PERMUTABILITY OF CHARACTERS ON ALGEBRAS

L. GRUNENFELDER, R. GURALNICK, T. KOSIR AND H. RADJAVI

1. INTRODUCTION

First consider an algebra A of n X n matrices over a field F. We say that
A has permutable trace if the traces Tr(abc) and Tr(bac) are equal for any
matrices a,b,c € A. If the characteristic of F' is zero then our main result
implies that A has permutable trace if and only if 4/R is commutative, where
R is the (Jacobson) radical of A. In particular, it follows that a division algebra
(or a semisimple algebra) is commutative if and only if it has permutable trace.
If the characteristic of F' is positive then the result is valid when the size of the
matrices is small, i.e. if n < 2p.

In section 3 we investigate the obstructions when n > 2p by considering
properties of the trace form on A, defined by (a,b) = Tr(ab). This is a sym-
metric, associative, bilinear form on A. In particular, whenever this trace form
on A is non-degenerate, then in any characteristic, A has permutable trace if
and only if A/R is commutative.

These considerations suggest a slightly stronger condition than permutability
of the trace to force commutativity of A/R. In section 4 we show that if the
trace is replaced by the Brauer character, suitably generalized as in [3], then
the original result is restored in full generality, i.e. A/R is commutative if and
only if the Brauer character is permutable.

A version of our main theorem for an algebra of matrices over an algebraically
closed field of characteristic zero was proved in [5,6].

2. ALGEBRAS WITH PERMUTABLE TRACE

For any finite-dimensional representation p : A — Endg (V) let ty : A — F
be the associated character or trace, i.e. ty (a) = Tr(pa). If the representation
is faithful, we say that the character is faithful. The character tyy : A — F
is called permutable if ¢y (abc) = ty (bac). This is equivalent to saying that
tv(a1az...ax) = ty(@e1)0e(2) - - - (k) for all & > 0, any ay,az,... ,ap € A
and every permutation o of {1,2,... ,k}.

More generally [4, Ch.16], the characteristic polynomial py : A — F[z] of
the representation p : A — Endp(V), defined by py(a) = det(zI — p(a)),
satisfies py (ab) = py (ba). We say that py is permutable if py (abc) = py (bac).
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Every field extension K/F' induces a representation px = pQr K : AQpK —
End(V)®r K = End(V ®F K) of the K-algebra Ax = A®p K in the vector
space Vx =V ®p K. The A-module V has a composition series

0:W+1CWC...CV2CV1:V

with simple factors W; = V;/Vj41. The A-module W = ®’—; W is semisimple,
it is called the semisimple module associated with V. If Zy is the annihilator
ideal of W in A then Zyw V; C V44 for 7 > 1, and so I{;l C Zy. In particular,
if V' is a faithful .A-module then Zyy is nilpotent. (We refer to [1,4] for details.)
In the proofs we will often replace the direct sum ®7—, W, with the direct
sum @°_,; W/, where W; are the non-isomorphic composition factors of V.

2.1. Lemma. Let A be a finite dimensional F-algebra, V a finite dimensional
A-module, W = @;_ W™ the associated semisimple A-module and let K/F
be a field extension. Then,

(1) A/R is commutative if and only if Ax/R(AK) is commutative;

(2) tv is permutable if and only if tv, is permutable;

(3) tv =tw =37 mitw,;

(4) pv =pw = [T;—1 Pl -

Proof. Since the radical of a finite dimensional algebra is the maximal nilpotent
ideal it clearly follows that R(A)x C R(Ak). If A/R is commutative then
Ax/Rrx =2 A/R®F K is commutative and hence so is Ax /R(Ak). Conversely,
suppose that Ax/R(Ak) is commutative. Then (ab — ba) ®F 1 € R(Ak) for
any two elements a and b of A. If 7 is the ideal of A generated by ab — ba then
the ideal Zx of Ak is contained in R(Ag) and is therefore nilpotent. But then
7 is nilpotent and so is contained in R. The second assertion follows directly
from the fact that ty, (e ®F k) = ty(a)k. To prove the last two assertions it
suffices to show that ¢ty = ty+ +ty» and py = pyrpyr for every exact sequence
of finite dimensional A-modules

0=V VL5V 5o

But, if {e;[i = 1,2,... ,m} is a basis of V with dual basis {e’[i = 1,2,... ,m}
such that {e;|j = 1,2,...r} is a basis of V" and {f; = n(e;)[j = r+ 1,7 +
2,...,m} a basis of V" then

m

ty(a) = Zei(aei) = elae)) + Y fllafy) =ty(a) + tyn(a).

