PLANE CURVES AS PFAFFIANS

ANITA BUCKLEY AND TOMAZ KOSIR

ABSTRACT. Let C be a smooth curve in P? given by an equation F = 0 of
degree d. In this paper we parametrise all linear pfaffian representations of F
by an open subset in the moduli space Mc (2, Kc). We construct an explicit
correspondence between pfaffian representations of C' and rank 2 vector bundles
on C with canonical determinant and no sections.

1. INTRODUCTION

Let k be an algebraically closed field and C an irreducible curve in P? defined
by a polynomial F'(xg,x1,z2) of degree d. We consider the following question. For
given C' (and F) find a 2d x 2d skew-symmetric matrix

0 Lia  Lig -+ Lyiag |
—L1io 0 L23 L22d
A= | —Lis —L2z O
| —Li2da —Load e 00

with linear forms L;; = agjxo + a}jxl + a?jazg such that
Pf A(zg, z1,22) = c¢F(x0,21,22) for some c € k,c # 0.

Such a matrix A is called a linear pfaffian representation of C. Its cokernel is a rank
2 vector bundle on C. Throughout the paper we identify vector bundles with locally
free sheaves.
Two pfaffian representations A and A’ are equivalent if there exists X € GLog(k)
such that
A = XAX"

A locally free sheaf &£ of rank 2 is stable if for every invertible sheaf &€ — F — 0
holds

1
deg F > §deg5.

It is semistable if > is replaced by > .

We find all linear pfaffian representations of C' (up to equivalence) and relate
them to the moduli space Mc(2, K¢) of semistable rank 2 vector bundles on C' with
canonical determinant. An explicit construction of representations from the global
sections of rank 2 vector bundles with canonical determinant and no sections is
given.

In general the elements of A can be homogenous polynomials of various degrees.
Such pfaffian representations are considered in Theorem 3.6. A good survey of the
linear algebra of Pfaffians can be found in [8, Appendix D]. In [9, Chapter V. 2]
Hartshorne identifies the theory of rank 2 sheaves with the theory of ruled surfaces

over C.
1
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Study of pfaffian representations is strongly related to and motivated by determi-
nantal representations. A linear determinantal representation of C is a d X d matrix
of linear forms

M = xoMo + x1 My + 22 Mo
satisfying
det M = cF,
where My, My, My € Matgy(k) and ¢ € k,c # 0. Here Maty(k) is the algebra of all

d x d matrices over k. Two determinantal representations M and M’ are equivalent
if there exist X,Y € GLg4(k) such that

M = XMY.

There are many more pfaffian than determinantal representations. Indeed, every
determinantal representation M induces decomposable pfaffian representation

[ 4]

Note that the equivalence relation is well defined since
0 XMY | | X O 0 M Xt 0
—(XMY)! 0 }_{0 Yt][—Mt 0}{0 Y]'

Nonequivalent linear determinantal representations are in bijection with line bun-
dles on C and they can be parametrised by the non exceptional points on the Jaco-
bian variety of C'. To any compact Riemann surface X one can associate the pair
(JX,O), the Jacobian and the Riemann theta function. The geometry of the pair
is strongly related to the geometry of X. This gives an idea that higher rank vector
bundles define a non-abelian analogue of the Jacobian called moduli space firstly due
to the mathematicians of the Tata Institute [15]. Much later physicists in Confor-
mal Field Theory introduced pairs of moduli spaces and determinant line bundles
on these moduli spaces [20]. This has made a clear analogy with the Jacobian pair.

A brief outline of the paper is the following. In Section 2 we recall the parametri-
sation of linear determinantal representations by points on the Jacobian variety due
to Vinnikov [22]. We use similar ideas in Sections 3 and 4 to parametrise all linear
pfaffian representations by points in an open subset of the moduli space M¢c(2, K¢).
In the third section we give an explicit construction of the correspondence between
pfaffian representations and vector bundles with certain properties. In the fourth
section we relate these vector bundles to the points on Mc(2, K¢) not on the sub-
variety cut out by Cartier divisor ©3 . In Section 5 we consider decomposable
bundles which are parametrised by an open set on the Kummer variety. Pfaffian rep-
resentation arising from a decomposable bundle F & (]—' 1®0c(d- 1)) is exactly
the decomposable representation

0 M
e v ]

where M is the determinantal representation corresponding to F = Coker M. We
show in Section 6 that elliptic curves only allow decomposable pfaffian represen-
tations. This is a special case of the general result that elliptic curves allow only
decomposable vector bundles [3]. In the last section we compute pfaffian represen-
tations of a genus 3 curve. To our knowledge there are not many results explicitly
describing M¢(2, K¢) for curves of higher genus. Methods considered in this paper
could be applied to finding all pfaffian representations and consequently the moduli
space of genus g > 3 curves.
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Let us also mention that explicit construction of elementary transformations of
pfaffian representations of smooth plane curves is given in [4].

2. DETERMINANTAL REPRESENTATIONS AND THE JACOBIAN

There is a one to one correspondence between linear determinantal representa-
tions (up to equivalence) of C' and line bundles (up to isomorphism) on C with
certain properties. This well known result is summed up in the following theorem
of Beauville [2, Proposition 3.1].

Theorem 2.1. Let C be a plane curve defined by a polynomial F of degree d and
let L be a line bundle of degree 3d(d — 1) on C with H°(C,L(—1)) = 0. Then there
exists a d X d linear matriz M with det M = F' and an exact sequence

d d
(1) 0— P 0p(-1) L P Op: — L —0.
i=1 i=1
Conversely, let M be a linear d x d matrix with det M = F. Then its cokernel is
a line bundle of degree 3d(d — 1) and H°(C, Coker M (—1)) = 0.

