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DETERMINANTAL VARIETIES OVER TRUNCATED
POLYNOMIAL RINGS

TOMAZ KOSIR AND B.A. SETHURAMAN

ABSTRACT. We study components and dimensions of higher order
determinantal varieties obtained by considering generic mxn (m <
n) matrices over rings of the form F[t]/(t*), and for some fixed 7,
setting the coefficients of powers of ¢ of all 7 X r minors to zero.
These varieties can be interpreted as spaces of (k — 1)-th order jets
over the classical determinantal varieties; a special case of these
varieties first appeared in a problem in commuting matrices. We
show that when r = m, the varieties are irreducible, but when
r < m, these varieties are reducible. We show that when r =
2 < m (any k), there are exactly |k/2] + 1 components, which we
determine explicitly, and for general r < m, we show there are at
least |k/2] + 1 components. We also determine the components
explicitly for k = 2 and k = 3 for all values of r (for k£ = 3 for all
but finitely many pairs of (m,n)).

1. INTRODUCTION

Let F' be an algebraically closed field and A% the affine space of
dimension k over F. By a variety in A% we will mean the zero set of a
collection of polynomials over F' in k variables; in particular, our vari-
eties are not assumed irreducible. The varieties Z™" C A" consisting
of m x n matrices (m < n) with entries in F' and of rank at most r — 1
are of course a natural and very well understood class of objects; their
various geometric and algebraic properties and their connections to
representation theory and combinatorics have been extensively studied
(see [2] for instance). By contrast, very little is known about the fol-
lowing class of objects :” 2" that are very closely related to the classical
varieties Z™": Consider the truncated polynomial ring R = F|[t]/(t¥)
(k=1,2,3,...), and let X (¢) be the generic m xn matrix over this ring;
thus, each entry of X is of the form z; ;(t) = xl(»?j)jtxl(»}j)t—i-- : ~+x§§71)tk_1.
Each 7 X 7 minor of this matrix is an element of R = F[t]/(t*). Let
I be the ideal of F[{z{), 1 <i<m, 1<j<n 0<1<k}
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generated by the coefficients of powers of ¢ in each r X r minor of the
generic matrix X (), and define Z"" C Ak o be the zero set of
Z7;". These varieties Z\" are therefore natural generalizations of the
classmal varieties Z™", and when k = 1, of course, we simply recover
the original Z™".

Our interest in these varieties arises from previous work on com-
muting triples of matrices. In the paper [8], the second author and
Neubauer determined the variety of commuting pairs in the central-
izers of 2-regular matrices (a matrix is said to be r-regular if each
eigenspace is at most r dimensional). They observed there that when
C is a 2-regular n x n matrix, the variety of commuting pairs in the
centralizer of C' is the product of A% (for suitable p) and the subva-
riety of 2 X 3 matrices over F[t]/(t*) where the coefficients of powers
of t of all 2 x 2 minors vanish. This second factor is of course just the
variety 222,? introduced above. It was then natural to recognize 222,3 as
belonging to the larger class of varieties 2", and to study this larger
family.

It is clear that Z k” consists of the classical variety Z™", and at
each point of Z™", those parameterized degree k — 1 curves in A"
vanishing on Z;”” at that point to order k. Thus, these varieties are
just the spaces of k — 1-th order jets of the classical varieties. (In par-
ticular, when k = 2, Z,TQ’" may be considered as the "tangent bundle”
to the classical determinantal variety Z™". Of course, this is not re-
ally a bundle in the usual sense, since different fibers will have different
dimensions.) From another point of view, the varieties Z;" are the
restriction (or direct image) from R to F, in the sense of Well ([4, 1,
§1, 6.6]) of the scalar extension of the classmal varieties Z™" X R.

Since in general the fibers over the base Z™" will not all be of the
same dimension, it is not a priori clear whether the assemblage of the
base space and its fibers should be reducible or irreducible. We show
here that if we set all maximal minors to zero (i.e., r = m), then
Zm,? is indeed irreducible, but if we consider nonmaxzmal minors (i.e.,
2 <r < m—1, the case r = 1 being trivial), then Z," breaks up
into several irreducible components, not all of the same dimension. We
determine these components completely for the 2 X 2 minors case (for
any k); there are exactly |k/2] + 1 components. In general, we show
that when r < m, the minimum number of irreducible components
must be [k/2] + 1. For small values of k£ (k = 2 and 3) we determine
all the components of Z" (for k = 3 for all but finitely many (m, n)
pairs).
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In the special case where m = n and where we consider the maximal
minor, we also show that the defining equations form a Groebner basis
(with respect to a suitable ordering) for the ideal generated by these
equations, and we are then able to show that the ideal is actually prime.
It follows easily that the coordinate ring is a complete intersection ring.

We introduce here some alternative notation for the entries of the
generic matrix that will be of much use: We will denote the i-th row of
the matrix X (¢) over F[t ]/(tk) by w;(t): this is an element of (F[t]/t*)".
We will write u;(t) = Zl o W, l)tl SO the various u'” are row vectors

from F". We will sometimes refer to u by itself as the “row u() 7

D as being “of degree [.”

In a similar vein, we will talk of a variable of the form x(l) as being of
“of degree [.” In particular, when we talk of a “degree zero minor, we

We will also refer to a vector of the form u,

will mean a minor of the matrix X (0) = ((xgg)))

We also note that the paper [9] discusses a related set of objects: the
quantum Grassmannians, whose coordinate rings are the subalgebras

of F [ ] generated by the coefficients of powers of ¢ of the various
m X m minors of an m X n matrix.

2. THE FUNDAMENTAL REDUCTION PROCESS

We describe here a reduction process that exhibits our varieties Z;fz"
to be a union of two subvarieties, one isomorphic to 2", x Amn(r=1)
(or to A™*=1) when k < r), and another whose components are in one-
to-one correspondence with the components of Z™ 71’1,;”71, and which,
in fact, is birational to Z™ _le’"_l x A(m+n=Dk - Thig reduction will be
a key tool in understanding the components of Z;n 2t (We assume
throughout that r > 2.)

Lemma 2.1. The subvariety of Zrmk’" where all :1:(0) are zero 1§ 1S0-

morphic to Z . X A=Y when k> r, and zsomorphzc to A1)
when k < r.

