ON TWO GROUP FUNCTORS EXTENDING SCHUR MULTIPLIERS

HEIKO DIETRICH AND PRIMOZ MORAVEC

ABSTRACT. Liedtke (2008) has introduced group functors K and K, which are used in the context of
describing certain invariants for complex algebraic surfaces. He proved that these functors are con-
nected to the theory of central extensions and Schur multipliers. In this work we relate K and Ktoa
group functor 7 arising in the construction of the non-abelian exterior square of a group. In contrast
to K, there exist efficient algorithms for constructing 7, especially for polycyclic groups. Supported
by computations with the computer algebra system GAP, we investigate when K (G, 3) is a quotient
of 7(@), and when 7(G) and K (G, 3) are isomorphic.

1. INTRODUCTION

In the study of complex algebraic surfaces it is of interest to find strong invariants which are not
too complicated to be useful. Towards this aim, Liedtke [Liedtke 2008] introduced group theoretical
functors K and K that are related to the fundamental groups of the associated Galois closures. More
precisely, let X be a smooth projective surface, fix a generic projection f: X — P2 of degree n, and
let foa1: Xgal — IP? be its Galois closure. Let A? be the complement of a fixed generic line in P?, and

set X = f=1(A?) and ng = gj (A2). Tt is proved in [Liedtke 2008, Theorems 5.1 & 5.2] that
S| (X;gl) has images isomorphic to K (1 (X?f), n) and to K (71 (X?f), n). It is the constructions of

K(—,n) and K (—,n) that are central to Liedtke’s investigation in [Liedtke 2008, Liedtke 2010]. As
pointed out in these papers, it is important to have a better understanding of K in order to describe
the above mentioned fundamental groups.

The aim of this work is to extend the group theoretical analysis of the functors K and K, and to
relate these to a functor 7 associated with Brown and Loday’s construction of the non-abelian tensor
square of a group [BL 1987]. The latter has applications in topology and K-theory, and can efficiently
be computed for several classes of groups, such as polycyclic groups.

In Section 2, we set the notations and give the definitions of K (G, n), K(G,n), and 7(G). In Sec-
tion 3, we elaborate on these and provide explicit descriptions that enable efficient computations for
polycyclic groups. In Section 4, we introduce the concept of an Al-automorphism and show that the
existence of such an automorphism for a group G yields a central extension

1 —— Hy(G,Z) —— 7(G) —— K(G,3) —— 1,
similar to the one proved in [Liedtke 2008, Theorem 2.2]:

1 —— Hy(G,Z) — K(G,3) — K(G,3) — 1.
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2 On two group functors extending Schur multipliers

It is therefore natural to ask when 7(G) and K (G, 3) are isomorphic. In Section 5, we explore this
question for several classes of groups. For example, we show that if G is a finite group and a Schur
cover H/M = G admits an Al-automorphism which acts as inversion on M, then 7(G) = K (G, 3).

In Section 6, we show that K (G, 3) and K (G, 3) are closely related to the unramified Brauer group
of the field of G-fixed points in a complex function field. This group is also known as the Bogomolov
multiplier By(G), and has various applications in algebraic geometry, in particular, to Noether’s
Problem. In Section 7 we comment on our computational experiments with the system GAP [GAP].

2. DEFINITIONS AND PRELIMINARY RESULTS

Unless stated otherwise, all groups are finite and written multiplicatively. For a group G and in-
teger n > 0 we denote by G™ the direct product of n copies of G. We write C,, for the cyclic
group of size n. The commutator subgroup G’ is the subgroup of G generated by all commutators
[g,h] = g 'h~tgh = g~ '¢g" with g, h € G. A free presentation for G is a free group F' with normal
subgroup N < F such that G = F'/Nj; since G is assumed to be finite, we assume that F is finitely
generated. A polycyclic presentation pc(gi,...,gn | 71,...,7m) for G is a group presentation with
abstract generators gy, ..., g, and relations rq, ..., r,, that are power or conjugate relations, with
the convention that trivial conjugate relations are omitted; see [EN 2008, Section 2.1] for details. For
example, pc(g1, g2 | g%, g3) describes the Klein 4-group (g1, g2 | g7, 93, 95" = g2). A group extension
of Aby B is written G = B.A, meaning that A < G with quotient G/A = B.

2.1. Liedtke’s constructions. For a group G and integer n > 2, the group K (G, n) is the kernel
of the map G™ — G/G’ that sends an n-tuple (g1, . . ., gn) to the product of its components modulo
the commutator subgroups, that is,

K(G,n)={(g1,---,9n) €G" : g1---gn € G'}.

Note that every permutation of the n factors in G™ defines an automorphism of K (G, n), that is, we
have Sym,, < Aut(K(G,n)). To define the group K (G,n), choose a free presentation G = F/N
for GG, and set

K(G,n) = K(F,n)/K(N,n)",

where K (N,n)!™" is the normal closure of K (N, n) in F"; if n > 3, then this is simply the normal
closure of K (N,n) in K (F,n), see [Liedtke 2008, p. 248]. It is shown in [Liedtke 2008, Theorem 2.2]
that the definition of K (G, n) does not depend on the choice of presentation for G.

2.2. Non-abelian exterior square. Let G and G* be groups, with isomorphism G — G*, g — g*;
we continue to use “x” to denote elements and subsets of G*. Let G x G* be the free product of G
and G, and, following [Rocco 1991], define v(G) as a quotient group of G x G* via

v(G) = (G*G)/({lz,y T [e%, ()T 1l y 1%, ()T sy 2 € GHEE

To simplify notation, we identify elements in v(G) with elements in G x G*, keeping in mind
that further relations hold in v(G). If we want to emphasise the parent group, then we some-
times use subscripts at generated groups (—) 4 or at commutators [—, —] 4 to indicate that the cor-
responding structures are to be considered in the group A. For example, if ¢ € G and g* € G*,
then [g, g*] v(G) denotes their commutator in v(G), not in G * G*. With this convention, consider
V(G) = ([z,7"],(q) : * € G) as a subgroup of v(G), and define

7(G) = v(GQ)/V(G).
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Note that the homomorphism G x G* — G x G, g1hig2h5 ... gxhy — (g1 gk, h1 - - - hy), maps
commutators [3:, y*] to 1, hence it induces short exact sequences

1l — GG — v(G) =5 GxG —— 1

1l — GAG — 7(G) = GxG —— 1

where the kernels G ® G and G A G are called the non-abelian tensor square and the non-abelian
exterior square of GG, respectively. In will be shown in Lemma 3.1 below that this coincides with the
definitions given in [BL 1987]. We conclude with a lemma that is used later.

Lemma 2.1. Let H — G be a surjective group homomorphism with kernel M. Then there are induced
epimorphisms 3: v(H) — v(G) andy: 7(H) — 7(G) whose kernels are

(M, M)y [M, H ]y [H, M* ],y and (M, M™) gy [M, H* ]y [H, M) (.-

Proor. For § this is [Rocco 1991, Proposition 2.5]. Since 8 maps V(H) to V(G), this induces 7.
Note that kery = {z - V(H) : x € 7YV(Q))}, and 371 (V(G)) = (ker 3) - V(H); the claim
follows. d

2.3. Schur multiplier. We recall some facts about the Schur multiplier of a finite group and refer
to [Karpilovsky 1987] for more details, in particular, Proposition 2.1.1 and Theorems 2.1.4, 2.4.6, 2.5.1,
2.6.7, and 2.7.3. A Schur cover of G is a group H such that H/M = G for some M < H' N Z(H)
isomorphic to the Schur multiplier

M(G) = H*(G,C*).

