m, 1<j<n, 0<I[<k| generated
by the coefficients of powers of ¢ in each r X r minor of the generic
matrix X (t), and define Z";" C A%™ to be the zero set of Z,}".
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(When k = 1, of course, we simply recover the classical determinantal
varieties.)

These varieties are just the spaces of (k — 1)-th order jets of the
classical determinantal varieties. Our interest in them was sparked by
the fact that a special case of these varieties had arisen in some previous
work on commuting matrices ([9]).

We had shown in [6] that Z\" is irreducible when r = m, and
reducible (with at least 1 + |k/2| components) when r < m. When
r =2 < m, we had explicitly determined the components, and shown
that there are exactly 1+ |k/2| of them.

In this paper, we provide a Groebner basis of the ideal Z := Z,%"
that defines the 2 x 2 determinantal variety mod #2, for 2 < m < n.
Since these varieties may be interpreted as the tangent bundle over the
classical 2 x 2 determinantal variety (see [6, §1] or [1, AG §16.2] for
instance) they are of independent geometric interest. Note that in the
classical case (k = 1) the defining minors already form a Groebner basis
(see [10], also [3] and [8]). In our case (k = 2), however, Groebner bases
have to contain other polynomials in addition to the defining ones (see
Remark 2.3 ahead).

Essential portions of our Groebner basis calculations were done with
the computer algebra system Singular ([5]). To simplify our compu-
tations, we actually compute a Groebner basis of a related ideal Z,
and deduce a Groebner basis for Z from this. The two Groebner bases
together show that the ideal Z; is precisely the ideal of one of the two
components of Z,%5". We then use this result, along with general facts
about Z:j;;n from [6], to provide a complete description of the compo-
nents of ZZL . in the case k = 4 and r arbitrary. (The components for
k =2 and k = 3 were already described in [6].)

2. GROEBNER BASIS COMPUTATIONS

We will first switch to an easier notation: we will write z; ; and y; ;,
(1 <i<m,1<j<n), instead of a;l(?j) and a:l(»}j), respectively, and we
will write R = Flz;j, vi; | 1 <i <m,1 < j < n]. Expanding each
2 x 2 minor of the generic matrix (z; ; + ty; ;)i ;, we see that our ideal
7 is defined by the family of polynomials dj; jjx; and € jjx,y, Where

Tik Tl

=T kL1 — TigZljk
Tik T ) ’ P

(1) Ofi )k = det (

and €}; )k, is its “polarization,” i.e.,

(2) €kl = TikYil T YikTig — Tig¥ik — YidTjk-
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We will consider the graded reverse lexicographic order (grevlex) on
the monomials on R given by the following scheme: y;1 > 312 > -+ >
Yip > Y21 > 0 > Yo 2> "0 > Ymn > T11 > T12 > "0 > Tip >
Tgq > 0 > Toy > -0 > Ty, For a polynomial f € R, we will write
Im(f) for its leading monomial. We introduce the following auxiliary
polynomials:

yi,p yi,q yi,r
(3) Pliklpar] =det | Yip Yiq Yir |,
xk,p xk,q xk,r

yi,p yi,q xi,r

(4) NigKpar] =det | Yip Yig Tjr )
Ykp Ykqg Tkr
yi,p yi,q yi,r

(5) VlijKpar] =det | Yip Yjq Yir
Ykp Ykq Ykr

Note that at this stage the relative order of the indices ¢, 7, k and
p,q,r can be arbitrary; for instance, pyi32)1,2,3 Will stand for the de-
terminant of a matrix whose middle row consists of y3 , and third row
consists of g .

We will assume that the characteristic of F' is not 2 in what follows:

Theorem 2.1. A Groebner basis for T = ISTQ’" 2 < m < n) with
respect to the grevlex ordering described above consists of the five fam-
ilies of polynomials A = {6y |1 <i<j<m, 1 <k<l<n},
E=Aeigma |1 <i<j<m, 1<k <l<n}, R={pjrpaen | 1=
i<j<k<m, 1<p<qg<r<n}, A={Nijuper | 1 Si<)<
E<m, 1<p<q<r<n}, and 2 = {x 0 jkper | 1 <s<m, 1<
t<n, 1<i<j<k<m, 1<p<qg<r<n}.

Remark 2.2. When m = 2, it is to be understood above that a Groebner
basis for IS; consists of all dpy gy, and all €y gy With 1 <k <1 < n,
and all pp29per With 1 < p < qg <r < n. (In particular, when
m = n = 2, this is a special case of [6, Theorem 3.3] that the defining
polynomials (1 2)1,2) and €[1 9)1,9) form a Groebner basis for I2222 . This
is an exceptional situation, see Remark 2.3 ahead.)