Proof. This can be seen easily by writing the equations defining Z"}"

in terms of the rows u . Our determinantal equations read
(1) uil/\uiz/\~~/\uir:0

forall 1 <i; < iy < --- <4, < m. Thisis an equation in A"(F[t]/(t*))",
which expands to a set of k equations in A" F™", one for the coefficient
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of each power of t. The equation for the coefficient of # reads

2) ST u®au A au®™ =0, 1=0,.. k-1
di+do+-~+dr=l

It is clear that if all ugo) are zero, then all terms in the coefficients of #,
forl =0,1,...,r—1 become zero, since any r-fold product of degree at
most r — 1 must contain at least one term of degree 0. If k& < r, this just
means that there are no equations governing the remaining variables
azgl]) for [ > 1, so the subvariety is isomorphic to A= When k > r,
the equation for the coefficient of ttforl=r,7+1,...,k—1 now reads
(after all terms involving any u ) have been removed)

(3) S P auP A au®™ =0, I=r. k-1
dy+dg++dr=L
di>1,...dy>1

Observe that none of the rows ul(-kfl), ul(-k72), ey ugkf(rfl)) show up

in these equations. For, every summand is an r-fold wedge product of
degree [, and if, for instance, u(k =) \yere to appear in a summand,
then the minimum degree of that summand would be k — (r—=1)+(r—
1) = k > k — 1. Thus, there are no equations governing the variables
xgl]) for k—(r —1) <1 < k— 1, which accounts for the factor A™"("—1),
Setting e; = d; — 1, these equations can be rewritten as

(4) Z w T AulET AL A ugfrﬂ) =0, l=r... k-1,

11 22

el +eg+-Fep=l—7r
e; >0

or what is the same thing,

5 > uauEA At =0, =0, k—r-1

61+62+~»+6T:l/
€;>0

But these are precisely the equations that one would obtain if one were
to consider the generic matrix m X n matrix with rows ugl) + ul@)t +

o+ ugkﬂw)t’“_“1 (1 <i < m) and set determinants of r X r minors to
zero modulo t*~7. This proves the lemma. O

Our next theorem will be crucial to understanding the closure of the
open set where at least one x(l). is nonzero. It is merely an extension
to the case k > 1 of the well known result in the classical case (see [2,
Prop. 2.4], for instance).

We first need the following elementary remark:

Remark 2.2. Let R be a ring. For every f in R[t]/(t*) (or R[t]) we
denote by ¢;(f) the coefficient of ¢ in f. Let I be an ideal of R[t]/(t*)
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(or R[t]). We write ¢;(I) for the set of all the ¢;(f) with f € I and
Cx(I) for the union of the sets ¢;(I) with 0 < i < k. Then ¢;(/) and
Ci(I) are ideals of R. Furthermore if fi, fo, .., f, generate I then the
ci(f;),j=12,...,p,i=0,1,...,k—1, generate Ci (/). In particular,
if g1, 92, ..., 9, also generate I, then the ideal generated by the ¢;(f;),
7 =12....p,i=0,1,...,k — 1, equals the ideal generated by the
ci(g;), j=1,2,...,¢,i=0,1,....k— 1.

Write S = F[z\Y], and observe that in the ring S[(z'2h) ][]/ (t%),

1,3
the element x,,,(t) is invertible. If we were to perform row reduction

in S[(z'2%)1[t]/(t*) on the matrix X to bring all the elements in the
last column above x,, ,(t) to zero, we would subtract from row u; the
row u,, multiplied by x;lln(t)xm(t) Thus, we would replace X by a
matrix

Y = (4i;(1))

Tij(t) = T (O @iz, (1) for1<i<m—1,1<j<n-—1
Yij(t) =4 0 for j=nand1<i<m-—1
x;;(t) fori=mand 1<j<n

Since the inverse of x,,,(f) can be written as a polynomial in the

various entries z, (for 1 <1 <k —1) and various negative powers of

xgg)n,weﬁndthateachy for1<i<m-—1,1<j5<n-—1can be

()

written in terms of the T, in the form

! 1 l r _
(7) gy = o) — a0, 2 2 (20,07,
for a suitable polynomial expression ql(lj) in the indicated variables (0 <
p,r<l,1<s<l).
With the observations above about row reduction as our motivation,
and continuing with the same notation, we have the following:

Theorem 2.3. (see [2, Prop. 2.4]) Assumer > 2. Let z(l]) 1<i<m—
1,1< g < n—1,0 <1 < k be a new set of variables, and write T' for the

ring F[ ], and T" for the ring F| l(]),xgl)n, . ,x%{n,x&{l, . ,xfgn_l]
0 <Il< k‘) Also, write Z for the m — 1 x n — 1 matriz (2 (t)) over
T[]/ (t%), where z;;(t) = 31— Z(])tl We have an isomorphism

S[a)) 1 = T[],

m,n
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given by
I :162(17)1 — ngzllgigm

20 xgl)vjlﬁjgn—l

m,Jj
0 D el 0 280, )7, 0 pr <L 1S 8 <

Tij T R
fori1<i<m-—-1,1<j53<n-1,0<I[<k.
(0)

Under this isomorphism, the localization of I'y" at (zmn)~* corre-
sponds to the localization of the ideal Z::},;"AT’ at (z30,)7Y, where
I;’i_l},;"_l is the ideal of T' determined by the coefficients of powers of
t of the various (r — 1) x (r — 1) minors of the matriz Z. Moreover,
this induces a one-to-one correspondence between the prime ideals P of

S that are minimal over Z'}" and do not contain xfg?n and the prime

wdeals Q@ of T that are minimal over If:lén_l. If P corresponds to Q)
in this correspondence, then the codimension of P in S equals the codi-
mension of Q in T.

Proof. The fact that f is an isomorphism is clear, since the map

f: 9 x(l)lgigm

,m ,n

20 - xgl),jlgjgn—l

m?]

2 al) =@ 2 2 @O0, 0<pr <l 1<s <L,

25) m,j? ¥i,ny Ymmn
for1<i<m-1,1<;<n—-1,0<I<k

provides the necessary inverse.
As for the second assertion, write I for the localization of Z7" at

(z,)~" and J for the localization of the I::},;"_IT’ at (z00),)"1. We
wish to show that f(/) = J. Subtracting a multiple of the m-th row
from the i-th row of a matrix preserves the ideal of S [(xﬁ,?)n)—l] [t]/(tF)
generated by r X r minors, so by Remark 2.2, the coefficients of powers
of ¢ of the various 7 x r minors of the matrix Y can be taken as the
generators of /. Write Y for the upper-left m — 1 x n — 1 block of Y.
Recall that » > 2. The r x » minors of Y fall into two classes. The first
class consists of minors that involve the last column of Y, so by Laplace
expansion, these minors are either zero or of the form x,, ,(t) times an
(r — 1) x (r — 1) minor of Y. Since &, ,(t) is invertible, we find that
up to multiplication by a unit, this class of generators is precisely the
set of all (r — 1) x (r — 1) minors of Y. The second class of generators
of I consists of minors that do not involve the last column of Y. By
Laplace expansion along the last row if necessary, these minors can be
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written as S[(mm n) ! linear combinations of suitable (r — 1) x (r — 1)
minors of Y. Tt follows that I is generated precisely by the set of all
(r —1) x (r — 1) minors of Y. On the other hand, .J is generated by
all (r — 1) x (r — 1) minors of the matrix Z. Thus, under the map f,
these generators of I map precisely to generators of J, so f(I) = J.
As for the last assertion, we have a one-to-one correspondence be-
tween the minimal primes of Z}" that do not contain 20, and the

minimal primes of the localized ideal I in S [(xﬁ‘?n)*l] By the isomor-
phism described above, these are in one-to-one correspondence with
the minimal primes of the ideal J of T" [(x,(g)n) ] These, in turn,
are in one-to-one correspondence with the minimal primes of the ideal
I::},;"_IT’ of T that do not contain z'v),. But since 7" is just an
() (1)

extension of T' obtained by adding the indeterminates xy5,, ..., Zmn,
x,(”?’l, ey x,(fznfl, (0 < 1 < k), the minimal primes of Z7}"~'T"