Note that G’ = H' /M since M < H'. Schur (1904-07) has shown that M (G) is finite and if F//N = G
is a free presentation of G with F a free group of finite rank r, then M (G) = (F' N N)/[F, N]; the
latter is known as Hopf’s formula. Every Schur cover H of G is isomorphic to F'/S for some normal
subgroup S < F that defines a complement S/[F, N] to (F' N N)/[F,N] =2 M(G) in N/[F, N];
in particular, S/[F, N] is free abelian of rank r and (F’ N N)/[F, N] is the torsion subgroup of
N/[F, N]. The isomorphism type of a Schur cover is in general not uniquely determined. However,
Schur proved that the isomorphism type of H' depends only on G, and not on the chosen cover H.
Miller (1952) has shown that
M(G) = Hy(G, Z).

We will see in Remark 3.2 below that we can identify [G, G*], () = G A G via [g, h*] = g A h. This
identification allows us to define the surjective commutator map

k:GANG =G, gANhw|g,h],

which, according to [BJR 1987, Corollary 2], can be lifted to an isomorphism
GANG—H', gANh—[d, K],

where ¢', b/ € H are lifts of g, h € G. Since G’ = H' /M (G), this yields an exact sequence

1— M(G) —— GANG —— & 1

with ker & & M(G) central in G A G. This shows that if G is abelian, then G A G = M (G) = H/,
and a Schur cover of G is abelian if and only if G is cyclic if and only if M (G) = 1.

3. EXPLICIT DESCRIPTION

As a first step towards investigating the relation between 7(G) and K(G,3) we provide a more
concrete description of these groups.



4 On two group functors extending Schur multipliers

3.1. An explicit description of 7. The next lemma summarises some facts about 7(G) and v(G).

Lemma 3.1. Every w € v(G) can be written uniquely as w = gh*w' for some w' € [G,G*],q) and
g, h € G; the analogous statement holds in T(G). Moreover, we have

kerc, = [G,G*], ) 2= G®G and kerc; = [G,G*] () = GANG.

ProoF. Let g = g1h] - - gnh), € v(G). The identities
(3.1 h'g=gh*[h*,g], [h*,glk = k[(h")*,¢"], and [n",glk" = K*[(h")", 6]

can be used to rewrite g = g1h]---guhy, = (g1 gn)(h1 -+ hy)*w with w € [G,G*], (). Re-
call that ¢, maps [G,G*], () to 1, hence c,(g9) = (g1 gn,h1---hy), which proves kerc, =
[G,G"],(c)- The uniqueness of the expression of g follows from the exact sequence associated
with ¢,. The argument for 7(G) and ¢, is exactly the same. Recall that above we have defined
G®G = ker ¢, and GAG = ker c;; it is shown in [Rocco 1991, Proposition 2.6] that the ‘non-abelian
tensor square’ of [BL 1987] is isomorphic to [G, G*], () Via [g, h*] = g ® h, and from this it follows
that the ‘non-abelian exterior square’ of [BL 1987] is is naturally isomorphic to [G, G*] (). 4

Remark 3.2. Using Lemma 3.1, we can identify
GoG=[G,G, @ and [G,Gl (g=GNG
viag® h — [g,h*] and g A h — [g, h*], respectively.
Proposition 3.3. The group 7(G) is isomorphic to G.(G A G) with multiplication
(a,b5¢)(g, h; d) = (ag,bh; (V" A g")e?"d),
and derived subgroup 7(G) = (G' x G").(G A G).

ProOF. By Lemma 3.1, the element gh*w € 7(G) corresponds to (g, h;w) € G?.(G A G), and this
correspondence defines the multiplication in G2.(G A G). Note that ¢ € G' A G corresponds to an
element of the form []; [z, y}], and so ¢ and c(9°") both correspond to [[,[z7, (v/)*]. The last claim
is [Rocco 1991, Theorem 3.1]. O

Remark 3.4. If G A G is abelian, then Proposition 3.3 shows that 7(G) is an extension of G A G
by G? defined by a 2-cocycle v € Z2(G2,G A G) with v((a,b), (g, h)) = b A g"; the G?-module
structure on G A G is defined by (u A v)9") = (u9" A v9"), cf. [Robinson 1982, §11.4].

Remark 3.5. The extension in Remark 3.4 is split if and only if there is a function f: G> — G A G
such that the subset {(a, b; f(a,b)) : a,b € G} is a subgroup of G2.(G A G) isomorphic to G? via
(a,b) — (a,b; f(a,b)). In this case A = {(a,1; f(a,1)) : a € G} and B = {(1,b; f(1,b)) : b € G}
are commuting and disjoint subgroups of G2.(G' A G) isomorphic to G. In particular, the maps
a — f(a,1)and b — f(1,b) are 1-cocycles G — G A G; recall that a 1-cocycle r: G — G A G
is a map satisfying r(gh) = r(g)"r(h) for all g,h € G. Conversely, for every pair of 1-cocycles
l,r: G — G AGthesets L = {(a,1;l(a)) : a € G} and R = {(1,b;r(b)) : b € G} are disjoint
subgroups of G2.(G A ) isomorphic G. Together they form a complement to G A G if and only if
they commute, that is, if and only if [(a)’r(b) = (b A a)r(b)®(a) for all a,b € G. The existence of
such 1-cocycles is a necessary and sufficient condition for the extension to be split.

Remark 3.6. It follows from [BL 1987, Proposition 2.5] that G acts trivially on the kernels of the
maps k: GAG — G and k': G ® G — G, both induced by the commutator map. This proves that
ker £ <7(G) and ker v’ <v(G) are central. Since (GAG)/ ker k & G/, we have 7(G)/ ker k = G?.G’
with multiplication (a, b; c)(g, h; d) = (ag, bh; [b, g]"c9"d). An analysis similar to that in Remark 3.5
can be used to determine necessary and sufficient conditions for this extension to be split.
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3.2. An explicit description of K. The following result is based on [Liedtke 2008, Theorem 3.2].
We denote the components of a tuple g by g1, go, . . ., thatis, g € G" lisg = (g1,...,9n_1)-

Proposition 3.7. Let G be a group with Schur cover H and H/M = G. The following hold forn > 3.

a) We have K(G,n) = G" 1.G’ where the product of u = (g;c) and v = (h;d) in G""L.G" is

defined as
uv = (gh; p(g, h)c"d)

where ch = (M ha=0)"" and (g, h) = (g1h1) -+ (gn-1hn-1) (g1~ Gn-1) " (b1 hn1) Y
we have ji(g, h)(c9)" = 9" (g, h) forallg,h € G* ' and ¢ € G'.

b) Let p be the map defining K (H,n) = H" Y H' as in a). Identifying H = G A G via the iso-
morphism in Section 2.3, we have K (G, n) = G"~1.(G A G) where the product of u = (g;c) and
v = (h;d) in G"1.(G A G) is defined as

w = (gh; p(g', 1')c"d);

here g',h/ € H™ ' are elements that map onto g, h € G"™1, and c"* is defined as in a).

c) There is a central extension

1 —— Hy(G,Z) —— K(G,n) —— K(G,n) — 1.

