





































































































































































































































































































































































































































































































































































































































































































































































































































































































8.8 An Application to the Splicing of Telephone Cables 281

Proof. We first note that if m has a primitive root, then A(m) = ¢(m).
From problem S of Section 6.1, we know that ¢(m) is even, so that ¢(m) /2
is an integer, if m > 2. Euler’s Theorem tells us that

a®™ = (g¥™ /)2 = | (mod m),
for all integers @ with (a, m) = 1. From problem 7 of Section 8.3, we know

that when m has a primitive root, the only solutions of x2 = 1 (mod m) are
x = +1 (mod m) . Hence,

a®™ /2= 4+ 1 (mod m).

This implies that
Mo(m) < ¢(m) /2.

Now let » be a primitive root of modulo m with 1 - exponent e. Then

re=+1 (mod m),

so that

r¥ =1 (mod m).

Since ord,,r = ¢(m), Theorem 8.1 tells us that ¢(m) | 2e, or equivalently,
that (¢(m) /2) | e. Hence, the maximum =1 - exponent A\o(m) is at least
¢(m) /2. However, we know that A(m) < ¢(m) /2. Consequently,
M(m) = ¢m) /2=A(m) /2. O

We now will find the maximal =1 - exponent of integers without primitive
roots.

Theorem 8.27. If m is a positive integer without a primitive root, then the
maximal *1 - exponent \o(m) equals A(m), the minimal universal exponent
of m.

Proof. We first show that if a is an integer of order A(m) modulo m with +1
- exponent e such that

a*m™2 £ _1 (mod m),
then e = A(m). Consequently, once we have found such an integer a, we will
have shown that Ag(m) = A(m).

Assume that a is an integer of order A(m) modulo m with +1 - exponent e
such that
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a2 £ _1 (mod m).

Since  a® = £1 (mod m), it follows that a2 =1 (mod m). From

Theorem 8.1, we know that A(m) | 2¢. Since A(m) | 2¢ and e < A(m),
cither e =A(m)/2 or e =A(m). To see that e = A(m)/2, note that
a® = +1 (mod m), but a*™”2 % | (mod m), since ord,a = A(m), and
am™ 2 % 1 (mod m) | by hypothesis. Therefore, we can conclude that if
ord,a =A(m), a has =1 -exponent e, and a® = —1 (mod m), then
e =A(m).

We now find an integer a with the desired properties. Let the prime-power
factorization of m be m = 2' p'l‘ p;’ S p;'. We consider several cases.

We first consider those m with at least two different odd prime factors.
Among the prime-powers pit' dividing m, let p,'J be one with the smallest power

of 2 dividing d)(p,’/). Let »; be a primitive root of p,«" fori=1,2,.,5. Leta
be an integer satisfying the simultaneous congruences

a =3 (mod 2"
a =r; (mod p;) forall i with i = J
a =r} (mod p,'/).

Such an integer a is guaranteed to exist by the Chinese remainder theorem.
Note that

ordna = A2°), $(p),..., 6(p}) /2 ..., p ()1,
and, by our choice of p]i/, we know that this least common multiplc:, equals
A(m). Since a =r? (mod p,t/), we know that o*P)/2=
r,fp(p’l!) = 1 (mod p;}). Because d)(p,t/) /2| X(m) /2, we know that
a*™ /2 =1 (mod P9,
so that

ar™ /2% 1 (mod m).

Consequently, the *1 - exponent of a is A(m).

The next case we consider deals with integers of the form m = 2'%p" where
p is an odd prime, 7, > 1 and t, > 2, since m has no primitive roots. When
to = 2 or 3, we have
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Am) = [2, 6(p1)] = (1),

Let a be a solution of the simultaneous congruences

a =1 (mod 4)

a=r (modpp),

. N t
where 7 is a primitive root of p;'. We see that ord,,a = A(m). Because

™ /2 =1 (mod 4),

we know that
arm 12 % _1(mod m).

Consequently, the =1 - exponent of a is A(m).
When to > 4, let a be a solution of the simultaneous congruences
a =3 (mod 2")
a =r (modpi);

the Chinese remainder theorem tells us that such an integer exists. We see
that ord,,a = A(m). Since 4 | A(2"), we know that 4 | A(m). Hence,

/2 = P /2 = (3Am /4 =1 (mod 8).

Thus,
a?m /2 £ 1 (mod m),

so that the +1 - exponent of a is A(m).

Finally, when m = 2" with to > 3, from Theorem 8.11 we know that
ord,,5 = A(m), but

SAm) /2 = (52)Am) /9 = 1| (mod 8).

Therefore, we see that

sAm) /2 2 1 (mod m);

we conclude that the 1 - exponent of 5 is A(m).

This finishes the argument since we have dealt with all cases where m does
not have a primitive root. O
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We now develop a system for splicing telephone cables. Telephone cables
are made up of concentric layers of insulated copper wire, as illustrated in
Figure 8.1, and are produced in sections of specified length.

Figure 8.1. A cross-section of one layer of a telephone cable.

Telephone lines are constructed by splicing together sections of cable. When
two wires are adjacent in the same layer in multiple sections of the cable,
there are often problems with interference and crosstalk. Consequently, two
wires adjacent in the same layer in one section should not be adjacent in the
same layer in any nearby sections. For practical purpose, the splicing system
should be simple. We use the following rules to describe the system. Wires in
concentric layers are spliced to wires in the corresponding layers of the next
section, following identical splicing direction at each connection. In a layer
with m wires, we connect the wire in position j in one section, where
1 < j < m to the wire in position S (j) in the next section, where S (j) is the
least positive residue of 1 + (j—1)s modulo m. Here, s is called the spread
of the splicing system. We see that when a wire in one section is spliced to a
wire in the next section, the adjacent wire in the first section is spliced to the
wire in the next section in the position obtained by counting forward s modulo
m from the position of the last wire spliced in this section. To have a one-to-
one correspondence between wires of adjacent sections, we require that the
spread s be relatively prime to the number of wires m. This shows that if
wires in positions j and k are sent to the same wire in the next section, then
S(j) =S (k) and
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1+ G-Ds =1+ (k—1s (mod m),

so that js = ks (mod m). Since (m, s) = 1, from Corollary 3.1 we see that
j = k (mod m), which is impossible.

Example. Let us connect 9 wires with a spread of 2. We have the

correspondence
1—1 2—3 3—5
4—7 5—9 6—2
7—4 8 —6 9 — 8.

This is illustrated in figure 8.2.

\/\/
~
\\7(/
NN
> L2
NN
XX
> N~
>
L7 N TN
>
FERN
// N
—X

Figure 8.2. Splicing of 9 wires with spread of 2.

The following proposition tells us the correspondence of wires in the first
section of cable to the wires in the nth section.

Proposition 8.2. Let S”(j) denote the position of the wire in the nth section
spliced to the jth wire of the first section. Then

S"() =1+ (G—1s""! (mod m).

Proof. For n = 2, by the rules for the splicing system, we have

S2(G) =1+ (j—1s (mod m),

so the proposition is true for n = 2. Now assume that

‘ S*"(G) =1+ (G-1s""" (mod m).

| Then, in the next section, we have the wire in position S”(j) spliced to the

o
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wire in position

S"™G) =1+ S"(G)-1)s
1+ ((G—1s" s

1+ (—1)s" (mod m).

i

This shows that the proposition is true. O

In a splicing system, we want to have wires adjacent in one section
separated as long as possible in the following sections. After » splices,
Proposition 8.2 tells us that the adjacent wires in the jth and j+1 th positions
are connected to wires in positions S$"(j) = 1 + (G—=1Ds" (mod m) and
S"(+1D =1+ js" (mod m), respectively. These wires are adjacent in the
nth section if, and only if,

S"(j) ~S"(j+1) = = 1 (mod m),

or equivalently,

I+ G-Ds") — (U+js") = + 1 (mod m),

which holds if and only if

s" = +1 (mod m).

We can now apply the material at the beginning of this section. To keep
adjacent wires in the first section separated as long as possible, we should pick
for the spread s an integer with maximal +1 - exponent Ag(m).

Example. With 100 wires, we should choose a spread s so that the +1 -
exponent of s is Ag(100) = A(100) = 20. The appropriate computations show
that s = 3 is such a spread.

8.8 Problems

1. Find the maximal +1 - exponent of

a) 17 d) 36
b) 22 e 99
c) 24 f) 100.

2. Find an integer with maximal +1 - exponent modulo

a) 13 d) 25
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b) 14 e) 36
c) 15 f) 60.

3. Devise a splicing scheme for telephone cables containing
a) 50 wires b) 76 wires c) 125 wires.

4. Show that using any splicing system of telephone cables with m wires arranged
in a concentric layer, adjacent wires in one section can be kept separated in at
most [(m—1) / 2] successive sections of cable. Show that when m is prime this
upper limit is achieved using the system developed in this section.

8.8 Computer Projects
Write programs to do the following:

1. Find maximal +1 - exponents.

2. Develop a scheme for splicing telephone cables as described in this section.
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Quadratic Residues

9.1 Quadratic Residues

Let p be an odd prime and a an integer relatively prime to p. In this
chapter, we devote our attention to the question: Is a a perfect square modulo
p? We begin with a definition.

Definition. If m is a positive integer, we say that the integer a is a
quadratic residue of m if (a,m) =1 and the congruence x? = g (mod m)
has a solution. If the congruence x2 = ¢ (mod m) has no solution, we say
that a is a quadratic nonresidue of m.

Example. To determine which integers are quadratic residues of 11, we
compute the squares of the integers 1,2,3,.,10. We find that
P=102=1 (mod 11), 22= 92 = 4 (mod 1D, 3*= 82=9 (mod 11),
42 72 =5 (mod 11), and 2= 62 =3 (mod 11). Hence, the quadratic
residues of 11 are 1, 3, 4, S, and 9; the integers 2,6, 7,8, and 10 are
quadratic nonresidues of 11.

Note that the quadratic residues of the positive integer m are just the kth
power residues of m with k=2, as defined in Section 8.4. We will show that if
p is an odd prime, then there are exactly as many quadratic residues as
quadratic nonresidues of p among the integers 1, 2,....,p — 1. To demonstrate
this fact, we use the following lemma.

Lemma 9.1. Let p be an odd prime and @ an integer not divisible by p.
Then, the congruence

288
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x? = a (mod p)
has either no solutions or exactly two incongruent solutions modulo p.

Proof. If x2 = a (mod p) has a solution, say x = xo, then we can easily

demonstrate that x = —xo is a second incongruent solution. Since
(—x¢)2 = x3 = a (mod p), we see that —xq is a solution. We note that
xo F —xo (mod p), for if x¢9= —xo(modp), then we have

2xo = 0 (mod p). This is impossible since p is odd and p I xo (since
x¢ =a (mod p) and p [ a).

To show that there are no more than two incongruent solutions, assume that
= xo and x = x; are both solutions of x2 = a (mod p). Then, we have

x¢ = x? = a (mod p), so that x§ — x} = (xg+x() (xg—x;) = 0 (mod p).
Hence, p | (xgtx,) or p | (xg—x)), so that x; = —xo (mod p) or

x; = x, (mod p). Therefore, if there is a solution of x*> = a (mod p), there
are exactly two incongruent solutions. O

This leads us to the following theorem.

Theorem 9.1. If p is an odd prime, then there are exactly (p—1)/2 quadratic
residues of p and (p—1)/2 quadratic nonresidues of p among the integers
1, 2,...p —L

Proof. To find all the quadratic residues of p among the integers 1,2,....p—1
we compute the least positive residues modulo p of the squares of the integers
1,2,..,p — 1. Since there are p — 1 squares to consider and since each
congruence x2 = a (mod p) has either zero or two solutions, there must be
exactly (p—1)/2 quadratic residues of p among the integers 1, 2,...,p—1. The
remaining p—1 — (p—1)/2 = (p—1)/2 positive integers less than p—1 are
quadratic nonresidues of p. O

The special notation associated with quadratic residues is described in the
following definition.

Definition. Let p be an odd prime and a an integer not divisible by p. The

Legendre symbol % is defined by

a

{ 1if a is a quadratic residue of p
p

—1if a is a quadratic nonresidue of p.

Example. The previous example shows that the Legendre symbols [l—al-],
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a =1,2,.10, have the following values:

SRR N S R R .
11 11 1 11 11 ’

A T U ) ST
11 11 11 11 11 ’

We now present a criterion for deciding whether an integer is a quadratic
residue of a prime. This criterion is useful in demonstrating properties of the
Legendre symbol.

Euler’s Criterion. Let p be an odd prime and let @ be a positive integer not
divisible by p. Then

EJ = a?2(mod p).

Proof. First, assume that {i} = 1. Then, the congruence x2 = 4 (mod p)

p
has a solution, say x = xo. Using Fermat’s little theorem, we see that
a® V2 = (x2)P"D2 = 21 = (mod p).

= a?2(mod p).
P

Hence, if {i} = 1, we know that
P

Now consider the case where [E—J =—1. Then, the congruence
p

x? = a (mod p) has no solutions. From Theorem 3.7, for each integer i such

that 1 </ < p—1, there is a unique integer j with 1 € j < p—1, such that
ij = a(mod p). Furthermore, since the congruence x? = a(mod p) has no
solutions, we know that i = J- Thus, we can group the integers 1,2,...,p—1
into (p—1)/2 pairs each with product a. Multiplying these pairs together, we
find that

(p-D!'= a®P2(mod p).

Since Wilson’s theorem tells us that (p—1)! = ~1 (mod p), we see that

—1 = a?Y2(mod p).
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In this case, we also have [%] = q? Y2(mod p). O

Example. Let p =23 and a = 5. Since 5" = —1 (mod 23), Euler’s criterion

tells us that —25? = —1. Hence, 5 is a quadratic nonresidue of 23.

We now prove some properties of the Legendre symbol.

Theorem 9.2. let p be an odd prime and a and b integers not divisible by p.
Then

b

() if a = b (mod p), then [i] =
p p

o [2][2]-[2)
w [£]-

Proof of (). 1f a = b (mod p), then x*=a (mod p) has a solution if and
b
p

only if x2 = b (mod p) has a solution. Hence, % =

Proof of (ii). By Euler’s criterion, we know that

[—g—] = q®"? (mod p),

%] = p?V2 (mod p),

and

[‘;Tb] = (ab)?~"”2 (mod p).

Hence,

2

:

= a(P—l)/Zb(p—l)/Z - (ab)(p—l)/z = [a_pb_] (modp).

Since the only possible values of a Legendre symbol are =1, we conclude that
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Iz

= %1, from part (ii) it follows that

= |2
14
Part (ii) of Theorem 9.2 has the following interesting consequence. The
product of two quadratic residues, or of two quadratic nonresidues, of a prime

is a quadratic residue of that prime, whereas the product of a quadratic
residue and a quadratic nonresidue is a quadratic nonresidue.

ab
p

a
p

Proof of (iii). Since [%

2

a’ a
p

p

=1. 0

Using Euler’s criterion, we can classify those primes having —1 as a
quadratic residue.

Theorem 9.3. If p is an odd prime, then
-1 1 if p
p | T |-1ifp

Proof. By Euler’s criterion, we know that

1 (mod 4)
—1 (mod 4).

——1] = (=1 ®"D2(mod p).
14

If p = 1 (mod 4), then p = 4k + 1 for some integer k. Thus,
(=D®=D2 = (2% =y,

so that | =L | = 1. If p = 3 (mod 4), then p = 4k + 3 for some integer k.

P
Thus,
(_1)([)—1)/2 = (—])2k+1 _

=—1,

=1 =-1. O
p

so that

The following elegant result of Gauss provides another criterion to
determine whether an integer a relatively prime to the prime p is a quadratic
residue of p.




9.1 Quadratic Residues 293

Gauss’ Lemma. Let p be an odd prime and a an integer with (@p)=1. Iis
is the number of least positive residues modulo p of the integers
a, 2a, 3a,...((p—1)/2)a that are greater than p/2, then the Legendre symbol

i] = (1),
p

Proof. Let uy, u,...,us represent the least positive residues of the integers
a,2a,3a,.,((p—1)/2)a that are greater than p/2, and let v), vy,...,v, be the
least positive residues of these integers that are less than p/2. Since
(ja,p) = 1 for all j with 1 < j < (p—1)/2, all of these least positive residues
are in the set I, 2,....p — 1.

We will show that p—u,, p—us, ..., p—Us, Vi, V2,...,; comprise the set of
integers 1, 2,...,(p—1)/2, in some order. To demonstrate this, it suffices to
show that no two of these integers are congruent modulo p, since there are
exactly (p—1)/2 numbers in the set, and all are positive integers not exceeding
(p-17/2.

It is clear that no two of the u;’s are congruent modulo p and that no two
of the v;’s are congruent modulo p; if a congruence of either of these two sorts
held, we would have ma = na (mod p) where m and n are both positive
integers not exceeding (p—1)/2. Since p la, this implies that
m = n (mod p) which is impossible.

In addition, one of the integers p — u; cannot be congruent to a v;, for if
such a congruence held, we would have ma =p — na (mod p), so that
ma = —na (mod p). Since p | a, this implies that m = —n (mod p) . This
is impossible because both m and n are in the set 1, 2,....(p=1)/2.

Now that we know that p — uy, p — #a,....p — Us, V1, V, ..., vV, are the
integers 1, 2,...,(p—1)/2, in some order, we conclude that

(p—u)(p—uy -~ - (p—udvyvy -+ v, = [B—;L]' (mod p),

which implies that
3

.1 DSuquy - ugvyvy - v, = [2—2——1J' (mod p).

