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Abstract By analogy with the Choi matrix we associate an operator Cy € B(J¢) to each
weak* continuous .2 -bimodule map ¢ : B(.#") — B(J¢), where ¢ and J# are normal
Hilbert modules over a von Neumann algebra o7 and % contains a cyclic vector for 7.
If o7 C B(#') has no central summands of type I (- cyclic), every normal .27 -bimodule
map on B(.#"), which is positive on &/, is shown to be completely positive on .2, where
/" and &' are the commutant of &/ and of the center & of /. We investigate cones
of bimodule maps, introduce the corresponding dual cones of operators and show that in
an appropriate context these notions reduce to those studied earlier by Stgrmer. We also
consider positive maps relative to a mapping cone and positivity in operator projective tensor
product of suitable operator bimodules.
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1 Introduction

The Choi matrix [3] of a map ¢ : M,,(C) — M,,(C), defined by Chy = Yii—1€ij® o(ei ),
where e; ; are the usual matrix units in M,(C), has been of fundamental importance in
studying positive maps [26]. In fact, such matrices were introduced already by Pillis in [21]
and Jamiolkowski in [8] and the isomorphism from the linear maps L(M,,(C),M,,(C)) to the
Choi Matrices is called Jamiolkowski-Choi isomorphism. Different analogues of the Choi
matrix for maps between algebras of all bounded operators on infinite-dimensional Hilbert
spaces were introduced by Holevo [7], Li and Du [12], and by Stgrmer [27] for special
classes of maps on von Neumann algebras. Here we will study completely bounded normal
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&/ -bimodule maps ¢ : B(J#") — B(¢), where % and .5 are normal Hilbert modules over
a von Neumann algebra o7 (that is, Hilbert spaces with normal representations of 7). In
the case 7 = ¢ any such map sends &/’ (the commutant of /) into itself and can be
represented by certain weak* convergent sum (Kraus decomposition [11]), so that the class
of such maps include those considered by Stgrmer in [27]. If % contains a cyclic vector
for o7, then, as a normal bounded .2/ -bimodule map, ¢ is determined by the operator

Cp = p(Q® Q%) €B(H).

where Q ® Q* denotes the rank-one operator, (2 ® Q*)& := (£,02)Q. This naturally gen-
eralizes the notion of the Choi matrix; namely, in the case, & = M,(C), we may take
A =C"®C"and 2 =}_, €;®¢;, where (g;)"}_, is the standard orthonormal basis of C".
Then the classical Choi matrix of of a linear map ¢ : M,(C) — M,,(C) is just CidM,,(C)®(P'

Just as in the finite-dimensional case, also in the wider context of .o7-bimodule maps
¢ : B(#') — B(J') the operator Cy encodes the properties of ¢ and of the restriction
o|o/’. After demonstrating this in Section 3, we will study in Section 4 mapping cones of
completely bounded 7 -bimodule maps from operator <7-systems X to B(J#¢), where ¢ is
a normal Hilbert 7-module containing a cyclic and separating vector for 7. For positive
maps such cones were introduced by Stgrmer [24], but perhaps surprisingly, many results
can be proved without assuming the maps to be positive, although the case of positive maps
is the most important. We show that there is a natural duality between such mapping cones
and certain cones in X (if X is strong). As shown in Section 5, when &/ = B(.¥) for a
Hilbert space ., this duality reduces to the type of duality of mapping cones studied by
Stgrmer [25], but in general in infinite dimensions it can not be described solely in terms
of the Choi operators of maps. For a mapping cone % consisting of positive completely
bounded A-bimodule maps on a von Neumann algebra &, where A is a C*-subalgebra of
Z, and an operator A-system X, we consider in Section 7 the notion of a %’-positive map
from X to %, which in the case A = C and # = B(¢) essentially coincides (at least in the
case of symmetric mapping cones) with the notion introduced by Stgrmer [24] . We will also
prove an extension theorem for such maps provided that & is the W*-envelope of a nuclear
C*algebra. (In the special case A = C and # = B(.%) this reduces to the Stgrmer extension
theorem only in the case of symmetric mapping cones, but does not cover the more general
cones studied in [24], [26], [29].) To investigate such mapping cones, we need a suitable
notion of positivity for elements of projective tensor products of the form X4 ®A%t, where
X is an operator system over a C*-subalgebra A of a von Neumann algebra Z and % is
the pre-dual of Z. This notion, introduced in Section 6, is based on completely positive
A-bimodule maps from X to #, CP4(X,Z). If % is the dual space of a C*-algebra R (thus
KX = RW, the W*-envelope of R), then it is natural to ask, when is the set CP4(X,R) weak*
dense in CP4(X,R™) (for then the smaller set CP4(X,R) can be used in the definition of
positivity in X4 &4%;). We consider briefly this question in Section 8.

2 Preliminaries

All C*-algebras considered here are assumed to be unital, unless stated otherwise, and are
denoted by A, B, C, ..., while W*-algebras are usually denoted by &7, B, %....

By a representation of A on a Hilbert space .7# we mean a unital x-representation 7 :
A — B(); this makes ¢ a Hilbert A-module by a& := mt(a)& (a € A, £ € ). A Hilbert
A-module .7 is called cyclic if there exists a vector Q € ¢ such that 7 = [AQ] (where [.]
denotes the closure of the linear span). The set of all bounded A-module maps on a Hilbert
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A-module 47 is denoted by B4 (7). (This is just the commutant A’ of A if A C B(47).)
Then B(.%¢) is an A-bimodule, and a norm closed A-subbimodule of such a B(¢) is called
an operator A-bimodule. (Such bimodules can be characterized abstractly [1], [20].) If in
addition X is an operator system (that is, X is closed under the involution * on B(J¢) and
contains the identity operator), then X is called an operator A-system.

A Hilbert module .7# over a von Neumann algebra o7 is called normal if the underlying
representation &/ — B(.5¢) is normal. Then a norm closed &7 subbimodule X of B(J¢) is
called a normal operator <7 -bimodule; if in addition X is weak* closed, then X is called
a normal dual operator <7 -bimodule. A normal dual operator <f -system is a normal dual
operator .7 -bimodule which is also an operator .<7-system.

For operator A-bimodules X and Y we will denote by CB4(X,Y ), the space of all com-
pletely bounded (c.b.) A-bimodule maps from X to ¥, and by CP4(X,Y) the subset of all
completely positive such maps. If X and Y are dual operator .o7-bimodules (or operator
o/ -systems), we denote by NCB,/(X,Y ), (or NCP,(X,Y)) the space of all weak* con-
tinuous maps in CB/(X,Y). (in CP,/(X,Y), respectively). The corresponding spaces of
all bounded and all bounded normal A-bimodule maps will be denoted by B4 (X,Y) and
NB4(X,Y), respectively.

By X* we denote the dual of a Banach X, which carries the canonical operator space
structure if X is an operator space [1], [6], [22]. If X is a (normed) A-bimodule, then so is
X* by (apb)(x) := p(bxa). If X is a dual space, then X; denotes its predual.

For a von Neumann subalgebra </ in B(.77) there is a so called <7, .o/ -topology on
B(7) that is in between the strong operator and the norm topology [14], [15], but in this pa-
per we will only need to know (in Section 4) which convex sets are closed in this topology, so
it suffices to describe continuous linear functionals. If X is a normal operator .27 -bimodule,
a functional p € X* is o7, o/-continuous if for each x € X the maps &/ — C, defined by
a > p(ax) and a — p(xa), are weak* continuous. The .27 -subbimodules of B(5#) closed
in this topology are called strong. For example, if &7 = B(.%¢) is identified with the space
of bounded matrices M;(C), where J is the cardinality of an orthonormal basis of .7, then
strong <7 -bimodules turn out to be precisely M;(C)-bimodules of the form M, (V), where
V is a norm-complete operator space.

The operator projective tensor product X®Y of operator spaces X, Y is defined so that
its dual space (X&®Y)* is completely isometric to CB(X,¥*) under the natural map which
sends O € (X&Y)* to @ € CB(X,Y") defined by (8(x),y) = 8(x®y) [11,[6]. If X and Y are
operator A-bimodules, then X®Y is a Banach A-bimodule by a(x ®y)b := (ax) ® (yb). Let
N(X,Y) be the closed A-subimodule of X&Y generated by the set

{axb®y—x®bya:a,b€A, xeX, yeY}.
The quotient space (X&Y)/N(X,Y) is denoted by
Xa®aY

and the coset of x®y € X®Y in X4 &4Y by x4®4y. The dual space of X4&4Y consists of
functionals in (X&Y)? that annihilate N(X,Y); under the identification (X&Y)* = CB(X,Y*)
these correspond to A-bimodule maps from X to Y¥. Thus

(X4®aY)F = CBs(X,Y%),.

T() denotes the trace-class operators on a Hilbert space .77. Given a subset A of
B(.#) and cardinals m, n, we denote by M,,, ,,(A) the set of all those m x n matrices with the
entries in A that represent bounded operators from 72" to 7.
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3 The Choi operator of a map

Throughout this section 7 and % are normal Hilbert modules over a von Neumann alge-
bra o and KX contains a cyclic vector S for <f .

Definition 3.1 The Choi operator of a map ¢ € NB/ (B(#),B(#))., or of a map @ €
B/ (T(#), T()) i
Co=p(Q2 Q7).

