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Abstract

Suppose that Ay, As, ..., A, are compact commuting self-adjoint linear maps on a
Pontryagin space K of index k and that their joint root subspace My at the zero eigen-
value in C" is a nondegenerate subspace. Then there exist joint invariant subspaces
H and F in K such that K = F&@® H, H is a Hilbert space and F is finite-dimensional
space with k¥ < dim F' < (n+ 2)k. We also consider the structure of restrictions A;|r
in the case k = 1.

1 Introduction

Let K be a Pontryagin space whose index of negativity (henceforward called indez) is
k and A be a compact self-adjoint operator on K with non-degenarate root subspace
at the eigenvalue 0. Then K can be decomposed into an orthogonal direct sum of a
Hilbert subspace and a Pontryagin subspace both of which are invariant under A and this
Pontryagin subspace has dimension at most 3k. This has many applications among which
we mention the study of elliptic multiparameter problems [2]. Binding and Seddighi gave
a complete proof of this decomposition in [3] and in fact proved that non-degenaracy of
the root subspace at 0 is necessary and sufficient for such a decomposition. They show
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that the bound 3k can be attained. We refer to the books [1, 4] for general theory of
operators on a Pontryagin space.

We present a generalization of the decomposition to encompass a tuple of commuting
compact operators on a Pontryagin space. Such tuples occur naturally in applications to
boundary value problems for partial differential equation, say of Sturm-Liouville type, that
are coupled by several parameters. When such multiparameter boundary value problems
are of so-called elliptic type, their analysis leads to an n-tuple of commuting compact
self-adjoint operators on a Pontryagin space that is not a Hilbert space. We shall not
elaborate on the multiparameter aspects here. They can be found, for example, in [2] and
[5]. In this paper, our aim is to obtain a decomposition of K and also classify tuples of
commuting compact operators when £ = 1. A compact normal operator can be thought
of as a pair of commuting compact self-adjoint operators. In the case of finite-dimensional
Pontryagin space of index 1, normal operators are completely classified in [8]. Thus the
classification of n-tuples of commuting compact self-adjoint operators on a Pontryagin
space of index 1 is a natural question.

There are two main results in this paper. The first one of them, Theorem 2.7 gives a
decomposition of the entire space into joint invariant subspaces one of which is a Hilbert
space H and the other, say F', is a Pontryagin space of index k and its dimension is at
most (n+2)k. We give an example to show that this bound is indeed sharp. The structure
of I’ in the decomposition of Theorem 2.7 is described in further detail. The subspace F’
is equal to a direct sum F} @ Fb, where F} is spanned by all joint root subspaces at nonreal
eigenvalues and the spectra of restrictions to F5 are real. Furthermore, the dimension of
F is exactly twice the index of Fi, while the dimension of F5 is bounded below by the
index of F, and above by n + 2 times the index of F,. In particular, the bound (n + 2)k
above can be achieved only if all the eigenvalues are real. In Theorem 3.1 we classify the
n-tuples of commuting compact self-adjoint operators on a Pontryagin space of index 1.

2 Splitting of an invariant finite-dimensional subspace with
an invariant complement that is a Hilbert space

Let A = {A;1,Ay,..., Ay} be a set of commuting compact self-adjoint linear maps on
K. If L is a subspace of K then L = {u € K; [u,v] =0 for all v € L} is its orthogonal
complement. Here [-,-] is the inner product on K. The subspace L is called nondegenerate

if LN LM =0. Any nondegenerate subspace of K is a Pontryagin space in its own right
and we denote by k(L) its index. A subspace L is called ortho-complemented if L + L
is equal to K. If A: K — K is a linear operator then we denote by APl its adjoint. One
has [Au,v] = [u, AM] for all u,v € K.
If X C K is a nonempty set we denote by £(X) the closed linear span of X in K.
For o = (a1, 0, ..., ) € C" we write

La(A,j) = ﬂ N ((A1 — ) (4, — anI)t")
> ts=j, ts>0



and -
La(A) = | La(A,j).
j=1
Here NV(A) is the nullspace of a linear map A. Note that Lg(A) is the joint root subspace

of A at a. We use the notation L, (A, j) and Ly(A) if A = {A}. The tuple @ denotes the
n-tuple obtained from a € C" by conjugating all its components. We define

L,(A)ifaeR
Mo (4) = { Lo(A) + Ly(A) if o ¢ RR.

