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�� Introduction

First consider an algebra A of n � n matrices over a �eld F � We say that
A has permutable trace if the traces Tr�abc� and Tr�bac� are equal for any
matrices a� b� c � A� If the characteristic of F is zero then our main result
implies that A has permutable trace if and only if A�R is commutative� where
R is the �Jacobson� radical of A� In particular� it follows that a division algebra
�or a semisimple algebra� is commutative if and only if it has permutable trace�
If the characteristic of F is positive then the result is valid when the size of the
matrices is small� i�e� if n � �p�

In section � we investigate the obstructions when n � �p by considering
properties of the trace form on A� de�ned by �a� b� 	 Tr�ab�� This is a sym

metric� associative� bilinear form on A� In particular� whenever this trace form
on A is non
degenerate� then in any characteristic� A has permutable trace if
and only if A�R is commutative�

These considerations suggest a slightly stronger condition than permutability
of the trace to force commutativity of A�R� In section � we show that if the
trace is replaced by the Brauer character� suitably generalized as in ��
� then
the original result is restored in full generality� i�e� A�R is commutative if and
only if the Brauer character is permutable�

A version of our main theorem for an algebra of matrices over an algebraically
closed �eld of characteristic zero was proved in ����
�

�� Algebras with permutable trace

For any �nite
dimensional representation � � A � EndF �V � let tV � A � F
be the associated character or trace� i�e� tV �a� 	 Tr��a�� If the representation
is faithful� we say that the character is faithful� The character tV � A � F
is called permutable if tV �abc� 	 tV �bac�� This is equivalent to saying that
tV �a�a� � � � ak� 	 tV �a����a���� � � � a��k�� for all k � �� any a�� a�� � � � � ak � A
and every permutation � of f�� �� � � � � kg�

More generally ��� Ch���
� the characteristic polynomial pV � A � F �x
 of
the representation � � A � EndF �V �� de�ned by pV �a� 	 det�xI � ��a���
satis�es pV �ab� 	 pV �ba�� We say that pV is permutable if pV �abc� 	 pV �bac��
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Every �eld extensionK�F induces a representation �K 	 ��FK � A�FK �
End�V ��F K �	 End�V �F K� of the K
algebra AK 	 A�F K in the vector
space VK 	 V �F K� The A
module V has a composition series

� 	 Vr�� 	 Vr 	 � � � 	 V� 	 V� 	 V

with simple factorsWj 	 Vj�Vj��� The A
moduleW 	 
rj��Wj is semisimple�
it is called the semisimple module associated with V � If IW is the annihilator
ideal of W in A then IWVj 	 Vj�� for j � �� and so Ir��W � IV � In particular�
if V is a faithful A
module then IW is nilpotent� �We refer to ����
 for details��

In the proofs we will often replace the direct sum 
rj��Wj with the direct

sum 
si��W
mi

i � where Wi are the non
isomorphic composition factors of V �

���� Lemma� Let A be a �nite dimensional F �algebra� V a �nite dimensional

A�module� W 	 
si��W
mi

i the associated semisimple A�module and let K�F
be a �eld extension� Then�

��� A�R is commutative if and only if AK�R�AK� is commutative�

��� tV is permutable if and only if tVK is permutable�

��� tV 	 tW 	
Ps

i��mitWi
�

��� pV 	 pW 	
Qs
i�� p

mi

Wi
�

Proof� Since the radical of a �nite dimensional algebra is the maximal nilpotent
ideal it clearly follows that R�A�K � R�AK�� If A�R is commutative then
AK�RK

�	 A�R�FK is commutative and hence so is AK�R�AK�� Conversely�
suppose that AK�R�AK� is commutative� Then �ab� ba� �F � � R�AK� for
any two elements a and b of A� If I is the ideal of A generated by ab� ba then
the ideal IK of AK is contained in R�AK� and is therefore nilpotent� But then
I is nilpotent and so is contained in R� The second assertion follows directly
from the fact that tVK �a �F k� 	 tV �a�k� To prove the last two assertions it
su�ces to show that tV 	 tV � � tV �� and pV 	 pV �pV �� for every exact sequence
of �nite dimensional A
modules