Dolgachev explicitly described the above correspondence in [6].Vinnikov also gave
an explicit construction of the correspondence in [22, Theorems 2-4]. Additionally
he related determinantal representations to points on the Jacobian variety in the
following way.

It is known [5, Theorem 1.1] that representations M and M’ are equivalent if and
only if Coker M and Coker M’ are isomorphic sheaves. Therefore the problem of
classifying all linear representations of F' (up to equivalence) it the same to finding
all line bundles £ with the property deg £ = 3d(d — 1) and H°(C,£(-1)) = 0. In
order to simplify the notation we tensor the above by O(1) and consider line bundles
with deg £ = 3d(d — 1) — d = 3d(d — 3) and H(C,L) = 0. We call the bundles
with this property non exceptional line bundles. Analogously, line bundles of degree
3d(d — 3) and H(C, L) # 0 are called exceptional. Recall a fundamental result in
the theory of curves [1]:

Lemma 2.2. Let C be of genus g. The exceptional divisor classes define a g — 1
dimensional subvariety Wy_1 on the Jacobian variety J.

This proves the following theorem [22, Theorems 2-4]:

Theorem 2.3. All linear determinantal representations of F' (up to equivalence)
can be parametrised by points on the Jacobian variety of C' mot on the exceptional
subvariety Wy_1.

3. CLASSIFICATION OF PFAFFIAN REPRESENTATIONS FROM THE SCRATCH

In this section we consider the following problem. For a given homogeneous poly-
nomial F(zg,x1,x2) of degree d find all linear pfaffian representations. The main
result of this section is an elementary proof of Theorem 3.5 and explicit construction
of representations from suitable vector bundles given in the proof of Proposition 3.4.

Following the ideas of Dolgachev [6] we formulate the problem geometrically and
coordinate free. Let U be a 2d dimensional vector space. It is well known that /\2 U
can be identified with 2d x 2d skew-symmetric matrices. Let 2, denote the set of
elements Zle v; A wj in /\2 U where dim{vy, ..., v, wi,...,wi} = 2k. Elements of
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Q) are said to have irreducible length k since they can be written as a sum of k and
not less than £ decomposable tensors in /\2 U. In [10] it is shown that

Lemma 3.1. Q can be identified with the set of all rank 2k skew-symmetric ma-
trices.

Proof. Specifically, let eq, ..., eaq be a basis for U and {E;;} the standard basis for
2d x 2d matrices. Then the bijection is given by

e;N\ej — Eij — Eji

and extends linearly to

(2) Zazez A Zﬂ]ey = Z (i3 — a; Bi)(Eij — Eji).

3,j=1

Next let E be a 3 dimensional vector space and ® a linear embedding

2
o:P(E) — P(/\U).
Note that ® corresponds to a skew-symmetric matrix with linear forms as its ele-
ments. Alternatively, ® is an element in E* @ (A*U).

Let Py C P( /\2 U) be the hypersurface parametrising non-invertible skew-symmetric
matrices. Choose a basis of U, then P, is given by the pfaffian of a skew-symmetric
matrix. The inverse image of P; under @ is a plane curve of degree d in P(E).

Let C be a smooth plane curve defined by F'. Assume that C' admits a pfaffian
representation A.

Lemma 3.2. For any x € C the corank of A(x) equals 2.
Proof. Assume
A=la Oxo—i-a 1 +a; ;r2] and PfA=cF, c#0.

Denote by Pf¥ A the pfaffian of the (2d — 2) x (2d — 2) skew-symmetric matrix
obtained by removing the ith and jth rows and columns from A. Then

k )
axk Z P17 Az

If for some z € C all 2d — 2 pfaffian minors vanish, then x must be a singular
point of F. By our assumption F' is smooth, thus rank A(z) > 2d — 2 for all
x € C. This ends the proof because rank of skew-symmetric matrices is even and
det A(z) = F?(z) = 0. O

Define the pfaffian adjoint of A to be the skew-symmetric matrix
0

N
|

(—1)"*I Pf9 A

0
By analogy with determinants the following holds
(3) A-A=PfA Idy,.
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By Lemma 3.2 the cokernel of A defines a rank?2 vector bundle over C'. Since
Pf A = cF the cokernel can be obtained from A by using identity (3). Indeed, for
any point 2 € C' every column of A(z) is in Coker A(z). The properties of Coker A
are described in the following proposition.

Proposition 3.3. Let A be a pfaffian representation of a smooth plane curve C
defined by a homogeneous polynomial F' of degree d. Then & = Coker A is a rank 2
vector bundle on C' and
(i) h9(C,&) = 2d,
(i) H(C,&(-1)) = HY(C,E(-1)) =0,
(iii) det& = A\*E = Oc(d —1).

Proof. By definition of £ we have the exact sequence

2d 2d
(4) 0P (1) L PO —£—o.
=1 =1

Applying the functor H!(P?, %) to (4) gives
HO(B2, Opa(— 1)) — HO(B2,04) — HO(B2,E) — H' (P2, Ops (~1)) — -

0 2d 0

where the bottom row denotes dimensions of the cohomology of projective space
which is computed in [9, Theorem II1.5.1]. Thus dim H°(P?2, &) = 2d.