Proof. We will write G for the family of polynomials in the statement of
the theorem. We first show that the polynomials pj; j kp.q.rs A klp.ar]»
and sV} j kpgr], With indices as in the theorem, indeed are in Z.
Actually, we will show more: all polynomials p ;kp.a.rl> Mikpar»
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and s WV} jklpqr], With no restriction on the indices, are in Z. We
have:

PlijKpar] — Plikglpar] T Plikdlpar] — Plikdlpar] T
Plikdllpar] T Pligklpar] = 2Plikp.ar-

However, it is easy to see that each of the three pairs in the left hand
side is in Z: for instance,

PlijKllp.ar] — Plikgllpar] = Yip€likllar] — Yiq€liklpr) 1 Yir€likpa-

Similarly, the second pair can be rewritten as a sum of products of y .
and €[; j[«,«), While the third pair, which equals, p;k.ip.a.r] = Pliiklpars
can be rewritten as a sum of products of y;. and €. Since
the characteristic of F' is not 2 by assumption, we find that indeed
Pligkpar) €T
A similar computation with the sum A j k1ip.¢,11 = g Klip,ral T Mokl piral —
Aiisjllgrp] T Migkllarp] T Niiklp.qr] Shows that all possible polynomials
/\[i7j7k][p,q,r] are in 7.
As for the polynomials x4 ,9}; j k]p,q.,, We expand the determinant of
the matrix
Tst Ysp Ysg Ysr
Tit Yip VYiq Yir
Lt Yjp Yia Yir
Tkt Ykp Ykg Ykr
in two ways, once along the top row, and once along the last column.
Equating the two, we find

Ts 4 Vi, k) psgr] — YspMigkllart] T Ysg Mg klprt] = Ysr Mg Klipat] =
_ySﬂ”A[i,j,k] [pv%ﬂ + yi,?")\[szjvk] [p,q,t} - ijTA[szk} [p7Q9t] + ykvr)\[s7i»j] [p:(bt]'

Since we have already shown that all possible Af; g are in Z, it
follows that x4 jk)p.qr € Z-

Remark 2.3. It is already clear that, unlike in the classical case, the
generating polynomials in A and £ do not suffice as a Groebner basis for
7 (except when m = n = 2). Namely, the leading monomial of any
Oy (4 < 7, k <) is @2, while the leading monomial of € i
(i < j, k <l)is z;,yj;. On the other hand, the leading monomial of
Plijkpar (0 <J <k, p<q<r)is i, Y;qThp, and such a leading term
is not divisible by the leading monomial of any dj; jjk,; O €[i k.-
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The proof that the given families form a Groebner basis of Z fol-
lows from the following theorem. This result helps us reducing the
complexity of the Groebner basis computations (see Remark 2.7).

Theorem 2.4. Assume m > 3, and let Zy denote the ideal of R =
Flaijui; | 1 <i<m,1 <j <n] defined by the polynomials of the
families A, €, and ¥ = {Wp kpen | 1 i <j<k<m, 1<p<
q < r <n}. Then a Groebner basis of Ly with respect to the grevlex

ordering above consists of the polynomials in the families A, £, R, A,
and V.

We will prove this theorem ahead, but we will now show how the
proof of Theorem 2.1 follows from Theorem 2.4. In order to show that
the polynomials in G form a Groebner basis for Z we need to show that
all possible pairs of S-polynomials S(«, ), where o and [ range over
G, can be written as ) f,7, f, a polynomial in R, and ~ ranging over
G, with im(f,y) < Im(S(a, B)) (see e.g. [4, Chapter 2, §9, Theorem
3]). We will adopt the notation of [4] and write S(«, (3)—¢g0 when this
happens. We assume first that m > 3 and we write ‘H for the family of
polynomials of Theorem 2.4 above, i.e. H=AUEURUAUW. Since
the polynomials of H form a Groebner basis for Zy, and since Z C Z,,
we must have S(«, )—0 for all o, 3 € G by the generalized division
algorithm (see [4, Chapter 2, §3, Theorem 3] for instance). Write U for
the family of polynomials in A, £, R and A. Then, for a,3 € G we
write

S(a, B) Zwa+wa

yeU PYeW
with im(f,7), Im(fu) < im(S(a, A)).

We break up each fy as g+ hy, where hy contains all the monomials
of fy that only involve the y; ; or are constant, so g, contains all the
monomials of fy divisible by at least one of the x; ;. Since every mono-
mial of every polynomial in G is divisible by some z; ;, every monomial
of S(a, ) will also be divisible by some z; ;. By choice, every monomial
in every v € U and every monomial in every gy, is divisible by some x; ;
while no monomial of any of the polynomials h, is divisible by any
x; ;. Hence, setting all z; ; = 0, we find 3, hyt) = 0. We thus have
the rewrite

S(a, p) = Zf'ﬂ + Zgw-

yeU Pew
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Moreover, Im(gy) < Im(fy) as the monomials of g, come from fy, so
Im(gypp) < Im(fypp) < Im(S(c, B)). Further breaking up each g, as
Y- m, where m runs through the monomials of g,, and writing ma)
as m'xz; j4 for some z;; that necessarily divides m, we get a rewrite
of S(a, B) in terms of the polynomials in G. Moreover, for any such
monomial m appearing in a gy, Im(m) < Im(gy), so Im(m'z; j9) =
Im(map) <Im(gypy) <Im(S(e, 3)). Thus, S(a, 5)—¢0 as desired.