For a € C" we define Mq(A) = N7_; M,;(A;). We remark that for @ € R" we have
La(A) = Ma(A). If a,8 ¢ IR" then it follows from Lemma 2.1 below that Mq(A) =
M ﬂ(A) if and only if o € {ﬁj,ﬁj} for all j. To avoid duplication when considering the
subspaces Mq/(A), we assume that the imaginary parts of components «;, j = 1,...,n,
of a are nonnegative.

In this paper we assume that the joint root subspace Mo = Mo(A) at 0 = (0,0,...,0) €
C" is a nondegenerate subspace.

We say that an eigenvalue « of A is normal if Lo, (A) is finite-dimensional and it has a
closed complement that is invariant for A. If & € C is a nonzero eigenvalue of a compact
linear map then it is a normal eigenvalue (see e.g. [10, p.190]). It follows that a nonzero
eigenvalue a € C™ of A is a normal eigenvalue.

A subspace L C K is invariant for A if A;L C L for all 7. A closed invariant subspace
L for A is called decomposable if there exist nonzero closed subspaces L1 and Lo, invariant
for A, such that L = L1 ® Ls. If such L1 and Lo do not exist we call L an indecomposable
subspace for A. Observe that subspaces Lo (A) for o # 0, and the closure Mg of Mg
are closed and invariant for A. Then it follows that if L is an indecomposable subspace
for A the restrictions A;|; have only one eigenvalue. Moreover, each subspace Ly (A)
and Mg are direct sums of indecomposable subspaces for A. If L is an indecomposable
subspace for A and L C Lg(A) then we say that L is an indecomposable subspace for A
at a, and « is the eigenvalue corresponding to L. If n = 1 then an invariant subspace is
indecomposable if and only if it is a linear span of a single Jordan chain.

Now we prove a few auxiliary results that lead to the proof of our main results.

Lemma 2.1 If a # 0 is an eigenvalue of A then Mq(A) is nondegenerate.

Proof. Since a # 0 there is an index [ such that a; # 0. We may assume without loss
of generality that [ = 1. Then M,, (A1) = @ﬁeleﬁ(A)’ where ¥; is the set of all the

eigenvalues 8 = (01, B2, .., n) of A such that imaginary parts of 3; are nonnegative and
B1 = ai. We know by [3, Lemma 1] that M,, (A1) is nondegenerate. For each eigenvalue
B € ¥y and B # a there exists an index j such that a; # ;. Then Mg (A;) C Maj(Aj)[l].
By the fact that L5 C Ly if Ly C Ly, we have Mg(A) C Mg, (4;) C My, (4))H C
Mg (A)H. Therefore My (A) is an ortho-complemented subspace of M, (A;). An ortho-

complemented subspace is nondegenerate (see [4, Cor. 1.9.5]). o

The following result is a consequence of the assumption that Mg is nondegenarate.



Corollary 2.2 For each j the subspace My(A;) is nondegenarate and the closure of the
linear span of Jordan chains of A; is equal to K.

Proof. Observe that My(A;) is a direct sum of Mg and the subspaces Mq(A), a =
(a1, a9,...,ay), such that a; = 0. By [1, Cor. 3.14] it follows that Mq(A) C M([)L]. By
our assumptions and Lemma 2.1 all the subspaces Mq,(A) are nondegenerate. Therefore

My(A;) is nondegenerate. Theorem 1 of [3] implies the second part of the statement. O
Theorem 2.3 If o ¢ IR™ is an eigenvalue of A then k(Mq(A)) = 5 dim Mg (A).