Next tensor (4) by Op2(—1) and again apply the functor H*(P?, ). This gives a
long exact sequence

HO(B?, 052 (~2)%) — HO(P?, Opa(~1)*) — HO(P, (1)) —
g |

HY(P?, 052 (=2)%) — H(P?, Opa(~1)%!) — H'(P, (1)) —
g g

H (P, (9|1|P2(—2)2d) =
0

where H?(P2, Op2(—2)%) =2 HO(P2, Op2(—1)??) = 0 by Serre duality. Hence, we
obtain that H°(P2 £(—1)) = HY(P?,£(—1)) = 0.

Since & is supported on C we proved (i) and (ii).

In order to prove (iii) apply the functor Homo,, (x, Op2(—1)) to (4). We get

0 — Hom(&,Op2(—1)) — Hom(02%4, Op2(—1)) — Hom(Op2(—1)*¢, Op2(—1)) —
— Sxtl(g,(?]pz(—l)) — Saztl(OI%g,O]pz(—l)) — ,
where

Hom(Op4, Opa(—1)) = (O3f)" ® Opa (1) = O (—1)*,
Hom(Op2(—1)*", Op2(—1)) = (Op2(—1)*")¥ @ Opa(—1) = O3
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and Ext' (024, Op2(—1)) = 0 by [9, Proposition IT1.6.3]. This implies that Ext*(€, Op2(—1)) =
0 for ¢ # 1 and the above sequence is isomorphic to

(5) 0— é{dg Opa(—1) 2% é{d} Op2 — Ext (€, Opa(—1)) — 0.
=1 =1
Thus we obtain
£ = Coker A = Coker A" = Ext' (£, Op2(—1)) =

Extt (€, Op2(—3) ® Op2(2)) = Ext!(E, Op2(—3)) ® Op2(2) =

Home(E,0c(d — 3)) @ Op2(2) = Home(E,0c(d — 1)) =

£V ®0c(d—1)
since by Serre duality

Ext' (€, Op2(—3)) = Ext' (€, wp2) = Home (€, we) = Home (€, Oc(d — 3)).
Finally,
ANE=ENEY ®O0c(d—1)) = Oc(d—1).
O

In the sequel the reverse problem will be considered. We will give an explicit
construction of pfaffian representation from a vector bundle with properties (i)—(iii).

Proposition 3.4. Let C be a smooth plane curve of degree d. To every rank 2 vector
bundle £ on C with properties
(i) KO(C,€) = 24,
(i) HO(C,E(~1)) =0,
(iii) det& = A\*E = Oc(d — 1)
we can assign a pfaffian representation Ag. In particular, isomorphic bundles induce
equivalent representations.

Proof. Let U = H°(C, &) be the 2d dimensional vector space of global sections of
E. We define a map ¥ from C' to the space of 2d x 2d skew-symmetric matrices
with entries in the space of homogeneous polynomials of degree d — 1, such that
P H(Py) = C.

Choose a basis {s1,...,s24} for U and define

Cax & Z (si(z) A sj(z))(Eij — Ej) = 1'92'(1')/\8]'(;12)

1<i<j<2d

Since s; A 55 € /\2 U, by property (iii) the map ¢ extends to

2
v:P(E) — P(\U)

given by a linear system of plane curves of degree d—1. In other words, V¥ is a tensor
in S41(E*) @ (A2U). In coordinates it equals to a 2d x 2d skew-symmetric matrix
B(xg, z1,x2) with entries from the space of homogeneous polynomials of degree d—1.

From the definition of B and isomorphism (2) in Lemma 3.1 it follows that at any
point x € C' rank B(z) = 2.
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Before we proceed, we prove that a different basis {s},...,sh,;} for U induces
equivalent representation B’. Indeed, since

S1 S1
—R-
S $2d
for some constant invertible matrix R, it is straightforward to check that

0 0

8; N\ 85 . e SN "Rt=R-B-R

0 0
As before, let F be the defining polynomial for C'. Denote by M a 4 x 4 submatrix
of B, obtained by deleting 2d — 4 rows and columns with the same indices. Then
F| Pf M since rank B(xz) = 2 and therefore Pf M (z) = 0 for all x € C. Consider

next a 6 x 6 skew-symmetric submatrix N of B and its pfaffian adjoint N. By (3)
we get

PfN -PfN = (Pf N)?,
PfN = (PfN)%

The entries of N are Pfaffians of 4 x 4 submatrices, hence F3 | (Pf N)2. Since C' is
irreducible, 2| Pf N. By repeating this process we obtain that F?~2 divides all the
Pfaffians of (2d — 2) x (2d — 2) skew-symmetric submatrices of B. These are exactly
Pf¥ B defined in the proof of Lemma 3.2. This means that

(6) A= 5B

is a matrix with entries in E*. Since rank B(x) = 2 for all x € C, we get rank A(x) =
2d — 2. Therefore Pf A is a hypersurface of degree d vanishing on C' unless Pf A is
identically zero. This implies Pf A = cF" for some constant c.

It remains to prove that Pf A # 0. We consider the tautological map
o:PEY — PU*,

defined by the tautological linear system H = |Opg(1)|. Choose L such that it
intersects C' in d distinct points {pi,...,pq}. The condition H°(C,&(—1)) = 0 is
equivalent to the following property: no H € H contains the union of the projective
lines PEY U ---UPE), . This is equivalent to say that £ ,...,&) are 2-dimensional
subspaces of U* and their sum is U*. There is no restriction to assume that L is
given by zp = 0. Using this equation in (6) we obtain the pencil of skew-symmetric
matrices
Ap = 21 A1 + 294.