Proor. a) By definition, K(G,n) = {(g1, ... ,gn,l,ggil . -gflc) S g1,y 9n-1 € G,c € G'}
The isomorphism from G" .G’ to K (G, n) maps (g;c) € G"1.G"to (9,9, -+~ g7 ‘¢) € K(G,n);
the definition of i and ¢/ guarantee that this is an isomorphism.

b) It is shown in [Liedtke 2008, Theorem 3.2] that K (G, n) = K(H,n)/K(M,n), independent of
the chosen cover. The proof of a) shows that there is an isomorphism ¢: H" " 1.(GAG) — K(H,n).
Recall that M < Z(H) is central, hence it follows from the definition of y that M™ 1.1 is a central
subgroup of H" 1.(G A G). This subgroup is mapped under ¢ onto K (M, n), which proves that
K(G,n) = K(H,n)/K(M,n) = (H"'.(GAG))/(M"11) =2 G" (G A G). Note that the
multiplication is well-defined since M < Z(H).

¢) This is [Liedtke 2008, Theorem 2.2]: note that the epimorphism from K (G, n) = G" 1.(G A G)
to K(G,n) =2 G"1.G" = K(G,n) can be induced by k: G A G — G'; recall from Section 2.3 and
Remark 3.6 that ker x = H?(G, Z) is central. O

Remark 3.8. If G’ is abelian, then Proposition 3.7a) shows that K (G, n) is an extension of G’ by
G"~! defined by the 2-cocycle 1 € Z2(G™ 1, G’) as in the proposition and G~ !-module structure
on G’ defined by " = clhihn-1)"" cince G is abelian, this is indeed a group action. A similar
consideration as in Remark 3.5 can be used to obtain a (quite technical) criterion for splitness.

Corollary 3.9. If H has nilpotency class at most 2, then K (H,n) = H"~'.H' with multiplication
n—1 n—1
(g:0)(h,d) = (ghsed [T _ ' T1_, lois ).

Proor. This follows from the formula given in Proposition 3.7a), together with ¢,d € H' < Z(H)
and [h, g~!] = [h, g~1]") = [g, h] for all g, h € G. O

3.3. Abelian groups. Fora group Glet Z\(G) = {g € G : gAx = 1 for all x € G} be the epicentre
of G. Note that Z"*(G) is equal to the projection of the center of a Schur cover of G on G, see [Ellis
1995, p. 254], therefore the next result agrees with [Liedtke 2008, Proposition 4.7]. It is shown in
[Ellis 1995, Proposition 16(vii)] that there exists H with H/Z(H) = G if and only if Z(G) = 1.
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Proposition 3.10. If G is an abelian group, then K (G, n) is isomorphic to the group G"~1.(G A G)
with multiplication

(g,C)( ) ) (g ; C ||1 1gi/\( it ln 1))
Under thlS identiﬁcation,

Z(K(G,n)) = {(u,uya,..., uyn_1;¢) € G L(GAG) 1 y2,. .., yn_1,u" € ZNG)}
=~ ZMG)" 2 x (GAG) x {ueG:u" e ZNG)}.

Proor. Let H be a Schur cover of G with H/M = G. It follows from Corollary 3.9 and Proposi-
tion 3.7b) that K (G,n) = G~ . H' with multiplication
) B ) n—1 n—1_,
(97 C)(h7 d) - (gh7 cd Hi:l H]:’L [gw hg])a

where each g; and h is a lift of g;, hj € G to Hynotethat H' = M < Z(H) and H' = M 2 G NG
since G is abelian. Recall that G A G = kerc,, thatis, GAG = (g A h : g,h € G) with the
convention g A h = [g, h*] (). In particular, if [¢', M|y € H where ¢',h' € H are lifts of g, h € G,
then H' = G A G via [¢', h/] — g A h. The first claim follows.

If (a;¢) € Z(K(G,n)), then the following holds for all (g; d) € K(G,n):

n—1 n—1
Hi:l ai N Gi gn—1= l_L.:1 9i N\ @i~ Qp1.

Considering g with only one nontrivial entry g; = h, this forces

a1...ai_la?aiﬂ...an_l/\h:1 forallh € Gandi € {1,...,n—1}.

Write z; = a ... ai_la?ai_i'_l ...ap—1 and note that each z; € Z"(G); now fori = 2,...,n — 1
we have 2, ! z; = a; Y ja; € Z(G), so a; = ayy; for some y; € Z"\(G). Now 21 € Z"\(G) yields
at € Z"(G). Conversely, it is easy to check that every such element yields a central (a; ). O

Proposition 3.11. IfG is an abelian group, then 7(G) is isomorphic to the group G*.(G AG), where the
multiplication is given by (g1, g2; ¢)(h1, ho; d) = (g1h1, g2ho; cd(g2 A h1)). Under this identification,
Z(1(@)) = {(a,b;c) : a,b € ZNG),c € GANG} =2 ZNG)? x (G AG).

Proor. The first claim follows from Proposition 3.3. As above, (a,b;c) € Z(7(G)) if and only if
bAg=hAaforalghe€ G Ifg=1,thena € ZN(G);if h = 1, then b € Z"(G). Conversely,
every such (a, b; ¢) lies in the centre; the claim follows. O

4. ReratinG 7(G) wite K (G, 3) anp K (G, 3)

The aim of this section is to relate 7(G) with K (G, 3). As a first step, we consider a construction of
an epimorphism 7(G) — K (G, 3). Our construction requires an automorphism of G which acts as
inversion on the abelianisation of G.

4.1. Al-automorphisms. An automorphism « € Aut(G) of a group G is an Al-automorphism if it
induces the inversion automorphism on the abelianisation G /G’; this is not to be confused with an IA-
automorphism introduced by Bachmuth (1966), which is an automorphism that induces the identity
on the abelianisation. Clearly, the composition of two Al-automorphisms is an IA-automorphism;
for abelian groups the only Al-automorphism is inversion.
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Example 4.1. Let F be a free group on X. The map X — X givenby z + 27! forallz € X
induces an Al-automorphism ¢ of F. If a group G is given by a free presentation G = F'/N such
that tp(IN) = N, then tp induces an Al-automorphism of GG. Note that if F'/N is abelian, then
F' < N, hence tp(N) = N and tp induces inversion on G. If tp(N) # N, then define M =
tp(N)N < F'. By definition, t(M) = M, and F'/M is the largest quotient of G on which ¢z induces
an Al-automorphism. In particular, every group G has such a quotient since ¢r induces inversion
on F/F'N = G/G'. We give two examples. First, the dihedral group of order 2n can be defined
as Dy, = F/N where F is free on {a,b} and N is the normal closure of {a",b?, aba}. Clearly,
vr(a™) = (a™1)" and tp(b%) = b2 lie in N; moreover, (tp(a’a)™)? = (aa® ')’ = aba € N,
hence ¢ induces an Al-automorphism on F'/N. Second, consider G = F/N where F is free on
{g,h} and N is the normal closure of {g*, h®, h9h?}, that is, G is a semidirect product Cy x Cj. A
direct computation (by hand or with GAP [GAP]) shows that G does not admit an Al-automorphism,
which implies that ¢t»(N) # N. If M is the normal closure of {g*, h®, (h"1)9")h =2, h9h?}, then
tp(M) = M,and G/M = Cj is the largest quotient of G on which ¢ induces an Al-automorphism.

