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We study powerful 2-Engel groups. We show that every powerful
2-Engel group generated by three elements is nilpotent of class at
most two. Surprisingly the result does not hold when the number of
generators is larger than three. In this paper and its sequel we classify
powerful 2-Engel groups of class three that are minimal in the sense
that every proper powerful section is nilpotent of class at most two.

1 Introduction

Every finite n-Engel group is nilpotent [7]. However if n > 3, the class is not
n-bounded. In contrast we know that the class is n-bounded if one adds the
further condition that the group is powerful [1]. (Recall that a finite p-group,
p odd, is said to be powerful if [G, G] < GP. We refer to [6] for further infor-
mation and description of their many abelian like properties). The proof of
this result relies on deep results on Lie algebras. It does not give any precise
information how the property of being powerful affects the structure of the
group and in particular we have no good bounds for the nilpotence class,



not even for small values of n. In this paper and its sequel we carry out a
detailed analysis of powerful 2-Engel groups.

We recall that a group is said to be 2-Engel if it satisfies the commutator
law [[y, 2], z] = 1 or equivalently the law [z¥, x] = 1, i.e. any two conjugates
commute. These groups have their origin in Burnside’s paper [2]. In that
paper Burnside proved that all groups of exponent three are locally finite
and in order to obtain this result he observed that these groups are 2-Engel.
Burnside wrote a sequel to this paper where he studies 2-Engel groups in
general [3]. This paper seems to have received surprisingly little attention,
being the first paper written on Engel groups. In this paper Burnside proves
that any 2-Engel group satisfies the laws

I:x7 y? Z] = [y7z7 x] (1)
[z,y,2]° = 1. (2)

In particular every 2-Engel group without elements of order 3 is nilpotent
of class at most 2. Burnside failed however to observe that these groups
are in general nilpotent of class at most 3, although he proved (in modern
terminology) that any periodic 2-Engel group is locally nilpotent. It was C.
Hopkins [4] that seems to have been the first to show that the class is at
most 3. So any 2-Engel group also satisfies

[z,y,2,t] = 1. (3)

Hopkins also observes that (1)-(3) characterize 2-Engel groups. This trans-
parent description of the variety of 2-Engel groups is usually attributed to
Levi [5], although his paper appears much later.

Of course this settles the study of 2-Engel groups no more than knowing
that the variety of abelian groups is characterized by the law [z, y] = 1 set-
tles the study of abelian groups. For example, the following well known
problems raised by Caranti still remain unsolved.

Problem. (a) Let G' be a group of which every element commutes with all
its endomorphic images. Is G nilpotent of class at most 27

(b) Does there exist a finite 2-Engel 3-group of class three such that Aut G =



Aut.G - Inn G where Aut.G is the group of central automorphisms of G.

The class of powerful p-groups is quite a special class of p-groups. In some
sense the groups are very abelian like and share many of the properties that
abelian groups have. These groups are however also at the same time quite
typical p-groups and generate for example the variety of all groups as they
satisfy no non-trivial group law. For this reason one is often able to reduce
problems on p-groups to the class of powerful p-groups where one can make
use of all the abelian like properties. Our belief is therefore that understand-
ing the structure of powerful 2-Engel groups should be helpful in tackling the
various open problems on 2-Engel groups like the problems mentioned above.

Let us now describe the main results of this paper. We mentioned above
that every 2-Engel group is nilpotent of class at most 3 and the third term of
the lower central series has exponent dividing 3. In particular, it follows that
in the case when a 2-Engel group has no elements of order 3, we get the best
possible bound for the nilpotence class, namely 2. From Burnside we know
that every group of exponent 3 is a 2-Engel group and one can think of these
groups in some sense as the generic examples of 2-Engel groups where the
class goes up to 3. Any powerful 3-group of exponent 3 is however abelian.
One might therefore expect that all the examples of class 3 would disappear
if we add the condition that the 2-Engel group is powerful. We will see that
this is true when the group is generated by three elements. Surprisingly this
is not true however in general. We will classify the minimal powerful 2-Engel
groups, where by minimal we mean that all proper powerful sections have
class at most 2. For a powerful 3-group G we have that [G,G] < G® and
therefore 73(G) < [G, G]3. Tt will be useful to divide the minimal counterex-
amples into two subclasses.