By fixing a basis for U* we can consider this as a pencil of matrices associated to
a pencil of symplectic forms z1a1 + z2a2 on U*. By the preceding part of the proof
it follows that 52;/1, is the kernel of z1(p;)a1 + z2(p;)az. Since h°(C,E(—1)) = 0, it
follows that

U= @ 0&,,
Hence we can take as a basis for U* the union of bases of the vector spaces &,,. This
basis gives the simultaneous reduction to the standard form of the skew-symmetric
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matrices of the pencil Ay. In this basis we have

Ap = P'JP,
where P is the change of basis matrix and
J 0 -+ 0
0 Jy -+ 0
0O 0 --- 0

is the standard form. No 2 x 2 block J; is identically equal to 0, since otherwise the
rank of Ay, at p; would be at most 2d — 4. Therefore det Ay, is not identically zero,
neither are det A and Pf(A). O

By the classic result of Cook and Thomas [5, Theorem 1.1] two representations
are equivalent if and only if the corresponding cokernels are isomorphic sheaves.
Together with the above considerations it implies:

Theorem 3.5. There is a one to one correspondence between linear pfaffian repre-
sentations of F' (up to equivalence) and rank 2 bundles (up to isomorphism) on C
with the property

(7) det£ =2 Oc(d—1) and H°(C,E(-1)) = 0.

Proof. It remains to show that (i) in Proposition 3.4 follows from conditions (ii)
and (iii). For every rank 2 bundle £ = &Y ® (A&) holds. Applying (iii) gives
E2EV®Oc(d—1). Then
H'(C,E(-1))
~ HY(C,EY @ Oc(d—2)) 2 HY(C,E® Oc(2 —d) @ Oc(d — 3))
= H'(C,E(-1))
by Serre duality. Hence (ii) implies H*(C,&(—1)) = 0.
Let L be a section of Oc(1) and consider the exact sequence
(8) 0—&(-1) —&—€&|p —0.
Note that £|p = &€ ® O, is supported on a finite set of points. Taking cohomology

gives a long exact sequence

HY(C,&(-1)) — H(C,&) — H(C,&|L) —
\(l)
HY(C,&(-1)) — HYC,&) — HYC,E|L) —
| |
This proves that H*(C, &) = 0.

It also proves hY(C,&) = 2d. Indeed, observe that €|, = £ ® O is of rank 2
supported on the set C'N L of d points, hence h°(C, &|L) = 2d. O

Theorem 3.5 is a special case of the following Beauville’s corollary, where repre-
sentations of hypersurfaces are studied via arithmetically Cohen-Macaulay (ACM)
sheaves on P". One of the advantages of our elementary proof is an explicit con-
struction of representations from sheaves.
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Theorem 3.6 (Corollary 2.4 in [2]). Let X be an integral hypersurface of degree
d in P"(xo,...,zy,) over a field k with char k # 2. Moreover, let E be an ACM
vector bundle on X of rank 2 with determinant Ox(d+t). Then there exists a skew-
symmetric matric A = (a;;) € My with a;; homogeneous polynomials in xo, . .., xy
of degree d; +d; —t and an evact sequence

I I
(9) OH@OP"(t_di)A’@OP"(di)_’E_’(),
i=1 =1

where X is defined by Pf A = 0.
If H(X,E(—1)) = 0 and t = —1, the entries of A are linear.

To conclude this section we recall a result of Fujita [13, Example 6.4.16].

Remark 3.7. Suppose that C' has genus g > 2. If £ is a bundle on C such that
H'Y(C,€) = 0, then £ is ample. Being ample is equivalent to the condition that
every quotient has strictly positive degree.

4. THE MODULI SPACE M (2,2(g — 1))

In this section we relate the set of pfaffian representations to the moduli space of
semistable vector bundles.

As before let C' be a smooth plane curve of degree d and genus g. The existence
and properties of
Mc(r,n),

the moduli space of semistable vector bundles on C' of rank r and degree n, were
established in [15], [18] and more modern treatment can be found in [17]. It is
known that M¢(r, n) is an irreducible, normal projective variety with an open subset
M¢.(r,n) corresponding to stable bundles.

If C has genus g > 2 then Mg (r,n) is not empty and its dimension is 7%(g—1)+1.
The singular points of M¢(r,n) are exactly Mc(r,n)\Mg&(r,n).

If C is an elliptic curve then Mg (r,n) is empty.

One can restrict the study to the moduli space
MC’(h ‘C)

of (semistable) rank r vector bundles on C' with determinant £. As described
in [3], [7] it is a closed subvariety in Mc(r,degL). Moreover, M¢(r, L) is a closed
subvariety in M¢(r,degL). The determinant can be fixed since the moduli space
Mc(r,deg L) is, up to a finite étale covering, the product of M¢(2,L) with the
Jacobian JC.

Drezet and Narasimhan [7] showed that Pic(Mc(r, £)) = Z is generated by ge-
ometrically defined Cartier divisors ©, ¢ in M (r, £). For example, when deg L =
r(g — 1) then

X(E) =0 forall &€ Mg(r,L)
and
Orc = {€ € Mc(r,L) : h°(C,E) #0}

is naturally such a divisor.
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Theorem 4.1. Let C be a smooth curve defined by a polynomial F of degree d in
P2. There is a one to one correspondence between linear pfaffian representations of
F (up to equivalence) and rank 2 bundles (up to isomorphism) on C in the open set

Mc(2,0¢(d—3)) \ ©2,04(a-3)-
Proof. From now on we consider the moduli space
Mc(2,0¢(d — 3))
of (semistable) rank 2 vector bundles on C with determinant K¢ = O¢(d—3), which
is a closed subvariety in Mc(2,d(d — 3)) = Mc(2,2(g — 1)).
Recall from Theorem 3.5 the one to one correspondence between the linear pfaffian

representations of C' and rank 2 bundles on C' with property (7). For the sake of
clearer notation, after tensoring by O¢(1), condition (7) can be rewritten into

(10) det £ >~ Oc(d—3) and H°(C,E) = 0.