Example 4.2. Let « € Aut(G) be an automorphism which inverts every element of a generat-
ing set X of G. Such an automorphism is called GI-automorphism in [Boston 2006], where GI can
be interpreted as “generator inversion”. (Originally, GI stands for “generator-involutions” because
(a)) X G is generated by involutions {(«,z) : € X}.) Clearly, every Gl-automorphism is an Al-
automorphism. The map ¢r in Example 4.1 is an example. To give another example, consider the
alternating group Alt,, of rank n > 3: Conjugation by the transposition (1 2) defines an automor-
phism « of Alt,, that inverts every element of the generating set {(123),(124),...,(12n)}; thus
« is a GI- and Al-automorphism.

4.2. An epimorphism. Suppose G has an Al-automorphism «; we use « to construct K (G, 3) as a
quotient of 7(G). Note that the homomorphism
GxG" — Gg, glhf .. gkhz — (91 .o gk, hi... hk, Oé(glhl .. gkhk))

maps commutators [x,z*] to 1; since the above map forgets “x”, it also maps the relations of 7(G)
to 1. Thus there is an induced homomorphism

d,: 7(G) = G5
Recall that the commutator map
k:GANG=[G,G ) — G
has central kernel H2(G,Z) = M (G), see Section 2.3. We now show the following:
Theorem 4.3. If o € Aut(G) is an Al-automorphism, then
im®, = K(G,3) and ker®, =kerx < Z(7(G)).
Proor. The inclusion im ®, < K (G, 3) follows immediately from the definition and the fact that «

is an Al-automorphism. If (g, h, k) € K(G,3), then k = h~1g~!c for some ¢ € G'. Note that ®,,
maps gh* to (g, h,a(gh)) € K(G,3), and a(gh) = h~tg~d for some d € G, thus

Do (gh®) L (9,0, k) = (1,1,d  e);
now d~te = [[.[xi,vi] € G',and so (1,1,d71c) = ®,([[,[a " (z;), (a1 (y;))*]). This shows that
(g9, h, k) € im &, thus K (G, 3) < im ®,. Now we consider the kernel. Note that
kerq)a = {glhf gkhz g1 g = hl hk = (glhl) ce (gkhk) = 1}.

If w = gih}...grxh; € ker ®,, then use Lemma 3.1 to rewrite w = g1 --- gi(h1 -+ hg)*w’ = o’
for some w' = [[;[z:,4;] € [G,G"](); thus, w = w' € G A G and applying » yields k(w) =
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k(w") = T1;[zi,yi] € G. Note that rewriting w to w’ involves a sequence of commutator rules as
in (3.1), replacing elements such as a*b by ba*[a*, b], etc. Obviously, this rewriting process can be
reversed which yields a sequence of commutator rules that bring w’ back into the form w. Applying
this reversed process not to w’, but to [ [, [zs, ], we obtain g1 21 . . . gihi, € G, which is the element

« 3

w without the “x”. Recall that g1h; ... gxhy = 1 by assumption, which shows that

r(w) = k(w') = Hi[xhyi] =gihi...gxhy =1,
so w € ker k. Conversely, let w € ker &, that is, w = [[;[g;, h}] € [G, G*]T(G) with [[,[gi, hi] = 1.
Writing w as w = [[, g; '(h; *)*g;h} and applying @, shows that

Po(w) = (1,1, ([gr, ] . .- [gr, hi])) = (1,1,1),

hence ker k < ker ®,,. In conclusion, ker &, = ker x. By Remark 3.6, the group ker @, is central. [J
Corollary 4.4. The existence of an Al-automorphism of G yields a central extension

1 — Hy(G,Z) — 7(G) — K(G,3) — 1.

Together with Proposition 3.7c), it seems natural to ask when 7(G) = K(G,3). We will see in
Proposition 5.4 that the lack of Al-automorphisms may prevent this.

4.3. A subgroup T(G). Recall that K(G, 3) is the kernel of G — G/G', (g, h, k) — ghkG'. We
now consider the kernel

T(G) = {(g,h,cgh): g,h € G,c € G'}
of the homomorphism 7: G* — G/G’, (g, h, k) — ghk™'G’. We now provide a short alternative
proof that K (G, 3) = 7(G)/ ker k if G has an Al-automorphism, cf. Theorem 4.3.

Lemma 4.5. We have T'(G) = 7(G)/ ker k. If G has Al-automorphisms, then K (G, 3) = T'(G).

PrROOF. Recall that we can identify 7(G)/ ker k = G2.G’ and K (G, 3) = G?.G’ via Remark 3.6 and
(g9,h,h=tg71c) = (g, h; c), respectively, with the following multiplications

K(G,3): (a,b;¢)(g,h;d) = (ag,bh; [a~t, g b~ a™  h1)7 9" q) and
7(G)/kerk . (a,b;c)(g, h; d) = (ag, bh; [b, g)"c?"d).

Every element in 7'(G) can be written as (a, b, abc) for unique a,b € G and ¢ € G’. This allows us to
identify T'(G) = G2.G' via (a, b, abc) = (a, b; c), and a short calculation confirms that the induced
multiplication in T(G) = G2.G' is the same as for 7(G)/ker k = G2.G’, so T(G) = 7(G)/ ker k.
If  is an Al-automorphism of G, then 8 = 1 x 1 x « is an automorphism of G® that interchanges
K(G,3)and T(G), hence T'(G) = K (G, 3). O

Identifying T'(G) = 7(G)/ ker k, the isomorphism : T'(G) — K (G, 3) in the proof of Lemma 4.5
coincides with the isomorphism 7(G)/ ker G = K (G, 3) induced by ®,, in Theorem 4.3.

5. SOME ISOMORPHISMS

Our computations in Section 7 suggest that 7(G) = K (G, 3) only if G admits an Al-automorphism,
cf. Corollary 4.4. As mentioned above, the lack of Al-automorphisms may prevent isomorphisms, but
one may ask whether an Al-automorphism implies 7(G) & K(G, 3). In general, the answer is no, as
illustrated by Proposition 5.12b) and Examples 5.11 and 7.1. However, there is strong evidence that
7(@) is closely related to K (G, 3) when Al-automorphisms exists; the next theorem is a useful tool
for establishing various isomorphisms.
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Theorem 5.1. Suppose G has an Al-automorphism that lifts to an Al-automorphism of a Schur cover
inverting the Schur multiplier.

a) We have K(G,3) = 7(G).
b) We have K(G,3) = T(H)/T(M).