Proof. Since a is normal it follows that Mq(A) is finite-dimensional. By Lemma 2.1 it is
also nondegenerate. Suppose o is a nonreal component of a. Then the restriction of A;
to Mq(A) has a conjugate pair a;,@; for its spectrum. The lemma then follows by [6,
Thm. 1.3.3]. O

Let « be an eigenvalue for a compact self-adjoint operator A on a Pontryagin space
and let J = {vg,v1,...,v} be a Jordan chain at a. Then we follow [3] and call J negative
if [vg, vo] < 0 and positive if [vg,v9] > 0. Note that if « ¢ IR or if I > 1 then [vg, vo] = 0
and J is negative.

If L is an indecomposable subspace for a set A = {41, Ag,...,A,} of compact com-
muting self-adjoint operators then L is called positive if it contains only positive Jordan
chains for each A;, otherwise it is called negative. Observe that if L is a positive indecom-
posable subspace for A then it is one-dimensional, spanned by a joint eigenvector of A;,
and the corresponding eigenvalue is real.

Lemma 2.4 Let K be a Pontryagin space of index k. Given a compact self-adjoint oper-
ator A on K with nondegenerate root subspace My(A), the whole space K can be written
as an orthogonal direct sum K = H ® F where H is a Hilbert space and F is a finite-
dimensional Pontryagin space of index k such that both F and H are invariant for A and
k < dim F < 3k. Moreover, the Jordan canonical form of the restriction of A to F has
at most k blocks. In particular, there are at most k negative Jordan chains in a Jordan
basis for A.

Proof. A maximal nonpositive subspace of K has dimension equal to k (see [1, 4]). Since
we assume that Mo(A) is nondegenerate it follows by [3, Thm. 1] that root vectors of
A are complete. By [1, Thms. 2.26 and 3.4] or [4, Thms. 4.6 and 4.9] it follows that
a Jordan chain J of A at a real eigenvalue has length | < 2k 4+ 1 and the dimension of
a maximal nonpositive subspace in £(J) is equal to % if [ is even and to [é] or [%] +1
if [ is odd. A Jordan chain J of A at a nonreal eigenvalue « has length [ < k. For J
there is a chain J for A at @ such that J and J are of equal length and £(J U J) is a
nondegenerate subspace (see [6, Thm. 1.3.3]). Moreover, a maximal nonpositive subspace
of £(J U J) has the dimension equal to I. It follows now that the subspace F' spanned by
the union of all negative Jordan chains is a Pontryagin space. The subspace H spanned
by the remaining Jordan chains is a Hilbert space. Since Jordan chains are complete it
follows that K = F @& H and therefore F' has index k. Since the linear span of each



chain in F' always contains a one-dimensional nonpositive subspace, it follows that the
restriction A to F' has at most k& Jordan blocks. It also follows by the above discussion
that £ < dim F' < 3k. The former inequality holds since F' contains a k dimensional
nonpositive subspace. The latter inequality is an equality if and only if A|r has real
spectrum and each corresponding Jordan chain J is of length equal to 3 and such that a
maximal nonpositive subspace of £(J) has dimension equal to 1. O

Lemma 2.5 Suppose that A = {41, As} is a pair of commuting compact self-adjoint
nilpotent operators on a Pontryagin space K of index k and that Mo(A) = K. Further,
suppose a finite-dimensional Pontryagin space Fy of index k and a Hilbert space Hi are
such that both I and Hy are invariant for A1, K = F1 & Hy, and the restriction of A to
F1 has | negative Jordan blocks. Then there exist a finite-dimensional Pontryagin space F
of index k and a Hilbert space H such that both F' and H are invariant for A, K = FO®H,
Fy CF, HC Hy anddim F < dim Fy + 1. The restrictions of A1 and As to H are equal
to 0.