In the case where m = 2, we may embed the ambient ring R =
Fleijui; 11 <1 <21 <j <n]in thering R = Flz;j,y;; | 1 <
i < 3,1 <j < n]and work there. Given a and f from the families
in Remark 2.2; we have a rewrite S(a,3) = Z%H fv7, where the
family H is from the larger ring R', and Im(f,y) < Im(S(c, 3)). Since
the polynomial S(a, ) does not involve any of the variables 3 ; or
ys.j, the sum of all the monomials on the right side of the equation
S(a,B) = > en [y that are divisible by some z3; or ys; must be
zero. Throwing these out, we find that we are left precisely with a sum
of polynomials of the form g,7, where v comes from one of the families
in Remark 2.2, and where g, is obtained from the corresponding f., by
throwing away any monomial divisible by some 3 ; or ys ;. It follows
that im(g,) < Im(f,) so lm(g,y) < Im(f,y) < Im(S(e, ). We thus
have the desired rewrite showing that indeed the polynomials from the
families in Remark 2.2 form a Groebner basis for I;;L .

The rest of the proof of Theorem 2.1 therefore consists of proving
Theorem 2.4.

Proof of Theorem 2.}:

We need to show that all possible pairs of S-polynomials S(«a, f3),
where « and [ range over these families in H, can be written as
> fv7, fy a polynomial in R, and v ranging over H, with im(f,y) <
Im(S(a, B). We will dispose of some computations right away by in-
voking the theorem proved by Sturmfels (and others, see [3, 8, 10])
cited earlier about the classical determinantal ideals Z7": the defin-
ing determinantal polynomials for the classical determinantal varieties
form a Groebner basis for Z'}" under the grevlex order, with the mn
variables ordered in any manner such that the leading monomial of
any r X r determinant is the product of the entries on the diagonal
from the top right to the bottom left corner. We call this product the
antidiagonal term. (Note that although Sturmfels’ proof is for one par-
ticular (lexicographic) order, the proof works for any order that ensures
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that the leading monomial is always the antidiagonal term. The key to
Sturmfels” proof, and the only place where the specific order comes into
the picture, is in Lemma 6 of [10], and this in turn depends only on the
fact that the leading term of any r x r determinant is the antidiagonal
term.)

Since the polynomials in A are just the defining polynomials of the
classical 2 x 2 determinantal variety in the variables z; ;, and since our
order on the z; ; ensures that the leading term of any 2 x 2 determinant
is always the antidiagonal term, we find S' = S(0p ik, Opr jw.07) — 0.
Trivially therefore, S—0 as well. Similarly, we find by Sturmfels’
result that S = S(Yp i kp.ar, Vi wp.er)—w0. Trivially therefore,
S —>H0.

We next dispose of S-polynomials of pairs of polynomials of the form
S(R,R), S(R,¥), S(A,A), and S(A, V) as well. (Here S(A, B) stands
for the set of all S-polynomials S(«, 3) for « € A and 5 € B.) Given
a pair pjijkpqr] and p ke e ) Whose S-polynomial we need, we
arrange our variables in a 2m x n matrix with the upper m x n block
consisting of the y; ; and the lower m x n block consisting of the z; ;,
and then choose the submatrix M consisting of the y variables from

' and columns p, ¢, r, p/, ¢, and ' and the z

the rows i, j, ', j
variables from the row k, k¥’ and columns p, ¢, r, p/, ¢/, and 1’. (The
understanding here is that when some of the rows and columns defined
by the two p polynomials are equal we use the variables from these
rows and columns just once.) Working within this submatrix M, we
find once again that the variable order on the y;; and z;; that we
have chosen guarantees that the leading term of any 3 x 3 determinant
of M is always the antidiagonal term, so Sturmfels’ result shows that
S = S(pujrpar Pl *p.q ) can be rewritten as Zv [y, with ~
ranging over all 3 x 3 minors of M, and Im(f,y) < Im(S). Such minors
are of three kinds: (1) All three rows consist of y variables: these are
just the polynomials ¢ that are already in H. (2) The first two rows
consist of y variables and the last row consists of x variables: these are
just the polynomials p that are already in H. (3) The first row consists
of y variables and the last two rows consist of x variables: such a ~
can be expanded (along the top row) as a sum y,ds where y, ranges
over the y variables in the first row, and of course, 0, € H. Since
the monomials of y,d, all appear in v, i.e., no cancelation occurs, it
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follows that Im(ys6s) < Im(v). So Im(fyysds) < Im(fyy) < Im(S).
This implies that S—0.

To compute the S-polynomial of a pair pj; j kp.q,r] a0d Yy jr kg 15
we choose the submatrix M consisting of the y variables from the rows i,
j, 1, 4", K and columns p, ¢, r, p, ¢, and v’ and the = variables from the
row k and columns p, ¢, r, p’, ¢', and r’. Working within this submatrix
M, Sturmfels’ result shows that S = S(ppjkip.qr> Vi ki .qs) can
be rewritten as Zw f+7v, with v ranging over all 3 x 3 determinants of
M, and Im(f,y) < Im(S). Such determinants are of two kinds: (1)
The first kind has all three rows consisting of the y variables: these
are just the polynomials 1) that are already part of H. (2) The second
kind has the top two rows consisting of the y variables and the last
row consisting of the x variables: these are just the polynomials p that
already part of H. It follows therefore that S—0.