�� V � � V
�
�� V �� � ��

But� if feiji 	 �� �� � � � �mg is a basis of V with dual basis feiji 	 �� �� � � � �mg
such that fej jj 	 �� �� � � � rg is a basis of V �� and ffj 	 	�ej�jj 	 r � �� r �
�� � � � �mg a basis of V �� then

tV �a� 	

mX

i��

ei�aei� 	

rX

j��

ej�aej� �

mX

j�r��

f j�afj� 	 tV ��a� � tV ���a��

Moreover� since ei�aej� 	 � when i � r and j � r� and ei�aej� 	 f i�afj� if
i� j � r we see that pV 	 pV �pV �� � The result now follows by induction� �
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���� Theorem� Suppose that either charF 	 � or charF 	 p � � and n � �p�
Then a subalgebra A of Mn�F � �	 EndF �V � has permutable trace if and only if

A�R is commutative� In particular� a semisimple algebra has permutable trace

if and only if it is commutative�

Proof� By Lemma ���� both properties� that of permutable trace and of the
commutativity of A�R� are invariant under �eld extensions� So we may assume
that F is algebraically closed� By the third part of Lemma ��� we also may
replace V by the semisimple A
module W 	 
si��W

mi

i � where the Wi are the
non
isomorphic simple composition factors of V � But then RW 	 � and� since
V is a faithful A
module� the annihilator IW is nilpotent� so that R 	 IW �
This shows that we may assume that A is a semisimple algebra� So it su�ces
to prove the assertion of the theorem when F is algebraically closed and A is
a semisimple F 
algebra� But then A �	 
si��Ai� where Ai

�	 Mni�F �� and A
is not commutative if and only if at least one of the Ai is not commutative�
i�e� if and only if there is a central idempotent E � A such that EA is a
non
commutative simple F 
algebra� Then A 	 EA 
 �� � E�A and V 	
EV 
 �� � E�V � So clearly� we may assume that A is a simple F 
algebra�
Then A �	 Md�F � and V �	 Um is a direct sum of m copies of the unique
�up to isomorphism� simple A
module� so that tV 	 mtU and tU is just the
ordinary trace onMd�F �� If the characteristic of F does not dividem then tV is
permutable if and only tU is� But the ordinary trace onMd�F � is permutable if
and only if d 	 �� since E��E��E�� 	 E�� and E��E��E�� 	 �� This completes
the proof when the charateristic of F is zero� When charF 	 p � � we see that
the assumptions that p divides m and d � � imply that �p � md � n� and the
assertion follows� �

���� Corollary� A �nite dimensional simple F �algebra of Mn�F � with n � �p
if F has positive characteristic p has a permutable trace if and only if it is a

�nite �eld extension of F �

���� Corollary� Suppose that either charF 	 � or charF 	 p � � and

n � �p� Then the following are equivalent for subalgebra A of Mn�F ��

��� A is triangularizable over some �nite extension �eld K�F �

��� A has permutable characteristic polynomial�

��� A has permutable trace�

���� Remark� If charF 	 p � � then the condition n � �p in Theorem ���
cannot be relaxed� For example� if n 	 �p and A is the image of the diagonal
map � � M��F � � M��F �

p 	 Mn�F �� then Tr�a� 	 � for all a � A� In this
case A�R �	M��F � is simple� butW is the direct sum of p copies of the unique
simple M��F �
module F �� So� it follows that A has permutable trace� but
A�R �	 M��F � is not commutative�

If F is not perfect� then there are examples of a di�erent nature� Let K�F
be a purely inseparable extension of degree p� let A 	 M��K� and let V be
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the unique simple A
module� Then dimK V 	 � and dimF V 	 �p� so that A
imbeds in M�p�F � giving a �p
dimensional representation of the F 
algebra A�
Since tV�F 	 TrK�F 
tV�K �see ��� Sect� ��
 or ��� Sect� �
� and since the �eld
trace TrK�F 	 � for any purely inseparable extension K�F of positive degree
we obtain tV�F 	 �� Again� the trace of the faithful representation of A is
permutable but the simple F 
algebra A is not commutative�

We shall see in the next section that the only way permutability of the trace
can hold without A�R being commutative is that composition factors of the
above two types occur�

�� The trace form and permutability of trace

Let A be a subalgebra of Mn�F � �	 EndF �V � with Jacobson radical R
and let W��W�� � � � �Ws be the distinct composition factors with multiplicities
m��m�� � � � �ms of the A
module V � We have seen in section � that W 	

si��W

mi

i is a module over the semisimple algebra A�R and that

tV 	 tW 	

sX

i��

mitWi
�

This shows that for questions concerning permutability of trace one can essen

tially reduce to the semisimple case�

The bilinear form on A�R associated with the trace tV � A � F is de�ned by
�a� b� 	 tV �ab�� This form is clearly symmetric and associative� i�e� �a� bc� 	
�ab� c�� so that its radical is an ideal� Observe that this trace form is non

degenerate if and only if mitWi

is non
zero for each i� This is because the
radical of the trace form is an ideal� so that when A is simple the radical is
either zero or the whole algebra A� Sometimes we just say that the trace is
non
degenerate if the associated trace form is non
degenerate�

���� Proposition� Let A 	 Mn�D� be a simple ring� where D is a division

algebra over the �eld F � and supose that V is a simple A�module� Then tV 	 �
if and only if either

��� Z�A��F is inseparable� or

��� �D � Z�A�
 is a multiple of the characteristic�

Proof� By de�nition the degree of the division algebra D over its center is e�
where e� 	 �D � Z�D�
� Now tV�F 	 TrZ�A��F 
tV�Z�A� �see ��� Sect� ��
 or ���
Sect� �
�� and the �eld trace TrZ�A��F is non
degenerate on Z�A� if and only if
Z�A��F is separable and is zero otherwise� To compute the trace tV�Z�A� split
D by tensoring by a maximal sub�eld K of D� Then V �Z K �	Me� where M
is the unique simple module over the simple K
algebra A�Z K �	Me�K�� and
tV�Z�A� 	 etM � Now the assertion follows� since tM �	 �� �
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���� Corollary� Let A be a subalgebra of Mn�F � �	 EndF �V �� Then the trace

tV is non�degenerate on A�R if and only if all of the following conditions hold�

��� mi is not divisible by the characteristic of F for i 	 �� �� � � � � s�
��� Z�A�R� is separable over F �

��� �D � Z�D�
 is not divisible by the characteristic of F for every division

algebra D appearing in A�R� �

These comments about the trace form allow us to extend our main result�
Theorem ���� in several directions�

���� Theorem� Suppose that A is a matrix algebra with non�degenerate trace�

Then� the trace is permutable if and only if A�R is commutative� �

If F has characteristic zero� then all the conditions of the Corollary ��� are
automatically satis�ed� and so tV is always non
degenerate� Observe that pass

ing to a separable extension a non
degenerate form remains non
degenerate� so
one may reduce to the algebraically closed case whenever F is perfect� If F is
perfect� then property ��� of Corollary ��� is obviously satis�ed and by a result
of Albert �see ��
� so is property ����

Recall that� if W is an A
module� then IW denotes the annihilator ideal of
W in A�

���� Theorem� Let F be a perfect �eld and let A be a subalgebra of Mn�F � �	
EndF �V �� Then the trace tV is permutable if and only if each composition

factor W of V for which A�IW is not commutative has multiplicity divisible

by the characteristic of F � �

�� Algebras with permutable Brauer characters

An invariant for �nite dimensional representations which� in positive char

acteristic� is �ner than the ordinary character is the Brauer character� The
more general version used here is described in ��
� As we have seen in section
�� there is no harm in replacing the �eld F by its algebraic closure�

Let F be a �eld of positive characteristic p with algebraic closure �F � Then
there exists an integral domain D of characteristic zero satisfying the following
conditions�

��� There exists a surjection f � D� �F � and
��� D is a local� integrally closed and its quotient �eld E is algebraically

closed�

Here is the construction� Let B be an integral domain of characteristic zero
such that there exists a surjective homomorphism f � B � �F � By laying over�
we may replace B by its integral closure in the algebraic closure of its quotient
�eld� If D is the localization of B at the maximal ideal ker f � then D is a
local integrally closed domain of characteristic zero with algebraically closed
quotient �eld E and a surjective homomorphism f � D� �F �
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Let I 	 ker�f�� So I is the unique maximal ideal of D� Then f induces a
surjective group homomorphism from D� to �F � with kernel � � I� Since D is
integrally closed and its quotient �eld is algebraically closed� it is straightfor

ward to verify that � � I is a divisible group� Thus� f is a split surjection on
D�� Let 
 � �F � � D� 	 E� be an injection with f
�x� 	 x for all x � E��
De�ne 
��� 	 ��

If � � A � EndF �V � �	 Mn�F � is a representation of the algebra A� de�ne
the Brauer character bV � A � E by

bV �a� 	

nX

i��


��i��

where ��� ��� � � � � �n are the eigenvalues of ��a� in �F � Observe that

f�bV �a�� 	
X

i

f�
��i�� 	 TrV �a��

so that the Brauer character contains at least as much information as the
ordinary character� In fact ��
� the Brauer character determines the composition
factors of � �while the trace in the algebraically closed case only determines
the multiplicites of the composition factors modulo p�� We can now obtain a
version of Theorem ��� in positive characteristic by using the Brauer character�
We �rst prove the analog of Lemma ��� for the Brauer character�

���� Lemma� Let A be a �nite dimensional F �algebra� V a �nite dimensional

A�module� W 	 
si��W
mi the associated semisimple A�module and let K�F

be an �eld extension� Then�

��� A�R is commutative if and only if AK�R�AK� is commutative�

��� bV is permutable if and only if bVK is permutable�

��� bV 	 bW 	
Ps

i��mibWi
�

Proof� The �rst assertion is the same as that in Lemma ���� The second as

sertion follows directly from the fact that bVK �a�F k� 	 bV �a�k� For the third
assertion we may assume that F is algebraically closed and it su�ces to show
that bV 	 bV � � bV �� for every exact sequence of �nite dimensional A
modules

�� V � � V
�
�� V �� � ��

Since F is algebraically closed there is for every a � A a basis feiji 	 �� �� � � � � rg
of V � in which a is upper triangular� and this basis can be extended to a basis
fej jj 	 �� �� � � � ng of V in which a is upper triangular� But then f	�ej�jj 	
r � �� r � �� � � � ng is a basis of V �� in which a is upper triangular� Then

bV �a� 	

nX

i��

�i 	

rX

j��

�j �

nX

j�r��

�j 	 bV ��a� � bV ���a��
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The result now follows by induction� �

Using the Brauer character we now get the following re�nements of the main
results of sections � and ��

���� Theorem� A subalgebra A of Mn�F � �	 EndF �V � has permutable Brauer

character if and only if A�R is commutative�

Proof� Proceed along the same lines as in the proof of Theorem ���� Again� by
Lemma ���� we see as in Theorem ��� that it is enough to prove the assertion
when F is algebraically closed and A is a semisimple F 
algebra� But then
A �	 
si��Ai� where Ai

�	 Mni�F �� and A is not commutative if and only if
at least one of the Ai is not commutative� i�e� if and only if there is a central
idempotentE � A such that EA is a non
commutative simple F 
algebra� Then
A 	 EA
 ���E�A and V 	 EV 
 ���E�V � So� clearly� we may assume that
A is a simple F 
algebra� Then A �	 Md�F � and V �	 Um is a direct sum of m
copies of the unique �up to isomorphism� simple A
module� so that bV 	 mbU �
It follows then that bV is permutable if and only if bU is� If bU is permutable�
then so is f 
 bU which is the trace on Md�F �� This trace is permutable if and
only if d 	 �� since E��E��E�� 	 E�� and E��E��E�� 	 �� and the proof is
complete� �

���� Corollary� The following are equivalent for an algebra A of matrices

over the �eld F �

��� A is triangularizable over some �nite extension �eld K�F �

��� A has permutable Brauer character�

��� A has permutable characteristic polynomial�

Proof� ��� and ��� are equivalent by the theorem� Clearly� ��� implies ���� Since
the characteristic polynomial determines the eigenvalues� whence the Brauer
character� ��� implies ���� �
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