(I) The minimal examples G where 73(G) < [G, G]>.
(IT) The minimal examples G where v3(G) = [G, G]>.

In this paper we deal only with the minimal examples of type I. We will
give a concrete classification by listing them all as three infinite families, one
with groups of rank 5 and two with groups of rank 4. It turns out that the
second case is very different and those of type II will use a different approach
and will be dealt with in another paper. The minimal examples of type II



will form an infinite family, described in terms of irreducible polynomials
over the field of three elements and including examples of any even rank
greater than or equal to 4, plus one isolated minimal group of rank 5. It is
a curious fact that the only minimal examples of odd rank are those of rank 5.

It had been our hope that within this rich class of minimal examples we
would find some counter examples to the problems above raised by Caranti.
This turns out not to be the case. It seems to suggest that such counter ex-
amples do not exists and perhaps there is a way of reducing these problems
to powerful 2-Engel groups.

2 Powerful 2-Engel groups generated by three
elements

We show that every 3-generator powerful 2-Engel group is nilpotent of class
at most 2. Notice that the class of powerful p-groups is not closed under
taking subgroups and it does not follow from this result that all powerful
2-Engel groups are nilpotent of class at most 2. In fact we will see later that
there is a rich class of counter examples.

Theorem 2.1 FEvery 3-generator powerful 2-Engel group is nilpotent of class
at most 2.

Proof We argue by contradiction and let G be a counter example of minimal
order. By minimality, Z(G) is cyclic (any quotient of a powerful group is
powerful), and since G is 2-Engel we know that [G,G]* < Z(G). Suppose
that [G, GJ> = (z). Without loss of generality, we can choose the generators
1, T, x3 of G so that

[, 2] z (4)
[[E3, 1.1]3 = 2™
[x3, 1'2]3 = ™

for some integers my, my. Since G is 2-Engel, we know that [z, 29, 23] =
(o, x3, 1] = |3, 71, 2] and that the third term of the lower central series is
([1, 22, z3]). By our assumption [xq,z,x3] # 1.



Since G is powerful, we have an equation of the form

[z, 1] = 2™ 252 a3 (5)
for some integers o, s, 3. Using the 2-Engel property, (4) and (5) we
deduce that

1 = [x27aj17$1]

= [$2,$1]3a2 [$3,$1]3a3

as+mia
z 3,

1 = [x27x17x2]

[ g, )™

= [x27x1

—a1+maas

T3, T2

= Z

But then (using (5))

]73041 [-Ti'n x2]73a2

—m1a1—maa2

[$2,$1,$3] = [$3,$1
= z

= (z
1

—a1+maas )m1 . (Za2+m1a3)*m2

This contradicts the assumption that v3(G) # {1}. O

3 Minimal counterexamples I

In this section we start the classification of the minimal examples of class
three. As we said in the beginning we will here only deal with the minimal
examples of type I. We will see that these are all of rank either 4 or 5 and
that these form three infinite families.

3.1 Reduction to 4 or 5 generators

Let G be a minimal group of type I. By minimality we have that the center
of G is cyclic and thus in particular we have that [G,G]? = (z) for some



z € Z(G). By Theorem 2.1, G has rank r at least 4. For a right choice of
generators, we have

G/1G, G = (1) X (T2) X - X (&) (6)

with o(z1) > o(@2) > -+ > o(,), where z; is the image of z; in G/[G, G].

Let H; = (x;,...,z,)[G,G]. Notice that (6) still holds if z; is replaced by
x;h; for any h; € H; 1. We claim that with such changes, we can assume
that

[‘be?vmi’)] 7é 1 (7>
[x0,21]* = 2. (8)

First we turn to (7). As (G \ Hy) = G we can, by replacing z; by some
x1hy with hy € Hy if necessary, assume that x; & ZQ(G). Similarly as
Hy = (Hy \ Hs), by replacing xs by some xshy with hy € Hs, we can assume
that [z1, 22] € Z(G). Notice that as G is 2-Engel there must be some uz € Hj
for which [z, 29, u3] # 1. As Hy = (H3 \ Hy), by replacing z3 by some z3hs
with hy € Hy we can assume that [z, z9, 3] # 1.