Proor. a) Let H be a Schur cover with H/M = G and let « € Aut(H) be the induced Al-
automorphism with a(m) = m~" for all m € M. Corollary 4.4 shows that ®,,: 7(H) — K(H, 3) is
an epimorphism with kernel Hy(H, Z). It is shown in [Liedtke 2008, Theorem 3.2] that K (G, n) is iso-
morphic to K (H,n)/K (M,n), so we obtain an epimorphism 7(H) — K (G, 3). By Lemma 2.1, the
projection H — G'yields a surjectiony: 7(H) — 7(G) with kernel ((M, M*)[M, H*][H, M*]) ).
We can construct an induced epimorphism 7(G) — K (G, 3) if &, (kerv) < K(M,3). If m € M,
then ®,(m) = (m, 1, a(m)), which lies in K (M, 3) since a(m) = m~!; similarly for m* € M*. If
[m, h*] is a generator of [M, H*], then this is mapped under ®,, to (1,1, a([m, h])) = (1,1, 1) since
M < Z(H); similarly for elements in [H, M*|. Thus, @, (kerv) < K (M, 3) and the claim follows.

b) We have T(M) = {(a,b,ab) : a,b € M} and K(M,3) = {(a,b,a"b7) : a,b € M}. The
isomorphism T'(H) = K(H,3) of Lemma 4.5 maps T'(M) onto K (M, 3); recall that « inverts M.
This implies that K (G, 3) = K (H,3)/K(M,3) = T(H)/T(M). 0

Remark 5.2. a) If G has an abelian Schur cover, say H/M = G, then M < H’ implies that M = 1,
so G = H is cyclic, the assumptions of Theorem 5.1 are satisfied, and 7(G) = K (G, 3) = K (G, 3).
b) If a Schur cover H of G admits an Al-automorphism « that leaves M invariant, then « induces
an Al-automorphism of G = H/M since H/H' =~ G /G'.

¢) Based on Theorem 5.1 and example computations, we conjecture that 7(G) = K (G, 3) only if G
admits an Al-automorphism. The results that follow and Example 7.1 below support this conjecture.
A stronger conjecture would be that 7(G) = K(G, 3) if and only if G' admits an Al-automorphism
that lifts to an Al-automorphism of a Schur cover inverting the Schur multiplier. However, this is not
true as can be shown by a direct computation with GAP: the group G = Cy x Cy has Schur multiplier
M =2 Cy, has an Al-automorphism, and satisfies 7(G) = K (G, 3); up to isomorphism G has three
Schur covers Hi, Ho, and Hs, with GAP SmallGroup id [64,18], [64,19], and [64,28], respectively.
Each H; has a unique M; < H] N Z(H;) with M; = M and H;/M; = G. Only H; and H» have
Al-automorphisms, but all of those act trivially on M. A similar statement holds for the non-abelian
Cy x (C4 x C3) with GAP id [48,11]. This illustrates several things: First, whether or whether not
an Al-automorphism of G lifts to an Al-automorphism of a Schur cover depends on the isomorphism
type of the Schur cover. Second, we can have 7(G) = K(G, 3) even though there is no lift of an
Al-automorphism of G that inverts the Schur multiplier.

Corollary 5.3. IfG is a group with exp(G/G"),exp(M(G)) € {1,2}, then 7(G) = K (G, 3).

ProoF. Let H be a Schur cover of G with H/M = G. Since H/H' =2 G/G’ and exp(M) | 2, the
identity automorphism is an Al-automorphism inverting M. Now Theorem 5.1 proves the claim. [J

The next result considers the finite groups all whose Sylow subgroups are cyclic, see [Robinson 1982,

10.1.10]. Note that every group of square-free order has this property.

Proposition 5.4. Let G be a group all whose Sylow subgroups are cyclic, that is,
G={a,b|b",a™ a® =a") = C, x Cp

where |G| = mn withm odd, and 0 < r < m withr™ = 1 mod m and ged(m,n(r — 1)) = 1. Then
G has trivial Schur multiplier, hence K (G, 3) = K (G, 3), and the following hold.
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a) The group G has Al-automorphisms if and only ifr> = 1 mod m.
b) If G is square-free, then G has Al-automorphisms if and only if G has a cyclic 2'-Hall subgroup.
¢) The group G satisfies K (G,3) = 7(G) if and only if G has Al-automorphisms.

Proor. It follows from Holder’s classification [Robinson 1982, 10.1.10] that the finite groups all
whose Sylow subgroups are cyclic are exactly the groups having a presentation as in the propo-
sition. It follows from [Karpilovsky 1987, Corollary 2.1.3] that G has trivial Schur multiplier, hence
K(G,3) = K(G, 3) by definition. If G is abelian, then G is cyclic and Theorem 5.1 proves the claim
where the Al-automorphism is inversion. The condition ged(m, n(r —1)) = 1 guarantees that r # 1,
hence G is abelian if and only if 7 = 0 and m = 1; note that in this case 7? = 1 mod m holds trivially.
Thus, in the following we assume that G is non-abelian, that is, » > 1.

a) Note that [a,b] = a" !, so G’ = {(a). If G has an Al-automorphism, then there exist u, v with
ged(u, m) = 1 such that b~'a? and a* satisfy the relations of b and a in G. The conjugacy relation
forces ab = a® ', that is, 72 = 1 mod m. Conversely, if 72 = 1 mod m, then (b,a) — (b~,a)
describes an Al-automorphism of G.

b) If G is square-free with cyclic 2’-Hall subgroup V' = C,,,,, /5, then there is a subgroup U = C; with
G =UxV = Oy X Cpyyy 9, see [Robinson 1982, Ex. 1.3(13) and (9.1.2)]. In particular, V' is the unique
Hall 2-subgroup, which shows that V = (b2, a) and we can choose U = (b™/2). Thus, by renaming
the generators, we can assume that G = (a,b | a™, b?, ab = a”) where 72 = 1 mod m, m is odd,
0 < r < m,and ged(m,r — 1) = 1. Now by part a), the identity defines an Al-automorphism of G.
Conversely, if G is square-free with Al-automorphisms, then a) implies that G' = (b™/2) x (b2, a) =
C X Cpyp 2, 80 G has a cyclic Hall 2'-subgroup.

¢) If G has an Al-automorphism, then Theorem 5.1 proves that 7(G) = K(G, 3) = K (G, 3); recall
that M(G) = 1. Conversely, suppose that 7(G) = K (G, 3) = K(G, 3); abbreviate T = 7(G) and
K = K(G, 3). If we interpret T via Proposition 3.3, we get generators y; = (b,1,1), z1 = (a,1, 1),
yo = (1,b,1), 22 = (1,a,1), and 23 = (1,1,a), and it follows that 7" = (x1, 72, 23) = C3 and
T/T' = (y1T',y2T"). The elements y; 7" act on T” from the right via matrices
r0 0 10r—1
my = (01r—1> and moy = (07“ 0 ),
00 r 00 r
both given with respect to x1, xo, x3. Similarly, K is generated by 1 = (b, 1,b71), &1 = (a,1,1),
go = (1,b,b71), 79 = (1,a,1), and 73 = (1,1, a), and it follows that K’ = (%1, &2, 73) = C3,, and
K/K' = (g1 K', j2K'). Here the elements ; K" act on K’ from the right via the matrices
r 00 100
ny = (010) and no = <07"0),
00s 00s
where s is the multiplicative inverse of r modulo m. Now consider the subgroups A = (mq,ms)
and B = (ni,n2) of GL3(m). As T' and K are isomorphic, it follows that A and B are conjugate
in GL3(m). Since B is contained in SL3(m), the same holds for A. This forces 7? = 1 mod m, and
now part a) shows that G’ admits an Al-automorphism. g