. . .. . —1n—1
are in one-to-one correspondence with the minimal primes of Z""" ;"

in T; specifically, the minimal prime Q of Z7 ;"' corresponds to

Q[:cﬂ, i, xﬂl, . 79(;,(7?,7171]. Moreover, tracmg through this cor-

respondence, since localization and adding indeterminates does not
change the codimension of a prime ideal that avoids the localization
set, we find that the correspondence preserves the codimension of the
respective prime ideals in their respective rings. This gives us the as-
sertion. U

Remark 2.4. The theorem above shows that there is a birational isomor-
phism between the closure in Z}" of where 2, # 0 and A llk” ' x

AR =1 - with the domains of definition being the open set of AN
where 2%, # 0 and the open set of Z™ fk’"*l x AFm+n=1) where the

“free” variable x$2)n # 0.

Remark 2.5. Notice that there is nothing special in these considerations

about the variable :cg,?)n Essentially the same result holds for localiza-

tion at any other variable x( ). The matrix Y in that case would arise
from the removal of the j- th column and ¢-th row of the matrix X.

The ideas in the proof of the theorem above also lead to the following:

Proposition 2.6. Let S = Flz l(])] as before. Let P be a minimal prime

ideal of Im". Then for any two pairs of indices (i,j) and (i',j'), P
(0)

7/l 5/ .

contains a: zﬁ” 1t contains T
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Proof. 1t is sufficient to prove this for the case where (i, ;") = (m,n).
Let P be a prime ideal minimal over Im o that does not contain z'yy.

Assume to the contrary that it contains a: . Then the localization P of

P at xﬁn)n will also contain xi ]), and will be mlnlmal over the localization

of I of Z'}". Hence, the ideal f (P), where f is as in Theorem 2.3,

will contain f(:cl(oj)) (0) +q0 (= x( -) in the case i = m or j = n),

i,
and will be minimal over J = f(I). But as is readily seen, ql(’j)

(0),.(0) (:1:(0) )1, (0)

is just

Ty Ty i (T, Since mn is a unit, it follows that f(P) will contain
xgn)nz(o)—k 5,2 52)] (in the case i # m and j # n). Under the localization

map from 7" to T’[(a:£2?n)—1], f(P) will correspond to a prime ideal @)’

of T', that is minimal over the ideal Z." _11,;"_1T’ Moreover, Q" will

contain xgn)nz(o) + 2073 in)j (x E(;) in the case i = m or j = n). As we saw

in the proof of the last assertion of Theorem 2.3 above, )’ must be of
o O @

the form Q[ml s Ty Ty s+ Tn ] for some minimal prime @
of the ideal 7" 11k"_1 of T'. But this is impossible, since the coefficient
of ngxﬁfj)j in the element xﬁﬁi)nzf J) + :cg‘jjxﬁg)], namely, 1, is not in @)

)

1,7
j =mn). Hence P cannot contain x( )

Conversely, if P is a minimal prlme ideal of Z,}" that does not con-

tain x ) but contains xgn)n, then the same argument as above, applied

(and similarly, the coefficient of x; is not in @ in the case i = m or

to the correspondlng isomorphism obtained on localizing at xgg-) (see
Remark (2.5) above), gives us a contradiction. This proves the corol-
lary. O

We are now ready to decompose our variety Z" k as described at the
beginning of this section. Let Z; represent the union of the zero sets
of all those minimal prime ideals of Z'}" in S = Flx ()] that do not

contain some :1:(0) (and hence, by Proposition 2.6 above, do not contain

any x( for 1 <7< m,1<j <mn) Zis not empty: as there are

clearly points in our variety where mz(g-)

elementary:

is not zero. The following is

Lemma 2 7. For any pair (i,7), let U; ; represent the open set of Z"

where x ;é 0, and let U represent the open set of Zm" where all xg?j)

(for 1 § i <m,1<j<mn)are nonzero. Then Zy =U,; = U, where
the bar represents the closure of the respective sets.
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Proof. It is clear that U C U,;; C Zj, from which it follows that
UcC W] C Zp. For any minimal prime P of Z}" that does not con-

” , let Z(P) denote its zero set. Then U, ; N Z(P) is nonempty,
since otherwise, x;Oj) € P, and U N Z(P) is nonempty, since otherwise,

i xz(?j) € P. Hence, U;; N Z(P) and U N Z(P) are dense in Z(P), so
U;; and U must contain all of Z(P). O

tain x

Now let Z; represent the subvariety of Z;n . where all xz J , for 1 <
1 <m, 1< j <n, are zero. Note that Z; may be contained wholly in
Zy; this will happen if the prime ideals of S that contain Im o x(O)S
are not minimal over Z;" 2", 1.e., no minimal prime ideal of Z7} "k contams

any a:(g)

The following is just a summary of our discussions in this section:

Theorem 2.8. The variety Z}" (for r > 2) is the union of two sub-
varieties Zy and Zy. The variety Zy s the closure of any of the open
sets Ui j (1 <i<m,1<j<n)where ng)j) is nonzero (as also the clo-
sure of the open set U where all acgg) are nonzero). Zy is also the union
of the components of Zy" that correspond to minimal primes of Z}"

that do not contain some (hence any) xl(-g-). Such components always

exist, and are in one-to-one correspondence with the components of the
1 1 : ‘ .
variety Z™ 7", The correspondence preserves the codimension (in

Ak and A(m D=0k respectively) of the components, and in fact, Zy
is birational to 2" lkn Usx Almtn=k The variety Z, is the subvariety

of Z, k” where all z; ) are zero, and is isomorphic to 27" X Amn(r=1)

when k > r, and zsomorphzc to A™6=D when k < r. Z1 wzll be wholly
contained in Zy precisely when there are no minimal primes of I:"}gn

that contain some (hence all) :ng).