Example 3.1 Let of = B(Z) for a separable Hilbert space ., # = ¥ ® %, (&) an or-
thonormal basis of £’ and e; ; := € ® €] the corresponding matrix units. Any normal Hilbert
o7/-module 7 is of the form J& ® .Z for a Hilbert space 7 [9, 10.4.7]. For any normal
completely bounded map 6 : B(-Z) — B(J#%) the map ¢ := 0®1g(y) : B(X) — B()
is in NB,/(B(#),B()).y. For any sequence A = (A;) € ¢2, with all 4; # 0, the vector
Q =Y, Lg®¢ € X is cyclic for «7. The rank one operator Q ® Q* on J# can be ex-
pressed (by an easy computation) as

QRN = Z)L,Ij(s,- ®8j) ®(E® Sj*) = Z/I,Ije,-,j Qe j. 3.1
ij ij
Hence
Cp=0(Q®Q") =) Lid;0(ei)) Dei;,
iJ

which is just (a slight modification of) the operator considered in [12, 1.3, 1.4]. If dim.Z <
oo, we may choose all A; equal to 1 and in this way we obtain that CQ@B & is essentially the
Choi matrix of 6 (see [26] or [3]).

)

Remark 3.1 The maps on a factor .# C B(.#") considered by Stgrmer [27] can be regarded
as .#'-bimodule maps on B(.%¢), and in this way the above definition of the Choi operator
can be seen as extension of that in [27].

Normal maps into a general W*-algebra & usually can not be described explicitly.
Therefore it is worth to state the following generalization of a theorem of Choi [3] and
Kraus [11]. We denote by CCP,4(X,Y) the set of all A-bimodule c.p. contractions from X to
Y.

Theorem 3.1 Let 6 : &7 — X be a normal x-homomorphism between W*-algebras (so that
Z is an of -bimodule) and £ a separable Hilbert space. Each weak* continuous map ¢ €
CCP,(B(Z)®4 ,#) = CCP(Mu(), ) is of the form

oo

o([xij]) = 1;1 relo(xip)lre ([xi)] € Mw(27)) (3.2)

for some columns ri, € Moo 1 (Coy (X)) with Y i rire < 1, where Coy () ={r € % : ro(a) =
o(a)rVae o}

Proof Let ¢ € CCPy(M.(7), %) be weak* continuous, (&) an orthonormal basis of .Z,
ei,j = & ® €] the corresponding matrix units in B(Z) and Q := Y7 | 4;€;®0¢, € £ ®.Z,
where all A; # 0. Note that M,(C) = B(.%) is contained in Mw(27). So ¢(e; ;) is defined
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and G(a)(p(ei_,j) = (p(aei,j) = (p(e,-yﬂ) = (p(e,-_,j)d(a) shows that (p(ei,j) € C(/(g) Since
Q ® Q* can be expressed as in (3.1), we have

(¢B1p2)(R©Q%) =Y Lidjp(ei)) Deij.

ij=1

This is a positive element of M..(Co/ (%)), hence of the form

(pB1p(2))(Q® Q%) = T[Tk ;]* ZZTLka(@eu

fora matrix [T; ;] = ¥ ; T;j ® e; j € Mao(Coy (#)). Thus

This can also be written as

Plei ;) = ZTkAe, AT, (3.3)

where A is the diagonal matrix with (1,') along the diagonal and

T = [T1x, Do) Tk € Cor(R).
From (3.3) we have that
Z(TkA)(TkA)* = Z (A )eii(TiA)" Z‘P eii) = ) <1,
k=1 k=1

hence each T;A is in M| ..(Cor (#)) and the map

=

Moo() = Z, [xij]—= Y (TA)[o(xi)|(ThA)* (34)
k=1

is weak* continuous. By (3.3) this map agrees with ¢ on matrix units e; ;, hence by weak*
continuity and 27 -bimodule property the two maps must be identical. So

s

o([xi,j]) = ¥ (TA) [0 (xi. )] (TkA)* Zrk xi.j)]re,

k=1

where r = (TrA)*. O

Just as properties of a map between matrix algebras can be read from the properties of
its Choi matrix ([8], [3], [26]), the same holds in our more general context.

Proposition 3.2 A map ¢ € NB_,(B(¥),B()). is completely positive (or positive) if
and only if Cyp > 0.
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Proof We must verify that Cy > 0 implies that the amplification
@ My(B(H)) = B(A™) = B(A™) = M, (B(H))

is positive for each n = 1,2,.. .. Since finite sums of rank one positive operators are weak*-
dense in B(#™)., it suffices to show that @,(& ® £*) > 0 for each & € #™. Since Q is
cyclic for o7, € can be approximated by vectors of the form a2, where a = [ay,...,a,]" €
M, (). But for & of the form & = aQ we have

Pu(ERE) = [p(a:Q ® Q*a})] = ap(Q ® Q" )a* > 0.
O

If the map x — ¥ ;a;xb; on 7, where a; and b; are fixed elements of .27, is positive, is then
the map x — Y ; bixa; also positive? In matrix algebras the trace enables us to see each of
the two maps as the dual of the other, but if <7 is purely infinite, there is no trace and the
following theorem helps to answer the question.

Theorem 3.3 Denote by & the center of &/ C B(X'), assume that J contains a cyclic
vector for of and that </ has no non-zero central parts of type I. If ¢ € NCB/(B(.%")) is
such that ©|</' is positive, then ¢| %' is completely positive.

Proof We may assume that ||@|| < 1. Since % is cyclic for <7, by [23] ¢ is completely
bounded and, as a normal .o/ -bimodule map, necessarily of the form

o(x) =Y aixb; (a},b; € '), 3.5
i

where the sums
Y aia* and Y bjb; (3.6)
i i

are convergent in the strong operator topology (s.o.t.). If the sums (3.6) are norm conver-
gent, then ||@|<’||c, = ||@|<'|| by [13, 3.3] since </’ has non non-zero central parts of
type 1. The same holds even if the sums (3.6) are only s.o.t. convergent, for by the non-
commutative Egoroff theorem [30, I1.4.13] (noting that Y.y ala/* increases if F is en-
larged) in each s.o.t. neighborhood of 1 there exists a projection ¢ € &’ such that the
sums Y, e'dla*e’ and Y, e'b*ble’ are norm convergent. Let @ (x) := Y, e'dixble’. Since
|0 |cb = |@ ||| < ||@|<”’|| and @, (x) converges to @(x) as ¢ converges to 1 in
the s.o.t., it follows that ||@].<”’ ||, = ||@| <’ ||.

If (1) = 1, then @]’ is a unital complete contraction, hence completely positive [6,
5.2.1]. More generally, if ¢(1) is invertible, we may write ¢ = o’ wd', where d’ := @(1)"/2 €
/" and y(x) := d"'o(x)d' . Since |’ is positive, ||w|<’| = |[y(1)| = 1 [20, 2.9],
hence y|.<7’ is a unital contraction, hence a unital complete contraction (by previous para-
graph), thus completely positive. But then |/’ is also completely positive. If (1) is not
invertible, then we apply the argument just given to the maps ¢ := ¢ + %id k=1,2,...)
and let k — . So @|.7’ is completely positive.

Thus the map (¢|«') ®id,, : o’ ® o 'S o on the maximal C*-algebraic
tensor product is completely positive [22, 11.3]. Since ¢ is an <7 -bimodule map, the diagram

max (p|")@idy max
A QA A R A
lq lg

_— ¢ _—
Ay — FA
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where ¢ is the natural *-epimorphism @’ ® a — a’a, commutes. Since each positive element

in M,,(«’ <) can be lifted to a positive element in M,, (<7’ ® o), it follows that ¢@|.o/’ o/
is completely positive. Then by weak* continuity the same holds also for ¢|</’<7. But
A A =7 ad

The following proposition generalizes the well-known criterion for positivity of linear
maps between matrix algebras [8], [26, 4.1.11] and also for maps on factors considered in
[27, Th. 10].

Proposition 3.4 (i) For each € NB /(B(5#),B(X)) .y and alla € o, d' € B/ (H) the
equality
(p(d)a,Q) = Tr(C(pua'a)

holds, hence @|B () is positive if and only if Tr(Cy,a'a) > 0 for all a' € B () and
ac M+.

(ii) If ¢ € NB o/ (B(X),B(H)) oz is such that o(T(A")) C T(H), then @; can be ex-
tended uniquely to a weak* continuous map in B(B(€),B(#")), namely to (|T(¢))f €
NB (B(H#),B(A)) s, and

((@IT()))(d)aQ,Q) = Tr(Cyd'a)

for all a € o/ and d' € B/ (H), hence (Q|T(#))![B,, () is positive if and only if
Tr(Cpd'a) > 0 forall a € oy and d' € B (5 ).

(iii) In the same situation as in (ii), if 7€ = X (so that Cy and C(,,n are both defined), then
we have that Tt(Cg,d'a) > 0 for all a € o7y and @' € B/ (K') . if and only if Tt(Cypa'a) > 0
forallae oy andd € By (K ).

Proof (i) We compute that
Tr(Cy,d'a) = Tr(@s(2 @ Q*)d'a) = Tr(@(d' )a(2 © Q*)) = (@(d')a, Q).

Applying this to a*a instead of a and noting that ¢(a') € B/ (#") (since a@(a’) = ¢(ad') =
¢(d'a) = @(d)aforallac o) we get (p(d')a2,af2) = Tr(Cy,a’'a*a). This proves (i), since
[/ Q] = J¢ and all positive elements in .27 are of the form a*a.

(ii) Since T(##) is weak* dense in B(J#), the uniqueness of the extension is obvious.
To prove the existence, we first observe (by an easy application of the closed graph theorem)
that the map @|T(%") : T(¢") — T(4¢) is bounded also in the trace norms || - ||; on T(.%)
and T(2#). Hence the adjoint (@|T(.#"))* exists, and clearly it is in NB ./ (B(#),B(.% ).
Evidently (@|T(#))*|T(#) = ¢;, hence (¢|T(#))* is a weak* continuous extension of
¢;. A similar computation as in (i) proves the equality stated in (ii).