An analogous reduction works for S(A,A) and S(A, V). We first
arrange our variables in a m X 2n matrix with the left m x n block
consisting of the y; ; and the right m x n block consisting of the z; ;,
and then choose an appropriate submatrix M as above. The order on
the y; ; and x;; that we have chosen once again guarantees that the
leading term of any 3 x 3 determinant of M is always the antidiagonal
term. Sturmfels’ result now applies to M and ensures analogously that
all S(A,A)—#0 and S(A, ¥)—0.

Finally, all computations of S(A, V) can be eliminated since the
leading terms of any v € A and 3 € ¥ are obviously relatively prime,
so S(a, B)—x0 anyway ([4, Chapter 2, §9, Proposition 4]).

We now proceed to show that the remaining eight cases of S-polynomials
reduce to zero as well: we need to check the S-polynomials of elements
of the following pairs of families: S(A,E), S(A,R), S(A,A), S(E,E),
S(E,R),S(E,N), S(E,¥), and S(R, A). For each pair of families in this
list, there is a large number of cases to check, depending on the relative
position of the variables in the two polynomials whose S-polynomial is
being computed.

We first observe the following:

Lemma 2.5. Suppose one has a rewrite S(o/, ') = 27, T with
v € H and with Im(f.,') < Im(S(c,B')). Suppose that o' and [
are defined by various products of x;; and y;; arising from a fived
grid T" = {(it, ;) | 1 < &n < py with i < iy < --- < 4, and
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g1 < Jjy < .-+ < j,. Suppose, too, that all the variables that appear
i all the polynomials f;, and ~' in the rewrite above also arise from
the same grid T'. Let T = {(i¢, j,) | 1 < &,n < p} be another grid with
< tg << ipand g < Jo < -0 < jgp. Write o, B8, v, f, for the
corresponding polynomials obtained by substituting x;, ;, for it gt and

Yie.j, fOT YiL gy Then S(a, B) = 3., fv, and Im(f,y) < Im(S(e, B)).
Moreover, v € 'H.

Proof. The map from the subrings W' = Flzy jr,y» o | (7, j") € T'] to
W = Flz,;j,y:; | (1,7) € T] that sends Ty, gy, 10 Tig g, and Yy g 10 Yij,
is a ring homomorphism that preserves the monomial order. Moreover,
‘H, by definition, is closed under such maps. O

We will use this lemma as follows: While computing all possible S-
polynomials S(«, ) where o and f3, for instance, come from the families
A and R respectively, it is sufficient to consider just the submatrix
(ij + tyij)ij, 1 < 1,7 < 4, and to show that for all possible pairs
a € A and § € R coming from this 4 x 4 submatrix, S(«, 3) — 0,
where H' is the subset of H consisting of all polynomials arising from
this submatrix. This is sufficient because if the variables in & € A and
B € R, for general o and 3, are disjoint from each other, then their
leading terms will be relatively prime, and we will have S(«a, 3)—x0
anyway ([4, Chapter 2, §9, Proposition 4]). Otherwise, the rows that
define o and 3 must have at least one member in common, and similarly
for the columns that define o and (3, hence, the variables in o and
arise from at most 243 —1 = 4 rows and columns. It follows then that
a and [ are the images of some o and ' defined on the upper left 4 x 4
grid under a map of the sort described in the lemma, and the lemma
then applies. (AS an example, to rewrite 5(5[10713”375],,0[577’10][5777100 it
is sufficient to rewrite S(dy3.411,2), P11,2,3)[2,:3,4)) in terms of polynomials in
A, E, R, A, and ¥ that only involve variables from the upper left 4 x 4
grid.) Similar considerations apply to other pairs of families, and we
find that while computing S(A, ) and S(E,E) it is sufficient to work
with a generic 3 x 3 matrix (x;; + ty; ;) , while computing S(A, R),
S(AAN), S(E,R), S(E,A), and S(€, V), it is sufficient to work with a
4 x 4 matrix, and while computing S(R, A), it is sufficient to work with
a b X b matrix.

We have done these computations using the computational algebra
package Singular ([5]) and have checked that S(a, 3)—0 for all pairs.
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(Y2,2)0p,2111,3] + (—Y2,1)011,2][2,3]

+ (—m23)en 2 + (T2,2)€n2)n,3

S (021,20 €11,312.3]) (Y3.2)001.2111.3 + (—¥3.1)0n 22,3 + (—¥1,3)012,3)11.2)
+(W12)0231,3 +  (—Y11)d32,3 T (—T23)en 3,2 + (T2,2)€01,3)1,3)

(Y2,2)0113),2) + (—¥1,2)012.31.2)

+ (—z32)€e,22 + (T2,2)€,31,2)

—Ys1 )5[1 2][2,3] T (y2,3)5[1,3}[1,2} + (y2,1)5[1,3}[2,3}

5(5[1,2][1,2]; €[1,2] [2,3])