Condition h°(C,€) = 0 implies that £ is semistable. By the above considerations,
bundles satisfying (10) can be parametrised by the points on

Mc(2,00(d - 3)) \ ©2.04(d—3)-
This is an open subset of M (2, Oc(d — 3)) since we cut out a Cartier divisor. [

5. PFAFFIANS ARISING FROM DECOMPOSABLE VECTOR BUNDLES

In this section we find and explicitly describe linear pfaffian representations of C'
(up to equivalence) arising from decomposable vector bundles. We parametrise them
by an open set in the Kummer variety. Since decomposable vector bundles are never
stable [9, Ex V.2.8], this open set lies in the singular locus of M¢(2, O¢(d—3)). The
proof of the fact that the moduli space of rank 2 bundles with canonical determinant
is singular along the Kummer variety can be found in [16].

Kummer variety Ko of C is by definition the quotient of the Jacobian JC by the
involution £ +— L7 ® Oc(d — 3).

F1GURE 1. The dark boundaries represent the singular locus of M¢
and decomposable Pfaffians respectively
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Recall that by Theorem 3.5 and (10) we need to find all decomposable rank 2
bundles (up to isomorphism) with the property
det& = Oc(d—3) and H°(C,E&) = 0.
Write £ = L& M. Then det £ = L ® M = O¢(d — 3) or equivalently
M=LTR0c(d - 3).

Observe that & = L @ (L' ® Oc(d — 3)) has no sections if and only if £ and
L7 ® Oc(d — 3) have no sections. These can be calculated by the Riemann-Roch
formula and Serre duality

h(C.L)—h" (C,L7'®Oc(d—3)) =degL+1—g,

since O¢/(d — 3) is exactly the line bundle of the canonical divisor K¢.

This proves that every decomposable rank 2 bundles with the property (10) is of
the form

EXL® (LT ®O0c(d-3)),

where £ is a line bundle of degree g — 1 = %d(d — 3) with no sections. These are
exactly the non exceptional line bundles defined in Section 2. We have seen that
they correspond to the points on the Jacobian variety of C' not on the exceptional
subvariety Wy_1.

Conversely, by Section 2 a point on the Jacobian variety induces a determinantal
representation M of C. Then

0 M
e ]

is a pfaffian representation of C' with decomposable cokernel.
Thus we proved

Theorem 5.1. There is a one to one correspondence between decomposable vector
bundles in Mo (2,0c(d —3)) \ ©20.—3) and the open subset of Kummer variety

(JC \ Wg—l) / =,
where = is the involution £ — L1 ® Oc(d — 3).
In the sequel we explicitly construct the above correspondence from the sections

of £(1). As above, let £ = L& (L7 ® O¢(d — 3)) with L of degree g — 1 and no
sections. Denote £ ® O¢(1) = L(1) by F. Then

1
H(C,F(-1)) =0 and degF = Sd(d—1) = deg (F '@ 0c(d-1)).
Let H be a section of O¢(1) and consider the exact sequence

0 — F(-1) — F — Flg — 0,
where F|g is supported on a d points C' N H. Applying cohomology gives a long
exact sequence with dimensions
HY(C,F(-1)) — H°(C,F) — HY(C, Flu) — H'(C,F(-1)) —,
0 d 0
since h?(C, F(—1)) — h'(C,F(—1)) = 0 by the Riemann-Roch theorem. This proves
that h°(C,F) = d. The same way we show h’(C,F! ® Oc(d — 1)) = d. Let

{f1,.-., fa} and {mq,...,myq} be bases of the complete linear system of F and
F~1® Oc(d — 1) respectively. Then

{(f170)7- T (fdao)a (07m1)7' T (07md)}
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form a basis for H°(C,£(1)). Obviously (f;,0) A (0,m;) = f; ® m;, whereas (f;,0) A
(f5,0) and (0,m;) A (0,m;) equal 0. Applying the same argument as in the proof of
Proposition 3.4, we see that the map W is of the form
0 fi ®m;
—fi ®@m; 0
In coordinates it equals to a 2d x 2d skew-symmetric matrix B with entries from the

space of homogeneous polynomials of degree d — 1 and zero diagonal blocks. As in
the proof of Proposition 3.4 we get that

is a pfaffian representation of C. In particular,
0 M
A= |: _Mt 0 :| y

where M is the determinantal representation of C' corresponding to the non excep-
tional line bundle F.

6. CUBIC CURVES
In this section C will denote a curve defined by a smooth cubic polynomial F' in
P2,

Corollary 6.1 (§1 in [3]). On a cubic curve C all linear pfaffian representations
can be parametrised by the points on the Kummer variety Ko — {one point}.

Proof. Recall that on an elliptic curve K¢ = O¢. Since M (2,0) is empty, there
are no stable bundles on C. On the other hand, by [3, §4] the non-stable part of
Mc(2,0¢) consists of decomposable vector bundles of the form £ @ £7! for £ in
the Jacobian JC. Obviously £L® £~ and £~ @ L are equivalent. For £ € JC the
following conditions are equivalent:

o W(C, Lo L) =0,

e N0(C, L) =0,

o L+ Oc.
Therefore

Mc(Q,OC) \ @27(90 = {E@[fl; Le JC} \ {OC (&) Oc}.

g

Vinnikov [22] found an explicit one to one correspondence between the linear
determinantal representations (up to equivalence) of C' and the points on an affine
piece of C:

Lemma 6.2 ([22]). Every smooth cubic can be brought into the Weierstrass form
F(xo,21,02) = —2123 + 23 + aworf + fz].