Proposition 5.5. Let G be an extra-special p-group with p odd.
a) Let exp(G) = p. If |G| = p®, then 7(G) = K (G, 3); if |G| = p*>"! withn > 2, then there exist
Schur covers of G that admit Al-automorphisms, but none of these inverts the Schur multiplier.
b) Ifexp(G) = p?, then G does not have an Al-automorphism.
¢) If|G| = p? and exp(G) = p?, then 7(G) % K (G, 3).
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PROOF. a) Let G be an extra-special p-group of exponent p and order p?" 1. It follows from [Huppert

1967, Satz I11.13.7] that G is a central product of n extra-special groups of size p® and exponent p,
that is, we can assume that G = pc{gi, ..., gon, ¢ | Vi,J : [92i,92i-1] = ¢}, g? = ¢’ = 1). First
suppose that n = 1. By [Karpilovsky 1987, Theorem 3.3.6], the Schur multiplier is isomorphic to C2,
and it is straightforward to verify that the group

H = pC<91792, ¢, hla h2 | 911)7912)7 cp7 hl]; hga [92791] = 6717 [Ca gl] = h17 [67 92] = h2>7

is a Schur cover of G with H/M = G for M = (hy,hy) = C;. The elements grte, gy te ™t
c, hl_l, hy 1 satisfy the relations of H, so von Dyck’s Theorem [Robinson 1982, 2.2.1] shows that
(91, 92,¢,h1,ha) — (91—10792—1071’ c, hl_l, h2_1) extends to an automorphism « of H. This is an
Al-automorphism of H that inverts elements of M, so Theorem 5.1 proves the claim for n = 1.

Now let n > 1. Beyl and Tappe (1982) [Karpilovsky 1987, Theorem 3.3.6] proved that M = M (G)
is elementary abelian of rank 2n? — n — 1 and that every Schur cover H of G with H/M = G is
unicentral, that is, Z(H) is the full preimage of Z(G) under the projection H — G; in particular,
we have Z(G) = G' = H'/M and H' = Z(H). Thus, if g, h € H, then a([g, h]) = [a(g), a(h)] =
[g71, h~ Y] = [g, h], so a fixes H' (and so M < H') elementwise; in particular, o does not invert M.

An explicit Schur cover H of G can be defined by abstract generators g1, ..., g2n, c and h; ; for
1 < i< j < nexcept (4,5) = (1,2), all of order p, with each h; ; and ¢ central, and the fol-
lowing nontrivial commutator relations: each commutator relation [g;,¢;] = w in G with i < j
(except for [g2, g1]) becomes a relation [g;, gj] = wh;; in H. Let N be the subgroup generated
by all h; ;; it follows from the construction that N < Z(H) N H’, that Z(H) = (¢, N), and that
H/N = @G. Standard consistency checks (see [HEO, Section 8.7.2]) can be used to show that this
presentation is consistent: since every element has order p, the only tests that have to be carried
out are for the equations (¢;9;)g9x = ¢i(gjgr) with & < j < 4, but all those lead to the condi-
tions hj;hg ihr j = hgihjihg ; which are trivially satisfied. Consistency of the presentation implies
|H| = p?ti+2n®=n—1 g5 (/N = @ proves that N 2 05”2_"_1 is isomorphic to the Schur mul-
tiplier. This shows that H is indeed a Schur cover of G. In particular, Al-automorphisms exist: take
the isomorphism that is defined by mapping each generator g; to g; .

b) Let G be extra-special of order p'™2" with Z(G) = (c) = G’. It follows from [Huppert 1967,
Satz I11.13.7] that G is a central product of n extra-special groups of size p>, at least one of them of
exponent p2. Thus, there are g, h € G such that (g, h, c) is extraspecial of order p® and exponent p?;
we can assume that g? = ¢, h? = ¢ = 1, and [h, g] = ¢L. If « € Aut(G) is an Al-automorphism,
then al(c™t) = [a(h),a(g)] = [h1, 971 = [k, g]V* = ¢L, 50 a(c) = ¢. Now if ag) = g~ d
with d € Z(G), then ¢ = a(g)? = g PdP = g~P = ¢! forces |¢| = 2, a contradiction.

c¢) We consider G = (g, h,c | g* = ¢,hP,cP,[h,g] = ¢}, [c,g], [c, h]) with M(G) = 1. Recall that
K(G,3) = K(G,3) and 7(G) = T(G), see Lemma 4.5. We show that T = T(G) and K = K (G, 3)
are not isomorphic, which proves the claim. For ¢ € {1,2,3} and # € G let z; be the element z
in the i-th copy of G°. Note that K is generated by {125, 025", ¢1,c2,¢3 : © € G}, whereas T
is generated by {z1x3, zax3,c1,c2,¢3 : * € G}. One can show that Z(K) = (c1,c2,c3) = Z(T)
and U(K) = (Clcgl, Cgcgl> and U(T) = <Clc3,6263>. MOI‘COVCI‘, Q(T) = <h1h3, h2h3, C1,C2, Cg)
and Q(K) = (h1hg', hahz!, c1, 2, c3). Recall that U and Q denote the subgroups generated by p-th
powers and elements of order p, respectively. Let B = {c; 051, coC3 ! ¢3} be a basis of the Zy-space
Z(K). The commutator map K/Q(K)xQ(K)/Z(K) — Z(K) isinduced by [g1g5 , h1h3 '] = cics,
[glggl, hghgl] = c3, [gggg_l, hlhgl} = c3, and [ggggl, hghgl] = coc3. Moreover, the power map
K/Q(K) — U(K) < Z(K) satisfies (g1g5 ')? = cic3 " and (g2g3 ')? = cac3'. Note that with
respect to BB, the element cjc3 is represented as (1,0,2), etc. All together, these commutator and
power maps are encoded by the Z,-matrix M (K) below; analogously, we obtain the matrix M (T")
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with respect to the basis B’ = {cics, cacs, c3} of the Z,-space Z(T):
100
M= (§41400) M= (
012/010
If K = T, then there exist A, B € GLy(p) and C € GL3(p) with (A®B)- M(T) = M(K)-(122C);

since U(T") and U(K) are characteristic subgroups, C' has entry 0 in position (1,3) and (2,3). A
straightforward but technical calculation shows that such A, B, C' cannot exist, thus, " 2 K. O

102

Remark 5.6. In general, deciding (non)-isomorphism for 7(G) and K (G, 3) seems to be an intricate
matter since already for extra-special G of order 3%, both 7(G) and K (G, 3) are extensions of C§ by
C8. As explained in Section 7, even advanced computational group theory methods fail for such
isomorphism tests.

Next, for n > 1 we consider the generalised quaternion group (04, and dihedral group Dy, of order
4n and 2n, respectively, which are defined as

Qun = (a,b] a® 0% = a”,ab = a™!) and Dy, = (a,b| a’, b2, ab = a b,

Proposition 5.7. We have 7(Q4,) = K(Qun,3) and 7(Day,) = K(Day, 3).

Proor. For Q4 = C4 and Dy = (5 the claim is obvious, so let n > 2. It follows from [Karpilovsky
1987, Example 2.4.8] that M (Q4,) = 1. Note that {a~!,b~1} also satisfies the relations of Q4,, so
(a,b) — (a=1,b71) extends to a GI-automorphism of Q4,, by von Dyck’s Theorem. Now 7(Qy;,) =
K (Q4n,3) by Theorem 5.1. Let H be a Schur cover of Dy, with H/M = D,,. By [Karpilovsky
1987, Proposition 2.11.4], we have M = 1 and H = Ds, if nis odd, and M = C5 and H = Qy,
otherwise. As seen above and in Example 4.1, the group H admits an Al-automorphism which fixed

M elementwise. Again, the claim follows with Theorem 5.1. O

Proposition 5.8. We have 7(Sym,,) = K (Sym,,, 3) and 7(Alt,,) = K (Alt,,, 3).