Remark 2.9. If there exist minimal primes of Z", ki" that contain some

(hence all) E J), then these will correspond to some (possibly even all)

components of Z;.
3. THE CASE OF MAXIMAL MINORS

When r = m, i.e., when we consider the situation where we set all
maximal minors to zero, we have the following easy result:

Theorem 3.1. The varieties Z)y' are all irreducible, of codimension
k(n —m+1).
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Proof. We prove the irreducibility by induction on m. If m = 1, then

the varieties le . (for any n and k) are clearly irreducible, in fact, le i

is just the origin in A™. So assume that Z"~ 11 (. ! is irreducible. Then

there is only one minimal prime ideal lying over the ideal Z" %"~ in

the ring 7' = F [zz(lj)] (see the statement of Theorem 2.3 for notation).
Tracing through the isomorphism of Theorem 2.3 above, the localiza-

tion of Im ™ at a:SS)n has only one minimal prime ideal, so in particular,

there is only one minimal prime ideal of Z7}" in S = F [ ] that does

(0)

not contain Zmn. As in the discussion in Section 2 (in partlcular, see
Theorem 2.8), this means that subvariety Z; is irreducible. It is now
sufficient to show that Z; C Z,. We will do this by showing that each
point in Z; is on a line, all but a finite number of points of which lie
inside one of the open sets U; ;. Since Z is the closure of any of the
open sets U; j, this will establish that Z; C Z,.

Let Q be a point in Z;. If Q is the origin in A™"* then Q lies on the
line AP (A € F') for any P in any U, ;. (Recall that U, ; is nonempty.)
Since for A # 0 the point AP is in U, ;, our point () must lie in the
closure of U, ;.

Now assume () is not the origin. In the representation of () as rows
(ay(t), ..., un ()T, with u;(t) = Zz Dyl (see the notation introduced

just before Lemma 2.1), u§°) =0 for t = 1,...,m. Since @ is not

the origin, some ugs) # (0 for some i with 1 < i < m, and some s with

1 <'s < k and with s minimal for this i. Write v(¢) for the vector ul(-s) +

(SH)t +F ugkfl)tk_s_l in (F[t]/(t*))". Consider the point P(\) =
(u1 (1),. ui(t), w1 () + Av(t), wa(t) ..., u, ()T (with the under-
standing that if i = m, then P(\) = (ui(¢),...,wm_o(t), u,_1(t) +
Av(t),u,,(t))T. Then the m-fold wedge product of these vectors con-
tains two summands: wy(t) A -+ A w(t) A w1 (E) A -+ Augy(t), and
Aug(t) A - Aw(t) Av(E) A=+ Aug,(t) (suitably modified if i = m).
The first is zero, since () is in Z;Z,? , and the second is zero since
u,(t) = t*v(t). Thus, the point P()) is in Z7". When X\ # 0, P()) is
actually in U;; for some [ (corresponding to any one coordinate of ugs)
that is nonzero). Hence, the point ) = P(0) is in the closure of U,
which is Z.

As for the codimension, the codimension of Z""" m 1S the codimension
of its unique minimal prime ideal. Tracing through the localization
correspondence of Theorem 2.3, this is the same as the codimension
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of Z"~ 7', Continuing this localizing process, we find that the codi-
mension of Z"" is the same as the codimension of ™ which is

clearly k(n —m +1). O

Remark 3.2. This proof technique breaks down when considering r-fold
wedge products with » < m: if one were to consider a wedge product
that includes the i-th row but not the (i+1)-th row (or contains the m-
th row but not the (m —1)-th row if ¢ = m), then the second summand
of the wedge product need not be zero, so the point P(\) need not be
in our variety at all.

3.1. Square Matrices. When m = n, i.e., when our matrices are
square, and when we are still in the situation of maximal minors, we
can say considerably more. Let us denote the coefficients of pow-
ers of ¢t of the determinant of our square matrix X(¢) by d;, | =
0,...,k—1. It is easy to determine the structure of the polynomial

expressions d;. The first term dy is just the determinant of the ma-

trix X(0) = ((xfj)))@,jgm- The remaining terms can be obtained by

the following process: Every monomial appearing in dy is the form
©) .0 (0)

Mo = To(1)1%4(2)2 Lom)m for some permutation o of {1,2,...,m}.
Given such a monomial, we define
_ (k1) .(k2) (km)
:ul(mtf) - Z 'Io'(ll),lxaé),Q e 'xo(m),m
ki >0, k=l

We then find d; = > g u(mes)sgn(o).
We consider the graded reverse lexicographic ordering (grevlex) on

(@ (k—1)

the monomials on S = F'[x; ;] given by the following scheme: z;, >

f— k— f— k- k— f—
T e B e R e R e B BN
PP s e s s el s s el > 2 > > 20 >

(Recall that in the graded reverse lexicographic ordering the mono-
mials of S are first ordered by the total degree, and for two monomials «
and 3 of the same degree, « is greater than g if the rightmost nonzero
element in o — # (with o and 3 thought of as elements of Z*™) is
negative—see [3, Chapter 2, §2], for instance.)

Theorem 3.3. Under the grevlex ordering on S described above, the
generators di, | = 0,1,...,k — 1 of the ideal )" form a Groebner
basis for I,y

Proof. The grevlex order is designed so as to favor monomials in which
the lower order variables do not appear. It is easy to see then that the
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leading monomials (LM) of the various d; are as follows:

) = oDl )
LM(d;) = xgor)n, lxgor)n 2- 52) 11x$)m
LM(d2) = xgoe)n 2x§07)n 3 52)21531(71) 1mxg)m 1
IM(dnt) = TNTY T T
() = D) O
LM(dpy1) = Ig%r)nfl gw)nq 2)11%(3)771

so in general, we have

(8)
LM(d/\m+H) = 'rgf\r)n—uxg;)n—u—l - 7(2\) w,1 £r)1\+/2+-1 m 1(7i\+/1t)+2 m—1-" xf?i\;’blzu-i-lu
where 0 < u <m — 1.

It is clear that the leading monomials of d; and d;, for distinct ¢ and
7, are formed from sets of variables that are disjoint from one another.
Hence, the leading terms of the various d; are all pairwise relatively
prime. It follows, e.g. from [3, Chapter 2, §9, Prop. 4 and Theorem
3], that the d; form a Groebner basis for Z)7}". O

We now have:

Theorem 3.4. The ideals I,," are prime ideals, of codimension k.
The coordinate rings of the varieties Z ,T are consequently complete

intersection rings, and hence Cohen- Macaulay, and the degree of Z™"

is mk.

Proof. Since the polynomials d; form a Groebner basis for I;,'Z ., and
since the lead terms of these d; in (8) are obviously square free, it
follows that the ideals Z7"," are radical. (This is well known and easy:
if f7 € %", then (L (f))r €< LM(dp), ..., LM(dk_1) >, so LM(d;)
divides (LM( f))" for some i. Since LM(d;) is square free, this means
that LMm(d;) divides LM(f), so LM(d;)e = LM(f) for some monomial e.
Then f—ed; is also in the radical of Z)"}", and has lower lead monomial.
We proceed thus to find that f is in Z:Z,T) But we have already seen in
Theorem 3.1 above that the radical of Im " must be prime. It follows
that the ideals 7" m) are prime and that thelr codimension is equal to

k. Then, by the definition of a complete intersection ring, it follows
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that the coordinate ring S/Z"}" of the variety Z'"" is a complete
intersection ring. By e.g. [5, Chapter 18, Prop. 18.13], it is Cohen-
Macaulay. As for the degree, this is standard (see for instance [6, Chap.
I1I, §3.5], where the Hilbert polynomial of a complete intersection is
also computed). O

Remark 3.5. Theorem 3.4 would suggest that in general the varieties
ZZ,? corresponding to the maximal minors are Cohen-Macaulay and
that their ideals I;Z,? are prime and have Groebner bases with square-
free leading terms. We wish to explore some of these in future work;

the special case of m = 2 will appear in [7].