Proof. By [6, Thm. 1.3.3] it follows that in an appropriate basis for F; we have

Ji 0 -~ 0 0

0o Jy --- 0 O
Alp = A

o o0 --- J 0

o o --- 0 0

where J; are nilpotent Jordan blocks, and the inner product is given by the matrix

P 0 0 0
0 P 0 0
0 O - BP0
0 0 0 I
where
0 0 1
0 10
P =+
1 --- 0 0

Note that A;|x, = 0. By analogy, if we replace A; by A, there are a finite-dimensional
Pontryagin space F5 of index k and a Hilbert space Hs such that both Fo and Hs are
invariant for Ay and K = F» & Hy. Next we denote by E the subspace of K spanned by
Fy and F5. It follows that F is a finite-dimensional subspace for A. It is invariant for
Aj, j = 1,2, since for v € F there exist f; € Fj and h; € H; such that v = f; + h; and
Ajv = A;f; € Fj. Observe that there is a complement G of E in K such that K = G® E



and G C H; is a Hilbert space. Since Ay commutes with A the restriction As|g is of the
form

By Bz -+ By W
Ba1 By -+ By W
Aglp=1| + S
Bn Bp --- By W
v, U, --- U C
where each block B;; is an upper-triangular Toeplitz matrix, W; = u())j ] yUj = { 0 w }
and wj, u; are column vectors (see [7, Thm. 9.1.1]). Blocks B;j, i,j = 1,2,...,1, corre-

spond to the negative Jordan chains of A;. Since As is self-adjoint in K it follows that
B;}-Pi = P;Bj;, uj = fwj, j = 1,2,...,l and C = CH. Note that C is an operator on
a Hilbert space, therefore C' = C*. Then we can assume that C' is a diagonal matrix
without changing the structure of other blocks of Ay. Next let Ey be the linear span of

the set H;HHH }

and [ the linear span of F} and U. It is clear that dim U < [ and thus dim F' < dim Fj +1.
Since C' is diagonal there is a complement Ey of F' in E that is spanned by eigenvectors
of Ay. With respect to the decomposition E = F} @ U @ E» the matrix for As|g is of the
form

B W 0
Alg=|U € 0
0 0 C

But As is nilpotent and Cy diagonal, hence it follows that Cy = 0. Furthermore, F' is
invariant for A and since F; C F' it follows that F' is a Pontryagin space of index k.
Observe that we can now choose a complement EY, of F in E so that Ey C Hy. Finaly, we
conclude that H = G @ F is a Hilbert space such that H is invariant for A and H C H;.
O

Theorem 2.6 If o € IR" is an eigenvalue of A then there exist a finite-dimensional
subspace Fo, and a Hilbert space Hg such that both Fo, and He are invariant for A,

Proof. We prove the theorem by induction on n. For brevity we write Mq = Mq(A)
and kq = Kk (Mq). Assume first that n = 1. Applying Lemma 2.4 to Ay, we get
a finite-dimensional Pontryagin space Fj of index kg and a Hilbert space Hi satisfying
Mq = 1 ® Hy, both Iy and H;y are invariant for A; and kg < dim F} < 3kq. The
Jordan canonical form of the restriction of A; to F} has at most kq negative blocks. The
restriction of A; to H; is equal to ayly,, where Iy, is the identity operator on Hj.
Assume for n > 2 that we already have a finite-dimensional subspace F,,_1 and a
Hilbert space H,_1 satisfying Mg = F,,_1 & H,_1, both F,,_1 and H,_1 are invariant
for A1, Ay, ..., A1 and ko < dim F,,_1 < (n + 1)kq. Moreover, the restriction of A; to



F,,_1 has at most kq negative Jordan chains and Aj|y, , = a;lg, ,j=1,2,...,n— 1.
Applying Lemma 2.5 to the pair A1 —ay I, Ay, —au, I we get a finite-dimensional Pontryagin
space F;, of index ko and a Hilbert space H,, such that both F, and H, are invariant
for A; and A,, Mo = F,, ® Hy,, F,-q1 C Fy, H, C Hy—1, Anlg, = anlpy, and ko <
dim F,, < dim F,—1 + ko < (n + 2)kq. It is clear that H,, is invariant for A, moreover