We now turn to (8). Since [G, G]? = (z) there must be some u € G such that
(w3, G] £ (2%). As v3(G)? = {1} it follows that [(uwv)?, G| = [u*, G][v*, G]. If
(23, G] < (2%) it therefore follows that [k, G] = (z) for some h € H,. Now one
of [w1h, Ty, 23], [x1h™!, 25, 23] is non-trivial since otherwise we would get the
contradiction that [z, xe, z3] = 1. Without loss of generality we can assume
that [z1h, z2, 23] # 1. Then also [(z1h)?, G] £ (2%). By replacing x; by z1h
we have that both (7) and [z}, G] £ (2%) are satisfied. Similarly by replacing
Ty by some xok or zok™! if necessary, we can assume that [zy,21]* & (2°)
while (7) still holds. By replacing x; by a suitable power of itself we can
assume that [z, x1]3 = z. We have thus seen that xi, s, 3 can be chosen
such that both (7) and (8) hold.

Let
H={[G,Gl={ueG: v e|GGqG]}
As G is powerful, we have that [G, G] = H®. From this fact and (6) it follows

that
- 371171 371271 377,771
H = (z} y Lo z )

9oy r



where 3" = o(z;). If H < K < G then K is powerful since [K, K] < [G, G| =
H? < K3. In particular it follows that the group

3n4—1 3nr—1
K = (x1,m9, 23,25  ,...,x )

»rr

is powerful and nilpotent of class 3. By the minimality of GG, we must have
K = G and thus ny = ... = n, = 1. Hence it follows also that z3,..., 2> €
|G, G| and thus

(24,91, 20, 9] € 713(G)
for all g € G. Let

R={a€G : [a,g]’ €13(Q) for all g € G}.

Notice that R is a normal subgroup of G and that we have just seen that
Ty4,..., 0, € R As [G,G]® > v3(G) we must have that o(z) = 3™ where
m > 2 and since v3(G)? = {1} we also have v5(G) = (z*" ). This m will
remain fixed for the rest of the paper. Notice that [G,G]*" < (z*"") and
thus G3"~' < R. We conclude that

3m71

(xg,...,2.)G < R.

For 4 < i < r, we know that [z, 21]%, [z, 22> € v3(G) = (z*"). Also

(22, 21" = 2°""". This implies that by replacing z; by a suitable xix?m_laixgww i

we can assume that
(i, 1] = [, 20> =1, 4<i<r (9)

As G*""" < R we still have that x4, . .., z, are in R after these replacements.
It is possible that (6) is not valid anymore but we still have that (7),(8) are
valid.

We next replace x3 by some :zfgx‘fxg to enforce
[$3,$1]3 = [.1'3,1'2]3 =1. (10)

Notice that after this change z3 € R since [z3,7;]> € v3(GQ) for 4 < i < 7.
Using (7) we can now without violating any of (7)-(10) replace each z;,
4 < ¢ < r by some x;x3 to enforce further that

[a:l,xg,xi] = 1, 4 S 1 S T. (11)



By replacing x3 by a suitable power, we can assume that [z, xe, 3] = 2

It is time to summarize. We have shown that we can choose the generators
x1,...,x, of G such that

[T1, 29, 23] = =z
[z, 29,2;] = 1, 4<i<r
[z9, 1] = 2
[z, 21]° = [, 20)° 1
[z, 2 € (2
Let S = (x4, 25,...,x,.). We want to clarify the structure from the last line
of (A) further. We can think of V' = S/S3[S, S] as a vector space over the

field of three elements and we can identify W = (2*"") with the field of
three elements. This leads to the alternating form

d:VxV—W, (ab)— la,b

From the properties of G one sees readily that this is well defined. Choosing
a standard basis with respect to this alternating form, we can replace the
generators of S such that the following holds (for some 1 < n < %)

(s, 554]3 = 2"
(12)
[Tant1, $2n]3 = 2"
[zu,2,]> = 1  otherwise.