=1 Jj= j=r+1

Moreover, since e’(ae;) = 0 when i > r and j < r, and e'(ae;) = f'(af;) if
1,7 > r we see that py = py/pyr. The result now follows by induction. [
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2.2. Theorem. Suppose that either char F' = 0 orchar F' =p > 0 and n < 2p.
Then a subalgebra A of M, (F') = Endp (V) has permutable trace if and only if
A/R is commutative. In particular, a semisimple algebra has permutable trace
if and only if it is commutative.

Proof. By Lemma 2.1, both properties, that of permutable trace and of the
commutativity of A/R, are invariant under field extensions. So we may assume
that F' is algebraically closed. By the third part of Lemma 2.1 we also may
replace V' by the semisimple A-module W = @&;_, W,"*, where the W; are the
non-isomorphic simple composition factors of V. But then RW = 0 and, since
V is a faithful A-module, the annihilator Zy is nilpotent, so that R = Zyy.
This shows that we may assume that A is a semisimple algebra. So it suffices
to prove the assertion of the theorem when F' is algebraically closed and A is
a semisimple F-algebra. But then A = @7_; A;, where A, = M, (F), and A
is not commutative if and only if at least one of the A; is not commutative,
i.e. if and only if there is a central idempotent £ € A such that EA is a
non-commutative simple F-algebra. Then A = EA® (1 — E)A and V =
EV & (1 — E)V. So clearly, we may assume that A is a simple F-algebra.
Then A = My(F) and V = U™ is a direct sum of m copies of the unique
(up to isomorphism) simple A-module, so that ¢ty = mity and ¢y is just the
ordinary trace on My(F). If the characteristic of F' does not divide m then ¢y is
permutable if and only ¢y is. But the ordinary trace on My(F') is permutable if
and only if d = ]_, since E11E12E21 = E]_]_ and E12E]_]_E2]_ = 0. This Completes
the proof when the charateristic of F' is zero. When char F' = p > 0 we see that
the assumptions that p divides m and d > 1 imply that 2p < md < n, and the
assertion follows. [

2.3. Corollary. A finite dimensional simple F-algebra of M, (F) with n < 2p
if F' has positive characteristic p has a permutable trace if and only if it is a
finite field extension of F.

2.4. Corollary. Suppose that either char ' = 0 or charFF = p > 0 and
n < 2p. Then the following are equivalent for subalgebra A of M, (F).

(1) A is triangularizable over some finite extension field K/F.
(2) A has permutable characteristic polynomial.
(3) A has permutable trace.

2.5. Remark. If char F' = p > 0 then the condition n < 2p in Theorem 2.2
cannot be relaxed. For example, if n = 2p and A is the image of the diagonal
map A : My(F) — M(F)? C M,(F), then Tr(a) = 0 for all @ € A. In this
case A/R = My(F) is simple, but W is the direct sum of p copies of the unique
simple My (F)-module F?. So, it follows that A has permutable trace, but
A/R = M5(F) is not commutative.

If F' is not perfect, then there are examples of a different nature. Let K/F
be a purely inseparable extension of degree p, let A = M5(K) and let V be
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the unique simple A-module. Then dimg V' = 2 and dimg V = 2p, so that A
imbeds in My, (F') giving a 2p-dimensional representation of the F-algebra A.
Since ty/r = Trg/p oty (see [2, Sect. 22] or [7, Sect. 9]) and since the field
trace Trg/r = 0 for any purely inseparable extension K/F of positive degree
we obtain ty,p = 0. Again, the trace of the faithful representation of A is
permutable but the simple F-algebra A is not commutative.