But, since uy, Ua,...,Us, Vi, Vo,...,¥; are the least positive residues of
a, 2a,...((p—1)/2)a, we also know that
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(92) u1u2-~~usvlv2- Y Ea'2a [lel-Ja
p=tf
=q ? [%IJ' (mod p).

Hence, from (9.1) and (9.2), we see that
p-l

(-1)%q 2 [PZLIJE [L;‘—]v (mod p).

Because (p,((p—1)/2)) = 1, this congruence implies that
=1
(=1%a 2 =1 (mod p).

By multiplying both sides by (—1)*, we obtain
p=l
a ? = (-1)* (mod p).

o=t
Since Euler’s criterion tells us that ¢ 2 = [;—J (mod p), it follows that

21 = (=1D* (mod p),
[p] ( mod p

establishing Gauss’ lemma. O

Example. Let ¢ =5 and p =11 To find % by Gauss’ lemma, we

compute the least positive residues of 15, 25, 3-5, 45, and 5'5. These are

5,10, 4,9, and 3, respectively. Since exactly two of these are greater than

11/2, Gauss’ lemma tells us that % =(=D?=1.

Using Gauss” lemma, we can characterize all primes that have 2 as a
quadratic residue.

Theorem 9.4. If p is an odd prime, then

HEE
P
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Hence, 2 is a quadratic residue of all primes p = =1 (mod 8) and a
quadratic nonresidue of all primes p = +3 (mod 8).

Proof. From Gauss” lemma, we know that if s is the number of least positive
residues of the integers

12,22, 32, ... [P—;—l]z

that are greater than p/2, then [%] = (—1)*. Since all these integers are less

than p, we only need to count those greater than p/2 to find how many have
least positive residue greater than p/2.

The integer 2j , where 1 < j < (p—1)/2, is less than p/2 when j < p/4.
Hence, there are [p/4] integers in the set less than p/2. Consequently, there

are s = B;—l — [p/4] greater than p/2. Therefore, by Gauss’ lemma we see
that

[AJ _ (_1)%‘—[,;/41 .
p

To prove the theorem, we must show that

Pz;l - [%1 = (p2—1)/8 (mod 2).

To establish this, we need to consider the congruence class of p modulo 8§,
since, as we will see, both sides of the above congruence depend only on the
congruence class of p modulo 8.

We first consider (p?>—1)/8. If p = +1(mod 8), then p = 8k +1 where k
is an integer, so that

(p2-1)/8 = (Bk £1)?—1)/8 = (64k>+16k)/8 = 8k* + 2k = 0 (mod 2).

If p = £ 3 (mod 8), then p = 8k + 3 where k is an integer, so that

(p>—1)/8 = (8k =+ 3)2—1)/8 = (64k> + 48k + 8)/8 = 8k? + 6k + 1
=1 (mod 2).

Now consider L;]— —[p/a]l. If p =1 (mod 8), then p = 8k + 1 for some

integer k and
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%1 — [p/4) = 4k ~ [2k + 1/4] = 2k =0 (mod 2):

if p = 3 (mod 8), then p = 8k + 3 for some integer k, and

""2‘—1—[,;/41=4k+1—[2k+3/41=zk+1sn(modz);

if p = 5 (mod 8), then p = 8k + 5 for some integer k, and

%‘—[p/41=4k+2—{zk+5/41=zk+1sl(modz);

if p = 7 (mod 8), then p = 8k + 7 for some integer k, and

1’2;1—[;)/41=4k+3—[zk+7/41=2k +2 =0 (mod 2).

Comparing the congruence classes modulo 2 of L— [p/4] and (p2-1)/8

for the four possible congruence classes of the odd prlme p modulo 8, we see
that we always have % [p/4]1 = (p>-1)/8 (mod 2).

Hence, () = (—=1)P*-D78
P

From the computations of the congruence class of (p*—1)/8 (mod 2), we see

p b
P ==*3(mod8). O

that 2 =1 if p==+1(mod8), while i] =—1 if
Example. From Theorem 9.4, we sce that
£ U 2 (R A N O
7 17 23 31 ’
22 o2 oo,
3 S 11 13 19

We now present an example to show how to evaluate Legendre symbols.

while

2
2] -

Example. To evaluate [%lll], we use part (i) of Theorem 9.2 to obtain
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2

317 9o | _ |3 _, . =

[1 ]—l“] !l] 1, since 317 = 9 (mod 11).
39

3
1
To evaluate ‘? ot since 89 = —2 (mod 13), we have
89 _1=2| - =L |2
13 13 13 13 |

tells us that [%] =1. Since 13 = —3 (mod 8), we see from Theorem 9.4

89
Z=-1
3

Because 13 = 1 (mod 4), Theorem 9.3

2

th —
at 13

] = —1. Consequently,

In the next section, we state and prove a theorem of fundamental
importance for the evaluation of Legendre symbols. This theorem is called
the law of quadratic reciprocity.

The difference in the length of time needed to find primes and to factor is
the basis of the RSA cipher discussed in Chapter 7. This difference is also the
basis of a method to "flip coins" electronically that was invented by Blum [82].
Results about quadratic residues are used to develop this method.

Suppose that n = pg, where p and g are distinct odd primes and suppose
that the congruence x> = a (mod n), 0 < a < n, has a solution x = xo.
We show that there are exactly four incongruent solutions modulo n. To see
this, let xo=x; (modp), 0<x, <p, and let xo= x3(mod q),
0 < x, <g¢q. Then the congruence x? = a (mod p) has exactly two
incongruent solutions, namely x = x, (mod p) and x = p — x, (mod p).
Similarly the congruence x2=a (mod g) has exactly two incongruent
solutions, namely x = x, (mod ¢) and x = g — x, (mod ¢).

From the Chinese remainder theorem, there are exactly four incongruent
solutions of the congruence x> = a (mod n) ; these four incongruent solutions
are the unique solutions modulo pg of the four sets of simultaneous
congruences

G x

= x, (mod p) Gi) x =p — x; (mod p)

x = x, (mod q) X = x, (mod ¢)
() x = x; (mod p) v x=p - x; (mod p)
X =q — x, (mod ¢q) X =g — x, (mod g).

We denote solutions of (i) and (ii) by x and y, respectively. Solutions of (iii)
and (iv) are easily seen to be n—y and n—x, respectively.
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We also note that when P =q =3 (mod4), the solutions of
x*=a (mod p) and of x? = a (mod q) are x = £ a®*V (mod p) and
X =+ g9V (mod ), respectively. By Euler’s criterion, we know that

aPD2 = % =1 (mod p) and a9~V2 = %} =1 (mod q) (recall that

we are assuming that x? = g (mod Pg) has a solution, so that @ is a
quadratic residue of both p and q) . Hence,

(a(p+l)/4)2 — a(p+l)/2 - a(p—l)/z.a =4 (modp)

and

(a(q+1)/4)2 - a(q+1)/2 - a(q—l)/Z.a = g (mod q).

Using the Chinese remainder theorem, together with the explicit solutions

just constructed, we can easily find the four incongruent solutions of

x2=ga (mod n) . The following example illustrates this procedure.

Example. Suppose we know a priori that the congruence

x? = 860 (mod 11021)
has a solution. Since 11021 = 103-107, to find the four incongruent solutions
we solve the congruences

2 =860 = 36 (mod 103)

and

x? = 860 = 4 (mod 107).

The solutions of these congruences are

x = + 36194 = 4 36% = + 6 (mod 103)

and

x = £ 40004 = 4 427 = 4 5 (o 107),

respectively. Using the Chinese remainder theorem, we obtain x = =+ 212,
+ 109 (mod 11021) as the solutions of the four systems of congruences
described by the four possible choices of signs in the system of congruences
x = + 6 (mod 103), x = + 2 (mod 107).

We can now describe a method for electronically flipping coins. Suppose
that Bob and Alice are communicating electronically. Alice picks two distinct
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large primes p and g, with p = g = 3 (mod 4). Alice sends Bob the integer
n = pq. Bob picks, at random, a positive integer x less than n and sends to
Alice the integer @ with x> = a (mod n), 0 < a < n. Alice finds the four
solutions of x2 = a (mod n), namely x, y, n—x, and n—y. Alice picks one of
these four solutions and sends it to Bob. Note that since x +y = 2x, ¥
0 (mod p) and x +y =0 (mod q), we have (x+y,n) =g¢, and similarly
(x+(n—y), n) = p. Thus, if Bob receives either y or n—y, he can rapidly
factor n by using the Euclidean algorithm to find one of the two prime factors
of n. On the other hand, if Bob receives either x or n—x, he has no way to
factor n in a reasonable length of time.

Consequently, Bob wins the coin flip if he can factor n, whereas Alice wins
if Bob cannot factor n. From previous comments, we know that there is an
equal chance for Bob to receive a solution of x* = a (mod n) that helps him
rapidly factor n, or a solution of x2 = g (mod n) that does not help him
factor n. Hence, the coin flip is fair.

9.1 Problems
1. Find all the quadratic residues of
a) 3 c) 13
b) S D 19

2. Find the value of the Legendre symbols l%], for j = 1,2,3,4,5, and 6.
7
3. Evaluate the Legendre symbol 1
a) using Euler’s criterion.
b) using Gauss’ lemma.

4. Let a and b be integers not divisible by the prime p. Show that there is either
one or three quadratic residues among the integers a, b, and ab.

5. Show that if p is an odd prime, then
=2
14

6. Show that if the prime-power factorization of n is

1 ifp = 1or 3 (mod8)
= |-1 if p = —10r -3 (mod 8).

21‘+1 2!‘+] 2t‘+l Zt“I 2:_
n=py p2 Pk Pk+t 77 Dn

and g is a prime not dividing #, then
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nl_ [p_k}
q q )
7. Show that if p is prime and p = 3 (mod 4), then [p=1)/21'= (=1)' (mod p),

where ¢ is the number of positive integers less than p/2 that are quadratic
residues of p.

)2
q

Ei]
q

8. Show thatif b is a positive integer not divisible by the prime p, then
b (p—Db -0
14 P

26
P

3
P

+ + + 0+

9. Let p be prime and a a quadratic residue of p. Show that if p =1 (mod 4),
then —a is also a quadratic residue of p, while if p = 3 (mod 4), then —a is a
quadratic nonresidue of p.

10. Consider the quadratic congruence ax?+ bx + ¢ = 0 (mod p), where p is
prime and a,b, and ¢ are integers with pla.

a) Let p = 2. Determine which quadratic congruences (mod 2) have solutions.

b) Let p be an odd prime and let d = 2 — 4ac. Show that the congruence
ax’+bx + ¢ =0 (mod p) is  equivalent to  the congruence
y*=d (mod p), where y = 2ax + b. Conclude that if d = 0 (mod p),
then there is exactly one solution x modulo p, if d is a quadratic residue of
p, then there are two incongruent solutions, while if d is a quadratic
nonresidue of p, then there are no solutions.

1. Find all solutions of the quadratic congruences

a) x¥+ x+1=0 (mod7)
b) x2+5x+1=0(mod?7)
) x2+3x+1=0(mod 7).

12. Show that if p is prime and p > 7, then

a) there are always two consecutive quadratic residues of p . (Hint: First show
that at least one of 2,5, and 10 is a quadratic residue of p.)

b) there are always two quadratic residues of p that differ by 2.
c) there are always two quadratic residues of p that differ by 3.

13. Show that if a is a quadratic residue of the prime p, then the solutions of

x> = a (mod p) are

a) x == a"" (mod p),ifp = 4n + 3.

b) x = & 22" (;nod p), ifp=28n+5.
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15.
16.

17.

18.

19.

20.
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Show that if p is a prime and p = 8n + 1, and r is a primitive root modulo p,
then the solutions of x> = = 2 (mod p) are given by

x =+ (™ £ r") (mod p),

where the + sign in the first congruence corresponds to the + sign inside the
parentheses in the second congruence.

Find all solutions of the congruence x? = 1 (mod 15).

Let p be an odd prime, e a positive integer, and @ an integer relatively prime to

p.

a) Show that the congruence x> = a (mod p°), has either no solutions or
exactly two incongruent solutions modulo p°.

b) Show that there is a solution to the congruence x> = a(mod p**") if and
only if there is a solution to the congruence x2 = a(mod p¢). Conclude
that the congruence x> = a(mod p°) has no solutions if a is a quadratic
nonresidue of p, and exactly two incongruent solutions modulo p if a is a
quadratic residue of p.

¢) Let n be an odd integer. Find the number of incongruent solutions modulo
n of the congruence x> = a(mod n), where 7 has prime-power factorization
[ . a
n=pips " 'p:;, in terms of the Legendre symbols ;— yeves ':— .
1 m

Find the number of incongruent solutions of

a) x*=31 (mod 75

b) x2=16 (mod 105)

¢) x2=46 (mod 231)

d)  x*= 1156 (mod 335°7°119).

Show that the congruence x? = a(mod 2°¢), where e is an integer, e > 3, has
either no solutions or exactly four incongruent solutions. (Hint: Use the fact that
(£x)? = (2 7+x)? (mod 2°).)

Show that there are infinitely many primes of the form 4k + 1. (Hint: Assume
that p,,p,,....p, are the only such primes. Form N = 4(p\p,- - - p)?+ 1, and
show, using Theorem 9.3, that N has a prime factor of the form 4k + 1 that is
not one of p,pa,...sPn.)

Show that there are infinitely many primes of the form

a) 8k —1 b) 8k +3 c) 8k +5.

(Hint: For each part, assume that there are only finitely many primes p,pa,....Pn
of the particular form. For part (a) look at (4p,p, - - - p,)? — 2, for part (b),
look at (pyp; - - * pa)? + 2, and for part (c), look at (p,p, - p,)> + 4. In each
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part, show that there is a prime factor of this integer of the required form not
among the primes py,p,,...,p,. Use Theorems 9.3 and 9.4.)

21. Show that if p is an odd prime, then the congruence x*> = g (mod p") has a
solution for all positive integers n if and only if a is a quadratic residue of D.

22. Show that if p is an odd prime with primitive root r , and a is a positive integer
not divisible by p, then a is a quadratic residue of p if and only if ind,a is even.

23. Show that every primitive root of an odd prime p is a quadratic nonresidue of p.

24. Let p be an odd prime. Show that there are (p=1)/2 — ¢(p~1) quadratic
nonresidues of p that are not primitive roots of p.

25. Let p and ¢ = 2p + 1 both be odd primes. Show that the p—1 primitive roots
of g are the quadratic residues of g, other than the nonresidue 2p of q.

26. Show that if p and g =4p + 1 are both primes and if 2 is a quadratic
nonresidue of ¢ with ord;a # 4, then a is a primitive root of q.

27. Show that a prime p is a Fermat prime if and only if every quadratic nonresidue
of p is also a primitive root of p. ‘

28. Show that a prime divisor p of the Fermat number F, = 2% + 1 must be of the
form 2"*% + 1. (Hint: Show that ord,2 = 2" Then show that
20792 = | (mod p) using Theorem 9.4. Conclude that 2" (p—1)/2))

29. a) Show that if p is a prime of the form 4k + 3 and g =2p + 1 is prime, then
g divides the Mersenne number M, =2°—1. (Hint: Consider the Legendre

2
symbol | =| )
q

b)  From part (a), show that 23| M), 47| My, and 503] M.

30. Show that if n is a positive integer and 21 + 1 is prime, and if n =0 or
3(mod 4), then 2n + 1 divides the Mersenne number M, = 2"—1, while if
n =1 or2 (mod 4), then 2n + 1 divides M, +2=2" + 1. (Hint: Consider the

and use Theorem 9.4.)

2
L d bol
egendre symbo il

31. Show that if p is an odd prime, then

[G+1)
p

p—2

=1

=1

LG+ | _ [+
P P

(Hint: First show that where j is an inverse of Jj modulo

p).

32. Let p be an odd prime. Among pairs of consecutive positive integers less than p,
let (RR), (RN), (NR), and (NN) denote the number of pairs of two quadratic
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33.
34.

35.
36.

residues, of a quadratic residue followed by a quadratic nonresidue, of a
quadratic nonresidue followed by a quadratic residue, and of two quadratic
nonresidues, respectively.

a) Show that

(RR) + RN) = —(p—2-(-DO™?)
(NR) + (NN) = ;—(p_2+(_1)(p—l)/2)
(RR) + (NR) = ‘5(,,_1) 1

(RN) + (NN) = %(p_l),

b) Using problem 30, show that

-2 P
5 L(J;_” — (RR) + (NN) — (RN) — (NR) = —1.
Jj=1

¢) From parts (a) and (b), find (RR), (RN), (NR), and (NN).

Use Theorem 8.15 to prove Theorem 9.1.

Let p and g be odd primes. Show that

a) 2isa primitive root of ¢, if ¢ = 4p + 1.

b) 2 is a primitive root of g, if p is of the form 4k + 1 and g = 2p + 1.
¢) —2is a primitive root of g, if p is of the form 4k — 1 and ¢ =2p + L.
d) —4is a primitive root of ¢, if ¢ = 2p + 1.

Find the solutions of x> = 482 (mod 2773) (note that 2773 = 47-59).