Replacing z3 by a suitable zzxj* - - - z507", we can assume that

[$3,x1]3 = [xg,x2]3 e [x37x2n+1]3 —1

But z3 ¢ Z(G), since otherwise 23 € Ce(G?) and as G is powerful this would
lead to the contradiction that [x1, 29, 23] = 1. Hence 2n + 1 < r and we can
after rearranging the generators assume that

m—1

[$3, $2n+2]3 =z

Replacing z;, 2n + 3 < ¢ < r, by the appropriate xinglw, we can assume
that
[1'3,$2n+3]3 =...= [l’g,l’r]g =1.



Notice that this does not affect (A) or (12). By reordering the generators of
G, we see that they can be chosen such that

(11, X9, 23] = A
[z, 29,2 = 1, 4<i<r
[z, 11 = 2 (B)
[z, 21]* = [, 20> = 1, 3<i<r
[$47 x3]3 _ 3t
[$2n+2, $2n+1]3 = ZBm_l
[zj,7]> = 1 otherwise

where 1 < n < % and o(z) = 3™ where m > 2.

The next aim is to show that n = 1. First we need few lemmas.

Lemma 3.1 We have that the subgroups (x3, x9, 3, ..., x,) and (x1, 23, 13, ..., T,)
are powerful.

Proof Firstly, for any 1 < i < j <r, we have that if (using the fact that G
is powerful)

[, @3] = 2} e
then modulo (2%) we get using (B) that
1 = [z, 2, 9] = [wg, 1] 2 = 271,
This implies that 3|y and therefore
[z, ;] € (23, 19, 23, ..., 2,)°.

This shows that the first subgroup of the lemma is powerful. Similar argu-
ment shows that the same is true for the latter. O

In particular, by the minimality of G, it follows from the lemma that these
subgroups are nilpotent of class at most 2.

Corollary 3.2 Let 1 < i < j < k < r. Then the subgroup (z;,x;,x)) is
nilpotent of class at most 2 if {i,j,r} # {1,2,3}.
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Proof If 1 & {i,j,k} or 2 & {i,j,k} then it follows from Lemma 3.1
that (x;, x;,zy) is nilpotent of class at most 2. We are left with the group
(21,79, x;) where i > 4. But it follows from (B) that this group is also
nilpotent of class at most 2. This finishes the proof. O

Proposition 3.3 We have that n =1 and that 4 < r < 5. Furthermore we
can choose the generators such that the following relations hold:

[xlu‘rQa‘r?)] - Z?)m_l
[xbeaxi] = 17 4§Z§7a
lzi, xj ] = 1, {i,4,k} C{L,...,r},{i,7,k} #{1,2,3}
[arg,xl]3 = z
i, 2] = [ m]’ = 1, 3<i<r
[$4,$3 Po= ng_l

2 oe Z(G), r>4

Here o(z) = 3™ where m > 2.

Proof First we show that n = 1. We argue by contradiction and suppose
that n > 2. We claim that

3
L= <$1,$2,IL’3,.CE4,.T5,[E6, cee >xr>

is powerful. To see this, let 1 < < j < r and use the fact that G is powerful
to get an equation of the form

3o 3as |

g = e

-.:L'r

Then using Corollary 3.2 and (B) we conclude that

1= [aj,x,26) = 275" 05

which implies that «s must be divisible by 3 and thus [z;,2;] € L?. This
shows that L is powerful and by minimality of G we then must have that L is
nilpotent of class at most 2 and we get the contradiction that [zq, z9, 23] = 1.
Hence we must have that n = 1.

It follows that
zs,..., 70 € Z(G)
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and thus linearly dependent if » > 6. Let us see that this is impossible. Ar-
guing again by contradiction, suppose that r > 6. Without loss of generality
we can suppose that

wde(ad 2 ).
Using this and the fact that G is powerful we see that [G, G| is generated by
23, x5 ... a3, which implies in particular that the subgroup (x1,..., %, 1) is
powerful. Again using minimality of G we must then have that (z1,...,2,_1)

is nilpotent of class at most 2 which gives again the contradiction that
[21, 3, x3] = 1. Hence r < 5. Finally the relations come from (B). O

So we see that minimal examples of type I are either of rank 4 or 5. In
the remainder of this paper we classify these.