4. EQUATIONS FOR SOME OPEN SETS OF Z}"

In this section, we will derive the key equations that will hold in
certain open sets of our variety and will enable us to show that our
varieties are reducible when r < m (i.e., we set nonmaximal minors to
Z€ero).

We start with an elementary and well-known result:

Lemma 4.1. Let R be a commutative ring, R* its group of invertible

elements, and R" the free module of rank n. Suppose uy,...,u,_1 € R"
are such that for some wy, ..., w,_..1 € R", the product uy\- - -Au,_1 A\
Wi A AW, .11 € R* (i.e., the elements uy, ..., u,_1 can be extended

to a basis of R"). If uy A--- Au,_1 Av =0 for some element v € R",
then v = Z:;ll a;u; for some o; € R.

Proof. Since uy A --- Au,_1 Awy A--- Aw,_,.1 is the determinant
of the matrix [uy,..., w1, Wy, ..., W,_,41], the hypothesis shows that
this matrix is invertible in End(R"™). Hence we can find the unique
solution x = (ay, ..., a,)T to the equation

[uh sy e, Wy, L 7Wn—r—|—1]x =V

by Cramer’s rule. But the assumption u; A --- Au,_; A v = 0 shows
that a; must be zero for j = r,...,n, since for such j, one of the w;

will be replaced by v during the solution. Hence v = Z::_ll ;. U

For the rest of this section we will write R for the polynomial ring
F[t], and write R for the ring F[t]/(t*). Let M be the free R module
of rank n, and M = M ®p F[t]/(t*) be the free R module of rank n.
Note that any u in M can be uniquely written as Zf;ol u®¢  mod
t*M for suitable u® € F".

Lemma 4.1 leads to the following:
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Corollary 4.2. Suppose uy,...,u, € M are such thatuy A---Au, =0
and u§°) AR ug(l)l 40 in A"V F" (here, the u§0) are as described
in the previous paragraph). Then, there are oy, ..., a,_1 € R such that
u, = Z::_ll ;.

Proof. Since u{” A -+~ A u'®, % 0 in A"V F, there are elements
Wi, ..., Wy_ry1 € F™ such that u§°), . ,uq(g)l,wl, ey Wy form a
basis for the vector space F. In particular, u§°) /AR u§°_)1 A Wi A
«+ AWy_piq1 # 0in F. Thus, the constant term in the wedge product
w A A AWy A - AW,y Will be nonzero, sou; A--- Au,_1 A
Wi A AW, 4 iSin R". The result now follows from Lemma 4.1. [J

We now come to the main result that generates equations for certain
open sets of our variety. For any v € M, we will write v for the image
of v under the map M — M = M /t*M.

Theorem 4.3. Suppose uy, ..., u,, € R" (withm < n) are of degree at
most k—1 (that is, w; = Y, ug-l)tl), and suppose that W, \---A\W;, =
0 for all sequences 1 < 71 < -+ < j, < m. Further, assume that
u§°) ARRRWA ufqo_)l # 0. Then

r+1
Ujl/\"'/\UjT/\Ujr+1 EtQk/\M

for all sequences 1 < j; < -+ < Jp < Jpy1 <M.

Proof. Applying Corollary 4.2 to the elements uy, ..., U,—1, u; (r <

j <m), we find
r—1
W=
i=1

for elements «;; in R. If ;i = p;i(t) + t*R for uniquely determined
polynomials p;; € R of degree at most k& — 1, define

u; j=1...,r—1,
Vi = r—1 .
’ Yo D j=rr+1... m.

Then, since the v; depend linearly on the r — 1 vectors vy,...,v,_q,
we find, this time in M, that
(9) Vg A AV AV =0

for all sequences 1 < j; < -+ < jp < Jrr1 <M.
Now, for any j, u; and v; are equal modulo t*, so we may write
u; = v; + t"y; for suitable y;. Then,

w;, A--- Ay, A W, = (le + thjl) AREERA (er+1 + tkyjr+l)‘
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Expanding the right side, we get the following: a term v; A --- A
vj, Avj ., which is zero by Equality (9), a sum of terms of the form
t*(£y;,)AVj, A+ - <AV, A -Av; ., (where the hat denotes the omission of
the term under the hat), and then terms that are clearly in ** A" M
or higher. But the product vj, A--- Avj A--- Av, ., is already in
tk A" M, since on reduction modulo t*, we get the r-fold wedge product
of the various T; which is 0in A" M. It follows that uj, A- - -Aw;, Auj,
is in 2% /\7"le M. This proves the theorem. U

Corollary 4.4. Assume the u; (1 < j < m) are as in the preceding
theorem. Then,

(1) r) (lr1) _
(10) Z wl A AW AT =0
it lpyp=w
0<l;<k

for each w such that 0 < w < 2k, and for all sequences 1 < j; < --- <
Jr < Jra1 < m. In particular, when r = 2,
ay S <o

11 +lg+Hlg=w

0<ly,l2,ls<k
on the subvariety Zy of 253", for each w such that 0 < w < 2k, and
for all sequences 1 < j; < jo < jg < m.

Proof. The expressions on the left hand side of the equalities (10) are
merely the coefficients of ¥, 0 < w < 2k, of uj; A--- Au;, Auj.,,, so

by the previous theorem these are zero whenever u§°) ARERWAY u@l # 0.
When r = 2, the subvariety Z; is the closure of the open set where

u§°) # 0. O

Remark 4.5. There is another set of equations that hold on the closure
of the open set of Z[\" where u§°) Ao A uf,o_)l # 0. By Corollary

4.2, all other vectors u; can be expressed as an R-linear combination
)

of uy,...,u,—1. In particular, all other vectors u;’ can be expressed

as an F-linear combination of the k(r — 1) vectors ugl), e ,uf,lll, [ =

0,...,k— 1. It follows that the (k(r — 1) + 1)-fold wedge product of
any of the vectors ul@ must be zero on this closure, for i = 1,...,m

and for [ = 0,...,k—1. This will be trivially true if (k(r—1)+1) > n.

5. THE CASE OF 2 x 2 NONMAXIMAL MINORS

In this section, we will completely describe the components of the
variety Zg'f,;" when n > m > 3 and k > 2.
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For this section, we will write Y for our variety ng " and X, for
the closure Zj of any of the open sets U;; described in Theorem 2.8.

We will write Y] for the subvariety Z; of Theorem 2.8 where all xz(g.)
are zero.