In this problem, we develop a method for deciphering messages enciphered using
a Rabin cipher. Recall that the relationship between a ciphertext block C and
the corresponding plaintext block P in a Rabin cipher s
C = P (P+b) (mod n), where n = pq, p and g are distinct odd primes, and b
is a positive integer less than n.

a) Show that C + a = (P+b)*(mod n), where a = (25)? (mod n), and 2 is
an inverse of 2 modulo n.

b) Using the algorithm in the text for solving congruences of the type
x2 = a (mod n), together with part (a), show how to find a plaintext block
P from the corresponding ciphertext block C. Explain why there are four
possible plaintext messages. (This ambiguity is a disadvantage of Rabin
ciphers.)

¢} Using problem 35, decipher the ciphertext message 1819 0459 0803 that
was enciphered using the Rabin cipher with b = 3 and n = 47-59 = 2773.
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37. Let p be an odd prime and let C be the ciphertext obtained by modular
exponentiation, with exponent e and modulus p, from the plaintext P, ie.,
C = P¢ (mod p), 0 < C < n, where (e,p—1) = 1. Show that C is a quadratic
residue of p if and only if P is a quadratic residue of p.

38. a) Show that the second player in a game of electronic poker (see Section 7.3)
can obtain an advantage by noting which cards have numerical equivalents
that are quadratic residues modulo p . (Hint: Use problem 37.)

b) Show that the advantage of the second player noted in part (a) can be
eliminated if the numerical equivalents of cards that are quadratic
nonresidues are all multiplied by a fixed quadratic nonresidue.

39. Show that if the probing sequence for resolving collisions in a hashing scheme is
hi(K) = h(K) + aj + bj? (mod m) , where 4 (K) is a hashing function, m is
a positive integer, and a and b are integers with (b,m) = 1, then only half the
possible file locations are probed. This is called the quadratic search.
9.1 Computer Projects
Write programs to do the following:
1. Evaluate Legendre symbols using Euler’s criterion.
2. Evaluate Legendre symbols using Gauss’ lemma.
3. Flip coins electronically using the procedure described in this section.
4

Decipher messages that were enciphered using a Rabin cipher (see problem 35).

9.2 The Law of Quadratic Reciprocity
An elegant theorem of Gauss relates the two Legendre symbols

5 and -g— , where p and ¢ are both odd primes. This theorem, called

the law of quadratic reciprocity, tells us whether the congruence
x*=p (mod q) has solutions, once we know whether there are solutions of
the congruence x2 = p (mod q), where the roles of p and g are switched.

We now state this famous theorem.

The Law of Quadratic Reciprocity. Let p and g be odd primes. Then

2lle|.cpTs
qglp
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Before we prove this result, we will discuss its consequences and its use. We
first note that the quantity (p—1)/2 is even when p = 1(mod 4) and odd

when p = 3(mod 4). Consequently, we see that E:z_—l--L;-l— is even if

p=1(mod4) or g =1(mod4), while B;—l% is  odd if

p = g = 3(mod 4). Hence, we have
Y
q

Since the only possible values of [%] and [i—] are =1, we see that

9

P

1 if p = 1(mod 4) or ¢ = 1(mod 4) (or both)
= |-1 if p =q =3(mod 4).

if p = 1(mod 4) or ¢ = 1(mod 4) (or both)

g = 3(mod 4).

=N
~
i

This means that if p and g are odd primes, then [2] = t-q-] unless both

—q_ .
p

p and g are congruent to 3 modulo 4, and in that case, [5—] = -

Example. Let p =13 and ¢ = 17. Since p = g = 1(mod 4), the law of

quadratic reciprocity tells us that Bz

= . i T
17 3 From part (i) of Theorem

9.2, we know that [%] = [-14—3 , and from part (iii) of Theorem 9.2, it

2
follows that {-14?} = {—12?] = 1. Combining these equalities, we conclude

13
that {17] =1.

Example. Letp =7 andg =19. Sincep =g = 3(mod 4) , from the law of

-179— . From part (i) of

quadratic reciprocity, we know that

a1
19
Theorem 9.2, we see that [I—?—j = [i

7

. Again, using the law of quadratic
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reciprocity, since 5 = 1(mod 4) and 7 = 3(mod 4), we have [%} = [%} .

rom part (i) of Theorem 9.2 and Theorem 9.4, we know that

7 2 7

= l=1=-1=-1. — | =1

S 5 1. Hence 19

We can use the law of quadratic reciprocity and Theorems 9.2 and 9.4 to
evaluate Legendre symbols. Unfortunately, prime factorizations must be
computed to evaluate Legendre symbols in this way.

Example. We will calculate (note that 1009 is prime ). We factor

713
1009
713 = 23:31, so that from part (i) of Theorem 9.2, we have

713 | _ (2331 _ [ 23 31
1009 | | 1009 |

1009 1009
To evaluate the two Legendre symbols on the right side of this equality, we
use the law of quadratic reciprocity. Since 1009 = 1 (mod 4), we see that

- ) ]

1009 23 1009 31

Using Theorem 9.2, part (i), we have

1009 | _ (20| f1009] (17
23 23 |31 31

By parts (ii) and (iii) of Theorem 9.2, it follows that
2] _(2s)_(2])(s]_ (s
23 23 23 23 23 |
The law of quadratic reciprocity, part (i) of Theorem 9.2, and Theorem 9.4
tell us that
Szl o[ (5] (2],
23 5 S 3 3 '

23
Thus, [ 1009 ] =




9.2 The Law of Quadratic Reciprocity 307

Likewise, using the law of quadratic reciprocity, Theorem 9.2, and Theorem

9.4, we find that
211723
17 7 7

#3811
][

Consequently, [—13%] = -1

7
3

713
1009

Therefore, [ ] =11 =1

We now present one of the many possible approaches for proving the law of
quadratic reciprocity. Gauss, who first proved this result, found eight different
proofs, and an article published a few years ago offered what was facetiously
called the 152nd proof of the law of quadratic reciprocity. Before presenting
the proof, we give a somewhat technical lemma, which we use in the proof of
. this important law.

Lemma 9.2. If p is an odd prime and a is an odd integer not divisible by p,
then

a

p

= (_I)T(a.p)

where
(p-112

T@p)= 3 lja/pl

j=1

Proof. Consider the least positive residues of the integers
a,2a,.,((p—1)/Da; let uy, us,..., u; be those greater than p/2 and let
Vi, Va,..., V; be those less than p/2. The division algorithm tells us that

ja = plja/pl + remainder,

where the remainder is one of the u;s or v;’s. By adding the (p—1)/2
equations of this sort, we obtain
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Gp-D/2 (p-1)/2
9.3) 2 ja= 3 p[ja/p] + E u; + 2 vj.
Jj=1 J=1 Jj=1 j=1

As we showed in the proof of Gauss’ lemma, the integers p — U gy p —
Vi,..., V; are precisely the integers 1, 2,.., (p—1)/2, in some order. Hence,
summing all these integers, we obtain

p-1/2

Jj=1 Jj=1 j=1 j=1 J=1

Subtracting (9.4) from (9.3), we find that

(p-1)/2 ' (p-1/2 ) (p-1)/2

2 ja= 3% j="3 plialpl—ps+2 3 4

j=1 j=1 =1 j=1

-1/2
or equivalently, since T(a,p) = 2 [ja/p],
J=1
p-1/2
(a=1) 3 j=pT(ap) —ps +2 2 uj.

J=1 Jj=1

Reducing this last equation modulo 2, since ¢ and p are odd, yields
0=T(a,p) —s (mod 2).

Hence,

T(a,p) =5 (mod 2).

To finish the proof, we note that from Gauss’ lemma

[3} = (=1~
p

Consequently, since (—1)* = (=1DT@P it follows that

Ll = (nTew g
p

Although Lemma 9.2 is used primarily as a tool in the proof of the law of
quadratic reciprocity, it can also be used to evaluate Legendre symbols.

Example. To find [%J, using Lemma 9.2, we evaluate the sum
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3 17,/111 = [7/11] + [14/11] + [21/11] + [28/11] + [35/11]
= —0+1+14243=T.

Tl =) = =
Hence,[ll] -1 1.

1

Likewise, to find [ 7

1, we note that

32 [11j/71=111/71 + [22/71 + [33/7] = 1 + 3 + 4 =8,
Jj=1

so that {171—] =(-D¥=1.

Before we present a proof of the law of quadratic reciprocity, we use an
example to illustrate the method of proof.

Let p=7 and ¢ =11. We consider pairs of integers (x,y) with
l<x<7—;l-=3and1<y< -l
note that none of these pairs satisfy 11x = 7y, since the equality 11x =7y

implies that 11 | 7y, so that either 11 | 7, which is absurd, or 11 | y, which is
impossible because 1 < y < 5.

= 5. There are 15 such pairs. We

We divide these 15 pairs into two groups, depending on the relative sizes of
11x and 7y.

The pairs of integers (x,y) with 1 < x <3,1<y <5, and 1lx > 7y
are precisely those pairs satisfying 1 < x < 3 and 1 <y < llx/7. For a
fixed integer x with 1 < x < 3, there are [11x/7] allowable values of y.
Hence, the total number of pairs satisfying 1 < x < 3,1 <y <5, and
11x > Ty is

S /71 =170+ 22/ + 13371 = 1+ 3 + 4= 8§

Jj=1

these eight pairs are (1,1), (2,1), (2,2), (2,3), (3,1), (3,2), (3,3) and (3,4).

The pairs of integers (x,y) with 1 < x < 3,1 <y <5, and 1lx <7y
are precisely those pairs satisfying 1 <y <5 and 1 < x < 7y/11. For a
fixed integer y with 1 <y < 5, there are [7y/11] allowable values of x.
Hence, the total number of pairs satisfying 1 < x < 3,1 <y <5, and
11x < 7y is
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5
> [7;/11) = [7/111 + [14/11] + [21/11] + [28/11] + [35/11]

j=1
—0+1+1+2+3=
These seven pairs are (1,2), (1,3), (1,4), (1,5), (2,4), (2,5), and (3,5) .

Consequently, we see that

=1 7-1 T4 S [7i
-5 " 53=15= Y [11j/71+ T [7j/111 =8 + 7.
j=1 j=1
Hence,
11-1 7-1 2[11,/7] + 2 [7;/111
-1 %2 2 =(- 1)”'l -
5
2 [11/7] > 711l
— A A
E [11/M
Since Lemma 9.2 tells us that 7 = (-1 and

7 25;[7j/11] l__, 1-1
T = (=) , we see that [——J [ ] z 2

This establishes the special case of the law of quadratic reciprocity when
p=Tandg =

We now prove the law of quadratic reciprocity, using the idea illustrated in
the example.

Proof. We consider pairs of integers (x,y) with 1 < x < (p—1)/2 and
1 <y < (g—1)/2. There are L;.l_ -q%l— such pairs. We divide these pairs
into two groups, depending on the relative sizes of gx and py.

First, we note that gx # py for all of these pairs. For if gx = py, then
g | pv, which implies that g | p or g | y. However, since ¢ and p are

distinct primes, we know that ¢ [ p, and since 1 <y < (g—1)/2 , we know
that g [ y.

To enumerate the pairs of integers (x,y) with 1 <x < (p—1)/2,
1 €y < (g—1)/2, and gx > py, we note that these pairs are precisely those
where 1 € x < (p—1)/2 and 1 € y < gx/p. For each fixed value of the
integer x, with 1 < x < (p—1)/2, there are [gx/pl integers satisfying
1 <y < gx/p. Consequently, the total number of pairs of integers (x,y)
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(p—-1D/2
with1 <x < (p=1)/2,1 <y < (g—1)/2,and gx > py is [gj/pl.
j=1
We now consider the pairs of integers (x,y) with 1 < x < (p—1/2,
1 <y < (g—1)/2, and gx < py. These pairs are precisely the pairs of
integers (x,y) with 1 < y < (g—1)/2 and 1 < x < py/q. Hence, for each
fixed value of the integer y, where 1 €y < (g—1)/2, there are exactly
[py/q] integers x satisfying 1 < x < py/q. This shows that the total
number of pairs ?f i‘r)l/tlegers (x,y) with 1 < x € (-D/2,1 <y < (g-1/2,
-
andgx <pyis X lpj/ql.
j=1
Adding the numbers of pairs in these classes, and recalling that the total
number of such pairs is L;—l--q—;l-, we see that

(p-172 (g-1/2 _ _
> lgi/pl+ 3 Ipj/gl= p_zlgz_l ,
j=1 j=1

or using the notation of Lemma 9.2,
T(qg.p) + T(p,g) = 1—’%‘—9;—1 .
Hence,

p-l g1
(_I)T(q,p)+T(p,q) = (_1)T(q,p)(_1)T(p,q) = (=1) 2 2

Lemma 9.2 tells us that (—1)T@?) = [-g—] and (=1)709 = [‘Z— . Hence

HOREE
P

q

This concludes the proof of the law of quadratic reciprocity. O

The law of quadratic reciprocity has many applications. One use is to prove
the validity of the following primality test for Fermat numbers.
Pepin’s Test. The Fermat number F,, = 2" + 1 is prime if and only if

352 = 1 (mod F,,).

Proof. We will first show that F,, is prime if the congruence in the statement
of the theorem holds. Assume that
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32 = 4 (mod Fm).

Then, by squaring both sides, we obtain
3= 1 (mod F,,).

From this congruence, we see that if p is a prime dividing F,,, then

37" =1 (mod p),

and hence,

ord,3 | (F,—1) =27

Consequently, ord, 3 must be a power of 2. However,
ord,3 J 27" = (F,,—1)/2,
. (F,—1D/2 [ .
since 3" = —1 (mod F,,) . Hence, the only possibility is that

ord,3 =2 = F, — 1. Since ord,3=F,—1<p—1 and p | F,, we see
that p = F,,, and consequently, F,, must be prime.

Conversely, if F,, = 2% + 1 is prime for m > 1, then the law of quadratic
reciprocity tells us that
2
= — = —1
{ 3 ] ’

since F,, = 1 (mod 4) and F,, = 2 (mod 3).

Fom

9.5) 3

3
F

Now, using Euler’s criterion, we know that

(9.6) 2 =302 (og ),
Fo
From the two equations involving [73—}, (9.5) and (9.6), we conclude that
m
32 = 1 (mod F,,).

This finishes the proof. O

Example. Let m =2. Then F, =2 + 1 =17 and
32 - 38 = 1 (mod 17).
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By Pepin’s test, we see that Fp = 17 is prime.
Let m = S. Then Fs =27 + 1 =22+ 1 = 4294967297. We note that
JFD2 _ g2 32147483648 = 10324303 = —1 (mod 4294967297).

Hence, by Pepin’s test, we see that Fs is composite.

9.2 Problems

1. Evaluate the following Legendre symbols

3 31
a) E_} d) 641 }

7 111
b) 7—9—‘ e) —]

991
15 105
ST } D |Toos ]

2. Using the law of quadratic reciprocity, show that if p is an odd prime, then

3

{ 1if p = +1 (mod 12)
p =

-1 if p = x5 (mod 12).

3. Show that if p is an odd prime, then

2

4. Find a congruence describing all primes for which 5 is a quadratic residue.

1 if p= 1 (mod6)
= |-1 if p =—1 (mod 6).

S. Find a congruence describing all primes for which 7 is a quadratic residue.

6. Show that there are infinitely many primes of the form S5k + 4. (Hint: Let n be
a positive integer and form @ = 5(n)* + 4. Show that Q has a prime divisor of
the form 5k + 4 greater than n. To do this, use the law of quadratic reciprocity

to show that if a prime p divides Q, then [%] =1)
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7. Use Pepin’s test to show that the following Fermat numbers are primes
a) F, =35 b)  Fy =257 c)  F,=65537.

8. From Pepin’s test, conclude that 3 is a primitive root of every Fermat prime.

9. In this problem, we give another proof of the law of quadratic reciprocity. Let p
and ¢ be distinct odd primes. Let R be the interior of the rectangle with vertices
0 =1(0,0,A=(p/2,0),B=(g/2,0), and C = (p/2,q/2).

a) Show that the number of lattice points (points with integer coordinates) in
Ris &;_Lﬂz_l

b) Show that there are no lattice points on the diagonal connecting O and C.

) Sh(ow )t/hat the number of lattice points in the triangle with vertices O, A, C
p—1/2

is X lig/pl

J=1

d) Show tha(t 11)1/e number of lattice points in the triangle with vertices O, B,
q-1)/2

and Cis Y [jp/ql
j=1
e) Conclude from parts (a), (b), (c), and (d) that
(p-1)/2 (g-1)/2

/ — —
S Lglpl+ > Uplql = 12_2_1g2_l

j=1 Jj=1
Derive the law of quadratic reciprocity using this equation and Lemma 9.2.
9.2 Computer Projects
Write programs to do the following:

1. Evaluate Legendre symbols, using the law of quadratic reciprocity.

2. Determine whether Fermat numbers are prime using Pepin’s test.

9.3 The Jacobi symbol

In this section, we define the Jacobi symbol. This symbol is a generalization
of the Legendre symbol studied in the previous two sections. Jacobi symbols
are useful in the evaluation of Legendre symbols and in the definition of a
type of pseudoprime.