3.2 The 5-generator groups

From Proposition 3.3 we already have some detailed information about the
structure. In particular we know that [zs5, x1], [x5, 22|, [5, 23], [75, 4] are of
order 3 and in the center of G. But we know that the center must be cyclic
generated by |11, Ty, T3] = [T9, T3, 71] = [T3, 1, T3] = [14, 23]>. Hence we get
equations of the form

[375,1’1] [352,553,1’1]
(5, 23] = [v3, 21, 22]"
(25, 23] = [21, 22, 23]"
[x5,24] = [23, 74]°*

for some integers aq, s, ag, ay. It follows from this and the relations from
Proposition 3.3 that

w50, T3] T w3, 11T [0, M) "5 € Z(G).
By replacing x5 by this element we can thus assume that x5 € Z(G). Notice

that the relations of Propositions 3.3 are not affected by this.

As the center of G is cyclic, either z5 € (z) or z € (22). But G has rank 5,
so we can’t have x5 € (2) < (z1, %9, 73, 74). Hence z € (z3). In fact we must
have z € (z3), since otherwise it follows from Proposition 3.3 that

xg = [332,1’1]3“ = (xg,[a:g,xl]’a)g =1
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for some integer a. But then (xq, x9, 23, x4) would be powerful, contradicting
the minimality of G. So z € (x2) which implies in particular that the order
of x5 is divisible by 3™2,

Next consider the elements z3,z]. Again it follows from Proposition 3.3
that these are in Z(G). Now again, as the rank of G is 5 we can’t have
x5 € (x9) or (x9). Hence we must have 23,29 € (22) and if we don’t have
that z3, 7 € (x2) then either 3 = 25* or 23 = 21* for some integer a. But
this would give (2575°%)3 = 1 or (z52,°*)% = 1 and (21, 29, T3, 4) would be
powerful contradicting the minimality of G. Hence

¥, 23 € (w5).

Suppose that 2§ = 22 and 29 = z2°. Then (z325%)° = (z425")° = 1.

Replacing x3, x4 by x3x;?, x4xgﬁ we see that the relations of Proposition 3.3
are not affected. We can thus assume that 9 = 2 = 1. As [z, 23] # 1, we
thus have

o(z3) = o(z4) = 9. (13)

From Proposition 3.3 it follows that [x4, z1], [z4, 22] are in Z(G) and [z4, 71]* =
(24, 2] = 1. Hence there exist some integers ay, ap such that

(T4, 1] = [22, 25, 21]"

[x47$2] — [x37$17$2]a2'

It follows that z4[zs, x3]~* [23, 21]7*? commutes with z; and x5. Replacing
x4 by this element does not affect the relations of Proposition 3.3 nor does
it affect (13). So we can assume that

(4, 1) = |24, 20) = 1. (14)

We have already seen that the order of x5 is divisible by 3™2. Replacing z;
by x5 if necessary, we can then assume that z; has order divisible by 3™%2,
As the relations from Proposition 3.3 are symmetrical in x1,xs (swapping
71 and x5 and replacing z, x4 by 27!, x5! gives us the same relations), we
can assume that o(x;) > o(x3). Since 23", 23" € Z(G) as one sees from
Proposition 3.3, it follows then that 23" = 23", for some integer o, and
T = 1. Again the relations of Proposition 3.3 are not affected if

(z277
— m m—1
we replace Ty by Tox7 . As [x9, 11]%" = 23" # 1, we can thus assume that

o(wy) = 3™, (15)
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We have seen previously that we can assume that o(z) is divisible by 32
So 23" is a non-trivial element in the center of G. Using the minimality of
G as we have done previously we see that we can’t have 22 € (#3""') and as

the center is cyclic we must have

x?mﬂ € (). (16)
We now turn to the commutator relations. As G is powerful we have a
relation of the form

[T, 71] = 23 52308 g3 s
Taking commutator on both sides with x4 and using the relations from Propo-
sition 3.3, we see that 1 = 273”73 As 0(z) = 3™ it follows that 3|as. Taking
commutators with z; and x5 shows similarly that a; and ay are divisible by
3™. It now follows from (13)-(16) that