(iii) By (i) and (ii) it suffices to show that (¢|T(.#"))* </’ is positive if and only if
@|</’ is positive, where o7’ = B/ (¢"). First we consider the case, when </’ is finite. Let
7’ be a faithful normal trace on <7/, extended to L' («7"). Recall that &’ C L' (/") = ('),
where each d’ € &7’ corresponds to the functional p, € (') by py(x') = 7' (a'x") (see [30,
V.2.18]). We will show that

(QIT(A)) " = (@l )| '. 3.7)

This will imply (since a map is positive if and only if its dual map is positive and 7 is
dense in L'(<7")4) that (@|T(#))¥|</’ is positive if and only if (¢|<7’); is positive on
L'(o/") (= («");), which is the case if and only if ¢|.<’ is positive. To prove (3.7), recall
that the predual (&) of &7’ is the quotient (&7")y =T(J¢) /o], where o7 :={r e T(X):
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Tr(ta') = 0 Va' € o7'}. Observe that (/') | is invariant under @, since (@|T (%)) (") C
/' by the «7-bimodule property of (¢|T(#"))*. Thus ¢ induces a map ¢ : (&7"); — (/)3
and it is easy to verify that (¢)* = (@|T(.#"))*.<’. So, to prove (3.7), we need to show that
(9)* = (¢|");|«/" or (equivalently by density of <7’ in L (<7")), that

T(9)H(@)p) = 7 (9l );(d)b') (b € ). (3.8)

Extending 7’ to a normal state on B(.%"), lett € T(.%") be the operator representing 7/, that
is
() =Tr(x't) Vx' € &', (3.9)

The left side of (3.8) can be expressed as
T(@)F(d)) =T (d 9 (b)), (3.10)

where on the right-hand side of this identity 5’ is regarded as an element of L' (.7’) = o =
T(£')/ </ and ¢(b') is the class @(1y)" of @(ty) in (7")y, where ty € T(¥) is the operator
representing the functional py, that is, v/(x'b') = Tr(x';y) for all X' € &/’. Using (3.9) we
now have

Tr(x'ty) = T (Xb) = Tr(x'b't) VX' € &,

hence we may take 7,y = b’t. Therefore (3.10) can be rewritten as
T(@)F () =7 (d plty)) =7 (d p(b'1)). (3.11)

Recall that since ¢ and hence (¢|T(#"))* is automatically completely bounded by [23] and
a normal <7-bimodule map by hypothesis, it is necessarily of the form

(o|T(x Zb’xal,

where a},b} € o7’ are such that the sums Y, a}*a; and ¥, b'b}* are convergent in the strong
operator topology (see [23] or [13]). Then it follows readily that ¢|T(¢") must be of the
form @(x) = Y; ajxb], where the sum is convergent in the trace norm for each x € T(.%¢"). So
it follows now from (3.11) that

(@) (d)b') = Za’a’b’tb’ Za’a’b’tb’) (3.12)

Now observe that 7 is just the identity element 1, € &' C L (&) = o =T(X)/ ] (as
can be seen by applying (3.12) to the identity map x — 1x1 in place of ¢). Thus (3.12) can
be rewritten as

() Za ib'bi) =7 (d o(b)) =7 ((p|le")s(d)),

which agrees with the right-hand side of (3.8).

When 7’ is semi-finite (but not necessarily finite), we chose a net (p/) of finite projec-
tions in &7’ increasing to 1 and consider the maps @ : B(pp- %) — B(pp#) & piB(X)
defined by ¢r (x) = pj@(x)p. Since B (pfpA) = /' plp is finite, we have by what we
have already proved that Tr(Cy, pfd’ pa) is positive for all @’ € o/’ and a € <7 if and only if
the same holds for Tr(C(y,), Pd’ pira), where Cy, = (ppR2) @ (ppQ)*. But Cp, = ppCopy
and C(g,.), = prCe, P, hence we get the desired conclusion in the limit as pf; — 1.
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By the central decomposition of .7 the proof can now evidently be reduced to the case
when &7 (and hence also «7") is of type I11. Assume that ¢|.<7’ is positive, hence ¢| 2" is c.p.
by Theorem 3.3. Then @|Z” is necessarily of the form y(x) = ¢"*x¢’ for an (infinite) column
¢’ = (c}) with the entries in 2’ such that the sum Y, ¢/*c} is s.0.t. convergent (the proof of this
is the same as in [13, 1.2]). If & is a factor, &' = B(.#") D T(#'), so we may take x of the
form & @ E* (& € ). Then ||@(x)||1 = Tr(@(x)) = L;(cici*E, &), hence by polarization the
sum Y, cic* converges (recall that @|T () : T(J¢) — T(#) is bounded). It follows that
(@|T(#))* is of the form x — ¥, clxc}*, which is (completely) positive, hence so is also its
restriction to «7’. If &/ is not necessarily a factor, then by using the fact that 2 is unitarily
equivalent to a direct sum of algebras of the form L*(u) ® 1 acting on L?(u) ® .Z for a
positive measure p and a Hilbert space .7, it can be shown that the sum Y, c;c} is weak*
convergent and consequently the map y : B(¢) — B(%), y(x) = ¢*xc’ (which coincides
with @ on 2’) maps T(.%") into itself. Moreover, since (¢|T(.#"))* and (y|T(.%#))* are both
</ -bimodule maps (hence also 2-bimodule maps), they preserve 2, hence @(2]) C 27
and y(Z7]) C Z|, where 2| C T(¢) is the annihilator of 2. Thus we have the induced
maps

Oz Ve 1 (Z); =T(H)/ 2] = (Z");.

The intersection (2”); N 2" is dense in (2”); and weak* dense in 2. On this intersection
the maps @4 and W are just the restrictions of ¢ and , respectively. Since ¢| 2" = y|Z”,
it follows that @ = W4 . Hence ‘P,ﬁﬂz’ 1 2 — 7 is given by (pgzz(z/) = lllgzi(z/) =7,
which is a (completely) positive map. Since (¢|T(#))?| o' = (p%% ’, this proves that the
positivity of @|<7’ implies the positivity of (¢|T(.#))f|.<7’. The proof of the converse fol-
lows by essentially the same arguments. ]

Proposition 3.5 If o7 CB(.X) is afactor, Q € X is a cyclic trace vector for o/ and H is
a normal Hilbert o/ -module such that B, () is finite, then ¢(Q2 ® Q%) € T(H) for any
map @ € NCB/ (B(#),B()) . Hence o(K(%)) C K(57).

Proof Note that < is finite and Q is a trace vector also for &/ and a separating vector
for o7 [9, 7.2.14]. By [30, V.18] 4Z is isometrically isomorphic to a module of the form
¢' ™ for a cardinal m and a projection ¢’ € M,,,(«7"), where &/’ = B,/ (#"). We claim that
m can be taken to be finite. To show this, let let 7’ be the semi-finite normal faithful trace
on M,,(7") (defined by 7'([a; ;]) = ¥.; To(a:), where 7 is the canonical trace on the factor
o', t)(a') = (d Q2,Q)). Since ¢M,,(")q' = B () is finite by assumption, T'(q’) < ee.
Let n € N be such that (n —1)7'(1,) < 7'(¢') <nt'(1,), where 1, has been identified
with the diagonal projection 1, 00 ... in M,,(&’). Let ' € &/’ be a projection
such that 7 (r') = 7'(¢') — (n— 1)7'(1,). Then ¢’ is equivalent to the diagonal projection
P=1ly®..0l,ydr®0d... since T(p’) = v/(¢). This implies that 5 = ¢’ #™
is isomorphic (as a Hilbert .«7-module) to p’.#™, which can be regarded as a Hilbert /-
submodule of JZ™".

Since @ is necessarily of the form (3.5, 3.6), but with a;* and b’ in B/ (5, .%¢) (instead
of &7"), we have (2 ® Q*) =Y, a/Q ® (b}*Q2)*, hence

lp(ReQ) < Y llaebf @l < (Y (aiai, @) (L bibir2,2))*. (3.13)

l l

Further, since ¢ C %™, a;* and b} are of the form

a;*:[afla“'aa;fn] and b;:[b;,lv'“ab;,n} (a;,jab;,jEM/)
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and the expression on the right side of (3.13) is equal to
ZZ a/*a/ QQ ]/2 ZZ b/ bl*QQ 1/2.
Since Q is a trace vector for .7’, it now follows that

lo(Q Q%) < ZZa aQ,Q) 1/22 (b}b};©2,Q))"2. (3.14)

: i :

Since ¥ aja;" = Y[a; ,ai;] € My («/") and n is finite, the sum Y5_, ¥ a; ;a;"; is in </'. The
same applies also to the sum Y7 Y; b:*]b; j» hence the right s1de of (3.14) is finite and
therefore ¢(Q2 ® Q%) € T(J7).

We still have to prove the inclusion @ (K (")) C K(#). Since every operator in K(.%2)
can be approximated in norm by linear combinations of operators of the form £ @ £* (€ €
) and each &€ € ¢ can be approximated by vectors of the form af (a € &), it suffices to
note that ¢(aQ ® (a2)*) = a@(Q R Q*)a* € T(H) CK(I). O

In Proposition 3.5 the assumption that .7 is a factor is not redundant, as shown by the
following example.