S(0p2,215 €2,3)11,21)

5(5[1,2][1,2], 6[2,3][1,3])

+(=y13)0p23m,2 + (—Y1.1)0p32,3 + (—T32)€n2n,3 + (T2,2)€n,31,3]
5(5[1,2][1,3], 6[2,3][1,2]) = Y31 5[1 2][2,3] (yz 2)5[1 3)[1,3) + (—yz 1)5[1 3][2,3]
+(=y12)0p3m,3 + (W1,1)0p323 + (—233)€n,2n,2 + (T2,3)€n 31,2

5(5[1,3][1,2],6[1,2][2,3]) 5[1 3][1,3] ( 921)5[13 2,3] (yls 5[23 1,2]

+(=v12)0231,3 +

)
)
2)
)

)
Y11 5[2 3][2,3] ( T3 3)6[12 1,2] (xs 2)6[1 2][1,3]

TABLE 1. S(A€)

(See Remark 2.7 about the complexity of computations involved.) The
process essentially consists of dividing S(a, 3) by the polynomials in
‘H, using the generalized division algorithm, as described, for instance,
in [4, Chapter 2, §3].

The cases S(A,E) and S(E, E) are particularly simple to enumerate,
since in each case, we only have to work with a 3 x 3 grid. The six
relations shown in Table 1 (in which the equality as well as the order
relation between the leading monomials on the right side and the left
side can easily be verified by hand) take care of all S(«, §) with a € A
and # € &£. (For instance, S(0p,3)11,2) €11,3)[2,3]) can be obtained from
S(0p,211,2), €1,2)12,3)) With an application of Lemma 2.5.)

Similarly, the nine relations shown in Table 2 take care of all S(«, [3)
with «, f € €. (Note that the polynomials in R and A do not appear
in the S(A,A) and S(A,E) calculations, but do appear in S(&, &)
calculations.)

The number of separate cases to consider in the remaining cases
S(A,R), S(AA), S(E,R), S(E,A), S(E,V), and S(R, A), even though
we are working in a matrix of maximum size 5 x 5, is simply too large
to be able to report every computation in this paper. (Again, we
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Y2,1)€n.2)2,3 + (—1)pp2,2)1.2,3)
Y12)€p3m2 + (=1)Ap2,30,2,2
Yo2,1)€11,3)12,3) T (—¥1,2)€[2,311,3]
Dpn2snzs + (=1)An2301,2,3
Y1,3)00,211,2] + (—¥1,2)001,2]11,3)
+ (y1,1)001.,2)12,3) + (T1,3)€q1,2111.,2)
(y3,1)€n 22,3 + (—v13)€2,3)1.2)
+ (Dpp2an2s + (=)Aa2301.2,3

5(6[1,2][1,2], €[1,2][1,3]

)
5(6[1,2][1,2}, 6[1,3][1,2})
S(en2m,2), €,3)1,3))

+(y1)epszs  +

(=
(=
(=
(=
(

S(ep2n,3), €0,212,3))

5(6[1,2][1,3}, 6[1,3][1,2})

5’(6[1,2][1,3}, 6[1,3][1,3]) = (—91,3)6[2,3][1,3} + (—1))\[1,2,3][1,3,3]
(y3,1)0m,2111,2) + (—Y2,1)001,311,2]
+ (Y1,1)012,3111,2) + (@3,1)€01,2)1,2]

5(6[1,3][1,2], 6[2,3][1,2])

Sepanas epaes) = (Ys,1)00,212,3 + (—¥2,1)001,3)2,3
+(y13)0peany + (—Y2)0eans + (2U1,1)012,3)2,3)
F(—w33)enane + (T32)€n2n3 + (T2,3)€n 3.
5(6[1,3][2,3], 6[2,3][1,3]) = (93 2)5[1 2)[1,3] + (—92,3)5[1,3}[1,2]
+(=y21)0n312,3 + (Y12)0pam,3 + (T32)€n.20,3 + (—Z2,3)€n 31,2

TABLE 2. S(&,€)

refer to Remark 2.7 for the complexity of computations involved.) The
complete computations are available from the authors ([7]): for each
pair of polynomials o and (3, we present the polynomial S(a, 3), its
leading monomial listed explicitly, each divisor v € H and each quotient
fy in the rewrite S(a, 8) = > fiv (with v € H) listed explicitly,
and the leading monomial of each product f,v listed explicitly. If
desired, the reader can easily check from these listings the equality
S(a, B) = >, fyv (as well as the relationship LM(f,7) < LMS(a, §))
for any pair «, (. U

We immediately have the following:
Corollary 2.6. Both Z and Zy are radical.

Proof. This is clear, since the leading terms of a Groebner basis for
the two ideals are square free (see the proof of [6, Theorem 3.4] for
instance). O
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In the next section we will recall some facts about Zy3" that will
immediately show that the ideal Z; is one of the two primary compo-
nents of Z. This will be used in describing the components of Z:f 2 in
the case k = 4.