Definition. Let n be a positive integer with prime factorization

n=p11'p'2’ o -p,',:' and let a be a positive integer relatively prime to n. Then,
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the Jacobi symbol l%] is defined by

I t 1
[i] - [ } ] B { , o { 3 ]
t »
n p'llp;z e P2 Pm

where the symbols on the right-hand side of the equality are Legendre
symbols.

a

P

Example. From the definition of the Jacobi symbol, we see that

21 BT

2] ) )
Hi (e

When n is prime, the Jacobi symbol is the same as the Legendre symbol.

and

However, when n is composite, the value of the Jacobi symbol % does not
tell us whether the congruence x? = a (mod n) has solutions. We do know
that if the congruence x> = a (mod n) has solutions, then —3— = 1. To see
this, note that if p is a prime divisor of » and if x*=a (mod n) has

solutions, then the congruence x2 = a (mod p) also has solutions. Thus,
4y

m
41 =1, Consequently, L g 11 2 | — 1. To see that it is possible
p n j=1 | Pj
that % = 1 when there are no solutions to x2 = a (mod n), let a = 2 and
2 2112
n = 15. Note that S= 1515 (=1)(~1) = 1. However, there are

no solutions to x2 = 2 (mod 15), since the congruences x> = 2 (mod 3) and
x2 = 2 (mod 5) have no solutions.

We now show that the Jacobi symbol enjoys some properties similar to those
of the Legendre symbol.
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Theorem 9.5. Let n be an odd positive integer and let @ and b be integers
relatively prime to n. Then

3 o

() ifa =b (mod n) , then [%J = [

o [¢]-[e)e)

(iii) _—1] = (- &2
n

(iv) 3} = (=) WD
n

Proof. In the proof of all four parts of this theorem we use the prime

. N t t t
factorization n = py'p7 - - - p,x.
Proof of (i). We know that if p is a prime dividing , then a =b (mod p).
Hence, from Theorem 9.2 (i), we have % = -{)—j Consequently, we see
that
al (a)"(a)" (e ) () (o) ()" (s
n P P2 Pm P P2 Pm n
.. . ab a b
Proof of (ii). From Theorem 9.2 (i), we know that |22 = |-%||Z
Pi Pi Pi
Hence,
1 1, .,
ab | _ |ab|"|ab .| @b
n Pi P2 Pm
~ (e (e e ()" (a)" ()"
D D1 2] P2 Pm Pm
-|ellt
nil|n
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Proof of (iii). Theorem 9.3 tells us that if p is prime, then

—
S =R
Pm

1| = (=1) =Y Consequently,
)l,(p,—l)/2 + 4,02+ - +1,(p,—D/2

REIR

- (-1

| From the prime factorization of n, we have

| n=0+ (=" + (=1 (1 + (p=1)™.

Since (p;—1) is even, it follows that

(1 + (=) =1+ t;(p;—1) (mod 4)

and

a+ -0 +1(p-D)=1+4{p-D+ t;(pj—1) (mod 4).

Therefore,

n=1+0p-D+6L{p-D+ -+ tm(Pm—1) (mod 4).

This implies that
=012 =t,(p,-1D/2+ t,(p—D/2+ -+ + 1y (p,—1)/2 (mod 2) .

Combining this congruence for (n—1)/2 with the expression for [i] shows
n

n—1
m411=en2.
n

Proof of (iv) . If p is prime, then [—12;-] = (—=1)¥*-VY7  Hence,

2 (2 (2] e
n D1 P2 Pm

'ﬂ

— (_l)t,(pf—l)/B +,(p2-DB+ - +1,(p2-1)/8

As in the proof of (iii), we note that
n? =+ (p2=1D"A + P3-1)"- - A+ p2-1)"
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Since pjz—l = 0 (mod 8), we see that

I+ @~ =1+ 1,(p2=1) (mod 64)
and
(+5(p~10)0 + (p~1) =1+ 1,(p2-1) + 1;(p/—1) (mod 64).
Hence,
n=14+60-D +6,p3-1)+ -+ tm(p2—1) (mod 64).

This implies that
(*=DB=1,(p2~1/8 + 1,(p2—1)/8 + - - - + tm (2—1)/8 (mod 8).

Combining this congruence for (n2 — 1)/8 with the expression for [3] tells
n

us that [-2— = (=)*"-DB

n

We now demonstrate that the reciprocity law holds for the Jacobi symbol as
well as the Legendre symbol.

Theorem 9.6. Let n and m be relatively prime odd positive integers. Then

[lJ [ﬁJ T T

m n

Proof. Let the prime factorizations of m and n be m = p?‘p;’ ‘- ~pf' and
b b b
n=gq,'qy - -q, . We see that

r b ro s p b,

m m J

2] fef g 2

[”] iI-:Il[qu Ej-l 4q;j

and

a, ab,

n Slm | A g

[’"] j1=-=11Pj ,I-Il.I-Il pj

Thus,
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2 (2]

From the law of quadratic reciprocity, we know that

‘”—’ - (—1)t%1] 22_)
qi

[miﬁﬁ]=fIﬁX—D%P§4J%?L=angwkgﬂq%%}

n

a,b,

igkes:

i=1 j=1

'
Dj

Hence,

i=1 j=1

We note that

A pi—l g—1 | _ % |ptl| &, (4!
27‘[ LA PR e PR
i-1 j= J i
As we demonstrated in the proof of Theorem 9.5 (iii),
J pi—11 _ m-1
; = d 2
,Z;] | =5 ) 5 (mod 2)
and
4 g—l | _ n-1
[2 b; { 3 ] == (mod 2).
Thus,
oo pi—1 g—1) _ m—1 n-l
(9.8) E j§1 a; [ 3 ] b; [ = 5 (mod 2).

Therefore, from (9.7) and (9.8), we can conclude that

[—"L] [L] = (—1)%—-14 n_z—_l m
n m

We now develop an efficient algorithm for evaluating Jacobi symbols. Let a
and b be relatively prime positive integers with a < b. Let Ry=a and
R, = b . Using the division algorithm and factoring out the highest power of
two dividing the remainder, we obtain
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Ro=Rq, + 2"R,,

where s, is a nonnegative integer and R, is an odd positive integer less than
R,. When we successively use the division algorithm, and factor out the
highest power of two dividing remainders, we obtain

R; = Ryq, + 2R,
Ry = R3q3 + 2R,

Rn—3 = Rn—2‘]n—2 + zj.-an—l
Ryy =Ry gy + 2 -1,

where s; is a nonnegative integer and R; is an odd positive integer less than
Rj_y for j = 23,..,n—1 . Note that the number of divisions required to reach
the final equation does not exceed the number of divisions required to find the
greatest common divisor of @ and b using the Euclidean algorithm.

We illustrate this sequence of equations with the following example.

Example. Let a = 401 and b = 111 . Then

401 = 1113 + 2217
11 =176 +2%9
17 91+ 231,

I

Using the sequence of equations we have described, together with the
properties of the Jacobi symbol, we prove the following theorem, which gives
an algorithm for evaluating Jacobi symbols.

Theorem 9.7. Let a and b be positive integers with @ > b . Then

R?-1 RL -1 R~1 Rl R,
a . .
;

w21 . Rn—l_l
where the integers R; and s;,j = 1,2,..,n—1, are as previously described.

5, s, +
=(=1"' 8 8 2 2 2 2

Proof. From the first equation and (i), (i) and (iv) of Theorem 9.5, we have
R2-1
_€.=&= =_2_ =(_1)s'8
b R, R,

$1

2R,
R,

R,

R,

R,
R,
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Using Theorem 9.6, the reciprocity law for Jacobi symbols, we have

R-1 Ryl
Ra|_ (=1) 2 | R ,
1 R,
so that
R~1 R,-1 R2-1
al o oE e | R
b R, |’
Similarly, using the subsequent divisions, we find that
R—1 Ry~ R>-1
Rj- | _ (=1) e T R;
j Rjn

for j = 2,3,...,n—1. When we combine all the equalities, we obtain the desired

. a
expression for et a

The following example illustrates the use of Theorem 9.7.

Example. To evaluate 1—?1— , we use the sequence of divisions in the
previous example and Theorem 9.7. This tells us that
1121 17-1 91  111-1 17-1 , 17-1 9-1
401]___(_1)2“”s—+°"_s_+3'—§_+ 7 T2 T2 T2 o
111 )

The following corollary describes the computational complexity of the
algorithm for evaluating Jacobi symbols given in Theorem 9.7.

Corollary 9.1. Let a and b be relatively prime positive integers with @ > b.
Then the Jacobi symbol 2| can be evaluated using O((logyb)®) bit

b
operations.

Proof. To find [%] using Theorem 9.7, we perform a sequence of 0 (log,b)

divisions. To see this, note that the number of divisions does not exceed the
number of divisions needed to find (a,b) using the Euclidean algorithm.
Thus, by Lamé&’s theorem we know that O (logyb) divisions are needed. Each
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division can be done using O((log,5)2) bit operations. Each pair of integers
R; and s5; can be found using O(log,b) bit operations once the appropriate
division has been carried out.

Consequently, O ((log,b)3) bit operations are required to find the integers
R;.si, j=12,..,n—1 from a and b. Finally, to evaluate the exponent of —]

in the expression for % in Theorem 9.7, we use the last three bits in the

binary expansions of Rj,j =12,..,n—1 and the last bit in the binary
expansions of siJ = 1,2,..,n—1 . Therefore, we use O (log,b) additional bit
a

operations to find ik Since 0((logyb)*) + 0 (logyb) = 0 ((log,b)?) , the

corollary holds. O

9.3 Problems

1. Evaluate the following Jacobi symbols

2 5 1009
21 2307
27 2663

b) [TETJ [3299]
111 N 10001
1001 20003 |’

2. For which positive integers n that are relatively prime to 15 does the Jacobi

symbol 15 equal 1?
n
3. For which positive integers n that are relatively prime to 30 does the Jacobi
symbol 30 equal 1?
n

4. Let a and b be relatively prime integers such that b is odd and positive and
a = (~1)*2'q where q is odd. Show that

a b_l*.\'+b.;l't _q_
=1 = (- 2 8
2] 2]

5. Let n be an odd square-free positive integer. Show that there is an integer a

such that (a,n) =1 and % =—1.
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Let n be an odd square-free positive integer.

a) Show that 3] %— = 0, where the sum is taken over all k in a reduced set

of residues modulo n. (Hint: Use problem 5.)

b) From part (a), show that the number of integers in a reduced set of residues

. . k
modulo 7 such that k- 1 is equal to the number with o = —1.
n

Let a and b=r be relatively prime odd positive integers such that

a =roq, + €ry
ro=rig2 t er;

Fnol = Tp=1@n—1 T €n7n

where ¢; is a nonnegative even integer, ¢ = %1, r; is a positive integer with
ri < rioy, for i=12,.n; , and r, =1. These equations are obtained by
successively using the modified division algorithm given in problem 10 of Section
1.2.

a) Show that the Jacobi symbol (%] is given by

reloer—i r=loer, -1 ro—l et
LSS e
a [ 2 2 2 2 2 2
[—] =(~1) .

b

a
b

al _ ()T
]

where T is the number of integers i, | < i < n, with r,.y = ¢r; =3
(mod 4).

b) Show that the Jacobi symbol [ ] is given by

Show that if @ and b are odd integers and (a,b) =1, then the following
reciprocity law holds for the Jacobi symbol:

b _(_I)TT ifa < 0and b<0
a
[Ibl] [Ial] ‘

(-1) 2 otherwise.
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In problems 9-15 we deal with the Kronecker symbol which is defined as follows. Let

a be a positive integer that is not a perfect square such that =0 or 1 (mod 4). We
define

a
2

1 ifa =1 (mod8§)
T | -1ifa =5 (mod 8).

a

the Legendre symbol !%J if p is an odd prime such that pfa .

t
a d ', S . o
ol 1I [pi-] if (@,n) =1 and n = []p; is the prime factorization of .
j=1Fi j=1

9. Evaluate the following Kronecker symbols
5 13 101
a) [12] b) [ZOJ c) lZOO}'

For problems 10~15 let a be a positive integer that is not a perfect square such that
a= 0 or 1(mod 4).

10. Show that [%} = [ﬁ] if 24a, where the symbol on the right is a Jacobi

symbol.

11.  Show that if n; and n, are positive integers and if (a,n,n,) = 1, then [nan ] =
112

e

12. Show that if n is a positive integer relatively prime to a and if a is odd, then
a
n

= ﬁ , while if a is even, and @ = 2°¢ where ¢ is odd, then
a

al_|z2] )55 [
n n el ]

13. Show that if n, and n[ are positive integers relatively prime to a and

a
_— | = —_

ny = n, (mod | a), then .
n ny

=-1

14. Show that if a#0, then there exists a positive integer n with [%
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. a 1ifa>0
15. Show that if a #0, then m = 1_iifa <0.

9.3 Computer Projects
Write programs to do the following:
1. Evaluate Jacobi symbols using the method of Theorem 9.7.
2. Evaluate Jacobi symbols using problems 4 and 7.

3. Evaluate Kronecker symbols (defined in the problem set).

9.4 Euler Pseudoprimes

Let p be an odd prime number and let b be an integer not divisible by p.
By Euler’s criterion, we know that

pe-D2 = {—z-] (mod p).

Hence, if we wish to test the positive integer n for primality, we can take an
integer b, with (b, n) = 1, and determine whether
-2 = | b
b = ';1- (mod fl),
where the symbol on the right-hand side of the congruence is the Jacobi

symbol. If we find that this congruence fails, then n is composite.

Example. Let n =341 and b = 2. We calculate that 27" = | (mod 341).

Since 341 = —3 (mod 8), using Theorem 9.5 (iv), we see that —3‘2‘—1 =—].
Consequently, 2'70 & [-33—1] (mod 341). This demonstrates that 341 is not
prime.

Thus, we can define a type of pseudoprime based on Euler’s criterion.

Definition. An odd, composite, positive integer n that satisfies the congruence
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pn—D/2 = [% (mod n),

where b is a positive integer is called an Euler pseudoprime to the base b.

An Euler pseudoprime to the base b is a composite integer that
masquerades as a prime by satisfying the congruence given in the definition.

Example. Let n = 1105 and b = 2. We calculate that 252 = | (mod 1105).

Since -1105 =1 (mod 8), we see that 1_1265_ =1, Hence,

2% = {-1-%] (mod 1105). Because 1105 is composite, it is an Euler

pseudoprime to the base 2.

The following proposition shows that every Euler pseudoprime to the base b
is a pseudoprime to this base.

Proposition 9.1. If » is an Euler pseudoprime to the base &, then n is a
pseudoprime to the base 5.

Proof. 1f n is an Euler pseudoprime to the base &, then

D2 = [%] (mod n).

Hence, by squaring both sides of this congruence, we find that

2
(bn=D12)2 = [%] (mod n).

n
pseudoprime to the base b. O

Since [—b—] = =+ 1, we see that b"~! = 1 (mod n). This means that » is a

Not every pseudoprime is an Euler pseudoprime. For example, the integer
341 is not an Euler pseudoprime to the base 2, as we have shown, but is a
pseudoprime to this base.

We know that every Euler pseudoprime is a pseudoprime. Next, we show
that the converse is true, namely that every strong pseudoprime is an Euler
pseudoprime.
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Theorem 9.8. If n is a strong pseudoprime to the base b, then n is an Euler
pseudoprime to this base .

Proof. Let n be a strong pseudoprime to the base b. Then if n —1=2%,
where ¢ is odd, either b’ =1 (modn) or b¥' = -1 (mod n) where
0<r<s—1. Letn=1]] pf’ be the prime-power factorization of 7.

i=1

First, consider the case where b* = 1 (mod n). Let p be a prime divisor of
n. Since b' = 1(mod p), we know that ord,b|r. Because t is odd, we see
that ord,b is also odd. Hence, ord,b | (p—1)/2, since ord,b is an odd divisor
of the even integer ¢(p) = p —1. Therefore,

p®~V2 =1 (mod p).

= 1.

Consequently, by Euler’s criterion, we have [%

To compute the Jacobi symbol {_bn_l’ we note that {%l = ] for all primes

p dividing n. Hence,

b] b m o)
o) o] - 2]
I | =

i=1

Since b' =1 (mod n), we know that 5"~' = (b)¥ =1 (mod n). Therefore,
we have

bl = [E] = 1 (mod n).
n
We conclude that n is an Euler pseudoprime to the base b.
Next, consider the case where

b¥t = —1 (mod n)

for some r with 0 < r < s — 1. If p is a prime divisor of n, then

b%* = —1 (mod p).

Squaring both sides of this congruence, we obtain
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57" =1 (mod p).

This implies that ord,b | 27+, but that ord,b 12z Hence,

ord,b = 27tl¢,

where ¢ is an odd integer. Since ord,b|(p—1) and 2"*!ord, b, it follows that
27 (p—1).

Therefore, we have p = 2"*'d + 1, where d is an integer. Since

B2 = 1 (mod p).
we have
[% = b1z _ o5/ (p=D/ord, )
= (=) P P/rdb _ (=1) P02 (oq .
Because ¢ is odd, we know that (—1)¢ = —1. Hence,
(9.9) [—;’—J = (D@D = ()4,

recalling that d = (p—1)/2"*!, Since each prime p; dividing n is of the form
pi = 2"t + 1, it follows that

m aj
n=T1Ip/.

i=]

=II @*a; + D*
i=1

= H (1 + 2r+la,'d,')

i=]

m
=1+ 2™ S a;d; (mod 27+2).

i=1

Therefore,

m
127V = (=12 = 2" 3 ayd; (mod 27+).

i=]




9.4 Euler Pseudoprimes 329

This congruence implies that

m
122777 = 3 a;d; (mod 2)

i=1

and

m

2 aldl
(9.10) pr-D2 = pTH2 = (=D = (=1)'  (mod n).

On the other hand, from (9.9), we have

m a, m m 2 a,d,

h i=1 i =1 i=1
Therefore, combining the previous equation with (9.10), we see that

b(n—l)/2 = [%] (mod n).