Example 3.2 Let o/ = £~ acton .# = (2 in the usual way. Q := (1, é, é, .) € X is cyclic
for of. Let Z = (> ® (% and let o7 act on £ as o/ ® 1, so that B/ (.¥) = &/ ®B({?) =
Mo (&) 22 £°(Mw(C)) = £=°(B(£2)). Let ¢; = (0,...,0,1,0,...) be the usual rank 1 projec-
tions in o7 and let p’ € £*°(M..(C)) be the projection given by the sequence p’ = (q1,42,-..),
where g; € M..(C) is the diagonal projection with the first j entries along the diagonal
equal to 1 and all the remaining entries equal to O (that is, g; = e; + ... +¢;). Since each
q; is a finite projection and the g; are centrally orthogonal in ¢ (Mw(C)), p’ is a finite
projections in £ (M(C)). Regarded as an element of B,/ (%) = M« (£), p’ is the diag-
onal matrix, whose diagonal entries in ¢~ are the sums Zf:j er = (0,...,0,1,1,...). Let
d; € By( A, %) (i=1,2,...) be defined as column @ = (e;,e;,...,€;,0,0,...)T, where the
first i components are equal to e;, and define ¢ € NCB,(B(.%),B(.Z)) by ¢(x) =Y, alxa’*.
Note that Y ;ala’* = p/, @ is a c.p. map and p'a = a} implies that the range of @ is contained
in p'B(Z)p' 2 B(H), where 5 := p'.Z. Since p' is finite in B/ (%), B/ () is finite.
However, (2 ® Q%) =Y,;a/Q ® (a;2)* is not in the trace class since

= oo,

!
l

™

Tr(o(Q ®.Q*)):Z(a;.(27a;.(2>:2( a0, Q) Zi(eiQ,.Q):

i i i i=1

Remark 3.2 Suppose that 2 € # is cyclic and separating for 7 and let S be the closure of
the map a2 — a*Q (the well known operator from the Tomita-Takesaki theory [9], [30]).
For each ¢ € NB/(B(.%")) there is a connection between Cy = ¢(2 ® Q) and Cy, =
0;(2 ® Q%) that can be expressed as follows:

The domain of the operators S*@(Q ® Q*)*S contains o/ Q and
SP(RRQ*)'SC p(QeQNY). (3.15)
Moreover, (2 @ Q*)*S(/ Q) C o'Q.

We will omit the relatively simple proof of this fact (not needed in this article), which
uses the fact that ¢ is of the form (3.5) .
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4 Cones of maps and cones of operators

Definition 4.1 Let % be a W*-algebra, A a C*-algebra, 7: A — % a x-homomorphism
(making & an A-bimodule) and X an operator A-system.

(i) A mapping cone in CB4(X, )4 is a weak* closed cone ¢’ C CB4 (X, Z)4 such that
o € € forall ¢ € € and a € CP4(Z). (We do not assume in general that ¢ € € for all
B €CPs(X)and @ €F.)

(ii) An operator cone in X is a norm closed cone & C X such that a*xa € & forall a € A
andx € 2.

(iil) The predual operator cone in X of a mapping cone 4 C CB4(X,%)a is

G ={x€eX:Rep(x)>0Vp e %},

where Re @ (x) = 3 (9 (x) + ¢(x)*).
(iv) The dual mapping cone in CB4(X,B(¢))4 of an operator cone ¥ C X is

2° = {¢ € CB4(X,B(#))4: Reo(x) > 0 Vx € 2}

We will need the following consequence of [15, 3.8, 3.9]:

Proposition 4.1 Let € be a cone in a strong operator <f -bimodule X such that a*ca € €
forall c € € and a € o/ and let # be a normal Hilbert o7 -module containing a separating
and cyclic vector for of. If € is closed in the < , o/ -topology then for each x € X \ € there
exists a map p € CB o/ (X,B()) o such that Rep(c) > 0 for all c € € and Rep(x) # 0.
Moreover, if X is a dual normal operator of -bimodule and € is weak* closed, we may take
p to be weak*-continuous.

Proof Since £ has a separating vector for <7, all normal states on 7 are vector states [9,
7.2.3], hence % contains (up to isomorphisms) all cyclic normal Hilbert .<7-modules and it
follows from [15, 3.8, 3.9] (or from [17, 2.3]) that there exist p € CB/(X,B(.%")) . (which
can be taken weak* continuous if X is a normal-dual operator .7-bimodule and ¢ is weak*
closed) and & € R such that Rep(c) > alg( ) for all ¢ € ¢ and Rep(x) Z atlp( 4. Note
that for each & € Z the set {(Rep(c)&,€) : ¢ € €} is a cone in R, hence we may take
oa=0. ad

Theorem 4.2 Let % be a normal Hilbert <7 -module with a unit vector Q € & which is
cyclic and separating for o/ and let X be a strong operator <f -system. Then:

(i) (65)° = € for each mapping cone € C CB . (X,B(%)) .

(ii) (2°)o = D for each of , o/ -closed operator cone 9 C X.

Proof (i) Evidently € C (%,)°. To prove that equality holds here, assume the contrary, that
there exists ¢ € (%,)°\ €. Since X := CB,,/(X,B(.%))., is a normal dual operator .7’-
bimodule, where &7’ = B, (B(¥")), and € is weak* closed, by Proposition 4.1 there exists
p € NCB_, (X", B(¥)) such that Rep(y) > 0 for all y € € and Rep(¢) # 0. By [16,
5.1] each p € NCB,/ (X", B(#)), is just the evaluation at some element x € X, hence for
a suitable x € X we have now Re y(x) > 0 for all y € € (hence x € %6,) and Re @(x) # 0,
hence ¢ ¢ (%,)°, a contradiction.

(ii) Again, the inclusion 2 C (2°), is evident. If x € X \ &, then by Proposition 4.1
there exists % € CB/(X,B(4")) s such that Re¥(d) > 0 for all d € & (thus ¥ € 2°) and
Re ¥ (x) 2 0, hence x ¢ (2°),. O
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We remark that Theorem 4.2 holds (with the same proof) also for not necessarily o-
finite &7, if ¢ is such that all normal states on <7 and on &7’ are vector states arising from
vectors in % ". (This is so if &7 is in the standard form on %" [30, IX]).

Example 4.1 We can describe all weak™* closed operator cones & in .7, . (Thus, here X = o/
for a W*-algebra <7.) Assume that 0 # x € Z. Since a*xa € & for all a € 7, it follows
easily (by considering those positive a that are functions of x) that & contains a non-zero
projection e € o/. Then, since the central carrier p := C, of e is a sum of projections in
o/ that are equivalent to sub-projections of ¢ and Z is weak* closed, it follows readily
that p € &. Similarly & contains the range projection of each x € 2, hence a standard
maximality argument shows that 2 = q.<7;, where ¢ is the largest central projection in 2.

We can also describe the dual cones. Since any .o/-bimodule map ¢ : &7 — B(.%) is
determined by @’ := (1) € &', we have CB /(<7 ,B(.¥")) s = </', hence

9°={d € :Re(dx)>0Vxe I} ={d € &' : Re(d'qa) >0Va € o, }

={d € &' : qRed > 0}.

Let ¢ be a normal Hilbert .«/-module with a cyclic and separating vector  for &/
and let &' = B/ (). A normal mapping cone in CB,(B(.%))., is a mapping cone
€ C CB(B(#)). (in the sense of Definition 4.1) such that the set %o of all weak*
continuous maps in ¢ is weak* dense in ¢’. For d’ € &' let My« 4 € CB o/ (B(¢)) s be de-

fined by My »(x) = a’*xa'. Motivated by the finite-dimensional case [26], we could define
the predual cone €, as

o := (Cnor)o :={Cy EB(A) : Yy €NCBy(B(X)).s,ReTr(CyCyp,) > 0V € Cror},
where Cp, = ¢;(Q ® Q") € T(') and Cy = y(Q ® Q*). (Note that ¢, is not necessarily
an operator cone in the sense of Definition 4.1 since My« 40 Y (a € 27) is not necessarily in
¢, because M+ 4 is not an .27 -bimodule map (if .7 is not abelian).)

Lemma 4.1 €, ={Cy: vy € NCB/(B(%)).7, Re@(Cy) > 0V € Gpor}-

Proof Since Q is cyclic for o7’, we have that Re @(Cy) = Re @(y(2 ® Q%)) > 0 if and
only if Re (py(Q @ Q*)d'Q,d' Q) > 0 for all @ € «/’. This can be written as

ReTr(((M,» ,oy)(Q®Q"))(Q®27Y)) >0.
Since My @ € Gpor for all @' € &' and @ € Gy, it follows that Re @(Cy) > 0 for all
@ € Gnor if and only if Re Tr((@y (2 @ Q%))(2 @ N2*)) > 0 for all ¢ € G, which can be
expressed as Re Tr(CyCo, ) > 0. O
Lemma 4.2 [f % (and hence also <) is finite-dimensional, then the map

V:CBy(B(A))w — B(X), YY) =Cy=y(QeQ")

is an isomorphism.
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Proof If y(y) = 0, then y(aQ ® (bQ)*) = ay(Q @ Q*)b* = 0 for all a,b € o7, hence
y(x) = 0 for all rank one operators x € B(.#), since [«/ Q] = % . Therefore y =0 and y
is injective. To prove surjectivity, we only need to observe that for each x € B(.¢") the map

¥ € CBy (B(A)),
W(Zaj.Q ® (b].Q)*) = Zaij}‘»
J J

is well defined, for clearly V is then an «7-bimodule map on B(.#¢") with w(Q ® Q*) = x.
For this, it suffices to note that ' ja;Q ® Q*b} = 0 implies that ¥ ja;(a'Q @ ('Q2)*)b5 =0
forall @’,b" € </', hence ¥ ;a;xb’; = 0 for all (rank one, at first) operators x € B(.#") since
Q is cyclic for o7’. O

Theorem 4.2(i) tells us that each mapping cone € in CB, (B(.%")) .7 can be expressed as
an intersection of cones of the form €}, := {¢ € CB, (B(.#)).s : Re@(b) >0} (b € B(.¥)),
if 22 contains a cyclic and separating vector for .2/. A similar argument shows that each
mapping cone € in NCB ./ (B(#)) .y = CB . (K(H#),B(#)) oy = (K(H)a@aT(H )t is
an intersection of cones of the form

€= {9 ENCB (B(X)) : Re@(b) > 0}, “.1)

where b is in the smallest strong operator .2 -subbimodule of B(J#") containing K(J¢"). If
dim#" < oo, Lemma 4.2 (together with Theorem 4.2(i)) implies that % is an intersection
of cones of the form %), where b ranges over Choi matrices of maps, and then Lemma 4.1
implies that the duality of cones can be defined in terms of Choi matrices. But in infinite
dimensions this is not true, as can be seen from Proposition 3.5 and the following remark.