Remark 2.7. If one were to check directly, i.e., without referring to
Theorem 2.4, that the elements of G form a Groebner basis for Z,
one could eliminate computation of S(Z,Z) by using Sturmfels’ result
for the classical case, but one would have to compute polynomials in
S(R,E) and S(A,Z). Each of these involve computing with a 6 x
6 matrix. The number of different S-polynomials to consider is of
the order of 10°. By contrast, the most complicated case for Z; is
S(R,A), which involves a 5 x 5 matrix. In this case we only have to
consider on the order of 10* S-polynomials: a hundred-fold reduction
in complexity. Still, the massive undertaking of checking the reduction

of all S-polynomials could not be done without help of a computer.

3. THE COMPONENTS FOR k =4

We recall that in [6], we determined the components for Z;™ for
k =2 and k = 3, for all values of » < m. (Recall from [6] that when
r = m the variety Z:z; is irreducible for all values of k. Also, in the
case k = 3 and r < m, we described the components for all but finitely
many values of (m,n).) We will use our Groebner basis for Z and Z,
from the previous section to determine the components of Z;" 2" in the
case k = 4, for all values of r < m.

We need to first recall some theorems from [6]. We also need to
revert to the notation of writing our generic matrix as (z; ;(¢) ); j, where
x;i(t) = a:z(?j) + :Eg}j)t +-- 4 a:z(f;_l)tk’l. We recall from the introduction
that R=F[z{) | 1<i<m, 1<j<n, 0<1<H]

We have the following basic decomposition:

Theorem 3.1. ([6, Theorem 2.8]) The variety Z'}" (for r > 2) is
the union of two subvarieties Zy and Zy. The variety Zy is the clo-
sure of any of the open sets U;; (1 < i < m, 1 < j < n), where

2% is nonzero. Moreover, it is the closure of the open set U where

are nonzero. Alternatively, the variety Zy is the union of the
components of Z;?k’" that correspond to minimal primes of I that do
not contain some (hence any) xgg-). Such components always exist, and
are in one-to-one correspondence with the components of the variety
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Z::’l,;"*l. The correspondence preserves the codimension (in A™™
and A=D0=DF respectively) of the components, and in fact, Zy is bi-
rational to Zrm_ll,;n_l x Atn=Dk - The yariety Z, is the subvariety of

Z" where all m( ) are zero, and is isomorphic to Z0" x Amn(r=1)

when k > r, and zsomorphic to A= when k < r. Zy will be wholly
contained in Zy precisely when there are no minimal primes of I that
contain some (hence all) SL’E?.

We also have the following, which explicitly describes the correspon-
dence between Z; and Zmllk” ! and is the basis for the proof of the
theorem above:

Theorem 3.2. ([6, Theorem 2.3]) Assume r > 2. Let zl(]), 1 <i<

m—1,1<35< n—l 0 <1<k be anew set of variables, and write T
forthermgF[ |1<z<m 1,1<j<n—-1,0<I1I<k], and T for

the ring F|z fj,xg”n,.. x&?n,x&)l,...,x;n_ |1<i<m—1,1<j<

n—1,0 <l <k]. Also, write Z for the m —1 x n—1 matriz (zm(t) )i

over T[t]/(t*), where z ;(t) = Y0~ N (l)tl We have an isomorphism
m<%JW%TMﬂ%r%

given by

f: 2 ()1<z<m

2o - a1 <j<n—1

= a)+al@l al a, @), 0<pr <1 1<s <,

fori1<i<m-—-1,1<j53<n-1,0<I[<k.

(Here, the qflj) are polynomials in the indicated variables.)

Under this isomorphism, the localization of T at x&?n corresponds to
the localization of the ideal I, 7" T" at 2, where I s the
ideal of T determined by the coefficients of powers of t of the various
(r—1)x(r—1) minors of the matrixz Z. Moreover, this induces a one-to-
one correspondence between the prime ideals P of R that are minimal
over I and do not contain xﬁ,?n and the prime ideals Q) of T that are
minimal over " 1” Y If P corresponds to Q then the codimension of
P in R equals the codimension of Q inT.

We recall that the motivation behind this theorem is row-reduction
on the matrix (z;;(t));; under the assumption that xﬁ% (and hence
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Tmn(t)) is invertible, and that the point of the isomorphism is the
assignment

(6) 21(t) = @i (t) = T g ()30 (8) 100 (1)
fori1<i<m-1,1<j<n-1.

We now determine the primary decomposition of 7 = Z5%5". We
recall from [6, Theorem 7.1] that 255" has precisely two components,
namely the subvarieties Zy and Z; of Theorem 3.1 above. Write Jy and
Jy for the ideals of Zy and Z; respectively. Since 7 is radical (Corollary
2.6 above), Z = Jy N Ji. Since the component Z; is the subvariety
defined by Z and all the acg?j), and since Z is already contained in the
(prime) ideal generated by the xgg-),
(0)
J

2,7 "

we find that .J; is precisely the ideal

generated by the x

The component Z, is the closure of the open set where xﬁﬁ’n is

nonzero, so Jy is the radical of the ideal (Z : (x£2>n)°°) By standard
Groebner basis facts (see [11, Lemma 12.1]-note that the hypothesis
on the basis being reduced is not necessary there), a Groebner basis of