Now Y} is isomorphic to 257", x A™" when k > 2, and isomorphic to
A™ when k = 2 (Lemma 2.1). In the case k > 2, we will write W; for
the factor Z;? " 5. (Recall from the proof of Lemma 2.1 that in the case
k > 2, the variety Y] is really determined by considering the generic
m X n matrix with rows ugl) + ugz)t + et ugk_z)tk’?’ (1 <i<m)and
setting determinants of 2 x 2 minors to zero modulo t*72.)

Notice that if & = 3, the factor W; is the classical determinantal
variety of 2 x 2 minors of the generic matrix ((:cz(lj))), and this variety is
known to be irreducible ([2]). Hence, when k = 3, Y] is just a product
of an irreducible variety with an affine piece, and is hence irreducible.

If £ > 3, we will write T} for the subvariety “Z,” of Wy, i.e., the
closure in W of the open set where some mz(lj) £ 0. Also, we will write
X1 for T1 x A™m

Write £ = 2L + 1 or k = 2L according to whether k is odd or
even. Proceeding thus, we have the following subvarieties Y;, X, for
s=0,1,...,L = |k/2]:

e Yy, X, are as already described.

o (For 0 < s < L) Y; is the subvariety where all row vectors
(0) (s—1) (s)

u, ..., are zero, 1 < ¢ < m. The various rows u;”’, ...,
ug(k_l)_s), 1 <4 < m, are governed by the condition that all
2 x 2 minors of the matrix with rows ul(-s) + uSSH)t + -+

_ k-
are zero modulo t*72*. The rows ul( S

ul

(3
ugk_l), 1 <i < m, are all free. We write Y, = W, x A™"* where
W, = 27" ,.. We write Ty for the subvariety “Zy” of W, that

is, the closure in W, of the open set where some xfsj) # 0, and
we write X, for T, =2 A™"s,

o If k = 2L, then Y}, is given by setting all row vectors u

uEL—l)

(k=1)=5) k251

o

to zero, 1 <1 < m, with all remaining row vectors u

cey ugkfl), 1 < i < m, being free. Thus, Y; = A™E,

e If k = 2L +1, then on Y7, all row vectors ul? ullv

o PR | B

zero, 1 < ¢ < m. The row vectors u; ’, 1 < ¢ < m, satisty

the classical determinantal equations for the 2 x 2 minors of

are

the generic m x n matrix ( (931(?)) Wi, will denote the classical

determinantal variety determined by the uEL). The various row
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L+1 -1 , ~
vectors ul( + ), e ,ugk ), 1 <i < m, are all free. Thus, Y, =
Wi x A™L and since Wy, is a classical determinantal variety,
Yy, is itself irreducible ([2]).

Y. X1
xZ(jL_l) =0 xz(»jL_l) #0
Y
ZL’E]-L72) =0
Vs X1
a:l(]l) =0 ch(;) #0
Y; Xo
xz(»?) =0 xz(?) #0
Yo = 270"

Figure 1: Irreducible components of Z}"
Our result is the following:

Theorem 5.1. The variety Z;l,;” (n>m >3, k>2)is reducible. Its
irreducible components are the subvarieties Xo, Xy, ..., Xp_1, and Y,
described above. The components Xg, s = 0,1,...,L — 1, have codi-
mension (m —1)(n—1)(k—2s)+mns. If k = 2L, Y, has codimension
mnL, while if k = 2L+ 1, Y, has codimension (m —1)(n — 1) +mnL.
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Proof. The fact that the various X and Y7 are irreducible and have

the stated codimension follows easily from the descriptions of the var-

ious X, and Y7, above and from Theorem 2.3. We have seen that for

0<s<L, X, (&T,x A™*) sits in the portion of A™"* determined
0]

by setting all rows u;’ to zero, [ = 0,1,...,s — 1 (when s = 0 this

condition is vacuous). Recall, too, that Ty is the closure of the open set

of 24", where some xi‘? # 0. By Theorem 2.3, we have a one-to-one
correspondence between the components of 7T, and the components of
Zf? ,;_12’271, a correspondence which preserves codimension in the respec-
tive spaces A™Mk=29) and A(m—D(=1)(k=29) = Gince ZZL,:Q’Z_I is clearly
irreducible of codimension (m — 1)(n — 1)(k — 2s) (it is the origin in
Am=1(=D(k=25)) " we find that each X, is irreducible. It follows too

that X, has codimension (m —1)(n —1)(k — 2s) +mns in A™" where
(0)

the extra summand mns accounts for the rows u; ... uES*” being set
to zero.

As for Y7, we have already observed in the discussion before this
theorem that it is irreducible. In the case k = 2L, Y7 is just A™", so
it has codimension mnL in A If k = 2L +1, then the codimension
of Y7, is mnL (corresponding to the rows ul(-o), cees ugL_l) being set to
zero) plus the codimension of the variety Wp. But this is known to
be (m — 1)(n — 1) (see [2] for instance; this can also be derived from
Theorem 2.3).

We will now prove that the components of Z;3" are as described. It
is easily seen from the codimension formulas above that except when
(m,n) = (3,3) or (m,n) = (3,4), the codimension decreases as a func-
tion of s. This shows that if ' > s, then X! (or Y7) cannot be contained
in X,. Since the reverse containment is ruled out as ZEES]) # 0 on Xj,
we find that the components of Z;? ;" are indeed as described, except
in the two special cases.

To take care of these two special cases, we will use results from Sec-
tion 4. (The proof works for all (m,n) pairs actually.) Using reverse
induction on s, we will show that at the s-th stage, s =L, L—1,...,0,
the components of Y are X, Xsi1, ..., X1, and Y. We have already
observed that Y7, is irreducible, so assume that s < L. Note that Y is
the union of X and Y., and by induction, Y, will have components
Xei1, oo, Xp_1, and Y. We will prove that none of these subvarieties
Xsi1, -+, Xp—1, and Y7, can be contained in X;. The reverse contain-
ment is ruled out as in the previous paragraph, and we will indeed find
that Y has components X, X1, ..., X1, and Y.
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We will first show that no Xs1, (& = 1,...,L —s — 1) can be
contained in X,. For, assume to the contrary. Recall that X ., de-
composes as Tyya X A"+ where the factor Ty, corresponds to all
the entries of the rows ugl), I1<i<m,l=s+a,...,k—1—(s+a),
and the factor A™(5*%) corresponds to all the entries of the rows ugl),
1<i<m,l=k—(s+a),...,k—1. Recall too that Ty, is the
closure in Wy, where some st # 0, where W, has the descrip-

tion given earlier. The following point P is therefore in X 4: ugsﬂ“) =

(1,0,0,...), u ¢t = (0,1,0,...), v = (0,0,1,0,...), and
all other rows of all possible degrees in P are zero. (The nonzero

coordinates in the row ul*™ belong to T, while those in u{*~ )

and uék_l_s) belong to the other factor Amn(s+).)