We shall see in the next section that the only way permutability of the trace
can hold without A/R being commutative is that composition factors of the
above two types occur.

3. THE TRACE FORM AND PERMUTABILITY OF TRACE

Let A be a subalgebra of M, (F) = Endp(V) with Jacobson radical R
and let Wy, Ws, ... , W, be the distinct composition factors with multiplicities
mi,ma,... ,mg of the A-module V. We have seen in section 2 that W =

S W, is a module over the semisimple algebra A/R and that

s
tV = tW = Zmith
i=1

This shows that for questions concerning permutability of trace one can essen-
tially reduce to the semisimple case.

The bilinear form on A/R associated with the trace ¢ty : A — F' is defined by
(a,b) = ty(ab). This form is clearly symmetric and associative, i.e. (a,bc) =
(ab,c), so that its radical is an ideal. Observe that this trace form is non-
degenerate if and only if m;tw, is non-zero for each 4. This is because the
radical of the trace form is an ideal, so that when A is simple the radical is
either zero or the whole algebra A. Sometimes we just say that the trace is
non-degenerate if the associated trace form is non-degenerate.

3.1. Proposition. Let A = M, (D) be a simple ring, where D is a division
algebra over the field F', and supose that V is a simple A-module. Then ty =0
if and only if either

(1) Z(A)/F is inseparable, or

(2) [D: Z(A)] is a multiple of the characteristic.

Proof. By definition the degree of the division algebra D over its center is e,
where e? = [D : Z(D)]. Now tvyr = Trza)/F oty z(a) (see [2, Sect. 22] or [7,
Sect. 9]), and the field trace Trz(4),F is non-degenerate on Z(.A) if and only if
Z(A)/F is separable and is zero otherwise. To compute the trace ty;z(4) split
D by tensoring by a maximal subfield K of D. Then V ® z K =2 M€, where M
is the unique simple module over the simple K-algebra A®,z K = M, (K), and
tv/z(4) = etyr. Now the assertion follows, since tpy # 0. O
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3.2. Corollary. Let A be a subalgebra of M, (F) = Endg (V). Then the trace
ty is non-degenerate on A/R if and only if all of the following conditions hold:
(1) m; is not divisible by the characteristic of F' fori=1,2,...,s;
(2) Z(A/R) is separable over F';
(3) [D : Z(D)] is not divisible by the characteristic of F for every division
algebra D appearing in A/R. O

These comments about the trace form allow us to extend our main result,
Theorem 2.2, in several directions.

3.3. Theorem. Suppose that A is a matriz algebra with non-degenerate trace.
Then, the trace is permutable if and only if A/R is commutative. O

If F' has characteristic zero, then all the conditions of the Corollary 3.2 are
automatically satisfied, and so ty is always non-degenerate. Observe that pass-
ing to a separable extension a non-degenerate form remains non-degenerate, so
one may reduce to the algebraically closed case whenever F' is perfect. If F' is
perfect, then property (2) of Corollary 3.2 is obviously satisfied and by a result
of Albert (see [3]) so is property (3).

Recall that, if W is an A-module, then Zy denotes the annihilator ideal of
W in A.

3.4. Theorem. Let F' be a perfect field and let A be a subalgebra of M, (F') =
Endg(V). Then the trace ty is permutable if and only if each composition
factor W of V' for which A/Lw is not commutative has multiplicity divisible
by the characteristic of F. [

4. ALGEBRAS WITH PERMUTABLE BRAUER CHARACTERS

An invariant for finite dimensional representations which, in positive char-
acteristic, is finer than the ordinary character is the Brauer character. The
more general version used here is described in [3]. As we have seen in section
2, there is no harm in replacing the field F' by its algebraic closure.

Let F be a field of positive characteristic p with algebraic closure F. Then
there exists an integral domain D of characteristic zero satisfying the following
conditions:

(1) There exists a surjection f: D — F; and
(2) D is a local, integrally closed and its quotient field F is algebraically
closed.