(Z : (:cﬁg)n)oo) with respect to the chosen monomial order is given by
factoring out all powers of xﬁ,?)n from every polynomial in a Groebner
basis of Z. (Note that the fact that z,,,, is the variables with the least
weight in the order of the variables is important here.) The polyno-

mials in our Groebner basis of Z that are divisible by a:,(qg)n (note the

change of notation between §2 and §3) are the various x&??m[i,j,k][pm,
so factoring :1:7(72)” from them yields the polynomials in ¥. Once all poly-
nomials of the family ¥ are in the Groebner basis of (Z : (xﬁii?n)w), one
no longer needs the other polynomials x§?2¢[i7j7k]@,q,r], (s,t) # (m,n),
in the Groebner basis, since lm(xg?t)qﬁ[i,j,k”p’w]) = xg?t)lm(qﬁ[i,j,k”p’w]). It

follows that a Groebner basis of (Z : (x,(f?)n)W) is given by the polyno-

mials in A, £, R, A, and V. Since these polynomials are all in Z; and
generate Zy, we find that (Z : (x$,3)n)°°) equals the ideal Z; of the pre-
vious section. Moreover, 7 is radical (Corollary 2.6), so Jy is precisely
Zo. (This shows as well that Z, is prime.)

We split this off for future reference as:

Proposition 3.3. The ideal T = 1,%" is the intersection of the two
prime ideals Ly and the ideal generated by all mgg-). Moreover, Iy = (T :
(2n)).

We now proceed to determine the components of Z:l’" when k = 4.
We recall from [6, Proposition 6.3] that when k& < r, the subvariety
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Z, is wholly contained in Z;, and the components of ZZZ" and their
codimensions in A™"* are hence determined by those of Z™ 7171,;"71 and
their codimensions in A=Y=k Thys, it is sufficient to determine
the components of Z}", Z%", and Z7}". But of these, the last has

already been determined in [6, Theorem 5.1}, which we state below as:

Theorem 3.4. ([6, Theorem 5.1]) The variety Z,%" has three compo-
nents Xo, X1, and Xs. The component X is the closure of the subset
where some a:z(?j) is nonzero, and has codimension 4(m — 1)(n — 1) in
A*mn  The component X, is the closure, in the subvariety where all
O are zero of the o t wh P - thi -
hy , pen set where some x;; is nonzero; this compo
nent has codimension 2(m — 1)(n — 1) +mn. The third component Xy
is the subvariety where all a:z(?j) and :vl(lj)

2mn.

X

are zero; this has codimension

Finally, we recall the notation u;(¢) for the i-th row of the ma-
trix (z;;(t));;: this is an element of (R[t]/t*)". We write u;(t) =
2;:01 ugl)tl, so the various ugl) are row vectors from R", and we refer

to ugl) as being “of degree [.”
We begin with Z;%":

Theorem 3.5. In the variety Z5;" (for all values of m,n with 3 < m <
n), the subvariety Zy of Theorem 3.1 above is wholly contained in Z,.
Therefore the components of 23" are in one-to-one correspondence
with the components of Z;Zfl’"_l as in Theorem 3.1, and by Theorem
3.4 these have codimensions 4(m — 2)(n —2), 2(m —2)(n —2) + (m —
1)(n—1), and 2(m — 1)(n — 1) in A%,

Proof. Let us write X, X{, and X/, for the three components of Z,
corresponding to the three components Xy, X, and X, of Z PR
We will prove that the subvariety Z; is contained in the component
X/, by showing that the ideal of X} is contained in the ideal of Z;. We
will need the primary decomposition Zy5" that we just established to
prove the containment of ideals.

The ideal of Z; is easy to determine: the equations that define Z;
(0)

are those of ;" along with all x; ; = 0. The equations of I;7}" are

u;, (t) A\ u,, (t) A U, (t) =0

for all 1 < 4y < 19 < i3 < m, which expands to the following four
equations:
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(O)Au()/\u() 0
Zul)/\u :0,

Zu@)/\u /\u +Zu(1)/\u (0):0,

Zu /\u /\u —{—Zu U—{—u”/\u()/\ugg)zo

for all 1 <y < iy < i3 < m. (Here, the notation Zu (1) A p{%2) A q(%)

72 i3

stands for sums of all possible terms u ( DA u( 2) A u( 3) With i1, 19, i3
fixed and the d; permuted.) It is clear that on setting all i 9 o Zero, we

are just left with the classical determinantal equations u( )/\u(l) /\u( ) =

0 on the variables x( ) , and the ideal defined by these is well-known to

be prlme (and in partlcular radical). Hence, the ideal of Z; is given
by the ac : and the various u( YA ug) A ul(;) for 1 <11 <19 <3 <m.
As for the ideal of X/, let us first compute the ideal of X, in the ring
T = F[ J|1<i<m-1,1<j<n—10<1<4] - see Theorem
3.4 and the remarks following that theorem for the setup. The variety
Xy is defined by I3 """ along with all 2 = 0 and all z”) = 0. The
ideal I, 4_1’”_1 is generated by the following equations (here the various
w; are the rows of the (m — 1) x (n — 1) generic matrix (z;;(t) ) ;)

w® A w® =,

Swil aw <o

ZW /\W +Zw(1)/\w(1) 0,
ZW(3)/\W —l—ZW = 0.