Consequently, n is an Euler pseudoprime to the base b. O

Although every strong pseudoprime to the base b is an Euler pseudoprime
to this base, note that not every Euler pseudoprime to the base b is a strong
pseudoprime to the base b, as the following example shows.

Example. We have previously shown that the integer 1105 is an Euler
pseudoprime to the base 2. However, 1105 is not a strong pseudoprime to the
base 2 since

2(1105-D/2 = 2552 = 1 (mod 1105),

while

2(1105-D/2" _ 2276 = 781 # =+ 1| (mod 1105).

Although an Euler pseudoprime to the base b is not always a strong
pseudoprime to this base, when certain extra conditions are met, an Euler
pseudoprime to the base & is, in fact, a strong pseudoprime to this base. The
following two theorems give results of this kind.

Theorem 9.9. If n = 3 (mod 4) and n is an Euler pseudoprime to the base
b, then n is a strong pseudoprime to the base b.
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Proof. From the congruence n = 3 (mod 4), we know that n—1 = 2% where
t = (n—1)/2 is odd. Since n is an Euler pseudoprime to the base b, it follows
that

bt =p-D2 = {%J (mod n).

H

I, we know that either &' = 1 (modn) or

Since [AJ =
n

b' = —1 (mod n). Hence, one of the congruences in the definition of a strong
pseudoprime to the base b must hold. Consequently, n is a strong
pseudoprime to the base b. O

Theorem 9.10. If n is an Euler pseudoprime to the base b and [%] = -1,

then 7 is a strong pseudoprime to the base &.

Proof. We write n—1 = 2°¢, where ¢ is odd and s is a positive integer. Since
n is an Euler pseudoprime to the base b, we have

p¥ = pn-D/2 = (—z—] (mod n).

But since [EJ = —1, we see that
n

b'*" = ~1 (mod n).
This is one of the congruences in the definition of a strong pseudoprime to the
base b. Since n is composite, it is a strong pseudoprime to the base 5. O

Using the concept of Euler pseudoprimality, we will develop a probabilistic
primality test. This test was first suggested by Solovay and Strassen [78].

Before presenting the test, we give some helpful lemmata.

there is at least one integer b with 1 < b < n,(b,n) = 1, and

_ =_1’

Lemma 9.3. If n is an odd positive integer that is not a perfect sruare, then

where [i] is the Jacobi symbol.
n
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Proof. If n is prime, the existence of such an integer b is guaranteed by
Theorem 9.1. If n is composite, since n is not a perfect square, we can write
n =rs where (r,5) =1 and r = p¢, with p an odd prime and e an odd
positive integer.

Now let ¢ be a quadratic nonresidue of the prime p; such a ¢ exists by
Theorem 9.1. We use the Chinese remainder theorem to find an integer b
with 1 < b < n, (b,n) = 1, and such that b satisfies the two congruences

b =1t (modr)
b =1 (mods).
Then,
r p p
and ﬁ] = 1. Since [2] = -b—] [—b—}, it follows that [EJ =-—1. 0
s n rils n

Lemma 9.4. Let n be an odd composite integer. Then there is at least one
integer b with 1 < b < n, (b,n) =1, and

pn-DI2 £ {%] (mod n).

Proof. Assume that for all positive integers not exceeding n and relatively
prime to n, that

9.11) pin-12 = [%] (mod n).

Squaring both sides of this congruence tells us that

2
pr-1 = QJ = (+1)? =1 (mod n),

n

if (b,n) =1 . Hence, n must be a Carmichael number. Therefore, from
Theorem 8.21, we know that n = g,9, - - - g, , where q,,g,,...,q, are distinct
odd primes.

We will now show that
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b D2 = | (mod n)
for all integers b with 1 < b < n and (b,n) = 1. Suppose that b is an
integer such that

b D2 = _1 (mod n).
We use the Chinese remainder theorem to find an integer a with
1 <a<n, (a;n)=1,and

b (mod q,)
1 (mod ¢a95 - - - ¢,).

Then, we observe that

(912) a(n—-l)/Z = b(n—l)/2 = —1 (mod 111),
while
(9.13) a2 =1 (mod g.93° " q,).

From congruences (9.12) and (9.13), we see that
a" V2 £ 4 1 (mod n),

contradicting congruence (9.11). Hence, we must have

bD2 = 1 (mod n),

for all b with 1 < b < n and (b,n) = 1. Consequently, from the definition
of an Ealer pseudoprime, we know that

pe-D2 = [%] =1 (mod n)

for all b with 1 < b < n and (b,n) = 1. However, Lemma 9.3 tells us that
this is impossible. Hence, the original assumption is false. There must be at
least one integer b with 1 < b < n, (b,n) = 1, and

pe=D2 [%] (mod ). O

We can now state and prove the theorem that is the basis of the
probabilistic primality test.
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Theorem 9.11. Let n be an odd composite integer. Then, the number of
positive integers less then #, relatively prime to n, that are bases to which 7 is
an Euler pseudoprime, is less than ¢(n)/2.

Proof. From Lemma 9.4, we know that there is an integer b with
1<b<n,(b,n =1, and

9.14) pln-D2 2 [%] (mod n).

Now, let aj,a,,..,a, denote the positive integers less than n satisfying
1 <a; <n,(an)=1,and

(9.15) aj("'l)/2 = [inj—] (mod n),

for j =1,2,...,m.

Let ry,ry,....r,, be the least positive residues of the integers bay.ba,,....ba,,
modulo n. We note that the integers r; are distinct and (rj,n) =1 for
j = 1,2,...,m. Furthermore,

9.16) rj("_l)/zié %— (mod n).

For, if it were true that

rfi 2 = | L1 (mod n),

then we would have

(baj)(”"”/2 = [b—:LJ (mod n).

This would imply that,

b(n—l)/Zaj(n—l)/Z = [%] {GTI] (mod n),

and since (9.14) holds, we would have
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pn-v2 = | b
n k)

contradicting (9.14).

Since a;,j =12,..m, satisfies the congruence  (9.15)  while
rj,J = 12,.., m, does not, as (9.16) shows, we know these two sets of integers
share no common elements. Hence, looking at the two sets together, we have
a total of 2m distinct positive integers less than »n and relatively prime to n.
Since there are ¢(n) integers less than n that are relatively prime to n, we
can conclude that 2m < ¢(n), so that m < ¢(n)/2. This proves the
theorem. O

From Theorem 9.11, we see that if » is an odd composite integer, when an
integer b is selected at random from the integers 1,2,...,n—1, the probability
that n is an Euler pseudoprime to the base & is less than 1/2. This leads to
the following probabilistic primality test.

The Solovay-Strassen Probabilistic Primality Test. Let n be a positive integer.
Select, at random, k integers b1,by,....b; from the integers 1,2,...,n—1. For
each of these integers b;,j = 1,2,....k, determine whether

b,
b=V = [YJJ (mod n).

If any of these congruences fails, then n is composite. If n is prime then all
these congruences hold. If » is composite, the probability that all %
congruences hold is less than 1/2%. Therefore, if n passes this test n is "almost
certainly prime."

Since every strong pseudoprime to the base b is an Euler pseudoprime to
this base, more composite integers pass the Solovay-Strassen probabilistic
primality test than the Rabin probabilistic primality test, although both
require O (k (logyn)*) bit operations.

9.4 Problems
1. Show that the integer 561 is an Euler pseudoprime to the base 2.

2. Show that the integer 15841 is an Euler pseudoprime to the base 2, a strong
pseudoprime to the base 2 and a Carmichael number.

3. Show that if n is an Euler pseudoprime to the bases a and b, then » is an Euler
pseudoprime to the base ab.
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4. Show that if n is an Euler pseudoprime to the base b, then n is also an Euler
pseudoprime to the base n—b.

5. Show that if n= 5 (mod 8) and #n is an Euler pseudoprime to the base 2, then n
is a strong pseudoprime to the base 2.

6. Show that if n = 5 (mod 12) and n is an Euler pseudoprime to the base 3, then
n is a strong pseudoprime to the base 3.

7. Find a congruence condition that guarantees that an Euler pseudoprime to the
base 5 satisfying this congruence condition is a strong pseudoprime to the base 5.
8. Let the composite positive integer n have prime-power factorization

n= pT‘p;‘ - ~p:,', where p; =1+ quj for j=1.2,.m, where
k, <k, < -+ <k, and where n =1+ 2¥g. Show that n is an Euler
pseudoprime to exactly

5, [T ((=1)/2, p,~1)

j=1

different bases b with 1 < b < n, where

2 ifk; =k
6, = 1/2 if k; < k and q; is odd for some j
1 otherwise.

9.4 Computer Projects
Write programs to do the following:

1. Determine if an integer passes the test for Euler pseudoprimes to the base b.

2. Perform the Solovay-Strassen probabilistic primality test.
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Decimal Fractions and
Continued Fractions

10.1 Decimal Fractions

In this chapter, we will discuss rational and irrational numbers and their
representations as decimal fractions and continued fractions. We begin with
definitions.

Definition. The real number « is called rational if o = a/b, where a and b
are integers with b #= 0. If « is not rational, then we say that « is irrational.

If « is a rational number then we may write o as the quotient of two
integers in infinitely many ways, for if o = a/b, where a and b are integers
with b # 0, then a = ka/kb whenever k is a nonzero integer. It is easy to
see that a positive rational number may be written uniquely as the quotient of
two relatively prime positive integers; when this is done we say that the
rational number is in lowest terms.

Example. We note that the rational number 11/21 is in lowest terms. We
also see that

© = —33/-63 = —22/—42 = —=11/-21 = 11/21 = 22/42 = 33/63 = -

The following theorem tells us that the sum, difference, product, and
quotient (when the divisor is not zero) of two rational number is again
rational.
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Theorem 10.1. Let « and @ be rational numbers. Then a + 8, a — B, af,
and a/B (when 870) are rational.

Proof. Since « and 8 are rational, it follows that o = a/b and g = ¢/d, where
a,b,c, and d are integers with b #0 and d # 0. Then, each of the
numbers

a+B=alb+c/d=(ad+bc)/bd,
a—B=alb—cl/d = (ad—bc)/bd,
af = (a/b)-(c/d) = ac/bd,
a/B = (a/b)/(c/d) = ad/bc (38=0),

is rational, since it is the quotient of two integers with denominator different
from zero. O

The next two results show that certain numbers are irrational. We start by
considering V2.
Proposition 10.1. The number V2 is irrational.
Proof. Suppose that V2 = a/b, where a and b are relatively prime integers
with b # 0. Then, we have

2 = a?/b?,

so that
2% = a’.

Since 2|a?, problem 31 of Section 2.3 tells us that 2|a. Let a = 2c, so that

b2 =202

Hence, 2 |52, and by problem 31 of Section 2.3, 2 also divides b. However,
since (a,b) =1, we know that 2 cannot divide both @ and b. This
contradiction shows that V2 is irrational. O

We can also use the following more general result to show that V2 s
irrational.

Theorem 10.2. Let « be a root of the polynomial x" + Cpyx" 1+
-+ ¢;x + cq where the coefficients cg, ¢1,...,Cn—1, a1€ integers with ¢ # 0.
Then « is either an integer or an irrational number.

Proof. Suppose that o is rational. Then we can write a = a/b where a and b
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are relatively prime integers with b # 0. Since a is a root of
X" +eu x4 e1x + ¢q, we have

@/b)* + co_y(a/p)*' + ... + cila/b) + co=0.

Multiplying by ", we find that
a” +c,@" b+ -+ ciab™ !+ cgh” = 0.

Since

a” = b(—c,,_la”_] _ e clabn—z _ cobn—!)’

we see that b|a". Assume that b = + | . Then, b has a prime divisor p .
Since p | b and b | a” , we know that p | a" . Hence, by problem 31 of
Section 2.3, we see that pla. However, since (a,b) =1, this is a
contradiction which shows that & = +1. Consequently, if « is rational then
@ = *a, so that @ must be an integer. O

We illustrate the use of Theorem 10.2 with the following example.

Example. Let a be a positive integer that is not the mth power of an integer,
so that "/a is not an integer. Then /4 is irrational by Theorem 10.1, since
"/a is a root of x™ — q. Consequently, such numbers as /2, 5,97, ete
are irrational.

The numbers 7 and e are both irrational. We will not prove that either of
these numbers are irrational here; the reader can find proofs in [18].

We now consider base b expansions of real numbers, where b is a positive
integer, b > 1 . Let a be a real number, and let @ = [a] be the integer part
of a, so that v =« — [a] is the fractional part of o and @ =a + v with
0 < v < 1. From Theorem 1.3, the integer a has a unique base b expansion.
We now show that the fractional part vy also has a unique base b expansion.

Theorem 10.3. Let v be a real number with 0 SvY<1, and let b be a
positive integer, b > 1. Then v can be uniquely written as

y = 2 cj/bj ,

Jj=1

where the coefficients ¢; are integers with 0 < c; < b—1 for j =1,2,..., with
the restriction that for every positive integer NV there is an integer n with
n 2 Nandc, # b—1.
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In the proof of Theorem 10.3, we deal with infinite series. We will use the
following formula for the sum of the terms of an infinite geometric series.

Theorem 10.4. Let a and r be real numbers with |#| < 1. Then

E} arl = a/(1—r).

j=0
For a proof of Theorem 10.4, see [62]. (Most calculus books contain a proof.)

We can now prove Theorem 10.3.

Proof. We first let
¢ =[b~vl],

sothat 0 < ¢; < b—1,since 0 < by < b. In addition, let

vy =by—ci=by—1[byl,
so that 0 < v; < 1 and

Cy Y1
- —+—.
YT T

We recursively define ¢ and i for k = 2,3,..., by

Cp = [b‘Yk-1]

and

so that 0 € ¢; < b—1, since 0 < byx— < b, and 0 € v¢ < 1. Then, it
follows that
Cy [ Cn Yn
=L+ =2+
YT T b b"
Since 0 < vy, < 1, we see that 0 < v,/b" < 1/b". Consequently,
lim ~,/b" = 0.

n—oo

Therefore, we can conclude that
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. (4] (&) Cn
=lm | —+ <=+ ... + 2
Y n—oo b b2 b
j=1

To show that this expansion is unique, assume that

j=1

J=1 J

where 0 < ¢; < b—1 and 0 < dj < b—1, and, for every positive integer N,
there are integers n and m with cn #b—1and d,, # b—1. Assume that k is
the smaliest index for which ¢y * di, and assume that cx > d; (the case
¢ < di is handled by switching the roles of the two expansions). Then

0= 3 Ccomd)/bl = (umd /6" + 3 (cmd )b

j=1 J=k+1
so that

(10.) (cx—d )bk = 3 (d=c) /o).

J=k+1

Since ¢, > d, we have

(10.2) (cx—dp) /6% > 1/,
while
(10.3) S W) < 3 (=)
Jj=k+1 J=k+1
- (p—1) LB
= (b—1) —
= 1/b*,

where we have used Theorem 10.4 to evaluate the sum on the right-hand side
of the inequality. Note that equality holds in (10.3) if and only if
d;j —cj=b~1 for all j with J 2 k +1, and this occurs if and only if
di=b—landc; =0 for j > k+1. However, such an instance is excluded by
the hypotheses of the theorem. Hence, the inequality in (10.3) is strict, and
therefore, (10.2) and (10.3) contradict (10.1). This shows that the base b
expansion of « is unique. O '
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The unique expansion of a real number in the form 3 ¢;/b/ is called the
j=1
base b expansion of this number and is denoted by (.cic¢3...)5.

To find the base b expansion (.c;cyc3...), of a real number v, we can use
the recursive formula for the digits given in the proof of Theorem 10.3,
namely

c =bvial,  vi = by — byl

where yo = v, for k = 1,2,3,... .

Example. Let (.clc2c3..,.),, be the base 8 expansion of 1/6. Then

(=8 41=1,  m=8 c-1=1,
cz=[8'-;—]=2, 72=8-%—2=—§-,
03—[8-%]=5, 73=8'%—5=%,
c4—[8-%]=2, 74=8-%—2=—§-,
c5=[8'%]=5, 75=8~%—5=;—,

and so on. We see that the expansion repeats and hence,
1/6 = (.1252525..)s.

We will now discuss base b expansions of rational numbers. We will show

that a number is rational if and only if its base b expansion is periodic or
terminates.

Definition. A base b expansion (.cicycs...), is said to terminate if there is a
positive integer n such that ¢, = ¢cp41 = Cpyy = -+ = 0.

Example. The decimal expansion of 1/8, (.125000...) ;o = (.125) o, terminates.
Also, the base 6 expansion of 4/9, (.24000...)4 = (.24)¢, terminates.

To describe those real numbers with terminating base b expansion, we prove
the following theorem.
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Theorem 10.5. The real number o, 0 S a <1, has a terminating base b
expansion if and only if « is rational and o = r/s, where 0 < r < s and every
prime factor of s also divides 5.

Proof. First, suppose that « has a terminating base b expansion,

a=(cicy..ch)y .

Then
Ci Cy Cy
=—+ 24 + =
[24 b b2
Clbn—l"'(,'zbnnz + .-+ Cp
= T s

so that « is rational, and can be written with a denominator divisible only by
primes dividing b.