Remark 4.1 1f b ¢ T(¢'), the cone 6}, (defined by (4.1)) can not always be expressed as
an intersection of cones of the form é; (t € T(.#")) (defined by (4.1) with b replaced by ?).
To prove this, it suffices to show that there exists a sequence of elements aj, € o7’ weak*
converging to an element &’ such that Re (a')?> £ 0 and (a})? = 0 for all k. Namely, then the
sequence of maps

Magwa; € NCBEQ/(B(C%/))EO{, Mai.a}( (x) = a,ﬁxaﬁw

is such that for each ¢t € T(.#") the sequence My 4 (t) converges to My, (t) in the weak
operator topology. Hence the map M, , is in each cone of the form 4; (r € T(%")) that
contains all the maps M, . The cone ¢ contains all the maps My o (since My (- =
—(a},)* = 0), but does not contain M,/ ,+ (since Re M,y ,(—1) = —Re (a')* 7 0. Hence €1 #
Niet(). 627, G-

To prove the existence of a sequence (a;,) with the required properties in a IT; factor <7/,
let p’ € &/’ be a projection equivalent to p'~ = 1 — p/, hence p'&/'p’ = p'+o/'p'*. Since in
a factor of type II; there exists a sequence of unitaries weak* converging to O (this can be
seen by taking (an injective) subfactor realized as L(G) for an appropriate group G), there is
a sequence uj, € p'+ /' p' weak* converging to 0 and such that u}*u} = p’ and ujuj = p'*.
Then a, = p’ +uj, — uff — p'* satisfies (a})> = 0, the a}, weak* converge to @' := p' — p'*
and Re (d')? = 1.

The maps M“’ML defined above are not completely positive, but replacing a; with b}, =

. . . 10—1
a, ®ay, M“'k’“i with Mb,’(,b,’(* and —1 with the matrix [O 0} , we get an example of c.p.

maps demonstrating the same phenomenon.
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5 B(.Z)-convex cones

The aim of this section is to show that when &/ = B(.%) the duality of cones considered in
Section 4 reduces to the type of duality investigated by Stgrmer [26]. If o = B(.Z) for a
separable Hilbert space .Z, the Hilbert space % := £ ® . contains a cyclic and separating
vector for @7 = 1p( o)</ . If we identify B(Z) with M,,(C) (where m = dim ¢ € NU
{eo}), then all strong operator B(.Z)-systems are of the form X = M,,(V), where V is an
operator system [18, 3.4]. We will use the notation V®B(.Z) := M,, (V). There is a natural
completely isometric isomorphisms

v : VEB(.Z) — CB(T(.Z),V) C CB(T(Z),V¥) = (V!QT(2))*, (5.1
[1, 1.5.14(10)], determined by
((ty(W) (1)) = (wP 1) (1 e T(ZL), V' e Vi we VEB(Y)),

which shows naturality, but it is more conveniently defined by choosing matrix units e; ; €
B(Z) and setting

lV(Zvi"j ®€i7j)(l‘) = Z(e,}j,t)v,;j (l (S T(f), [Vw’] S Mm(V) = V@B(ﬂ)) (52)
LJ LJ

(To see that the sum on the right side of (5.2) is even norm convergent, setv =1} ; j<e,-l Vi
and first note that for each v! € V* we have

|05 ) = Ylenst) 0, vi )| = [TeCe[F i D)1 < el v -
ij

Then apply this inequality to the tail of the series on the right side of (5.2), that is, to t — p,t p,
instead of 7, where p, =Y, e;;. Since limy, o ||t — putpu||1 = 0, it follows that the series
on the right-hand side of (5.2) is norm-convergent.)

Using the natural identification

CBp(2)(V®B(Y),B(L)®B(Y))p(2) £ CB(V,B(.Y)), ¢®lpz)+ ¢. (5.3)

and also the identification B(.Z)®B(.Z) = CB(T(.¥),B(.¥)) (a special case of (5.1)), for
each w € V®B(Z) the evaluation

ew: CBy ) (VEB(2),B(Z)TB(L))p(2) — B(L)EB(2),

PR ) S (@B 1)) (W),

corresponds to the composition
cw 1 CB(V,B(¥)) — CB(T(¥),B(¥)), cw(@) = @oty(w);

this is the meaning of Lemma 5.1 below. We will use this fact to prove Corollary 5.1 below,
which together with [26, 6.1.5, 6.1.6(iv)] shows that duality of cones of Section 4 essentially
coincides, when &7 = B(.¢), with the duality studied by Stgrmer [25], [26], [28] (at least for
symmetric mapping cones as defined in [26]). We will omit the simple verification (using
(5.2)) of the following lemma.
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Lemma 5.1 The following diagram commutes:

]

CBp»)(VEB(Z),B(L)EB(L))s») — CB(V,B(Z))
lew Lew .
B(.Z)@B(Z) 4 CB(T(Z),B(2))

For a map ¢ : U — V between operator spaces equipped with involutions the adjoint

map ¢* is defined by
¢ (u) =) (uel).

For an operator system V the isomorphism ty : V®B(.%) — CB(T(¥),V) (defined by
(5.2)) is easily seen to be involution preserving. But 1y does not necessarily map positive
elements in VRB(.¥) to completely positive maps and for this reason we state Lemma
5.2 below. By an anti-automorphism of a C*-algebra R we mean the involution preserv-
ing anti-automorphism, that is, a linear bijection T on R such that 7(yx) = 7(x)7(y) and
7(x*) = 7(x)*. For example, in the case R = B(.#"), choose an orthonormal basis of .#" and
let 7 be the transposition, 7(x) = xT, relative to this basis. For any two anti-automorphisms
71, T» the composition 717, is an automorphism, so all anti-automorphisms are equivalent
for our purposes.

Lemma 5.2 Let T be an anti-automorphism of B(.Z), V an operator system, w € VRB(.Z)
and ¢ € CB(V,B(Z)). Then (9@ 1g(¢))(w) > 0 if and only if

Tog@o(wv(w)) € CP(T(Z),B(L)),
where T(L) inherits its matrix ordered structure from B(.Z).

Proof Denote 1 = 1y. Choose an orthonormal basis of .Z, let ¢; ; be the corresponding
matrix units, p, = Y./ ¢;; and denote by M), , the two-sided multiplication x — p,xp,
on T(Z) and on B(.Z). Since any anti-automorphism of B(.Z) is a composition of the
transposition and an (inner) automorphism of B(.Z), the proof is reduced to the case when
7T is the transposition relative to the given basis (so that T commutes with the compressions
X = ppXpn). For w of the form w =Y, ;v; j®e;; and t € T(Z) we have from (5.2) that
(to@ot(w))(t) =X, j{eij,t)T®(vi ), from which we see that To @ ot(w) is c.p. if and only
if all the maps M), ,, o To@ot(w)oM,, , are c.p.. Further, (9@ 15 4))(w) > 0 if and only
if My, p, © QRM,, ,,(w) > 0 for all n. In this way the proof is reduced to the case when
dim.Z < 0. Then, given w =Y, ;v; j®e; ; € V@B(Z), we compute (using (5.2)) the Choi
matrix of the map 7o @ o (1(w)) to be equal to

Y topo(i(w)(exs) @ery =YY leij,ex)TO(vij) @ews =Y TO(Vik) @ ek,
ol ol i o

which is just the transpose of the matrix Y ; @(vix) ® e;x = (¢ ® 1g(»))(w). Since such
a map is c.p. if and only if its Choi matrix is positive and positivity is preserved under
transposition, this finishes the proof. O

All completely positive maps on B(.%) can be weak* approximated by finite sums of maps
of the form x > a*xa (a € B()) and all completely positive 1g( &) ® B(Z)-bimodule
maps on B(.Z)®B(.¥) can be weak* approximated by finite sums of maps of the from
x> (b* @ 1g(g))x(b® lg(»)), where b € B(Z) (this follows from [5, 2.5]). Thus, if we
define a mapping cone in CB(V,B(¥¢)) as a weak* closed cone ¢ that is invariant un-
der c.p. maps on B(¥) (that is, 8¢ € € for all ¢ € € and all c.p. maps 6 on B(¥)),
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then under isomorphism (5.3) such cones correspond precisely to the mapping cones in
CBg(¢)(VEB(Z),B(Z)®B(Z))p(¥) as defined in Section 4.