Now X, decomposes as T, x A" where the factor T corresponds
to all the entries of w;(1),1 <i<m,l=s,...,k—1—s. Since P € X
by assumption, an examination of the indices s + a, k — (s + «), and
k — 1 — s) of its nonzero rows show that P is in the subvariety T, x O,
where we have written O for the origin in A™"*. Thus, the coordinates
of P coming from the rows w;(l), 1 <i<m,l=s,...,k—1— s must
satisfy Equations (11) in Corollary 4.4 which hold on T;. In particular,
the specific equation in (11) that holds for the coefficient of ¢2(*=29)=1,
on specializing to the rows uy, us, and ug, reads

(12) Z ugera) A ugerb) A u:())s+c) —0
a+b+c=2(k—2s)—1
0<a,b,c<k—2s

Examining the coordinates of P, and recognizing that u{® ") =

ués+(k—25—o¢)) k—1—s) s+(k—1-2s

and ug = ug ) we find that all wedge prod-

ucts in the equation above are already zero except possibly u§S+“) A

ul ) A 179 Byt by our choice of these rows, this wedge prod-
uct is clearly nonzero. This shows that X, is not contained in Xj.
To show that Y}, is not contained in X, consider first the case k =
2L+1. Then Y7, = Z7" x A" where the factor Z;;" comes from the
entries of u;(L), 1 < i < m, and the factor A™* comes from the entries
ofu;(l), 1<i<m,l=L+1,...,2L. Choose P to be the point with
(L) _ (L+1) _ (k=1=s) _
u; = (1,0,0,...), uy = (0,1,0,...), uy = (0,0,1,0,...),
and all other rows of all possible degrees zero. (The nonzero coordinates
coming from the row ugL) belong to Z3" while those coming from

u(2L+1) and ugk_l_s) belong to the other factor A™"L.) Exactly as before,
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this point P is in Y7, but we find that P does not satisfy Equation (11)
for Tj.

When k = 2L, we take P to be the point with ugL) = (1,0,0,...),
ugL) =(0,1,0,...), uékil*s) = (0,0,1,0,...), and all other rows of all
possible degrees zero. Once again, this point P is in Y7, but does not

satisfy Equation (11) for Ts. This completes the proof.
0

We get the following corollary from this:

Corollary 5.2. The variety Z,7" has 1+ |k /2] irreducible components.
The codimension of Z3." (in A™"* ) is (m—1)(n—1)+mn|k/2] if k is
odd and mn|k/2| if k is even, except in the case where (m,n) = (3, 3)
or (m,n) = (3,4). In these two special cases, Zg’,z’ has codimension 4k,

. 3.4 . .
while Z, has codimension 6k.

Proof. By Theorem 5.1, ZJ';" clearly has 1+ [k/2] components. These
have codimension (m — 1)(n — 1)(k — 2s) + mns, for s =0,1,..., L =
mn|k/2| (the case s = L corresponds to the component Y7, but is also
covered by this formula). This is linear in s, and as already observed,
is decreasing in s except when (m,n) = (3,3) or (m,n) = (3,4). It
follows that except for these two cases, the component Y7, has the
least codimension. This yields the formula for the codimension of Z,}"
in the general case. In the two special cases, the component X, must
have least codimension. Hence, the codimension of Z;” " in these cases
is given by the codimension of X, which is (m — 1)(n — 1)k. O

Remark 5.3. Note that when (m,n) = (3,4), the codimension of the
components is constant in s. Hence, in this case, all components have
the same dimension.

6. NONMAXIMAL MINORS: THE GENERAL SITUATION

In this section, we will use Theorem 5.1 as a building block to derive
some results about Z}"™ in general, when r < m. The first one is easy:

Theorem 6.1. The variety Z}" in the nonmazimal case (r < m) has
at least 1 + |k/2] components.

Proof. By Theorem 2.8, Z;’" . has at least as many components as its

subvariety Zy, and the components of this subvariety are in one-to-one
correspondence with those of Z™™ _171,;”_1. Proceeding thus, Z\" has at

“r42n—r42 . .
least as many components as Z, " "% and this last variety has

14 |k/2] components. O
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It is easy to see that there are lots of intersections between various
pairs of components of Z;". From this, we get the following trivially:

Theorem 6.2. The varieties Z,\" when r < m are not normal. When
(m,n) # (1 +r,24r) they are not pure (i.e. they have irreducible
components of different dimension) and they are not Cohen-Macaulay.

Proof. In the case of 2 x 2 minors, the fact that the varieties are not nor-
mal follows from the fact that there are irreducible components that,
as is easy to see, intersect nontrivially. When (m,n) # (3,4) these
components are of different dimensions (see Theorem 5.1 and Re-
mark 5.3). This implies that the corresponding varieties are not pure
and not Cohen-Macaulay. In the general case, we repeatedly invoke
the birational isomorphism of Theorem 2.3 between the subvariety Z,
(which is a union of some of the components of Z}") and the vari-
ety Z" 7" x ARm+n=D) “and then reduce to the case Z55 ",
Note that the image of the birational isomorphism is the open subset
of Z" _171,;”_1 x ARM+n=1) ywhere the free variable 20}, # 0 (see Remark

2.4), so any intersection between components of Z 7171,;"71 of dimen-
sions d; and ds Will indeed manifest itself as an intersection between
components of Z"}" (in fact of the subvariety Z of Z}") of dimensions
d1+k(m+n—1)anddg—irk(m—l—n—l) O

The fact that the variety has irreducible components of different di-
mension settles the question of Cohen-Macaulayness quickly. For the
remaining cases (m,n) = (147,24 r) a more subtle analysis is needed
to answer the question of Cohen-Macaulyness. Some preliminary com-
putations communicated by the referee suggest that the varieties Z:}’n
with » < m are not Cohen-Macaulay in general.

Although in general for r > 3 (and r < m) it is difficult to explicitly
determine the components of Z;" (the difficulty lies in determining
whether some of the components of Z;—determined by induction-lie
inside some of the components of Zjy—also determined by induction:
this was what the proof of Theorem 5.1 in the r = 2 case was all
about), we have an easy reduction argument that settles the matter in
the case k < r:

Proposition 6.3. In the case where k < r, the subvariety Z, of 2"
1s contained in Zy. The components of ka’" and their codimensions in

A in this case are hence determined completely by the components
of ZI'1y"™ and their codimensions in Am=Dn-Dk,
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Proof. Consider the subvariety V of Z}™ defined by setting all 2 x 2

minors of degree zero to zero, i.e., defined by setting all ugo) A uE-O) =0
for all 1 < i < 7 < m. The equations for V' are thus the standard
equations for Z\" along with all 2 x 2 minors of degree zero. It is
clear that every point on Z; satisfies these equations, so Z; C V. Since
r > (k—1) + 2, every r-fold wedge product of vectors uz(»l) of total
degree at most k£ — 1 must contain at least two factors of degree zero.
It follows that Z"}" is already contained in the ideal generated by all
2 X 2 minors of dégree zero, which is an ideal that is known classically
to be prime, [2]. Hence, V' is an irreducible variety, isomorphic to Z3;".
The components of Z\" come from either Z; or Z,. Since V' cannot be
contained wholly in any component of Z; (as there are clearly points on

V' where not all ng)j) are zero), we find V' C Z,. It follows that Z; C Zj.
Thus the components of Z,™ all come from Zp, and Theorem 2.8 now

finishes the proof. O

We end this section with an inductive scheme for computing the
codimension of Z:fk’" in the case r < m. The induction is based on
r, and we will assume that for all " with 2 < v’ < r and for all m,
n with v < m < n, and for all £ > 2, we know the codimension of
Z%. (The starting point for the induction is Theorem 5.1, and the
ideas here parallel the codimension computations of Theorem 5.1.)