Ajlu, = ojlg,, j =1,2,...,n. Since the intersection F;, N Hy,_1 is a subspace in H,_;
it is also invarint for Aq, As, ..., A,_1. Then it follows that F,, is invariant for A. This
concludes the proof. O

Theorem 2.7 Suppose that A is an n-tuple of commuting compact self-adjoint operators
on a Pontryagin space K of index k such that Mo(A) is nondegenerate. Then there exist a
finite-dimensional subspace F' and a Hilbert space H such that both F' and H are invariant
for A, K=F® H and

E<dimF < (n+2)k.

This F' need not be unique. But if K = ®jcjK; is a decomposition of K into a direct sum
of indecomposable subspaces K; for A and Fy is spanned by all subspaces K; at nonreal
etgenvalues and Fo is spanned by the all remaining negative subspaces at real eigenvalues
then a minimal one among such F' is given by Fy @ Fy. Moreover, dim Fy = 2 k(Fy) and
H(FQ) < dimFQ < (n + 2) R(Fg).

Proof. Since Mp(A) is nondegenerate it follows that K = &qMq(A), where the direct
sum is over all eigenvalues of A with nonnegative imaginary parts. There are at most
k eigenvalues with a negative Jordan chain since a maximal nonpositive subspace has
dimension equal to k. The theorem then follows by Theorems 2.3 and 2.6, and remarks
on indecomposable subspaces for A preceeding Lemmas 2.1 and 2.4. O

The bounds in Theorem 2.7 coincide for n = 1 with those in [3]. For n = 2 observe
that A = A; +1A5 is a normal operator on K. The bounds in Theorem 2.7 then coincide
with those given for a normal operator in [9, Thm. 1]. A normal operator A on a
Pontryagin space can be considered as a pair Ay = % (A + A[*]> and Ay = % (A - A[*])
of commuting self-adjoint operators. It is obvious that pairs 4, A¥ and A, Ay have the
same joint invariant subspaces. Moreover, a subspace is invariant for the pair A, A¥ if
and only if it is a sum of indecomposable invariant subspaces for A (see [8, 9]). Compare
also the case n = 2 in Theorem 3.1 below and [8, Thm. 1].

Example 2.8 The bounds (n + 2)kq, and (n + 2)k in Theorems 2.6 and 2.7 cannot, in
general, be improved. The proof of Lemma 2.5 suggests how to find examples where the
bound is achieved. It is clear that the bound n + 2 for the dimension of F is attained if
and only if there is no non-real eigenvalues. For example, if k = 1 and n = 3 then the



matrices

0100007 T7T0O0OO0OT11TO0O0O]TT0O0OO0OO0OT1O0T
001 000 0 00 0O00O0 000 O0O0GO
000 0O00O0 000 0O00O0 000 0O0°0O0
0 00OOOO|’J]OO1TO0O0OO0O|’fOO0O0OO0OO 0O
0 00 O0O0O 000 0O00O0 001 000
L0000 O0OO0OO0O] LOOOOOO] [LOOOOOO0,]
commute and are self-adjoint with respect to the inner product [u,v] = (Pu,v), where
(u,v) is the standard scalar product in C® and
[0 01 0 0 017
01 0000
10 00 0O
P= 000100
0000710
L0 00 0 0 1|

Note that the linear span of the first 5 coordinate vectors is the minimal invariant subspace
of the matrices that contains all their negative Jordan chains. Observe that 5 = (n+ 2)k.
Od

3 Reduced form for commuting compact self-adjoint oper-
ators on a Pontryagin space of index 1

If K is a Potryagin space of index 1 and A is an n-tuple of commuting compact self-adjoint
operators on K such that Mg(A) is nondegenerate, then Theorem 2.7 gives the existence
of a finite-dimensional Pontryagin subspace F' of index 1 and a Hilbert space H satisfying
K =F & H, both F and H are invariant for A and 1 < dim F' < n + 2. Assume that F’
is a minimal subspace with the required properties.