The map 1y : V®B(Z) — CB(T(Z),V) defined by (5.2 ) is an B(.¥)-bimodule map, if
we define the B(.%)-bimodule structure on CB(T(.Z),V) by (ayb)(t) = y(bta). Therefore
the cones 2 in CB(T(.¥),V) that correspond to operator cones in V®B(.Z) (as defined in
Definition 4.1) have the property

YoMy, €2 Yy € PandVaeB(Y),

where M- 4 is the two-sided multiplication t — a*ta (t € T(.Z)). We will call such cones
operator cones in CB(T(Z),V).

To interpret Theorem 4.2 in our present context, we still have to determine, which oper-
ator cones 7 in CB(T(.¢),V) are such that the corresponding cones 1, (2) in V&B(.Z)
are closed in the B(.Z),B(.%¥)-topology, which is determined by all the functionals p €
(V®B(.Z))* with the property that for each x € V&B(.Z) the maps a — p(ax) and a
p(xa) are weak* continuous on B(Z). We denote the space of all such functionals by
(VEB(Z))™).

Lemma 5.3 (VEB(.%))®) > VIQT(.L).

Proof For each p € (VEB(.Z))®) the restriction p — p|(VEK(.Z)) is isometric since
for a net (py) of finite-rank projections in K(#) increasing to the identity 1g ) we have
that p(x) = limy; p (prxp;) for all x € VRB(.Z). On the other hand we have the completely
isometric isomorphism k : VIQT(Z) — (VRK(ZL))! (see [6, (10.1.9)]), given by

KV @) (vec) = (V) (e) (ceK(L)teT(L)VFeViveV). (5.4)

If we show that for each y € VQT(.Z) the maps a — ak(y) and a — Kk(y)a are weak* con-
tinuous on B(.#), then (since VRK(.Z) is dense in VRB(.Z) in the B(.Z), B(.Z)-topology)
each k(y) has a unique extension to an element p € (VRB(.Z))*®2), so this will prove the
lemma. To prove the required continuity, we may assume that y is of the form y = vf @1
(v} € Vi, 1 € T(Z)), since the space of normal functionals on a W*-algebra is norm-closed.
Thus we need to verify that for each z € VRK(Z) the map a — (ak(y))(z) = k(y)(za)
is weak* continuous on B(Z) (and similarly for the other map) and again we may as-
sume that z is of the form z=v®c (v € V, ¢ € K(&)). In this case we have by (5.4)
k(y)(za) = k(V* @1)(v®ca) = (v},v)(t,ca), which is clearly weak* continuous in a. O

Let CBg,(X,Y) denotes the subset of all self-adjoint maps in CB(X,Y), that is, maps ¢
satisfying @(x*) = ¢(x)*). (Note that for such maps Re ¢(x) = @(Rex).) Since 7 and 1y are
involution-preserving, in view of (5.3) and Lemmas 5.1, 5.2, 5.3 we can now reformulate for
mapping cones ¢ C CBg,(V,B(.Z)) and operator cones 2 C CBg,(T(.Z), V) the definitions
of 6, and Z° as

Gosa :={0 € CBu(T(Z),V) : oo is completely positive Vo € €'}
and

2°%% :={p € CB,(V,B(.Z)) : 190 is completely positive Vo € Z}.
Then the following can be considered as a special case of Theorem 4.2:

Corollary 5.1 (Gosa)®* =% and (9°%)osa = 2 for all mapping cones € C CB,(V,B(.Y))
(which are weak* closed by definition) and all operator cones in 9 C CBg(T(Z),V) that
are closed in the topology determined by VE*QT(.Z).
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In Corollary 5.1 the duality between CB(T(.Z),V) and VQT(Z) is of course given by
(o, vt @1) = (v}, 0(t)). Note also that & C CBg,(V,B(.Z)) may be any weak* closed cone
such that a*¢a C € for all a € B(.¥), where V is any operator system.

6 Positivity in operator-projective tensor products

Let 7 be an anti-automorphism of B(.%"). The pairing
(b,t)r :=Tr(t(b)t) (beB(X), teT(X)), (6.1)

makes T(.#") a predual of B(.¥"). Since 7 is the composition of an automorphism and the
transposition, 7 is weak* continuous, hence 7 : T(.#") — T(.%") exists.

The reason of using the pairing (6.1), instead of just (b,7) — Tr(bt), is in the well-
known correspondence between maps in CP(B(.#),B(.#")) and positive functionals on
B(s7)®T(¢"). Namely, an element w € B(#)QT(¥) is called positive if and only if it is
positive in the C*-algebra B(.##°) @ B(#") and it is well-known (see [26, 4.2.7] in the case
T is a transposition) that a map ¢ € CB(B(.¢),B(.%")) is completely positive if and only if
the dual functional ¢ € (B()&T(#))*, defined by

P(x1) = (t1(p(x)),1) =Tr((¢(x))r) (xeB(H), 1 € T(H))

is positive. (In general W*-algebras it seems more natural to use anti-automorphisms, when
they exist [4], instead of transpositions.) This will suggest how to define positive elements
in tensor products of the form X A®A¢%ﬁ, where X is an operator A-system and % is the
predual of a W*-algebra % such that & contains the image of A under a *-homomorphism
7, so that Z is an operator A-bimodule by axb := n(a)xn(b) (x € #Z, a,b € A). Thus % is
a Banach A-bimodule by

(x,awb) := (bxa,) (a,b€A, xE X, 0 € HKy).

We would like to associate to each map ¢ € CB4 (X, %), a linear functional ¢ on X, ®4%;
by
(P(XA@A(D) = <T((P()C)),(JJ> ()CEX, (J)E%ﬁ), (62)

where 7 is a fixed anti-automorphism of Z. For ¢ to be well-defined, we must modify the
A-bimodule multiplications in % so that (denoting by o the new multiplication)

(t(@(axb)), 0) = P(axba®s®) = P(xa®abowoa) = (1(@(x)),bowoa)

for all a,b € A, x € X and @ € Z;. This means that (t(n(a)@(x)7(b)), ®) = (t(@(x)),bo
® o a), which can also be written as

(1(p(x), 1(n(a)) @t(n(b))) = (t(@(x)),bo woa).
Thus we introduce to % the new A-bimodule multiplications by
aow:=0t(n(a)) and woa:=t(n(a))w (0 € Xy, acA). (6.3)

3 equipped with the A-bimodule operations (6.3) is denoted by %’ﬁf .
%jf is regarded as a predual of % through the pairing

<x7 w)‘f = <T(x)7w> 6.4)
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and as such carries the operator space structure, where for each n € N the norm on M,, (%’ﬁr )
is defined by

[ j]ll= = sup{[|[{z(ee), @i )]l : (i) € M (%), [[xica]ll = 1, m € N}

The usual involution on % is also an involution on %n’ and has the property
(acwob)" =b"ow oa” (a,b€A, t € %)

Definition 6.1 Given an operator A-system X, an element w € X 4 ®A<%’ﬁf is positive (w > 0)
if and only if @(w) > 0 for all ¢ € CP4(X,Z%), where ¢ € (XAQA{)A,@IDIi is determined by
(6.2). Let (X4 ®A%f )+ denote the cone of all positive elements in X 4 ®A'@Iir )

Under the isomorphism (X4 ®A%ﬁ’ )2 CB(X, %) (Where the duality between ,@ﬂf and Z
is given by (6.4)) ¢ corresponds to @, so @ is bounded.
There is a natural involution on X 4 ®A‘@Iir , determined by

(xa®a0)" =x"4a0" (xeX, © € Z]).

A matrix [0; ;] € M, (%) is positive if and only if the matrix [p; ;] := [t;(@;,;)] is pos-
itive in M,,(%) (that is, if and only if the map % — M, (C), x — [p; j(x)] is positive). This
implies the following remark.

Remark 6.1 Let T and v be anti-automorphisms of . A map ¢ : Z{ — %ﬁ" is completely
positive if and only if VioT, Visa completely positive map on Z;.

Proposition 6.1 Let T and v be anti-automorphisms of Z and let oo = Tv~', an automor-
phism of %Z. For any operator A-system X let idx be the identity map on X and denote by ¥
the map idXA®A Oy . XA®A<%J — XA®A<%)ﬁV. Then:

(i) W is a completely isometric isomorphism such that ¢ (¥ (w)) = @%(w) for each
map @ € CPy(X, %) and all w € XA®A%J, where @° and @V are the linear functionals on
Xa@a%f and X A®A'%Iiv (respectively) that correspond to the map @ according to the rule

(6.2). In particular
P((Xa®aZ])+) = (Xa®a%) )+

(ii) (9A®AG)((XA®A<%’J)+) - (YA®A<%’ﬁV)+ for completely positive A-bimodule maps
o: %uf — f@u" and 0 : X — Y between any operator A-systems X Y.
(iti) If X C Y are operator A-systems and X is injective, then the natural map

XAQAT] — Y a@ARf

is completely isometric and hence, regarding X a ®A%g as a subspace of YA®A,%J, we have
(XA®A%J)+ = (XA®A9?J) N (YA®A,%’J)+.
Proof (i) First observe that

o (cod) =o' (c)oy(w)a ' (d) (c,d € Z, ® € %) (6.5)
for every automorphism ¢ of %. Indeed, for every x € # we compute that

(x, 04 (cod)) =(da(x)c, 0) = (a(a " (d)xa ' (¢)), )

(o™ (d)xa ! (c), op(@) = (v, () oy (@) (d)),
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from which (6.5) follows. Using (6.5) with & = tv~!, it is straightforward to verify that o
L%’uf — ﬂ’jv is a homomorphism of A-bimodules. It can be verified that ¢ is also a completely
isometric isomorphism, hence so is ¥ = idy4®, 0. Further, for any ¢ € CP4(X, %), x € X
and o € #; we have

PV (P (xa®a0) =0" (xa@a06(0)) = (v(9(x)), &z (®))
=(a(v(9(x))), 0) = (1(¢(x)),®) = ¢* (xa &4 W),
hence by linearity and continuity ¢" (¥ (w)) = ¢*(w) forall w € X A®A%u’ .
(i) Letp = vtcn'u’l, so that p is a c.p. map on %; by Remark 6.1. For any ¢ € CP4(Y, %)
andxe X, w € ,@uf we have for w 1= x4 Q4 o that

" ((04840)(w)) =(v(@(8(x))),0(@)) = ((¢8)(x), v:((v; 'pT)(@)))

=(1((p*90)(x)), ®) = ((p*p0) (W),

hence by linearity and continuity
—T
@' ((04&40)(w)) = p*p0 (w)

for all w € XA®A%ﬂT. If w is positive, so is by definition also MT(W) since pf0O ¢
CP4(X,Z), hence by the last equality (84&40)(w) is positive.