Conversely, suppose that 0 < « < 1, and
a=rfls,
where each prime dividing s also divides b. Hence, there is a power of b, say

bY, that is divisible by s (for instance, take N to be the largest exponent in
the prime-power factorization of s). Then

b¥a =bNrls = ar,
where sa =b", and a is a positive integer since s|b". Now let
(@, @py-y...a1a0) p be the base b expansion of ar. Then
Apmb" +am 18"+ -+ a\b+ag
bN

bV + @ 6"V 4 g BN g pN

a=ar/bV =

(.00...a,,Gpyy...a1a0)y .

Hence, o has a terminating base b expansion. O

Note that every terminating base b expansion can be written as a
nonterminating base b expansion with a tail-end consisting entirely of the digit
b=1, since Ccyeyr - cpdy=(eier - ¢p—1b—1b-1.), . For
instance, (.12);0 = (.11999..)15 . This is why we require in Theorem 10.3
that for every integer N there is an integer n, such that » > N and
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¢, # b—1; without this restriction base b expansions would not be unique.
A base b expansion that does not terminate may be periodic, for instance

1/3 = (333) 10 »
1/6 = (.1666..)10 ,

and

1/7 = (.142857142857142857..) 1.

Definition. A base b expansion (.cjcyc3..)p is called periodic if there are
positive integers N and k such that c,4x = ¢, forn 2 N.

We denote by (.c1Ca..cN—1CN--CN+k—1)p the periodic base b expansion
(.1 CN-1CN - CN+k—1CN---CN+k—1CN---)p- FOT instance, we have

1/3 = (.5)_1() s
1/6 = (\16) 10,

and

1/7 = (14285710 .

Note that the periodic parts of the decimal expansions of 1/3 and 1/7 begin
immediately, while in the decimal expansion of 1/6 the digit 1 proceeds the
periodic part of the expansion. We call the part of a periodic base b
expansion preceding the periodic part the pre —period, and the periodic part
the period, where we take the period to have minimal possible length.

Example. The base 3 expansion of 2/45 is (.0010121);. The pre-period is
(001)5 and the period is (0121)3.

The next theorem tells us that the rational numbers are those real numbers
with periodic or terminating base b expansions. Moreover, the theorem gives
the lengths of the pre-period and periods of base b expansions of rational
numbers.

Theorem 10.6. Let b be a positive integer. Then a periodic base b expansion
represents a rational number. Conversely, the base b expansion of a rational
number either terminates or is periodic. Further, if 0 < a <1, a= rls,
where 7 and s are relatively prime positive integers, and s = TU where every
prime factor of T divides b and (U,b) =1, then the period length of the base
b expansion of a is ordyb, and the pre-period length is N, where N is the
smallest positive integer such that T|bV.
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Proof. First, suppose that the base b expansion of « is periodic, so that

o = ('ClCZ"~CNcN+]“-cN+k)b

=7+7++ﬁ+[2%”b—++b—]
=%‘—+;—§+~--+Z—’;+[bfil}[le ...+;1\V/_11;]’
where we have used Theorem 10.4 to see that
e k
Zb%= _1L=b’l:—1'

Jj=0
bk

Since « is the sum of rational numbers, Theorem 10.1 tells us that « is

rational.

Conversely, suppose that 0 < o < 1, o = r/s, where r and s are relatively
prime positive integers, s = TU, where every prime factor of 7 divides b,
(U,b) =1, and N is the smallest integer such that T|p™.

Since T|b", we have aT = b", where a is a positive integer. Hence

] PN = pN L_ _ ar ]
(10.4) a=5h TU U
Furthermore, we can write

ar C
10.5 — =4+ —,
(10.5) T T

where 4 and C are integers with

0<4<b¥, 0<cC<uU,

and (C,U) = 1. (The inequality for 4 follows since 0 < bNe = a_(; < bV,

which results from the inequality 0 < & < 1 when both sides are multiplied
by bY) . The fact that (C,U) = 1 follows easily from the condition (r,s) = 1.
From Theorem 1.3, 4 has a base b expansion A = (a,a,_...a,ay),.

If U =1, then the base b expansion of « terminates as shown above.
Otherwise, let v = ordyb. Then,
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c_w+nc _ . C

(10.6) b U U U

where 7 is an integer, since b* = 1 (mod U). However, we also have
C2 Cy Yv

4
C_p|ty 2+ 24+ 2,

(10.7) b ?/- = b 52 X b

where (.cicyc3...)p is the base b expansion of %, so that
e =Ibvis), vk = byi—1 — byl

| where o = —g—, for k = 1,2,3,.... From (10.7) we see that

(10.8) b’ % = [clb"‘1 +cp" 72 -+ cv] + v,.
Equating the fractional parts of (10.6) and (10.8), noting that 0 < v, < 1,
we find that
- <
Yv U
Consequently, we see that
= £
‘YV ’YO U b

so that from the recursive definition of ¢},¢3,... we can conclude that cx4y = ¢k

for k = 1,2,3,... . Hence % has a periodic base b expansion
% = (.c1€2...C))p-

Combining (10.4) and (10.5), and inserting the base b expansions of A and

C
—, we have
U A

(10.9) b¥a = (apay_y...a1ag . C1C2---C)p.

Dividing both sides of (10.9) by 5", we obtain

a = (.00...(1,,(1,,_1...(11(100102...Cv)b B

(where we have shifted the decimal point in the base b expansion of bYa N
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spaces to the left to obtain the base b expansion of ). In this base &
expansion of a, the pre-period (.00...a,a,_;...a1aq), is of length N, beginning
with N — (n+1) zeros, and the period length is v.

We have shown that there is a base b expansion of a with a pre-period of
length V and a period of length v. To finish the proof, we must show that we
cannot regroup the base b expansion of «, so that either the pre-period has
length less than N, or the period has length less than v. To do this, suppose
that

a=(crer.CpCpysrCren)p

;. C Cy b* CM+1 CM+k
B RS  r FE R
_ (C]bM_l+C2bM_2+ e +CM)(bk—1) + (CM+1bk_l+ T +cM+k)
bM (b*—1) '

Since a = r/s, with (r,s) = 1, we see that s [6M (b*—1). Consequently, T|pM
and U[(b*—1). Hence, M > N, and vlk (from Theorem 8.1, since
b¥ =1 (mod U) and v = ordyb). Therefore, the pre-period length cannot be
less than NV and the period length cannot be less than v. O

We can use Theorem 10.6 to determine the lengths of the pre-period and
period of decimal expansions. Let o =r/s, 0 < a < I, and s = 2" 5% |
where (£,10) = 1. Then, from Theorem 10.6 the pre-period has length
max (s),s) and the period has length ord, 10.

Example. Let o = 5/28. Since 28 = 227, Theorem 10.6 tells us that the pre-
period has_length 2 and the period has length ord;10 = 6. Since
5/28 = (.17857142), we see that these lengths are correct.

Note that the pre-period and period lengths of a rational number r/s, in
lowest terms, depends only on the denominator s, and not on the numerator r.

We observe that from Theorem 10.6, a base b expansion that is not
terminating and is not periodic represents an irrational number.
Example. The number with decimal expansion
o =.10100100010000... ,
consisting of a one followed by a zero, a one followed by two zeros, a one

followed by three zeroes, and so on, is irrational because this decimal
expansion does not terminate, and is not periodic.
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The number « in the above example is concocted so that its decimal
expansion is clearly not periodic. To show that naturally occurring numbers
such as e and = are irrational, we cannot us¢ Theorem 10.6, because we do
not have explicit formulae for the decimal digits of these numbers. No matter
how many decimal digits of their expansions we compute, we still cannot
conclude that they are irrational from this evidence, because the period could
be longer than the number of digits we have computed.

10.1 Problems
1. Show that Y5 is irrational
a) by an argument similar to that given in Proposition 10.1.
b) using Theorem 10.2.
2. Show that V2 + /3 is irrational.
3. Show that
a) log,3 is irrational.

b) log,b is irrational, where p is a prime and b is a positive integer which
is not a power of p.

4. Show that the sum of two irrational numbers can be ecither rational or
irrational.

5. Show that the product of two irrational numbers can be either rational or
irrational.

6. Find the decimal expansions of the following numbers

a) 2/5 d) 8/15
b) 5/12 e} 1/111
c) 12/13 f) 1/1001.

7. Find the base 8 expansions of the following numbers

a) 1/3 d) 1/6
b) 1/4 e) 1/12
c) 1/5 f) 1/22.

8. Find the fraction, in lowest terms, represented by the following expansions

a) .12 b) .12 c) 12.
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10.
11.

12.

13.

14.

15.

16.
17.

18.

Decimal Fractions and Continued Fractions

Find the fraction, in lowest terms, represented by the following expansions
a) (123), o) 17y,
b) (013), d) (A4BC) .

For which positive integers & does the base b expansion of 11/210 terminate?

Find the pre-period and period lengths of the decimal expansions of the
following rational numbers

a) 7/12 d) 10/23
b) 11/30 e) 13/56
c) 1/75 D 1/61.

Find the pre-period and period lengths of the base 12 expansions of the
following rational numbers

a) 1/4 d) 5/24
b) 1/8 e) 17/132
c) 7/10 f) 7/360 .

Let & be a positive integer. Show that the period length of the base b
expansion of 1/m is m — 1 if and only if m is prime and b is a primitive root
of m.

For which primes p does the decimal expansion of 1/p have period length of

a) 1 d 4
b) 2 e) 5
c 3 f) 67

Find the base b expansions of
a) 1/(b-1) b) 1/(6+1) .

Show that the base & expansion of 1/(b—1)2is (0123..5—3 b—1),.
Show that the real number with base b expansion
(0123..6—1 101112..), ,
constructed by successively listing the base b expansions of the integers, is
irrational.

Show that

1 1 1 1 1
DR AN A A
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19.

20.

21.

22.

23.

is irrational, whenever b is a positive integer larger than one.

Let by,b3,b3,... be an infinite sequence of positive integers greater than one.
Show that every real number can be represented as

€y 2 C3
+

+ — + + o,
OF BT Bib, | bibbs

where ¢4,¢1,€2,C3,--. are integers such that 0 < ¢ <byfork=123,..
a) Show that every real number has an expansion

C) () C3
CO+T!—+-2—!+—3T

where ¢g,¢1,¢2,C1,..- are integers and 0 e <kfork =123,...

b) Show that every rational number has a terminating expansion of the type
described in part (a).

Suppose that p is a prime and the base b expansion of 1/p is (eycacp-i)bs
so that the period length of the base b expansion of 1/p is p — 1. Show that
if m is a positive integer with 1 < m < p, then

m/p = (.ck...l..‘cp_,c1c2...ck_,ck)b,

where k = ind,m modulo p.

Show that if p is prime and 1/p = (.¢\c2..ci)p has an even period length,
k=2t,thenc; + ¢ju = b—1for j =12,.0t.

The Farey series F, of order n is the set of fractions h/k where h and k
are integers, 0 < h < k < n, and (h,k) = 1, in ascending order. Here, we

include O and 1 in the forms % and -i— respectively. For instance, the Farey

series of order 4 is

a) Find the Farey series of order 7.

b) Show that if a/b and c/d are successive terms of a Farey series, then
bd — ac = 1.

¢) Show that if a/b, c/d, and e/f are successive terms of a Farey series,
then
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d) Show that if a/b and ¢/d are successive terms of the Farey series of
order n, then b+d > n.

24. Let n be a positive integer, # > 1. Show that 1 + % + —;—+ e+ 1 is
n

not an integer.

10.1 Computer Projects
Write computer programs to do the following:
1. Find the base b expansion of a rational number, where b is a positive integer.

2. Find the numerator and denominator of a rational number in lowest terms
from its base b expansion.

3. Find the pre-period and period lengths of the base & expansion of a rational
number, where b is a positive integer.

4. List the terms of the Farey series of order n where 7 is a positive integer (see
problem 23).

10.2 Finite Continued Fractions

Using the Euclidean algorithm we can express rational numbers as
continued fractions. For instance, the Euclidean algorithm produces the
following sequence of equations:

62 =223+ 16
23=116+ 7
16 =27 + 2
T7=32 + 1.

When we divide both sides of each equation by the divisor of that equation, we
obtain

%=2+%=2+ 23}16
e e
17—6=2+%=2 %2—
%=3+%.

By combining these equations, we find that
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% 2+ 2—3}15
P— ]
1+ W
-2+ ! 1
1+ T2
-2+ ! 1
1+ 7
2+ 0
3+ 5

The final expression in the above string of equations is a continued fraction
expansion of 62/23.

We now define continued functions.

Definition. A finite continued fraction is an expression of the form

a0+ 1 5

a1+

a2+

1

* 1
dp—1 + —
an
where ag,a1,d2,....d, are real numbers with a;,a,a3,..., dn positive. The real

numbers a,,ds,..., a, are called the partial quotients of the continued fraction.
The continued fraction is called simple if the real numbers ag,a1,..., 4, are all
integers.

Because it is cumbersome to fully write out continued fractions, we use the
notation [agai,ds..., ay] to represent the continued fraction in the above
definition.

We will now show that every finite simple continued fraction represents a
rational number. Later we will demonstrate that every rational number can
be expressed as a finite simple continued fraction.
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Theorem 10.7. Every finite simple continued fraction represents a rational
number.

Proof. We will prove the theorem using mathematical induction. For n = |
we have

1 apga+1
[a,,;all =ay+ — = ———
a do

which is rational. Now assume that for the positive integer k the simple
continued fraction [ag;a),a,,...,a;] is rational whenever ao,ay,...,ay are integers
with ay,....a; positive. Let Q0,ay,...,dg+ be integers with ay,...,ax4) positive.
Note that

1
lasas..., apap 1

[ao;a,,...,ak.,,]] =dg +

By the induction hypothesis, lagay,..., ax,ap4] is rational; hence, there are
integers r and s, with s#0, such that this continued fraction equals r/s.
Then

1 aogr+s

lagiar,..., apap ] = ag + — = ,
r/s r

which is again a rational number. O
We now show, using the Euclidean algorithm, that every rational number
can be written as a finite simple continued fraction.

Theorem 10.8. Every rational number can be expressed by a finite simple
continued fraction.

Proof. Let x = a/b where a and b are integers with & > 0. Let ry ~ @ and
ry=>b. Then the Euclidean algorithm produces the following sequence of
equations:
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|
r0=r1q1+r2 0<r2<r1,
r1=r2q2+r3 0<r3<r2,
r2=r3q3+r4 0<r4<r3,
rn=3 = Fn—2qn-2 ¥ Tn-1 0 <rp—y <rp-2
rn—2=rn—lqn—l+rn 0<r, <ry

ry—1 = Tn4n -

In the above equations ¢3,93,.--,gn are positive integers. Writing these
equations in fractional form we have

a ro r 1
4. 2 =g +—==q+
b r e ry N ri/ra
r rs3 1
ry q2 ry 92 l‘z/l‘3
ra r4 1
- = 3 + — = +
rs g r3 s ri/rs
Tn-3 rn—1 1
= =gyt
rn—2 Tn—2 "n—z/rn—l
In—2
= gn t = gn-1
rp—t " n—1 " rn—l/rn
Tp—1 —
. qn
Substituting the value of r1/r, from the second equation into the first equation,
we obtain
(10.10) % =g, + 1
q: t
72/7'3

Similarly, substituting the value of r,/ry from the third equation into (10.10)
we obtain
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Continuing in this manner, we find that

a 1
—=q +
b qi

q: t+
qs; +

1
+qn-—| + —

n

a . .
Hence 5= [91:92,.... g,). This shows that every rational number can be
written as a finite simple continued fraction. O

We note that continued fractions for rational numbers are not unique.
From the identity

ap = (a,—1) + %

we see that

lagay.as,..., ap_y,a,] = lagiayas,..., an—1,a,—1,1]
whenever q, > 1.

Example. We have

771— = [0;1,1,1,3] = [0:1,1.1.2.1],

In fact, it can be shown that every rational number can be written as a
finite simple continued fraction in exactly two ways, one with an odd number
of terms, the other with an even number (see problem 8 at the end of this
section)

Next, we will discuss the numbers obtained from a finite continued fraction
by cutting off the expression at various stages.

Definition. The continued fractions laga,,as,..., agl, where k is a nonnegative
integer less than n, is called the kth convergent of the continued fraction
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lagai,az..., a,) . The kth convergent is denoted by Cy .

In our subsequent work, we will need some properties of the convergents of
a continued fraction. We now develop these properties, starting with a
formula for the convergents.

Theorem 10.9. Let ag,a;,ds..., a, be real numbers, with a,,a,,..., @, positive.
Let the sequences po,p1,--» Pn a0d §0,q 15+ Gn be defined recursively by

Po = do go=1
p1 = apa;+! g, = a;
and
Pk = aiPi—1 t Pi—2 Qx = Arqi—1 T Gk—2

for k = 2,3...., n. Then the kth convergent Cy = la,;a,,..., ax] is given by

Cr = pr/dx.
Proof. We will prove this theorem using mathematical induction. For kK =0
we have

C() = [(10] = (10/1 = Po/(Io-

For k = 1, we see that
1 apa 1+l py

C,=laga)=ag+ —=—""=".
@ a q1

Hence, the theorem is valid for k =0and k =1 .

Now assume that the theorem is true for the positive integer k where
2 £ k < n . This means that
Pk _ GkPx-1 t Pk

(10.11) Cy =lagiay,..., arl = .
T gk arqr-1 t qk—2

Because of the way in which the p's and g;’s are defined, we see that the real
numbers py—1.Px-2.qx—1, and gi—, depend only on the partial quotients
ag,di,.., g1 . Consequently, we can replace the real number a, by
a; + 1/ag+ in (10.11), to obtain
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1

Ck+] = [a();a]v-"ak,ak-f-l] = [ao;al’”" Ap—1,Q) + —]

aji
a; + Prk—1 + pr—2
Qg+
a, + Gi-1 t+ G
Ak +1

_ a1 lagpr—i + pr_y) + pr_y
ap+1(@rqeoy + gio) + qoey

_ Gk+1Pr F Pi—y
LTENT P R

Pk+1

Tr+1
This finishes the proof by induction. O

We illustrate how to use Theorem 10.9 with the following example.