A complete set of determinantal representations of F' is

010 501 a+3s?
zold+zo| O 0 1 + x1 0 -s -1 ,
0 0O -1 0 s

2
where 12 = s34 as+ 3. Note that the last equation is exactly the affine part F(s,1,1).
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Recall that the Jacobian of a cubic curve C with g = 1 is the curve itself and
J — {Wy} is an affine piece of C. In particular, Corollary 6.1 implies that the
complete set of pfaffian representations of F' (put in the Weierstrass form) equals

0 M
_Mt 0 )
where M are the determinantal representations in Lemma 6.2. Note that M and
— M are not equivalent determinantal representations, but

0 M 1 0 —M?
Mt 0 an M 0

are quivalent pfaffian representations since
0 I 0 M 0 I| _
1 0 —Mt 0 I 0|

7. EXAMPLES OF HIGHER GENUS

M 0

0 —Mt]

We start by an example of a genus 3 curve.

Example 7.1. Any non hyperelliptic curve C of genus 3 is isomorphic to a plane
quartic. In this case M¢c(2,0¢(1)) = Mc(2,0¢) embeds as a Coble quartic hy-
persurface in P’ and is singular along the Kummer variety Kc. For references
check [14], [12], [3].

For a given plane quartic Vanhaecke [21] gives explicit equations of the Coble
quartic hypersurface. First he finds the equations of the Kummer variety which
represents the singular locus of the moduli space, from here the Coble quartic is
obtained by integration. For example, the moduli space of

C:at—y2—yt=0
is the Coble hypersurface in P” defined by the polynomial

zé — z% — 2212323 — z%z% — zozg’ — 4zoz§z4 — 22(2)25 — Szozgzz + zi‘ — 420212225

—1—23242?) + zng’ — 4zozf26 — 32’(2)2'326 — z;;zizg — 229242526 + 2'12'5—2)26 — zozg’ — 22’82127

2 2 2 2 2.2
—z32427 + 221227 — 20232527 + 202527 — 292627 — 21232627 — 4r0zazeRT + 21 %7

In the sequel we outline an algorithm for finding all pfaffian representations of
the given C (up to equivalence) based on canonical forms of matrix pairs. This is a
generalisation of Vinnikov’s construction of determinantal representations [22]. Let
A =xA;+2zA,+yA, be a pfaffian representation of C. Observe that A, is invertible
and A, nilpotent since C' is defined by Pf A and contains z* term and no z* term.
Because C' contains also yz3, by Lancaster and Rodman [11, Theorem 5.1] every
pfaffian representation of C' can be put into the skew-symmetric canonical form

00000 0 O1 000000 10 0012613614615616617618
0000010 0000100 0 ca3 cay Co5 Cog Co7 Cog
0001 00 0010 00 0 c34 C35 C36 C37 C38

01000 000 00 0 c45 C46 C47 C48

T + z + vy .
0000 0000 0 c56 c57 C58

000 000 0 cg7 ces

00 00 0 c7g

0 0 0
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Since Pf A equals the equation of C' we get

C45 = —C18 — C36 — Ca7,

C46 = —Cog — C37,

car = —Cs3g,

as = 1,

ci5 = cig(cig — cor) — 037 + ca8c35 — (18 + c27 + €36)C36 — C26C37 — ..o,

ci6 = —co5 —2(c18 + car)cag — (€18 + 2c27 + €36)C37 + €35€38 + C34C57 + ...,

C26 = —Ci7 — C3y — C35 — C2sC37 — (2€18 + Ca7 + C36)C38 + C34C58 + C24Cos + C1aCTs.

There are 21 parameters ¢;; left in the representation. Pfaffian representations are
equivalent under the action

A— P-A-P,
where P is an invertible constant matrix. By a suitable P we can reduce the num-
ber of parameters in A. In other words, we will reduce the number of equivalent
representations in each equivalence class.

Lemma 7.2. The action A — P -A- P! preserves the canonical form of the first
two matices in the representation if and only if P equals

Py Py Py Py
Py P amp'r | O | —PC 4 PsPP, Py
where Py is invertible and P; are of the form
Pi1 Pi2 Pi3 Pid
0 pin pi2 pis ,
. i=1,2,3.
0 0 pi pi2 !
0 0 0 pa

Proof. Denote

00 0 1 0010
0010 0100
I=lg 100 ™ N=19 40 0
1000 000 0

We will need the following obvious observation, which can be proved directly by
comparing matrix elements:
Let Y, Y’ be 8 x 8 matrices for which
o r| | 0 I / 0 N | 0 N .
Y-[_zo]—[_m]y andy[_No]_[ ].y hold.
Y1 Y,

It _
ThenY' =Y andY—[Y3 Y,

} , where

Yi1 Y2 Y3 Y4

0 w1 w2 Vi3 .

Y; = , 1=1,2,3,4.
' 0 0 win ui2 !

0 0 0 wa

We call the specific form of the above Toeplitz matrices ” /A form”.
Now we can find all invertible

| AP
r=[n w]
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that satisfy

0 I, [0 I 0o Nl ., [0 N
P8 e ] wan] O Y ]ee] 5 Y],

By the above observation all P;’s are of A form. Moreover, if P; is invertible then
Py = Pfl + Pngng. The same way we see that P3 = —P{l + P1P51P4 when P
is invertible.