Here is the construction. Let B be an integral domain of characteristic zero
such that there exists a surjective homomorphism f : B — F. By laying over,
we may replace B by its integral closure in the algebraic closure of its quotient
field. If D is the localization of B at the maximal ideal ker f, then D is a
local integrally closed domain of characteristic zero with algebraically closed
quotient field £ and a surjective homomorphism f: D — F.
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Let I = ker(f). So I is the unique maximal ideal of D. Then f induces a
surjective group homomorphism from D* to F* with kernel 1 4 I. Since D is
integrally closed and its quotient field is algebraically closed, it is straightfor-
ward to verify that 1 4+ I is a divisible group. Thus, f is a split surjection on
D*. Let p: F* — D* C E* be an injection with fu(z) = z for all z € E*.
Define 1(0) = 0.

If p: A— Endp(V) 2 M,(F) is a representation of the algebra A, define
the Brauer character by : A — E by

by (a) = ZM()\i)’

where A1, Ao, ... , A, are the eigenvalues of p(a) in F. Observe that
Fv(a) = fF(p(\) = Try(a),

so that the Brauer character contains at least as much information as the
ordinary character. In fact [3], the Brauer character determines the composition
factors of p (while the trace in the algebraically closed case only determines
the multiplicites of the composition factors modulo p). We can now obtain a
version of Theorem 2.2 in positive characteristic by using the Brauer character.
We first prove the analog of Lemma 2.1 for the Brauer character.

4.1. Lemma. Let A be a finite dimensional F-algebra, V a finite dimensional
A-module, W = @5_, W™ the associated semisimple A-module and let K/F
be an field extension. Then,

(1) A/R is commutative if and only if Ax/R(AK) is commutative;

(2) by is permutable if and only if by, is permutable;

(3) by = bw = Y7, mibw,.

Proof. The first assertion is the same as that in Lemma 2.1. The second as-
sertion follows directly from the fact that by, (¢ @ k) = by (a)k. For the third
assertion we may assume that F' is algebraically closed and it suffices to show
that by = by~ + by~ for every exact sequence of finite dimensional A-modules

0=V -V 5V 5o

Since F' is algebraically closed there is for every a € A a basis {e;|i = 1,2,... ,r}
of V" in which a is upper triangular, and this basis can be extended to a basis
{ejlj = 1,2,...n} of V in which a is upper triangular. But then {n(e;)|j =
r+ 1,7+ 2,...n} is a basis of V" in which a is upper triangular. Then

bu(a) =Y X=> XN+ > A =by(a)+byr(a)
i=1 j=1

j=r+1
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The result now follows by induction. [

Using the Brauer character we now get the following refinements of the main
results of sections 2 and 3.

4.2. Theorem. A subalgebra A of M, (F') = Endr (V) has permutable Brauer
character if and only if AJ/R is commutative.

Proof. Proceed along the same lines as in the proof of Theorem 2.2. Again, by
Lemma 4.1, we see as in Theorem 2.2 that it is enough to prove the assertion
when F' is algebraically closed and A is a semisimple F-algebra. But then
A= @ A;, where A; = M, (F), and A is not commutative if and only if
at least one of the A; is not commutative, i.e. if and only if there is a central
idempotent F € A such that F.A is a non-commutative simple F-algebra. Then
A=FA®(1-FE)Aand V = EV & (1 — E)V. So, clearly, we may assume that
A is a simple F-algebra. Then A =2 My(F) and V = U™ is a direct sum of m
copies of the unique (up to isomorphism) simple A-module, so that by = mby.
It follows then that by is permutable if and only if by is. If by is permutable,
then so is f o by which is the trace on My(F'). This trace is permutable if and
only if d = 1, since E11E12E21 = E11 and E12E11E21 = 0, and the pI'OOf is
complete. [

4.3. Corollary. The following are equivalent for an algebra A of matrices
over the field F.

(1) A is triangularizable over some finite extension field K/F.
(2) A has permutable Brauer character.
(3) A has permutable characteristic polynomial.

Proof. (1) and (2) are equivalent by the theorem. Clearly, (1) implies (3). Since
the characteristic polynomial determines the eigenvalues, whence the Brauer
character, (3) implies (2). O
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