Example. We have 173/55 = [3:6,1,7] . We compute the sequences p; and g,
for j =0,1,2,3, by

Po=3 go =1
pr=236+1=19 g1 =16
p3=T722+19 =173 g3 = 7-7+6 = 55.

Hence, the convergents of the above continued fraction are

Co=po/qo=3/1=13
Cy=pi/q, = 19/6
Cy = palqy = 22/7
Cy = pilas = 173/55.

We now state and prove another important property of the convergents of a
continued fraction.

Theorem 10.10. Let k be a positive integer, k > 1. Let the kth convergent
of the continued fraction lagay,....a,] be C; = Pi/qx, where p; and g, are as
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defined in Theorem 10.9. Then

Prdk—1 — Pr—1gx = (D7
Proof. We use mathematical induction to prove the theorem. For k =1 we
have

P1go — Pod1 = (aga,+1)-1 — aga; = 1.

Assume the theorem is true for an integer k where 1 < k < n,sothat

Prdk—1 — Prqx = D*7N

Then, we have
Prs1dx — Prdint = @enpi + pr-)qk — Plarnqe + qi-1)
= pr—19x — o= — (=D = =Dk
Pi—19k — Pk9k-1 )
so that the theorem is true for k + 1 . This finishes the proof by induction. O
We illustrate this theorem with the example we used to illustrate Theorem

10.9.

Example. For the continued fraction [3:6,1,7] we have

Pog1 — P1go =36 —191=—1
pigs — pag1 = 197 —22:6 = 1
paqs — p3ga = 22:55— 1737 = -1

As a consequence of Theorem 10.10, we see that the convergents py /qx for
k = 1,2,.. arein lowest terms. Corollary 10.1 demonstrates this.

Corollary 10.1. Let C; = pi/gx be the kth convergent of the simple
continued fraction lagay....,a, ], where the integers py and g, are as defined in
Theorem 10.9. Then the integers p; and g, are relatively prime.

Proof. Letd = (p;,qx). From Theorem 10.10, we know that
Prdr—1 — QePr—1 = (=D*7.

Hence, from Proposition 1.2 we have

d| =Dk

Therefore,d = 1. O
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We also have the following useful corollary of Theorem 10.10.

Corollary 10.2. Let ¢ =pi/qr be the kth convergent of the simple
continued fraction [ag;a;,a5,..., a;,] . Then

(—1)k-!
Qi9k—1

Co — Gy =

for all integers k with 2 < k < n .
Proof. From Theorem 10.10 we know that PkGk—1 — qipr— = (=1)*1

We obtain the first identity,

Pk Pi-i (—1)k!
Ck - Ck-l = = P
dk Gi—1 Qe k-1

by dividing both sides by g, gy, .
To obtain the second identity, note that
Pk Prk—2 — Pk9k—2 ~ Pk—29k

Cp — Cpog = — —
k k= dk qk-2 9k qGk-2

Since py = aypy—y + pi—, and Gk = aiqr-y + gix—>, we see that the numerator
of the fraction on the right is

PeGi—2 = Pr-29k = (axpr—y + pu_Dqu—y — Pr—2arqu_y + g )
= ai (Pk—lqk—z = Pk-29x-1)
= a (_l)kv 2,
where we have used Theorem 10.10 to see that
Pk=19k—2 = Pr—2qx—y = (=1)¥2

Therefore, we find that

This is the second identity of the corollary. O
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Using Corollary 10.2 we can prove the following theorem which is useful
when developing infinite continued fractions. ‘

Theorem 10.11. Let C; be the kth convergent of the finite simple continued
fraction lag:a;.@s,..., a,). Then

C1>C3>C5> AR
Co< Cy < Cqg< -,

and every odd-numbered convergent Cojt1+J = 0,1,2,... is greater than every
even numbered convergent Caj.j = 0,1.2,...

Proof. Since Corollary 10.2 tells us that, for k = 2,3,....,n,

()" ("‘l)k
Cy —Cppg=—,
qk9k—2
we know that
Cr < G
when k isodd, and
Cy > Cr

when k is even. Hence

C,>C; >Cs >,
and
Co< C; < 0y <

To show that every odd-numbered convergent is greater than every even-
numbered convergent, note that from Corollary 10.2 we have

—1)2m—1
Com — Com—y = RSl il <0,
qom92m-1

s0 that Capm—y > Cam. To compare Cy and Cpj—; . We see that

Caj—1 > Cajyar—1 > Cojvak > Cu

so that every odd-numbered convergent is greater than every even -numbered
convergent. O
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Example. Consider the finite simple continued fraction [2:3,1,1,2,4]. Then the
convergents are

Co = 2/1 =2

C, = 7/3 = 2.3333...
C, = 9/4 =225

Cy = 16/7 = 2.2857...
Cs = 41/18 = 2.2777...
Cs = 180/79 = 2.2784...

We see that

Co=2<Cy=225< Cy=22777
< Cs=122784.. < C3=22857.. < C, = 2.3333... .

10.2 Problems

1. Find the rational number, expressed in lowest terms, represented by each of the
following simple continued fractions

a)  [2;7} e) [1;1]

b [1;2,3] ) [1;1,11

o) [05,6] 2 [1;1,1,1]
d  [3;7,15,1] b [1;1,1,1,11

2. Find the simple continued fraction expansion not terminating with the partial
quotient one, of each of the following rational numbers

a)  6/5 d  5/999
b))  22/7 e)  —43/1001
¢ 19/29 f)  873/4867.

3. Find the convergents of each of the continued fractions found in problem 2.

4. Let u; denote the kth Fibonaccei number. Find the simple continued fraction,
terminating with the partial quotient of one, of Up1/ug, where k is a positive
integer.

5. Show that if the simple continued fraction expression of the rational number
a, a>1, is lagay,...,ar], then the simple continued fraction expression of 1/a is
[0ap,a,,....a,].

6. Show that if a4 # 0, then
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Pelpka = [ak;ak—u, .. ..a5,a0

and

a/qer = laga 1z,

where Cy_; = pr—1/qx—1 and Cx = px/qi.k 2> 1, are successive convergents of the
continued fraction [agay,....a,] . (Hint: Use the relation py = @xpx—1 + Pr—2 t0
show that pk/pk_l =q; + 1/(pk_1/pk_2).

7. Show that gy > uy for k=1,2,... where C = px/qx is the kth convergent of the
simple continued fraction lagay,...,a,] and u; denotes the kth Fibonacci number.

8. Show that every rational number has exactly two finite simple continued fraction
€xpansions.

9. Let [aga,,az....a,] be the simple continued fraction expansion of r/s where
(r.s) =1 and r>1 . Show that this continued fraction is symmetric, i.e.
dg = ay,dy = dy_,@; = Ay—,..., if and only if s|(+2+1) if n is odd and s|(r*—1) if
n is even. (Hint: Use problem 6 and Theorem 10.10).

10. Explain how finite continued fractions for rational numbers, with both plus and
minus signs allowed, can be generated from the division algorithm given in
problem 14 of section 1.2.

11. Let ag,a,,as....ax be real numbers with a;,a,,... positive and let x be a positive
real number. Show that [agai...ax] < laga,...ax+x] if k is odd and
laga,,...ar] > lagay,....ar+x1if k is even.

10.2 Computer Projects
Write programs to do the following:
1. Find the simple continued fraction expansion of a rational number

2. Find the convergents of a finite simple continued fraction.

10.3 Infinite Continued Fractions

Suppose that we have an infinite sequence of positive integers ao,a;,az,... -
How can we define the infinite continued fraction [ag,a),as,...17 To make
sense of infinite continued fractions, we need a result from mathematical
analysis. We state the result below, and refer the reader to a mathematical
analysis book, such as Rudin [62], for a proof.

Theorem 10.12. Let xg,x1,X5,... be a sequence of real numbers such that
xo € x1 € x5, €... and x; < U for k =0,1,2,... for some real number U, or
Xo 2 X1 = X3 2 ... and x; > L for k =0,1,2,... for some real number L.




362 Decimal Fractions and Continued Fractions

Then the terms of the Sequence xg,x,x,... tend to a limit x, i.e. there exists
a real number x such that

lim x; = x.

k—oo

Theorem 10.12 tells us that the terms of an infinite sequence tend to a limit
in two special situations, when the terms of the sequence are increasing and all
less than an upper bound, and when the terms of the sequence are decreasing
and all are greater than a lower bound.

We can now define infinite continued fractions as limits of finite continued
fractions, as the following theorem shows.

Theorem 10.13. Let aga,a,.. be an infinite sequence of integers with
ay,ay,... positive, and let C, = lagiay,a,,...,ar] . Then the convergents C
tend to a limit «, i.e

lim Cp = a.
k=0

Before proving Theorem 10.13 we note that the limit « described in the
statement of the theorem is called the value of the infinite simple continued
Sraction laga,,a,,..].

To prove Theorem 10.13, we will show that the infinite sequence of even-
numbered convergents is increasing and has an upper bound and that the
infinite sequence of odd-numbered convergents is decreasing and has a lower
bound. We then show that the limits of these two sequences, guaranteed to
exist by Theorem 10.12, are in fact equal.

We now will prove Theorem 10.13.

Proof. Let m be an even positive integer. From Theorem 10.1 1, we see that

C1>C3>C5>"'>Cm_1,
C0<C2<C4<"'<Cm,

and Cy; > Cyyy whenever 2j < m and 2k +1 < m . By considering all
possible values of m, we see that

Ci>C3>Cs> > Copy > Copy >
Co<Cr<Cy < <Cpyey <Cyp <y

and Cy; > Cyyy for all positive integers j and k. We see that the
hypotheses of Theorem 10.12 are satisfied for each of the two sequences
C1,C3,Cy,... and C4,C5,Cy,... . Hence, the sequence C,,C3,Cs,... tends to a
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limit «; and the sequence Co,C2,Cas-. tends to a limit «; , i.e.

lim Copyr =

n—oo

and

lim Cyy = a3 .

n-—so0
Our goal is to show that these two limits «; and a, are equal. Using
Corollary 10.2 we have
(_1)(2n+l)—l 1

Copgy — Cpp = 250 — =2 = - .
2l o q2n+1 q2n q2n+192n q2n+192n

Since gx > k for all positive integers k (see problem 7 of Section 10.2), we
know that
1 < 1 ‘
q2n+192n Qn+1)(2n)

and hence
1

Copt1 = Cop=—7"""—
q2n+192n

tends to zero, i.e.

lim (C2n+1 - Cz,,) = 0.

n—o0

Hence, the sequences C,C3,Cs,... and Co,C2,Cy,... have the same limit, since

lim (C2n+l - CZn) = lim C2n+1 — lim Cz,, = 0.
n—oo n—o0

n-——oo
Therefore a; = ay, and we conclude that all the convergents tend to the limit
o« = a; = a, . This finishes the proof of the theorem. O

Previously, we showed that rational numbers have finite simple continued
fractions. Next, we will show that the value of any infinite simple continued
fraction is irrational.

Theorem 10.14. Let aga;,az,... be integers with aj,a,,.. positive. Then
lag;a,,az,...] is irrational.

Proof. Let a = laga,ay,...] and let




364 Decimal Fractions and Continued Fractions

Ce = pi/gi = laga,,....ax]

denote the kth convergent of « . When n is a positive integer, Theorem 10.11
shows that C,, < & < Cyp+1 , SO that

0 <a—Cy < Coui—Cyy .

However, from Corollary 10.2, we know that

1

C2n+1 - C2n = ,
42n+192n

this means that

0<a—Cp=a-22 o 1
q2n 92n+192n

and therefore, we have

0 <@gy — pan < 1/qan41 -

Assume that « is rational, so that o = a/b where a and b are integers with
b # 0. Then

aqn

1
—Pwm < ,
g d2n+1

0<

and by multiplying this inequality by b we see that

0< aqrn — prn < :
92n+1

Note that ag,, — bp,, is an integer for all positive integers n. However, since
qon+1 > 2n+1, there is an integer n such that gy,4, > b, so that
b/gan+y < 1. This is a contradiction, since the integer ag,, — bp,, cannot be
between 0 and 1 . We conclude that « is irrational. O

We have demonstrated that every infinite simple continued fraction
represents an irrational number. We will now show that every irrational
number can be uniquely expressed by an infinite simple continued fraction, by
first constructing such a continued fraction, and then by showing that it is
unique.
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Theorem 10.15. Let o = ag be an irrational number and define the sequence
ag, Ay, 2. recursively by

ay = [ak], Ap+1 = 1/(ak - ak)

for k =0,1,2,... Then « is the value of the infinite, simple continued
fraction [ag; ay, az,...1.

Proof. From the recursive definition given above, we see that a; is an integer
for every k. Further, we can easily show using mathematical induction that
ay is irrational for every k. We first note that ag = « is irrational. Next, if
we assume that ay is irrational, then we can easily see that oy 4 is also
irrational, since the relation

arer = 1/l — ai)

implies that

(10.12) o = ap + ——

Al+1

and if ay4; were rational, then by Theorem 10.1, o would also be rational.
Now, since ay is irrational and ay is an integer, we know that oy, & ay, and

ay < [677% < ak+l,

so that

0<ak—ak<1.

Hence,

Ap+] = 1/(Olk - ak) > 1,

and consequently,

Ar+y = [O(k+1] > 1

for k = 0, 1, 2, ... . This means that all the integers a;, a,,... are positive.

Note that by repeatedly using (10.12) we see that




366 Decimal Fractions and Continued Fractions

1
a=ay=aqag+ a‘=[ao;a,]
1

1
=ay+ — - [agia; o)
a + —
ay

=aqot+ 1 = [ao;al,dz,...,ak,ak+1].

01+

az+

+ ag +
Qg+

What we must now show is that the value of lagiai,ay,....a;,0541] tends to o

as k tends to infinity, i.e., as k grows without bound. From Theorem 10.9, we
see that

a1k t Prr

a = lagay,...ax,0441]1 = ,
o1qx + gr

where C; = p;/q; is the jth convergent of [aga,a,,...]. Hence

e = Jet1Pk TPt Pk
—Cp = <k " Pkl Pk
gk t g i

—(Peqi—1 = Pr1qx)

(@x+1qi + qr—1)gx
(=D*

(g + ge-Dar

where we have used Theorem 10.10 to simplify the numerator on the right-
hand side of the second equality. Since

Qew1Ge t Gi—1 > Qi Gr + Qi1 = Grs1

we see that
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a—GC| < .
| ¢l arqrt

Since qx > k (from problem 7 of Section 10.2), we note that 1/q; g+ tends
to zero as k tends to infinity. Hence, Cy tends to o as k tends to infinity, or
phrased differently, the value of the infinite simple continued fraction
lagay,az.lisa. O

To show that the infinite simple continued fraction that represents an
irrational number is unique, we prove the following theorem.

Theorem 10.16. If the two infinite simple continued fractions lagai,as,...]
and [bg;b,,b),...] represents the same irrational number, then a; = b, for
k=0,1.2,..

Proof. Suppose that «=laga;.ay..).  Then, since Co=ay and
C, = ag + 1/a;, Theorem 10.11 tells us that

a0<a<a0+1/a|,

so that @y = [a]. Further, we note that

i

[a();a],a%..‘] = 4Aay + —,
[algaz,a3,...]

since

a=laga,a..1= klim[ag;al,az,...,ak]
—0o0

= lim (ay + SR S
k—oo la;anas,....ax)
= day + 1

lim [a;as,...,ax]
k—voo

1

g+ ————.
[01;02,03,...]

Suppose that

[ao;al,az,...] = [bo;bl,bz,...].

Our remarks show that

ag=b0= [0(]
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and that

1 1

ag + =b 4+ —_—
® " lagazd T okl

so that
[a];dz,...] = [bl;bz,...] .
Now assume that @, = by, and that [ag,;;a;4,,..] = [bi+1:br+2,---]. Using the

same argument, we see that gy, = by, and
1 1

4y + =bir1 + T/,
[br 41508431

[ak+2§ak+3.---]
which implies that
(a2 43,.] = [bragibiys,..] .

Hence, by mathematical induction we see that ap = by fork =0,1,2,.... O

To find the simple continued fraction expansion of a real number, we use
the algorithm given in Theorem 10.15. We illustrate this procedure with the
following example.

Example. Let o = /6. We find that

a=[B1=2, o= Y2
V6+2 1
a;=[—=1=2, ay=———=.+2,
2 (J€2+2)_2
02=[\/g+2] =4, az3 = (%:2)_4 = \/624-2 =ap .

Since a3 = ay, we see that a3 = a;, a4 = a,,..., and so on. Hence
V6 =12;2,42,424..1

The simple continued fraction of /6 is periodic. We will discuss periodic
simple continued fractions in the next section.

The convergents of the infinite simple continued fraction of an irrational
number are good approximations to . In fact, if py /g, is the Jjth convergent
of this continued fraction, then, from the proof of Theorem 10.15, we know

that
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| le = pe/ail < Vquqrsr »

so that

la = pi/ae| < /g,

since g < Gi+1-

The next theorem and corollary show that the convergents of the simple
continued fraction of a are the best rational approximations to a, in the sense
that pi/qx is closer to « than any other rational number with a denominator
less than gy .