Write k = Ar+4p, for A > 1, and 0 < p < k. (When k < r, we already
know that the components, and their codimensions, are determined by
those of Z™ 71’1,;"71, thanks to Proposition 6.3 above.) We now have the
following sequence of subvarieties (similar to the setup of Theorem
5.1):

o We will write Yj for our variety Z:f ., and X for its subvariety
“Zy”. Thus, X, is birational to Z:if,;"fl x AR(m+n=1) = \Write
co for the codimension of Zﬁ_l’lk’"_l in A(m=D(=Dk  Then X,
also has codimension ¢y. We will assume that cq is known by

induction.
e Proceeding, let Y5 (s = 1,..., A — 1) be the subvariety of Y;_;

where all xfjﬁl) are zero, so Yy & Zﬁﬁrs x Amns(r=1)  Write T,
for the subvariety “Z,” of Z/}" ., and let X, = T, x Amns(r=1),

Then X, has codimension c; + smn, where ¢, is the codimen-
. “1n—1 - _ _ _ . .
sion of Z" " 0 in Am=D=Dk=r9) We will assume that ¢, is

known.
o If 41 =0, 1i.e.,if k = Ar, then Y), the subvariety of Y)_; where all
(A-1) . . .
x;; ~ are zero, is already an affine space of codimension mnA\
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in A™"_ For convenience we will take ¢y, = 0 in this case, so
the codimension of Y, may be written for this case as ¢y + Amn.

e If 1 > 0, then Y) is isomorphic to ZI" x AXNr=Dmn - GQince
1 < r, we can reduce its codimension computations to that of
Z" _1};;"_1 by Proposition 6.3, so we will assume that ¢y, the
codimension of Z." in A™" is known. It follows that the
codimension of Y, is ¢y + Amn.

Our result is the following:

Theorem 6.4. The codimension of Z7" in the case r < m is the
manimum of the numbers cs + smn, s =0,1,...,\.

N

Proof. This is clear, since Z}" is the union of the various X; (s =
0,1,...,A—1) and Y.
O

7. THE CASES k=2 AND k=3

In this section, we determine the components of Z7" in the case

k=2and k =3.

Theorem 7.1. When k = 2 (i.e., when we consider the "tangent bun-
dle” to Z'V"), and when r < m, Z'5" has exactly two components.
One of them is the closure of any of the open sets U, . i1 (j1,jv_1] Of
Z 0", where the (r — 1) x (r — 1) minor of degree zero determined by
TOWS 11, . - . ,ir—1 and columns ji, ..., jr—1 1S nonzero, and hence also of
their union. This component has codimension 2(m —r+1)(n—r+1).
The other is the subvariety defined by setting all (r—1) X (r—1) minors
of degree zero to zero, and has codimension (m —r + 2)(n —r + 2).

Proof. The number of components and their codimension can be ob-
tained from repeated applications of Proposition 6.3 above, while the
description of the components can be obtained by induction on r, care-
fully tracking prime ideals through various applications of the isomor-
phism of Theorem 2.3. However, we can give a more direct proof as
follows:

Write U for the union of the open sets where some (r — 1) x (r — 1)
degree zero minor of X (0) is nonzero. Note that the portion of the
classical degree zero variety 27" where some (r — 1) x (r — 1) minor
is nonzero is precisely the set of smooth points of Z7". The variety
Z:fz’" is the union of two subvarieties: one, say X, is the closure of U,
and the other, say Y is the subvariety where all (r — 1) x (r — 1) degree
zero minors of X (0) are zero. It is easy to see that U is irreducible of
the stated codimension, since the fibers over any point of Z;" where
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some (r — 1) x (r — 1) is nonzero are all linear spaces of the same
dimension. Hence X is irreducible of the stated codimension. It is
also easy to see that the Jacobian matrix defining tangent spaces to
classical variety 2" is zero when all (r —1) x (r — 1) minors are zero,
so indeed, the tangent spaces at such points are simply copies of A™".
Since the base space 2,7 | is irreducible, Y is irreducible as well, and
it has the stated codimension. It is clear that X cannot be contained
in Y as U is nonempty. As for the other direction, consider the point
in A% with uEO) = (0,...,1,...,0) where the 1 is in the i-th slot,
fori=1,...,r—2, ugl) =(0,...,1,...,0) where the 1 is in the i-th
slot, for ¢ = r — 1,r,7 4+ 1, and all other ugl) equal to the zero vector.

Then this point is in Y, but is not in X, since it clearly does not satisfy
Equation (10) of Corollary 4.4. O

When k& = 3, we need to consider only the r = 3 situation. For,
the r = 2 case is covered by Theorem 5.1, while the components for
r > 3 sequentially reduce to the components for the r = 3 case by
Proposition 6.3. We determine these components for all but a finite set
of (m,n) pairs:

Theorem 7.2. For all r > 3, and for all (m,n) pairs with 3 <m <n
except possibly the pairs (147, 14+7), (1+r,2+7r), (1+r,3+7), (147, 4+
r), and (2+r,2+41), the variety 23" has exactly three components. The
first, say X, has codimension (m—r+3)(n—r+3) in A*™™. The second,
say 'Y, has codimension (m—r+1)(n—r+1)+(m—r+2)(n—r+2),
and the third, say Z, has codimension 3(m —r +1)(n —r + 1).

Proof. We start first with Z3'5". What we have called X here is the
subvariety Z; of Theorem 2.8, it is just A?*™". The subvarieties Y and
Z of this theorem correspond to the components of ng 371’"71, which
by Theorem 2.8 are in bijection with the components of Z;;" coming

from the closure of where some :L‘l(»g-) # 0. Note that this bijection
preserves codimensions, so from Theorem 5.1, Y and Z indeed have the
stated codimensions. It remains only to check that these are indeed
components. By Theorems 2.8 and 5.1, Y and Z are components of
233", s0 it only remains to show that X is not contained in either one
of these two. But it is easy to see that except possibly for the stated
exceptional values of (m,n), we have cd(X) < cd(Y) < cd(Z), so X
cannot be contained in Y or Z. (Here ¢d(X) is the codimension of the
variety X.)

For the general case of r > 3, we invoke Proposition 6.3 repeatedly,
along with Theorem 2.8 to reduce to the case of 2% """, O
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Remark 7.3. The components for k = 4 will be covered in [7] below.

The authors wish to thank the referee for helpful suggestions.
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