The restrictions A;|y are compact commuting self-adjoint operators on a Hilbert space
and thus by the spectral theorem, they can be simultaneously diagonalised. We are
interested in structure of restrictions A;|p. In the following theorem, (-,-) denotes a
definite inner product.

Theorem 3.1 Suppose that A and F' are as above. Then the spectrum of the restrictions
of A to F contains a single real eigenvalue or a pair of compler conjugate eigenvalues.
Assume that a = (a1, ;. .., ap) is an eigenvalue. Then one and only one of the following
s true:

1. If o ¢ IR™ then
| 0
AJrF—[ ; aj] )

and the inner product on F = C? is given by [u,v] = (Pu,v), where P = [ (1) (1) ] .
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2. If o € R" and dim F' = 1 then Aj|lp = [ a; } and the inner product is given by
[u,u] = —|u|? forue F=C.

3. IfaeR" and f =dim F > 2 then

aj a; x
Aj|F == 0 Oéj.[ CL]' 5
0 0 «
where I is the identity matriz of order f — 2, a; € cr2, {zj,afa;} C R for
t,7 =1,2,...,n and ay,aq,...,a, are linearly independent. The inner product on
0 0 1

F = ¢/ is given by [u,v] = (Pu,v), where P={ 0 I 0
1 00

Proof. Note that the linear span of each negative Jordan chain contains at least one
nonpositive subspace of dimension one. It follows by minimality of F' that the spectrum
of the restrictions of A to F' contains a single real eigenvalue o or a pair of complex
conjugate eigenvalues o, @. If o ¢ IR" then one of its components is nonreal, without loss
we may assume that a; ¢ IR. Since F' has index 1 it follows that

. aq 0
A1|F_ [ 0 o1 ]

and the inner product on F = €2 is given by [u,v] = (Pu,v), where P = 1 0

A; commute it follows that they are all diagonal, and thus of the form (1) (where some
of a;; may be real).

Next assume that a € IR™. If dim F' = 1 then we obtain case 2. So suppose that
f =dimF > 2. By the minimality of F' it follows that at least one of the operators
A,|F is not diagonalizable. Without loss we may assume that A; is such. Then there are

0 1 ] Since

nonzero vectors vg, vy such that A;vg = ajvo, j = 1,2,...,n and Ayv; = aqvr +vg. Then
it follows that [vg,vo] = 0. Since F' is nondegenerate there exists a vector u € F such
that [u,vp] # 0. Then w = [u’lvo}u — 2‘[[;’;3”2@0 is such that [w,vg] = 1 and [w,w,] = 0.

Now let V = L(vo,w)]. Here and later in the proof the orthogonal complement is
taken in F. We write W = L(w) and V; = L(v;) for ¢ = 0,1. It is easy to verify that
VOM =Vo®dVand F = VoV & W. We want to show that V; & V is an invariant
subspace for all A;. To do so choose z € Vo @ V. Then [A;z,v] = [z, Ajvo] = o[z, v0] =0
and thus A;z € VDM = Vo @& V. Then it follows that with respect to the decomposition

F=Vo®V & W we have

Aj‘F: 0 Bj Qj , j:1,2,...,n,



and that the inner product on F = €/ is given by [y, z] = (Py, z), where

0 1
P=10 0
1 0

o o

and @ is a positive definite matrix. Since A; commute and are self-adjoint it follows that
Bj are commuting linear maps on a Hilbert space. Thus B; = «;/ and we can assume
that ) = I. The conditions b; = a; and :L'j,a;ai € IR hold because A; are commuting
and self-adjoint. O

In the paragraph preceding Example 2.8 we explained how the case n = 2 is related
to a single normal operator on a Pontryagin space. Then an improvement of Theorem 3.1
for n = 2 can be deduced from the canonical form for a normal operator on a Pontryagin
space of index 1 given by Gohberg and Reichstein [8, Thm. 1].
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