Theorem 10.17. Let « be an irrational number and let pj/qj, j=12,.., be
the convergents of the infinite simple continued fraction of a. If r and s are
integers with s > 0 such that

lsa—r| < lqra—p«l
then s > qk+1-

Proof. Assume that |sa—r| < |gea—pi|, but that 1 <5 < gg41. We
consider the simultaneous equations

Dikx t Py =7
qrx t qr+1y = S.

By multiplying the first equation by gy and the second by py, and then
subtracting the second from the first, we find that

(Pr+19x—Prqk+)Y = rdx — Pk -
From Theorem 10.10, we know that px+1gx — Padi+1 = (1%, so that
y = (=D*(rqx—spi).

Similarly, multiplying the first equation by gi+ and the second by py4; and
then subtracting the first from the second, we find that

X = (—l)k (spk.H—quH).

We note that x #0 and y #0. If x =0 then $py+1 = rdi+1- Since
(pr+1.gk+1) = 1, Lemma 2.3 tells us that Gr+1ls, which implies that
Gr+1 = §, contrary to our assumption. If y =0, then r = pyx and s = g;X,
so that
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Isa=r| = |x|lgra—pi| > |gea—p,] .

since [x| > 1, contrary to our assumption.

We will now show that x and v have opposite signs. First, suppose that
Y < 0. Since gpx =5 — dk+1Y, we know that x > 0, because grx > 0 and
qr > 0. When y > 0, since e+t 2 G+ > 5, we see that
X =S5 — qry1y < 0,s0'that x < 0.

From Theorem 10.11, we know that either Pi/qk < @ < pri1/qry or that
Pk+1/qk+1 < @ < py/gi. In either case, we ecasily see that gy — p, and
9xk+1@ — P+ have opposite signs.

From the simultaneous equations we started with, we see that
lsa—r| = [{(qix+qi1p)a — (Prx+prsy)|
= Ix(Gra=p) + y (geria—pis)|.

Combining the conclusions of the previous two paragraphs, we see that
x (gxa—py) and y (gx110—pyr+;) have the same sign, so that

= IXH(Ika—Pkl + b/“qkﬂa—PkHl
2 |x||ga—p;|
> |qra—pyl,

'soz—rl

since |x|>1. This contradicts our assumption.
We have shown that our assumption is false, and consequently, the proof is
complete. O

Corollary 10.3. Let « be an irrational number and let pilq;, j =1.2,.. be
the convergents of the infinite simple continued fraction of a. If r/s is a
rational number, where r and s are integers with s > 0, such that

la=r/s| < la—pi/qil
then s > g,.

Proof. Suppose that s < g, and that

la=r/s| < a—py/qql.
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By multiplying these two inequalities, we find that

sla=r/s| < qila=pi/q]

so that

lsa—r| < lgra—pl .
violating the conclusion of Theorem 10.17. O

Example. The simple continued fraction of ™ is
x =13:7,15,1,292,1,1,1,2,1,3,...}. Note that there is no discernible pattern in
the sequence of partial quotients. The convergents of this continued fraction
are the best rational approximations to =. The first five are 3, 22/7, 333/106,
335/113, and 103993/33102. We conclude from Corollary 10.3 that 22/7 is
the best rational approximation of x with denominator less than 106, that
335/113 is the best rational approximation of = with denominator less than
33102, and so on.

Finally, we conclude this section with a result that shows that any
sufficiently close rational approximation to an irrational number must be a
convergent of the infinite simple continued fraction expansion of this number.

Theorem 10.18. If « is an irrational number and if r/s is a rational number
in lowest terms, where r and s are integers with s > 0, such that

la—r/s| < 1/2s2,
then r/s is a convergent of the simple continued fraction expansion of a.

Proof. Assume that r/s is not a convergent of the simple continued fraction
expansion of a. Then, there are successive convergents pr/qr and pra/qicn
such that gy < s < gx+1. From Theorem 10.17, we see that

lgra—pi| < |sa—r| = sla=r/s| < 1/2s.
Dividing by g we obtain

la—pi/qil < 1/2sqx.

Since we know that |spi—rgi| > 1 (we know that sp,—rqy is a nonzero
integer since r/s Zpy/qy), it follows that
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1 lspe—ra
< Pk~ rqx

Sqx Sqx
~ |2 _r
9k N
< - B4 o — =
Gk s
< 1 + 1

2qu 252

(where we have used the triangle inequality to obtain the second inequality
above). Hence, we see that

1/2sq;, < 1/252

Consequently,
2sq, > 252,

which implies that g > s, contradicting the assumption. O

10.3 Problems

1. Find the simple continued fractions of the following real numbers

a) V2 o 5
D V3 Q) li’zﬁ

2. Find the first five partial quotients of the simple continued fractions of the
following real numbers

a 2 o (e-1/(e+1)
b)  2x d)  (e>-1)/(e?+1).
3. Find the best rational approximation to 7 with a denominator less than 10000,

4. The infinite simple continued fraction expansion of the number e is

e =1021,2,1,1,4,1,1,6,1,1,8....1

a) Find the first eight convergents of the continued fraction of e .
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10.

b) Find the best rational approximation to e having a denominator less than

100.
Let a be an irrational number with simple continued fraction expansion
o =lagaaz..] . Show that the simple continued fraction of —a is

[-ay—1;1,a,—1,a3as,...) if a > 1 and [—ag—1;a,+1,as3,..1ifay = 1.

Show that if px/gx and py+i/qu+1 are consecutive convergents of the simple
continued fraction of an irrational number «, then

la — pe/a] < 1/24¢

or

la = pri/qrnl < 1/2q24.

(Hint: First show that |a — prat/grstl + la = pa/al = lpesi/qice — pelai| =
1/gxqx+ using Corollary 10.2.)

Let « be an irrational number , & > 1 . Show that the kth convergent of the
simple continued fraction of 1/ is the reciprocal of the (k—1)th convergent of
the simple continued fraction of « .

Let « be an irrational number, and let p;/q; denote the jth convergent of the
simple continued fraction expansion of a. Show that at least one of any three
consecutive convergents satisfies the inequality

le = pla;] < 1//5g.
Conclude that there are infinitely many rational numbers p/q, where p and g
are integers with g # 0, such that

| « — plg| < 1/(35¢D).
Show that if a = (l+\/§)/2 , then there are only a finite number of rational
numbers p/q , where p and q are integers, ¢ # 0, such that

| a—plgl < 1/(/5¢D.
(H\i/n_t: Consider the convergents of the simple continued fraction expansion
ofV/5.)

If « and 8 are two real numbers, we say that 8 is equivalent to « if there are

integers a,b,c, and d, such that ad — bc = +1 and 8 = %’i.

a) Show that a real number « is equivalent to itself.

b) Show that if a and 8 are real numbers with 8 equivalent to a , then « is
equivalent to @ . Hence, we can say that two numbers « and § are
equivalent.
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¢) Show that if a,3, and X are real numbers such that o and 3 are equivalent
and § and X are equivalent, then « and A are equivalent.

d)  Show that any two rational numbers are equivalent.

e) Show that two irrational numbers « and B are equivalent if and only if the
tails of their simple continued fractions agree, ie.
a = laga,,a,,..a;,¢1,c5¢5,...] and B8 = [b6;b1,b3,...bp,C1,02,C3.. ). Where
a;,i=0,1,2,....j, b;,i=0,1,2,....k and ¢, i =123, are integers, all positive
except perhaps aq and b, .

11. Let o be an irrational number, and let the simple continued fraction expansion of
a be a =lagaya,,..). Let pi/g; denote, as usual, the kth convergent of this
continued fraction. We define the pseudoconvergnts of this continued fraction to
be

Prilquy = (tpey + P/ (tqoy + g4y,

where k is a positive integer, k > 2, and ¢ is an integer with 0 < ¢ < g, .
a) Show that each pseudoconvergent is in lowest terms

b) Show that the sequence of rational numbers Dk 2/ Gk 21 Pk‘a,_,/CIk,a,_, y
is increasing if & is even, and decreasing if & is odd .

) Show that if 7 and s are integers with s > 0 such that
IOI - "/SI < Ia —Pk,:/Qk,:]
where k is a positive integer and 0 <t < g, then s > qks OT
rls = px_1/qi-.
d) Find the pseudoconvergents of the simple continued fraction of = for
k=2.
10.3 Computer Projects
Write programs to do the following:
1. Find the simple continued fraction of a real number.

2. Find the best rational approximations to an irrational number.

10.4 Periodic Continued Fractions

We call the infinite simple continued fraction [ag;a,,a5,...] periodic if there
are positive integers N and k such that a, = a,4; for all positive integers n
with n 2 N. We use the notation
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[ao;a 1,02,...,aN_1,aN,aN+|,...,aN+k_|]

to express the periodic infinite simple continued fraction

[ao;a1,az,...,aN_l,aN,aN+1,...,aN+k_l,aN,aN+],...],

For instance, [1;2,3—,21 denotes the infinite simple continued fraction
[1;2,3,4,3,4,3,4,...].

In Section 10.1, we showed that the base b expansion of a number is
periodic if and only if the number is rational. To characterize those irrational
numbers with periodic infinite simple continued fractions, we need the
following definition.

Definition. The real number « is said to be a quadratic irrational if o is
irrational and if « is a root of a quadratic polynomial with integer coefficients,
ie.

Aa’?+ Ba+ C =0,
where 4,8, and C are integers.

Example. Let a =2 + V3. Then « is irrational, for if o were rational, then
by Theorem 10.1, a — 2 = V3 would be rational, contradicting Theorem 10.2.
Next, note that

o2 —da+ 1= (T+4V3) —4Q+/3) + 1 =0.

Hence « is a quadratic irrational.

We will show that the infinite simple continued fraction of an irrational
number is periodic if and only if this number is a quadratic irrational. Before
we do this, we first develop some useful results about quadratic irrationals.

Lemma 10.1. The real number « is a quadratic irrational if and only if there
are integers a,b, and ¢ with & > 0 and ¢ # 0, such that b is not a perfect
square and

a = (a+Vb)/c.

Proof. If a is a quadratic irrational, then « is irrational, and there are
integers A4,B, and C such that 4o’ + Ba+ C =0. From the quadratic
formula, we know that
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o= —BEVB—44C

24

Since « is a real number, we have B? — 44C > 0, and since « is irrational,
B*—44C is not a perfect square and A4 # 0. By either taking
a =—B,b=BZ—-4AC, c=24 or a=5b, b =BZ—4AC, c==24, we
have our desired representation of a.

Conversely, if
a=(a+Vb)/c,
where a,b, and ¢ are integers with b > 0, ¢ # 0, and b not a perfect square,

then by Theorems 10.1 and 10.2, we can easily see that « is irrational.
Further, we note that

ca’® — 2aca + (a®~b?) = 0,

so that ¢ is a quadratic irrational. O
The following lemma will be used when we show that periodic simple
continued fractions represent quadratic irrationals.

Lemma 10.2. If o is a quadratic irrational and if r,s,z, and u are integers,
then (ra+s)/(ta+u) is either rational or a quadratic irrational.

Proof. From Lemma 10.1, there are integers a,b, and ¢ with b > 0, ¢ # 0,
and b not a perfect square such that

a=(a+Vb)/e.

Thus
rats _ [ r(a+vB) +s/ t(a+vb) +u]
tatu c c
_ (ar+cs)+rvb
(at+cu)+tvb

_ War+es)+rvb lar+cu)—t/b ]
[(at+cu)+1~/b W at +cu)~t /b |
[(ar+cs) (at +cu)—rtb 1+1r (at +cu)—t (ar+cs) INB .

(at+cu)?—12p
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Hence, from Lemma 10.1 (ra+s)/(ta+u) is a quadratic irrational, unless the
coefficient of Jb is zero, which would imply that this number is rational. O

In our subsequent discussions of simple continued fractions of quadratic
irrationals we will use the notion of the conjugate of a quadratic irrational.

Definition. Let o = (a+v/b)/c be a quadratic irrational. Then the con jugate
of a, denoted by o', is defined by o' = (a —b)/e.

Lemma 10.3. If the quadratic irrational « is a root of the polynomial
Ax2 + Bx + C = 0, then the other root of this polynomial is o, the conjugate
of a.

Proof. From the quadratic formula, we see that the two roots of
Ax?+ Bx + C =0 are

—B+~/B*—4AC

24

If « is one of these roots, then « is the other root, because the sign of
VB2—4A4C is reversed to obtain a' from . O

The following lemma tells us how to find the conjugates of arithmetic
expressions involving quadratic irrationals.
Lemma 10.4. If a; = (a,+b,vd)/c, and ay = (a,+byNd)/c, are quadratic
irrationals, then
@ (atay)' = o) + as
(i)  (o—ap)' = ) — a3
i) () = ajoy
Gv)  (ay/ap)'= ay/as.

The proof of (iv) will be given here; the proofs of the other parts are easier.
These appear at the end of this section as problems for the reader.

Proof of (iv). Note that
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_ (a+b,Vd)/c,

 (aytbVd)/e,

_ cxla+b,Vd) (ay—bVd)

B cilayt+byd) (ay—b,Nd)
(cra1ay—cybbyd) + (cra3b\—cra\b)\d

B c1(a2—b3d)

011/012

While
(a)—b\Vd)/c,
(ay—byd)/c,
crla)—b\Vd) (ay+bd)
¢1(ay—b,vd ) (ay+boNd)
(cra1a5—cyb1byd) — (caazbi—cqa by)Vd
ci1(a$-b3d)

o \fo'y =

Hence (O(]/Ctz)l = a',/a'z. ]

The fundamental result about periodic simple continued fractions is
Lagrange’s Theorem. (Note that this theorem is different than Lagrange’s
theorem on polynomial congrunces discussed in Chapter 8. In this chapter we
do not refer to that result.)

Lagrange’s Theorem. The infinite simple continued fraction of an irrational
number is periodic if and only if this number is a quadratic irrational.

We first prove that a periodic continued fraction represents a quadratic
irrational. The converse, that the simple continued fraction of a quadratic
irrational is periodic, will be proved after a special algorithm for obtaining the
continued fraction of a quadratic irrational is developed.

Proof. Let the simple continued fraction of « be periodic, so that

a = [ao;a1,02,...,GN_1,0N,£1N+1,...,aN+k]

Now let

B =lanans1,...ansi] .
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B8 = lan:an+1san+iBl

and from Theorem 10.9, it follows that
Bpx+Pr-1

(10.13) 8= Baktdi’

where pi/qx and px—1/qx—1 are convergents of [ay;an+1,-an+k). Since the
simple continued fraction of g is infinite, B is irrational, and from (10.13) we
have

qiB8* + (gx—1—pi)B — pr-1 =0,

so that 8 is a quadratic irrational. Now note that

a = lagay,ay,....an-1,81,

so that from Theorem 10.9 we have
Bpn-1tPN-2
A= =,
Ban-1tqn-2
where py-1/gn_1 and py_»/qn—; are convergents of lag.ay,as,....an—1]. Since 8
is a quadratic irrational, Lemma 10.2 tells us that « is also a quadratic

irrational (we know that « is irrational because it has an infinite simple
continued fraction expansion). O

To develop an algorithm for finding the simple continued fraction of a
quadratic irrational, we need the following lemma.

Lemma 10.5. If « is a quadratic irrational, then a can be written as

where P,Q, and d are integers, Q = 0,d > 0, d is not a perfect square, and
Ql(d—P?) .

Proof. Since a is a quadratic irrational, Lemma 10.1 tells us that

o= (a+Vb)/c,

where a.,b, and ¢ are integers, b > 0, and ¢ # 0 . We multiply both the
numerator and denominator of this expression for a by |c| to obtain
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o alel+vb?
cle]

(where we have used the fact that |¢| = Ved). Now let P =alc|, 0 = clel,
and d = be? . Then P,Q, and d are integers, Q0 #0since c #0,d >0
(since b > 0), d is not a perfect square since & is not a perfect square, and
finally Q[(d~P?) since d—P2 = be?—a2e? = (2(h—g?) — +Q(bh-a?). O

We now present an algorithm for finding the sample continued fractions of
quadratic irrationals.

Theorem 10.19. Let o be a quadratic irrational, so that by Lemma 10.5 there
are integers Po,Q, and d such that

a = (P0+'\/t7)/Q0 5

where Qo#0,d > 0, d is not a perfect square, and Qo|(d—P3) . Recursively
define

oy = (Pk + \/67)/Qk»
ay = [ak],

Pry1 = a; Oy — Py,
Ok+1 = (d—=PE) /Oy,

for k =0,1,2,... . Then a = laga,,a,,...].

Proof. Using mathematical induction, we will show that P, and Q, are
integers with Oy # 0 and Qy|(d—PP), for k = 0,1,2,... . First, note that this
assertion is true for k = 0 from the hypotheses of the theorem. Now assume
that P and Q are integers with Q; # 0 and Q|(d—P2). Then

Pryr = ar O — Py
is also an integer. Further,

O = (d—P2)) /0y
= [d—(a, 0k =P,/ Oy
= d-PDP/Qy + QayP—al0;).

Since Q4 [(d—PQ), by the induction hypothesis, we see that Qg is an integer,
and since 4 is not a perfect square, we see that 4 = P2, so that
Or+1 = (d—P2))/Qr # 0. Since

O = (d—Pk2+1)/Qk+l ,




























































































































































































