Since P is invertible and consists of /A blocks, at least one of P;, P> is also invert-

ible. Note that
P P 0 -I1d| | ~ —P
Py P || Id O | Py P
exchanges P, and P, which finishes the proof. O

The action of Lemma 7.2 enables us to reduce the number of parameters ¢;;. We
can choose such P that its action eliminates

Cl4 = Co4 = €34 = 38 = C47 = 0,
1

1
c1g = €45 = *5(027 + c36), Cog = C46 = —5CaT-

This computation can be easily checked by using Wolfram Mathematica.
The relations among ¢;; then simplify to:

15 = Z(—Q(Cw + c36)? — (c2r — c36)% + 6(c17 + c35)c37 — iy + deazcer),
cig+cos = —(car + c36)C37,
cos = —(c17+cs5) +c3p/4

and

3, +4ci6c35+c3g+4cas (cartcss)cartcareascar+eir(deas —(car—cse)car) +4cizcse+4ciacsr =

—2c23c37¢57 —2Cc13C37C67+C27C36 (Ca7+C36)+C35c36c37+2(c16+C25 ) ca,+4(car+c36) (c23c67+C15),

deisceerese +626657037+C§7C35037+2626C27836637+827C350366374-0266%6C37+615C§7+4012837056+
c17(4ca6c35+caressear+c3gear+4cascess)+4cigcagest —carcss (car+cse)? —4

(11) cazcarearesTHeascsscarcsr+4Aciscascer+4ciacas cor+C13carcarcorHC13C36C37C67 =
descasear+cas(cartess) el +H4ciscaresst+cir (deasess+esscd, ) +4ciacsscsr+

2 2 2 2
c13¢57c57+c16(4caregs —4cascar+carcg+cascs, H4cazest)F4ci3cascer+c23(car+c36) Cors

4cigcar+4cascas+4ciscar+essciyteir(—4dcas—4czs+c3,) =

deggeas+2c3oear+Hacaresgear+2cigear+4casess+4cizesr+Hciacer.

We are left with 12 parameters

[0 c12 c13 O c15 Ci6 Ci7 —3(certess) |
0 ca23 O C25 C26 Car —34r
0 0 C35 C36 C37 0
0 *%(0274’036) -1 0 1
(12) 0 Cs56 Cs7 0
0 Cg7 0
0 0
L 0 |
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Note that we have chosen P to make the top right 4 x 4 corner as symmetric as
possible. We will show in the proof of Lemma 7.3 that the change of coordinates

Cl12 C13 C23 Cig Ci7 Ca7

11t 1 11

Cs6 Cs7 Cer C25 C35 C36

in (11) and (12) yields an equivalent representation.

Next we prove that the equivalence class of a generic pfaffian representation above
is 3 dimensional.

Lemma 7.3. Pfaffian representations

0 I 0 N ”
A:x[_[ O}—{—Z[—N O]+y[ 6‘7] and

I N s
v e[y e ]

with [ciz], [ci;] in the form (12) are equivalent if and only if

€12 €13 Ca3
Clg = Co5 Ch7 — Ci5  Chy — Chg s
C56 chz Ce7
Chg + o5 Cir + 35 Chr + g
pi P1p2 p3 0 c12 c13 23
2p1ps  p2ps +pipa 2paps O €16 — C25 C17 — C35 C27 — C36
3 P3P4 p; 0| C56 Cs7 o7
0 0 0 1 Clg + C25 cC17+C35 Co7 + C36

for some p1,p2, p3, pa € k which satisfy 1 + paps = p1pa.

Proof. An action A +— P - A- P! with invertible P; preserves all 0 and 1 elements in
the above matrix if and only if

pi 0 0 O

0o om0 0 o

Pi=| o0 p oo =123
00 0 p

This can be checked by a straightforward calculation using Lemma 7.2. Moreover,
co7 + 36, c17 + ¢35, c37 and therefore also ci16 + o5, c15, cog are invariant under
this action. The action on the remaining parameters can be neatly written in the
following matrix form

€12 c13 23
Cl6 — C25 Cl7 —C35 C271 —C36 |
€56 Cs7 C67
2 2

pi p1p2 p3 C12 C13 C23

p2
2p12pg 2paps + 1 21;01 (1 +p2p32) .| c16 —ca5 c17 —C35 Ca7 — C36
p3
P35y (L4paps) (14 paps) C56 Cs7 co7

Note that P(p1, p2, p3) has determinant 1 and that ci6co5+c12¢56, c17¢35+C13¢57, Corcse+
co3Cg7 1s another set of invariants.
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When P; is not invertible it is (by the proof of Lemma 7.2) enough to consider

(& ] ] 2 %]

[0 c56 cs7 O c15 c25 €35 —3(cortese) |
0 ce7 O Ci6 C26 €36 -4t
0 O c17 C27 C37 0
0 —i(cortess) -3 0 1
0 Ci2 Ci13 0
0 C23 0
0 0
I 0 ]

which also preserves all 0 and 1 elements in (12). As before
c27 + €36, C17 + C35, C37,
€16 + €25, C15, C26;
C16C25 1 C12C56, C17C35 + C13C57, C27C36 1+ C23C67

are invariants and

C12 C13 C23
C16 — C25 C17 — C35 C27 — C36 —

C56 Cs7 ce7
0 0 1 C12 C13 C23
0 =1 0 |.| cite—c25 ci7—c35 Cor—C36 | =
1 0 0 C56 Cy7 Ce7