(iii) By injectivity of % any map in CB4 (X, %) extends to a map in CB4 (Y, %Z)4 of the
same norm [20, p. 951, so the restriction map CB4 (Y, #)a — CB4(X,%)a is a completely
quotient map, hence its pre-adjoint X A®A%g =Y A®A%:7 must be completely isometric.
The last identity in (iii) follows now directly from the definition of the cones (X4 ®A%,f )
and (YA®A%5)+ since any map in CP4 (X, %) can be extended to a map in CP4(Y,#). O

The operator space structure on g%’ﬁr is independent of the choice of 7 since for any other
anti-automorphism v of % the map « = tv~! is an automorphism, hence completely iso-
metric. When 7(A) is contained in the center 2 of % and 7(z) = z for each z € Z (for
example, if A = C), then the bimodule operations (6.3) are the usual ones on %, hence f%’uf
is independent of the choice of 7 and so X4 ®A.%t" =X4 ®A%uf . Further, one can verify that
GT(P(w)) = (t'ate) " (w) forall w € XA®A<%’J and @ € CP4(X,%). Since any automor-
phism (in particular 7~'at) is a c.p. map, it follows from the definition of (X ®A<@ﬂf )+ that
the map ¥ = idys®4 0 preserves the set (X A®A%’§ )+. On the other hand, by Proposition
6.1 W((Xa®aZ])+) = (Xa®aZ) )+, hence (Xa®aZ) )+ = (Xa&aZS)+. This proves the
following corollary.

Corollary 6.2 If t(A) C Z, then for all anti-automorphisms T of Z satisfying ©1|Z =id
the space X 5 ®A<%’ﬁT and the set (X 4 ®A%’g )+ are independent of T.

Given a homomorphism 74 : A — R of C*-algebras and an anti-automorphism 7 of R,
regarding R? as the pre-dual (Rﬂj)ﬁ of the universal W*-envelope R* of R, we see that R*
inherits from (R:’i)gnj an operator A-bimodule structure. R* with this new structure is denoted
by Ruf.

If Z#; is the dual of a not necessarily unital C*-algebra B (for example, if #Z = B(¢)),
then the adjoint map of the natural embedding 1 : B — B = % is a projection 1* : % =
Bt Bt = ;. This implies that for any homomorphism 7 : A — B of C*-algebras (making
B an operator A-bimodule) and any operator A-bimodule X the natural map @ : X A®A,@ﬂ —
Xa&a %" is completely isometric.
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Proposition 6.3 If %; = B! for a not necessarily unital C*-algebra B which is a bimodule
over a C*-algebra A, X is an operator A-system, G is an anti-automorphism of B and T = c*
(an automorphism of %), then an element w € XA®A¢%J is positive if and only if @(w) is

positive in X 404 (:%’ﬂ)ftu, where © : X4 ®A<@u — XA&a % is the natural map.

Proof By definition w is positive if and only if ¢7(w) > 0 for all ¢ € CP4(X, %), while
O(w) is positive if and only if li/ftn(Q(w)) > 0 for all y € CP4 (X, %%). Let k : %, — %*
be the canonical map (regarded as inclusion) and g = k¥, a projection from %** onto %. On
elements of the form x4® 0 (x € X, 0 € ,@ﬂf ) we have

7™ (0 (1@a0)) =(F#(y(x)), 0) = (W (x), (@)
=(y(x), k(7 (@) = (1qy(x), 0) = ¥ (xa®a @).

By linearity and continuity the identity l/“/"m (@(w)) = qy" (w) holds for all w € Xa&aZ}.
Since gy € CP, (X, %) for each w € CP4 (X, %), and since each ¢ € CP4(X,%) may be
regarded as an element of CP4 (X, %), it follow that w is positive if and only if @ (w) is
positive. a

7 € -positive maps

Motivated by the work of Stgrmer [24], [26] we state the following definition.

Definition 7.1 Let % be a W*-algebra, 7 : A — % a homomorphism of C*-algebras (mak-
ing #Z an A-bimodule) and 7 an anti-automorphism of % such that 7(7w(A)) = w(A). For a
mapping cone € C CB,4 (%) consisting of self-adjoint maps ¢ (that is, ¢(x*) = ¢(x)*) and
an operator A-system X define

Pe(X) = {weXaBuZF: w=w", (idxa®a6°)(w) € (XaBuZh). VO € €},
A map y = y* € CB4 (X, %), is called €-positive if
(P (X)) C [0,00).
The set of all €-positive maps is denoted by Py (X, Z).
Lemma 7.1 101! € CBA (%) for all 8 € CBA(%)a and ||T0T"||cb = ||0]|cb-

It is routine to verify that @7~ ! is an A-bimodule map. The verification of the norm
equality in Lemma 7.1 is based on the fact that the map @ : Z — %, o(x) = 7(x)*, is a
x-isomorphism of % onto the conjugate algebra of %, hence completely isometric, as well
as on the fact that the involution is isometric. We will omit the details of this verification.

Theorem 7.1 In the situation as in Definition 7.1 assume that % = B for a not neces-
sarily unital C*-algebra B, T = Tgﬂ for an anti-automorphism T of B, T = 17y for a *-
homomorphism 7y : A — B, where 1 : B— B* = % is the canonical map, T7€t~" =€ and
7(n(A)) = w(A). Then Py (X, %) is the smallest mapping cone € in CB(X,%#)a that con-
tains all maps 0@, where 0 € € and @ € CP4(X,%). (By definition € is the weak* closure
of all finite sums of maps of the form 6¢).
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Proof Let us first verify the inclusion € C Py (X, %), in other words, that 8¢ € Py (X, %)
forall 8 € ¥ and @ € CP4(X,Z%). Since (0¢)* = 6*¢* = 6¢, we need only to show that
GAZpT(w) >0 for all w € Pg(X). By Lemma 7.1 107~ € CB4(%)a, hence (77')*0% 7 €
CBy4 (%’3),4, so we have forallx € X and o € %’f

00 (1a®40) =(109(x), ®) = (p(x),0°7*(@))
—(19(x), (%) 10"} (@) = §% (idxa®a (") 6P (4@ ).

Thus by linearity and continuity

00" (w) = §7((idxa&a (")~ 057 (w)) (7.1)

for all w € XA®A%II. Since by hypothesis 787! € ¥ and w € P»(X), we have by the
definition of Py (X) that

(idxa®a (70T ")) (W) € (Xa@aZE) 1

for all w € P»(X). By the definition of positive elements in X A&aZ% this means that
@7 ((idxa®a(t0T1)F)(w)) > 0 for all ¢ € CP4(X,%*), hence in particular for all ¢ €
CP4 (X, %), thus it follows from (7.1) that érpr(w) >0.

Now, to prove the equality € = Py (X, %), assume the contrary, that there exists y €
P4 (X, %)\ €. Then by the Hahn-Banach theorem there exists a functional

w € (CBA(X,Z)a); = Xa@a %]

such that . .
09 (Rew)=Reb¢ (w) >0 VO € ¢,V € CP4(X,Z%) (7.2)
and
w(Rew) = Re y(w) < 0. (1.3)
By (7.1) the inequality (7.2) means that ¢¥((idxa&a(7%)~'6%z%)(Rew)) > 0; since this
holds for all ¢ € CP4(X,Z), it follows from Proposition 6.3 that

(idxa®a(th) 1677 (Rew) € (Xa0a%%) -

Since this holds for all 8 € ¥ and 47" = &, we conclude that Rew € Py (X), hence
y(Rew) > 0 since ¥ € Py (X, Z). But this contradicts (7.3). O

The following is a partial generalization of the Stgrmer extension theorem [24], [29].
(In the case A = C it covers the symmetric mapping cones of [26], but not the general ones
since our definition of %-positivity is slightly different from [26].)

Theorem 7.2 In the same situation as in Theorem 7.1 assume that € consists only of pos-
itive maps and that % is injective. Let Y be an operator A-system containing X. Then each
Y € Py(X, %) can be extended to a map in Py (Y, %).

Proof By Theorem 7.1 there is a net of maps ; of the form y =3 ; 6 ;@ ; converging to
v in the weak*, hence also in the point weak* topology. Thus in particular y; (1) — w(1),
s0, passing to a subnet, we may assume that the net (y (1)) is bounded. Since Z is assumed
to be injective, each ¢ ; € CP4(X, %) can be extended to a map 1 ; € CP4(Y, %) (see
[20], [31]). Then 1y := Y ; Ok j7k,j extends Y and, since My is a positive map (because all
M,j are completely positive and 6 ; are positive by our hypothesis about €’), we have that
1Ml < 2||mk(1)|| = 2||wi(1)]], hence the net (1) is bounded. Clearly each weak* limit
point 1 of the net (1) is an extension of y, and € Py (Y, %) by Theorem 7.1. O
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8 When is CP4(X,R) weak* dense in CP, (X, R%)?