Proor. For n < 3 the claim can be verified directly, so let n > 4 in the following. Schur (1911)
proved that the Schur multiplier of Sym,, is cyclic of order 2 for n > 4, and trivial otherwise, see
[Karpilovsky 1987, Theorem 2.12.3]. Now Corollary 5.3 proves the claim for Sym,,. Similarly, if
n ¢ {4,6, 7}, then the claim for Alt,, follows from [Karpilovsky 1987, Theorem 2.12.5] and Corollary
5.3 for Alt,,. The case n = 4 can be checked directly, and if n € {6, 7}, then the outer automorphism
extending Alt,, to Sym,, inverts the Schur multiplier: this also follows directly from the presentations
given in [Karpilovsky 1987, Theorem 2.12.5]. g

The next result shows that Theorem 5.1 cannot be applied to abelian groups GG in general. Recall
that if M is a trivial G-module of exponent 2, then a 2-coboundary § € B%(G, M) is a function
G x G — M defined by amap x: G — M with k(1) = 1 such that 6(g, h) = k(gh)x(g)x(h) for all
g, h € G. In the following, for an abelian group G, we write G = G2 X Go where G is the Sylow
2-subgroup of G.

Proposition 5.9. Let G be an abelian group with Schur cover H, say H/M = G. Then H admits
an Al-automorphism whose restriction to M is inversion if and only if Gy is cyclic, M has exponent
dividing 2, and the map Ga X Go — G2 A Gy defined by (g, h) — gAh is a 2-coboundary; in particular,
any such Al-automorphism has order dividing 2.

Proor. First suppose that H admits an Al-automorphism, say «, whose restriction to M is inversion.
Since G is abelian, H' < M, and now M < H' N Z(H) implies M = H' < Z(H). We decompose
G = G2 x Gy as above. It follows from [Karpilovsky 1987, Lemma 2.9.1] that the Schur cover H
of GG is the direct product of Schur covers of G2 and Gy, respectively. Thus, we first assume that
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G = G and show that G is cyclic. By assumption, for every h € H we can write a(h) = h~ !¢y, for
some cj, € H'. Now

h g tegn = a(gh) = alg)a(h) = g tegh e = k7 g g7 B egen

implies that cg, = [g71, h™Ycyep, for all g,h € H. Note that [g,h] = [g7, h7 19" = [g7}, h71]
since H' is central, s0 cg, = ¢4cpg, h]. Moreover, 1 = ¢; = ¢yy-1 yields ¢,-1 = (¢g) 7. This can
tl(g) = g7 12" and o®"(g) = gc, " forallg € H and n > 1. Since
G = G has odd order, m = |M| = |G A G| is odd, and so a"(g) = g~ ! describes an isomorphism
of H. This is only possible if H is abelian, that is, if G is cyclic, see Section 2.3. Back to the general
case G = Gy X Gy, the same argument shows that GGor must be cyclic, hence it remains to consider
the case G = (G in the following. Since

(1 9] = allg b]) = [alg) a(®)) = [g ™ eg b~ en] = [g™, h7") = g, A" = [g, ]

for all g,h € H, we must have that H' = M has exponent 2. Thus, « is the identity on M, and
so a?(h) = a(h~tey) = hep-1cp, = hfor all h € H proves that o has order 2. Note also that
(9, h] = cgnegen. The map v: H x H — H', (g, h) + [g, h], is a 2-cocycle in Z?(H, H'). Since H'
is central, v induces a 2-cocycle § € Z2(G, H'). Since G is abelian, an isomorphism G A G — H’
is given by g A h — [¢/, h'], where ¢’,h' € H are lifts of g,h € G. This shows that the induced
2-cocycle 6 lies in Z%(G,G A G) and §(g,h) = g A h for all g,h € G. Recall that if h € H and
z € H', then a(h) = h™'c, and (h2) tep, = a(hz) = a(h)a(z) = h~lcyz, which shows that
che = cp. Thus for ¢ € G we can define k(g) = ¢y where ¢’ € H is alift of g. This shows that
5(g,h) = k(gh)r(g)x(h) with k(1) = 1, that is, § is a 2-coboundary in B%(G,G A G).

Conversely, let G = G5 X G be abelian with cyclic G and G A G of exponent 2 such that §(g, h) =
g A h defines a 2-coboundary in BQ(GQ, G2 A G2); by what is said above, it is sufficient to consider
G = Gs. Since 0 defines a 2-coboundary, we have g A h = 6(g, h) = k(gh)k(g)x(h) for some map
k: G — G AN G with k(1) = 1. Let H be a Schur cover of G with natural projection 7: H — G,
such that M = ker 7 satisfies M = H' < Z(H). Note that under the isomorphism H' — G A G,
[h, k] — w(h) A w(k) we have [h, k] = §(w(h),n(k)) = r(m(hk))k(m(h))r(m(k)). Now define
a € Aut(H) by a(h) = h~tc, where ¢;, = k(7w (h)); note that

alhk) =k thep, = R T R e = AR TLE, Bl = b tenk e, = a(h)a(k),

so « is indeed a homomorphism. Clearly, « acts as inversion (that is, as identity) on M, and as
inversion on H /M. This proves the claim. O

be used to show that o

Proposition 5.10. If G is an abelian 2-group such that exp(G A G) divides 2, then G = C3 X Com
for somen,m and 7(G) = K (G, 3).

Proor. It is straightforward to see that an abelian G as in the statement must be isomorphic to
C3 x Cam for some n and m. If m € {0, 1}, then G is elementary abelian and Corollary 5.3 proves
the claim. Now let m > 2 and let {z1,...,2,,y} C G be a generating set with y of order 2™ and
each z; of order 2. A Schur cover of Gis H = (2),...,z),,y', M) where

M=(2;2:1<i<j<n1<k<n)=MG)=GANG

is 2-elementary abelian and central in H, subject to the relations (/)2 = (v/)*" = 1, [2/, x| = 2
and [z}, '] = z;. Now inversion of G lifts to an Al-automorphism of H that fixes M element-wise,
and therefore 7(g) = K (G, 3) by Theorem 5.1. O

Example 5.11. For A = C%, we determine 7(A) % K (A, 3) by computing with GAP that Aut(7(A))
and Aut(K (G, 3)) have orders 94575592174780416 and 283726776524341248, respectively. Since
A A A has exponent 4, this is also an example showing that the assumptions in Proposition 5.10
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cannot be relaxed. Similarly, it shows that Proposition 5.12 cannot be extended to higher rank. A
comparison of the automorphism group orders also shows that 7(B) % K (B, 3) for B = C§.

Proposition 5.12. Let G be an abelian group.

a) Suppose all Sylow p-subgroups of G have rank at most 2. Then 7(G) = K (G, 3) if and only if the
Sylow 3-subgroup of G is cyclic.

b) If the Sylow 3-subgroup of G has rank at least 2, then 7(G) % K (G, 3).