C56 C57 ce7

—C16 +C25 —C17 +C35 —C27 + C36
C12 C13 C23

O

We reduced the description of our representation to 12 parameters c¢;; modulo 3
dimensional P(p1, p2,ps,ps) action. This proves that all pfaffian representations of
C are
6 = 12 — 3(action of P) —3(relations in (11) among ¢;;) dimensional. As described
in Theorem 4.1 they corresponds to the open set Mc(2,0c(1)) \ ©2.0,01)-

Remark 7.4. Using local parameters and implicit function theorem, it is easy to
see that
€12 = €13 = €23 = C56 = C57 = Co7 = 0

is the singular locus of the space of all pfaffian representations of C. Note that
these representations are decomposable and non-equivalent to each other. In the
next paragraph will show that every such representation arises from a decomposable
vector bundle (as expected). These vector bundles correspond to an open subset in
the 3 dimensional Kummer variety.

By Theorem 5.1 there exists a one to one correspondence between the decompos-
able vector bundles in Mc¢(2,0¢(1)) \ ©20,(1) and the open subset of Kummer
variety

(Jacobian variety of C'\ W)/ =,
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where = is the involution £ +— L71®0¢(1). Vinnikov in [22] explicitely parametrised
the set of all determinantal representations of C' (up to equivalence) by the points
on the Jacobian variety without the exceptional subvariety Ws.

Thus we start by finding all determinantal representations of C' up to equivalence.
Write M(z,y,2) = M, + yM, + zM, with det M = z* — yz3 — y*. The action
M +— M_'-M maps to an equivalent representation since det M, # 0 . Additionally,
since det M, = 0 and det M contains 2% term, M — R-M - R7!, R € GLy(k)
preserves M, = Id and sets

M, =

OO OO
OO O+
OO = O
O = OO

Repeat the proof of Lemma 7.2 to show that M — R-M-S, R, S € GL4(k) preserves
M, and M, if and only if S = R~! and is of A form.

We can choose such R that its action reduces M to the following form

1
01 00 —5(car +¢c36) cir cue €15
.fL'Id—l—Z 00 10 +y *63’77 Cov C26 C25
O O 0 1 0 C37 C36 C35 ’
1
00 0O 1 0 —%77 _5(027+036)
where
1 2 2 3
c15 = Z(—2(627 + ¢36)” — (car — €36)" + 6(c17 + €35)C37 — C37),
ci6 +co5 = —(car + c36)c37,
2
6 = —(c17+c35) +c37/4
and
2(c16—cas)(c17—c3s)—4(car+c36) (3, +cdg) =
—(13c17ear+11earess+1leirese+13cssc36)car+4(car+ess) sy,
2(c16—c25)(c27—c36)+4(c17?+c17c¢35+c352) =
(13) (7c272410c27c36+7¢362)c37—6(c17+¢35)c372+¢374,

—4(c16—ca5)?car— 16+80§’7+8c§5 +80‘217 +80§6 =
8((017+035)(5C§7+6C27836 +5c34)+2(c17¢3,4c35 ng))cw

—36(c17+c35)2c3,—(17c3,+30c27c36+17c3g) el +6(c17+c35)che,

which is the same as (11) for ¢12 = ¢13 = co3 = ¢56 = ¢57 = cg7 = 0. Here we chose
parameters c¢;; to be compatible with the pfaffian representations considered above.
Indeed, if we multiply M by

_ o O O
O = OO
OO = O
O O O
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and fold it into the skew-symmetric block matrix, then

e S

0 0 0 O C15 c16  C17  —3(cartese) |
0 00 o5 Co6  C27 —4z
0 0 35 c36  C37 0
0 —%(0274‘036) -4 0 1
(14) 4 0 0 0 0
0 0 0
0 0
0

is the set of all decomposable pfaffian representations of C'. The set has dimension
3 = 6(parameters cig, c17, Ca7, €35, C36, C37)—3(relations (13)). This is compatible
with Remark 7.4. It is easy to show that Ker M is a line bundle of degree 6.
Then £ = Ker M ® O¢(—1) and £; = Ker M* ® Oc(—1) both have degree 2 since
deg O¢(1) = 4. Moreover,

LOL € Mc(2,00(1)) \ ©20.0)

and
Ly = L7V ®0c(1),

which explains the involution in the Kummer variety.

We conclude the example by suggesting that explicit descriptions of the moduli
space could be used to prove its rationality.

Let C be a generic smooth plane curve of genus g > 3. By [16] the moduli space
Mc(2,0¢(d — 3)) of rank 2 bundles with canonical determinant embeds into |20].
Its singular locus is isomorphic to the Kummer variety. Moreover, the embedding
restricts to the Kummer map on the singular locus.

There are few results in the literature explicitly describing the above moduli spaces
for smooth curves of genus g > 3. Finding all pfaffian representations of a given
curve C' would provide a description of the open set Mc(2, Oc(d—3)) \ ©2 0. (d—3)-

Vanhaecke’s method could be used for smooth curves of higher genus. First we
find all determinantal representations of C' (which are of smaller size than Pfaffians).
Determinantal representations induce pfaffian representations of the form

0 o
_<>t07

which by Section 5 correspond to decomposable bundles. These define the singular
locus of the moduli space. The equations of the moduli space could be then found
by integration.

It was asked by one of the referees (that found the paper not suitable to be pub-
lished in another journal) if it was possible to use similar methods for a hyperelliptic
curve of genus 3 to find explicit equations of the moduli space (the double quadric).

ACKNOWLEDGEMENT. The authors would like to thank Emilia Mezzetti for sug-
gesting to study pfaffian representations.
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