Positive cone in X 4 ®ARﬁT is defined in terms of maps in CPy4 (X,Rw). Since R is in general
very large, it is natural to ask: does the condition that @(w) > 0 for all ¢ € CP4(X,R) already
guarantee that an element w € X4 ®A%E is positive? It follows by an application of the
Hahn-Banach separation theorem that the answer is positive if and only if the set CP4(X,R)
is weak* dense in CP4(X 7Rm). (Here we regard R as a C*-subalgebra of R, through the
canonical map 1 : R — R, and consequently CB, (X, R)4 as a subspace in CB4 (X, R)4 by
identifying each @ € CB4(X,R)4 with 1¢.) This density question is interesting even in the
case A = C. Namely arguments of Kirchberg [10, 2.5.1] and Ozawa [19, 2.8] show, for a
separable X, that the set UCP(X, R) (unital c.p. maps) is weak* dense in UCP(X,R%) for all
R if and only if X has the lifting property in the sense that for each C*-algebra R and ideal J in
Revery u.c.p. map ¢ : X — R/J can be lifted to a u.c.p. map 6 : X — R, so that g0 = ¢, where
g : R — R/J is the quotient map. (For example, X may be a separable nuclear C*-algebra [2,
C3].) Restricting to W*-algebras, we can dispense with the separability assumption on X:

Proposition 8.1 Let X be a (not necessarily separable) operator system. If UCP(X, %) is
weak* dense as a subset of UCP(X7%’w) for all W*-algebras %, then X has the lifting
property for all von Neumann algebras % and norm-closed ideals in %.

Conversely, if A is finite-dimensional, X is an operator A-system which has the lifting
property as an operator system, then the set UCP4(X,R) (CP4(X,R)) is weak* dense in
UCP, (X, R™) (in CP4(X,R*), respectively) for every C*-algebra R which contains A as a
C*-subalgebra.

Proof Let J be a norm closed two-sided ideal in %, q : # — %/J the quotient map and
@ : X — Z/J a unital c.p. map. Then ¢* : A™ — (22/J)% splits (since J* is of the form
2™ for a central projection p € %), hence there exists a complete contraction 0 : X — %
such that g6 = L7/9, where 15/, - Z[] — (%/J)* is the canonical map. If UCP(X, %)
is weak* dense in UCP(X,%"), there exists a net of u.c.p. maps o} : X — % such that
the maps 1,70} weak* converge to 6, where 15 : Z — %" is the canonical map. Let @' :

F* — % be the weak* continuous extension of (15)~" [9, Section 10.1]. Then lt,,;?le =

p-w.*limy L;l%ck = p.w.*limy o). Since the maps lg?l and oy, all have their ranges in %
and the restriction of the weak* topology of %% to Z is just the weak topology, we can
replace the maps oy by suitable convex combinations (denoted again by o) to achieve the

point-norm (p.n.) convergence, thus z{;;e = p.n.lim; ;. Note that g*1, = lyp/7q- Using

also that ¢ = L@ and setting 0 = l(él 0, we have

12/790 =lz/7q1,'0 = lg/Jq(p.n.liF or) = p-n.limiz /40

:p.n.liinqwlggck =g*(p.w.* lim 1%00) = 470 = 17,0

Since the map 14/, is injective, this implies that go = @, that is, o is a lift of ¢.

For the converse, note that by the lifting property of X each map w € UCP(X,R™)
can be weak* approximated by maps 6; in UCP(X,R) (see [19, 2.8]). Assume now that
v € UCP4 (X ,Rut). Since A is finite-dimensional, it is linearly spanned by a finite group G
of unitaries [9, p. 526], and the averages

v .
QX >R, ¢(x):= @ Z u* O (ux)

ucG
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are completely contractive unital (hence c.p.) A-bimodule maps (as selfadjoint left A-module
maps) that approximate y. If ¢ € CP4(X,R*), then by an argument from [6, 5.1.6] we can
write @ = aya, where y € UCP4(X,R*) and a = /(1) is in the relative commutant
Ca(R™) of A in R. An averaging over a finite group of unitaries that span A shows that
Ca(R) is strong* dense in C4 (R™). Strong* approximating a with a bounded net of elements
of C4(R) and weak* approximating ¥ by maps in UCP4(X,R) we get the desired approxi-
mation of . O

For which R is CP(X, R) weak* dense in CP(X, R*) for all operator systems X ? At least
for W*-algebras the answer is simple:

Proposition 8.2 Let % be a W*-algebra. The set CP(X, %) is weak* dense in CP(X, %)
for all operator systems X if and only if Z is of the form

K = BiM,, (21), where Z; are abelian, ny € N and supny < oo. (8.1)
k

Proof If Z is not of the form (8.1), then % contains a copy of an algebra of the form
DM, (Z1), where 2% are abelian and supy ng = oo (this follows from the type decompo-
sition and the halving lemma), which contains a completely isometric copy (as an operator
system) of B(£?) (as can be seen by considering suitable compressions). Hence Z is not
locally reflexive [2], [22], [6], which means that there exist a finite-dimensional operator
system X C Z* such that the inclusion v:X — Z" can not be weak* approximated by
complete contractions from CP(X, %) [2, 9.1.2]. By a well-known argument [2, p. 35] this
implies that ¥ can not be approximated by maps in CP(X,%).

Conversely, if Z is of the form (8.1), then Z is injective and nuclear, so by [2, 9.4.1]
locally reflexive. Therefore, given an operator system X and y € UCP(X 7%ﬁﬁ)’ for each
finite-dimensional operator system V C X the map y|V can be weak* approximated by
maps @ € UCP(V,%). Each such ¢, can be extended to a map y; € UCP(X,%). Since this
holds for every finite-dimensional V C X, it follows easily that y is in the weak* closure of
UCP(X,%). For a non-unital map y € CP(X, %), write y as aya, where a € Z* and y
is unital (see the proof in [6, 5.1.6]), approximate y; and approximate a by elements from
Z in the strong* topology. ]

When X = A, any A-bimodule map ¢ from X to R (or to R*) is determined by the el-
ement (1), which is in the centralizer C4(R) := {x € R : xa = ax Ya € A} (in C4(R"),
respectively). Thus CP4(A,R) = Ca(Z%), and CP4(A,R™) =2 C4(R™),. However, Ca(R)
is usually not weak* dense in Cy4 (an). The following example shows that even in an en-
tirely commutative W*-context (where there is no problem with the density of centralizers)
CP,(X, %) can fail to be weak* dense in CP4 (X, %%).

Example 8.1 LetA =% = % be an abelian W*-algebra and X = I Letm,: & — B(4%)
be the universal representation of 2. Each character y on 2 is a direct summand in 7,
acting on a one-dimensional subspace C& of .7%,. The corresponding projection e : 3%, — C&
is minimal in B ¢ (%) and can not be equivalent to any sub-projection of 1 —e in B » (.7%)
(since x is not equivalent to any other representation of 2). Thus the central carriers C, and
Ci_. of e and 1 — e must be orthogonal, which means that e = C,, hence e is in the center
Z% of By () (= By (). We claim that for each ¢ € CPy (2%, 2), ¢(e) must be
of the form ¢(e) = Y| A4qu, where g, are minimal projections in 2 and A, € R satisfy
lim,, o A, = 0. To show this, assume that

6 €o(@(e)) (the spectrum of ¢(e)) and & > 0.
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For each n € N let p, and p = py5y be the spectral projections of ¢(e) in 2 corresponding

to the interval [0 2”2;1 ,0 2;151 ) and to the singleton {8}, respectively. If p # 0 and p is nota

minimal projection in 2, we can write p = f] + f», where f1, f» are non-zero projections in
Z . Ifefj=0,then @(e) fj = ¢(ef;) =0, in contradiction with ¢ (e) f; = § f;. Thus, ef; #0,
and by minimality of e we have e < f;, so e < fi A f2 = 0, a contradiction. Thus p = ps)
must be a minimal projection in % (or 0). Assume now (to reach a contradiction) that &

is not an isolated point of &(¢(e)). Then, since Y., p is the spectral projection of ¢(e)

corresponding to the interval [0 2’;%1, 8), which is non-zero for each m € N because 6 is not

isolated in o(¢@(e)), it follows p, # O for infinitely many n. If ep,, = 0 for some such n, then

2" —1
0< 67[% < @(e)pn = @(epn) =0

would imply that p, = 0, a contradiction. Thus, by the minimality of e it follows that e < p,
for each such n. But taking two different such n; and n, it follows that e < p, pp, =0, a
contradiction. Thus all nonzero points 6 in 6(¢(e)) are isolated, hence o(¢(e)) must be a
sequence (4,) converging to 0 (together with 0) and the corresponding spectral projections
gn must be minimal in Z. If 2 has no minimal projections, then this implies that ¢(e) = 0,
hence in this case id 4 is not in the point-weak* closure of CP 4 (% # ). However, even
in the discrete case 2 = £*, any character y € 2%, such that x is the evaluation at a point
in B(N)\ N, annihilates all minimal projections in ¢**, hence also all elements of the form
o(e) = Y| Angn, where lim, ., A, = 0 and g,, are minimal projections in 2. Thus again
id 4+ can not be in the point-weak* closure of CP 4 (2%, ).
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