ProoF. Let G = Hp Gy be the decomposition of G into its Sylow subgroups. By [Liedtke 2008,
Proposition 4.1] and [Rocco 1991, Corollary 3.7], we can also decompose 7(G) = [[,7(Gp) and
K(G,n) =[], K(Gp,n), and every isomorphism 7(G) — K(G,n) induces an isomorphism from
7(Gp) to K(Gyp,n) for every p. (We note that [Rocco 1991, Corollary 3.7] considers v(G), but it
implies the fact needed for 7(G).) Thus it is sufficient to assume that G is an abelian p-group.

a) We have G = C,,, x C,, with m = p® and n = p® for a > b. Recall from Section 2.3 that M (G) =
G NG = C),. Let g and h be generators of C,,, and C),, respectively. Considering the description
of 7(G) as in Proposition 3.11, set g1 = (g,1;1), hy = (h,1;1), g2 = (1,9;1), ha = (1,h; 1), and
k = (1,1; hAg). These elements form a polycyclic generating sequence of 7(G), with corresponding
polycyclic presentation

7(G) = pelgr hu, g, ha K | g, g5 B D5, K", 93" = gak™ ' ! = hak).
Using the identification of K (G, 3) = G2.(G' A G) as in Proposition 3.10, we obtain
K(Ga 3) = pc<gla h17927 h27 k ‘ g?lvg;n7 ?7 37 kna hglh = hlkza
gyt = gok 1 g = hok, h§? = hok?).
Ifp # 3, then, by von Dyck’s Theorem, (91,h1,92, ho k) — (9193, hl,ggg%, ho, k) extends to an
isomorphism K (G, 3) — 7(G). If p = 3 and G has rank 2, then 7(G) # K(G, 3), see part b). If G
is a cyclic 3-group, then M (G) = 1, hence 7(G) = K (G, 3) by Theorem 5.1.

b) Let G be an abelian 3-group. As G is not cyclic, hence Z"(G) # G, it follows that there exists
u € G\ ZNG) with u? € Z"(G). Now Propositions 3.10 and 3.11 imply 7(G) % K (G, 3). O

Proposition 5.12a) together with Proposition 5.9 shows that there are infinitely many abelian groups
G such that 7(G) = K (G, 3), but no Schur cover of G has an Al-automorphism whose restriction
to the Schur multiplier is inversion.

6. BOGOMOLOV MULTIPLIER

Let G be a group with Al-automorphism «, and let ®,: 7(G) — K(G, 3) be the epimorphism in
Section 4.2. Set

M (G) = ([z,y"] : 2,y € G, [2,y] = 1)7c)
and note that M’ (G) is contained in the kernel of the commutator map «: [G, G*]7() — G'. Define
(G) = 7(G)/M(G).

If  and y commute in G, then ®,([x,y*]) = (z7'z,y 'y, a([z,y])) = (1,1,1), therefore @,
induces an epimorphism ®” : 7°(G) — K (G, 3). Theorem 4.3 implies that the kernel of this map is
(ker k) /M’ (@), which is isomorphic to the Bogomolov multiplier By(G) of G, see [Moravec 2012].
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Corollary 6.1. The existence of an Al-automorphism of G yields a central extension
1 — By(G) — 7(G) —— K(G,3) —— 1.

Proposition 6.2. Let H be a Schur cover of a group G with H/M = G. If a is an Al-automorphism
of H, then K (G, 3) = 7°(H)/ im ¢ for the monomorphism 1: M? — 7°(H) given by

(1, ma) e mami [T [0 (ko). (07 (h2)) ] o

where the elements h;, k; € G are defined by a(mimz) = my 'my '[he, ki) - . . [h1, k).

PrOOF. Since M is abelian, M? = K (M, 3) with isomorphism (my,mg) ~ (my,ma, m; 'my").
Note that K (M, 3) is naturally embedded in K (H,3). From [MM 1999, Proposition 6.12] we con-
clude that By(H) is trivial, therefore ®° : 7°(H) — K(H,3) is an isomorphism by Corollary 6.1.
Note that ¢ is the map that makes the following diagram commutative; in particular, ¢ is an injective
homomomorphism, and the results follows from taking quotients in diagram:

M? —=— K(M,3)

| |

PUH) 2 K(H,3).

7. COMPUTATIONS

If G is a finite polycyclic group, then also K (G, 3) is polycyclic, see [Liedtke 2008, Proposition 1.5]. In
this situation, the algorithms described in [EN 2008] can be used to compute 7(G); these algorithms
are implemented in the software package Polycyclic, distributed with the computer algebra system
GAP [GAP]. Our explicit formulas in Section 3 can be used to compute a polycyclic presentation for
K(G,3). We have done this to test whether 7(G) and K (G, 3) are isomorphic for certain examples
of groups (abelian, Frobenius, extra-special, ...). Even though there exist powerful algorithms for
working with polycyclic groups, approaching this isomorphism problem with conventional methods
poses a serious computational challenge. This is due to the fact that if G is an abelian group of order
p", then K(G,3) and 7(G) are both large central extensions of G A G by G?; they have class 2,
order p?"|G A G|, and often seem indistinguishable. The latter is not a surprise, given the folklore
conjecture that most p-groups have class 2: for example, note that among the 49499125314 groups
of order at most 1024 (up to isomorphism), 99.976% of these are 2-groups and 98.595% are 2-groups
of class 2, see [CDO 2008, Section 4]. A computational isomorphism test for these groups reduces
to orbit calculations of huge matrix groups on very large vector spaces; often these computations
turn out to be infeasible. For example, the powerful implementations of the p-group algorithms for
automorphism groups and isomorphisms (provided by the GAP package Anupq) struggle to compute
automorphisms and isomorphisms for 7(G) and K (G, 3) already for moderately sized p-groups such
as G = C2. Most of our computer experiments have therefore focused on groups of cubefree order,
that is, groups whose order is not divisible by any prime power p3.

Example 7.1. In Table 1 we report on some example computations: there are 237 cubefree groups
of order at most 100. Of these, 113 groups are abelian, 123 groups are non-abelian solvable, and 1
group is simple. Every abelian G admits Al-automorphisms and, being cubefree, 7(G) = K (G, 3)
if and only if G has a cyclic Sylow 3-subgroup, see Proposition 5.12. Our computations show that,
with two exceptions, 7(G) = K (G, 3) if and only if G has Al-automorphisms. The exceptions are
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A = C3x Altgand B = C% x Dyp; we have Z(K(A,3)) = Cs x C3 and Z(7(A)) = Cg, and
Z(K(B,3)) = C3 and Z(7(B)) = Cs.

TaBLE 1. Statistics for solvable non-abelian groups of cubefree order at most 100

T2 K ‘ has AI ‘ # groups

yes yes 96
yes no 0
no yes 2
no no 25

Example 7.2. Running over GAP’s group database, there are 6505 non-abelian solvable groups of
order < 256; of these groups, 6127 have Al-automorphisms. Note that every simple and every abelian
group admits Al-automorphisms. This computation suggests that for many groups we can apply
Corollary 4.4 to describe 7(() as a central extension of Ho(G,Z) by K (G, 3). Table 1 suggests that
the existence of Al-automorphisms for G is strongly connected to the property 7(G) = K (G, 3); cf.
also Proposition 5.5b,c).
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