Clearly, setting all z 0 = 0 and all zi = 0 makes these equations

vanish, so the X5 is deﬁned by all z; ] ) and all zl(? This is a radical
ideal, so this is the ideal of X5, and it is of course prime.
Write J for this ideal. We now compute the image of the ideal JT”

in the ring R[(a:m n) ] under the isomorphism of Theorem 3.4. Recall
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Equation (6) that z;;(t) = ©;(t) — @m;(t)zin(t)z,),(t) for 1 < i <
m—1, 1 <j <n—1, which we rewrite as

T (8)215(1) = @i ()T (8) — T () in (1)

Comparing coefficients of the constant term and the ¢ term on both
sides, we find

(7) 2] = T T — Ty
and
(8) iz +alz) = al)all, + el — al ) alh — a)all).

Recall that 2\, is invertible in 7”. Thus, Equation (7) shows that
x,(qm)nz = 0i,m][j,n], 50 the ideal generated by just the z( ) goes over to

the 1dea1 generated by the various 0y y(jn), 1 <1 < m—1, 1 <j<n-—1.
Equation (8) then shows that xfn)nzl( j) = €limllin] — x%?né[am”j’n] /x£2?n,
so the ideal generated by both the z( ) and the zi(’lj) goes over to the
ideal generated by the various dj; mjn) and the various €jmjjjn, 1 <
i<m-1,1<j<n-1

Write K for this ideal. We claim that K contains all i, plljq and
€liplljg for all 1 < 2,p < m and 1 < j,q < n. We first consider the
case p = m and ¢ < n for given ¢ < p and j < q. Then consider the

following matrix

Li,j (t) Li,q () win(t)

T () Tmg(t) Tmn(t)

T () Tmg(t) Tmn(t)
The determinant of this matrix is zero, and expanding along the bot-
tom row and considering the constant term of the determinant, we find
x,(ﬁ,??né[iym] lj,q 18 in K , and since xﬁ?)n is invertible, 0f; m](j,q 1S in K. Sim-
ilarly, considering the ¢ term and using the fact that dj; (¢ is already
in K , we find €fj m(j,q 18 in K as well. A similar proof with the n-th col-
umn duplicated shows that op; ;) and €[ p[;,n) are in K fori < p<m
and j < n. Finally, given 1 <i,p <m and 1 < j,q < n, consider the
matrix

2ij(t)  Tig(t)  in(t)

Tpi()  Tpg(t)  Tpn(l)

T (t) Tmg(t) Tmn(t)
Expanding the determinant in two ways, once along the bottom row
and once along the top row, then comparing the constant terms and
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the coefficients of t on both sides and invoking what we just proved
in the special cases where p = m or ¢ = n, we find that dj; ;4 and
€li.p]lj,g) AT€ in K as claimed.

Note that K is radical since it is the image of JT’. Note too that
its generators are those of Z;5". It follows from Theorems 3.1 and 3.4
that the ideal of X, is the pullback of Z = Z;%5" under localization at
2\, ie., the ideal (Z : (:cﬁfi)n)“) We have seen in the computation
of the primary decomposition of Z above (see Proposition 3.3) that
(T : (2X),)) is precisely the ideal Ty of the previous section. The
generators of Zy are the polynomials in A, £ and W, all of which are
clearly in the ideal of Z;, proving that the subvariety Z; is contained
in the component Xj. The last statement of the theorem is now just

an application of Theorems 3.1 and 3.4.
O

Theorem 3.6. The varicty Z3'}", for all values of m,n with 4 <m <
n, except possibly the pairs (5,5), (5,6), (5,7), (5,8), (5,9), (5,10),
(5,11), (5,12), (6,6), (6,7), and (6,8), has four components. One
is the subvariety Z;, which has codimension mn in AY™™ while the
other three are those that arise from Zy (as in Theorem 3.5), and have
codimensions 4(m — 3)(n — 3), 2(m —3)(n — 3) + (m — 2)(n — 2), and
2(m —2)(n —2) in AT,

Proof. This is an easy consequence of Theorem 3.5 and dimension-
counting. By Theorem 3.1, the subvariety Z; is simply A3™", which of
course has codimension mn in A", The components of the subvariety
Zo on the other hand are in one-to-one correspondence with those of
ng 4_1’”_1, so by Theorem 3.5 above, Z; has three components, with
codimensions 4(m — 3)(n — 3), 2(m — 3)(n — 3) + (m — 2)(n — 2),
and 2(m — 2)(n — 2) in A*™". (Note that the correspondence between
the components of Z; and those of 23", ' preserves codimensions
in AY" and AYm=D=1 pegpectively.) It is easy to see that for all
m,n > 5 except for the pairs indicated, mn is smaller than any of these
three codimensions coming from Zj, so Z; is a separate component. []
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