(o, 1] = T xg%

for some integers ay, as. As [zo,21, 23] = 273" we see that we can take
ay = —1 (remember that o(z4) = 9). So we have
(22, 1] = 2 23" (17)

for some integer «. Next consider

_ _3aq 3a2 3as .30 .35
(23, 2] = 1™ 2" 5™ )™y

Arguing in a similar way as we did before, taking commutators with x4, x3, 9, 1,
shows that we get an equation of the form

(23, 2] = 25" @i,

(Notice that [zs, 22, 21] = 273", o(z3) = 3! and that [zy, 2,*" = 2%"").
Taking the third power on both sides gives

_ =3t 9a5 | 9as
1=, Ty ° =Xy

and as we had established before that o(zs) is divisible by 3™*2 we can
deduce that as = 3™( for some integer 3. Thus

(x5, x9] = x;gmxgmHl = (x2x5’3l)’3m.
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Replacing x5 by z.25% does not change the relations in Proposition 3.3
nor does it change the relations (13)-(17). (Notice that of(zoz5®)%") =
o([w3, 7)) = 3 and thus o(xo75) = o(22)). So we can assume that

(23, 2] = 257 (18)

Next we analyse

(24, T3] = T3 252308 g3 s
Taking commutators with z3, x4, 1, 22 and using Proposition 3.3 and (13)-
(18) shows that we can replace this by an equation of the form

(x4, 23] = xgo‘f’ )

This means that [z, 73] is an element of (x3) of order 9 and as o(xs) is

divisible by 3™*2 we get an equation of the form

(24, 23] = 28 (19)
for some integer v. We are now only left with the commutator

_ _3aq 3a2 3as3 .3a4 3as
(3, 21] = 27 w32y e ™.

Taking commutators with z3, x4, 1, 2 and using previous relations gives an
equation of the form

(w5, 71] = 27" 23’ (20)
for some integer 3 (notice that z3""" € (x2)).
We have seen earlier that o(zs) is divisible by 32, Suppose that o(z5) =
3m+2+ where 4 is some non-negative integer. From the relations of Proposi-
tion 3.3 we know that o([zs,7;]) = 3™™! which implies that o in (17) is of
the form 3°- a where @ is not divisible by 3. From Proposition 3.3 we also
know that o([z4, z3]) = 9 and thus ~ from (19) is of the form v = 3y where
~ is not divisible by 3. Let us summarize the commutator relations. These
as we have seen can be written of the form

2o, 21] = apdade
[z3,21] = xfgmxgﬁ
(25, 39] = x°"

[$47x1] = 1 (C)
[z4,29) = 1

wg, 23] = i



15

where o(z5) = 3™ and m > 2. Let us analyse these more closely. Firstly
notice that 3 is not divisible by 3 since otherwise the commutator relations
show that

—1_3%a .3
<$1,$2,$37$4 s 7375>

is powerful. Hence none of «, 3, v is divisible by 3. Replacing z5 by =& we
can assume that o = 1. It follows in particular that

3m—1 3m 3m+i+1
z = [x9,21]° =%

From Proposition 3.3 and (C) we then also have

x§m+i+1 _ ng—l _ [x4, x3]3 _ x§m+i+1qf.
We can take 7 to be an integer between 0 and 9 and by this equation -y is
a unit modulo 9 (being 1 modulo 3). Now let 7 be the inverse of v modulo
9. Replacing z4 by 2] we can assume that v = 1. Notice that the other
equations of (C) are unaffected and the same is true for Proposition 3.3 and
(13), (15)-(16). Having seen that we can take «,y to be 1 we turn to 5. Now
x3 has order 3™ and as [ is not divisible by 3 it is a unit modulo 3™+,
Let o be the inverse of § modulo 3™+ +! Replace #; by 2% and x5 by 3.
With this change we can assume that § in (C) is 1 and it is easy to check
that all the other relations remain the same. Notice that the second relation
of (C) together with the established fact that [x3,z;]* = 1 (Proposition 3.3)
implies that

22" =2 (21)
One can easily check that all the relations in Proposition 3.3 remain the
same after the change of z;, 25 and x4 and the same is true for the power
relations. As the relations in Proposition 3.3 are consequences of (C) they
remain the same and the same is true for the power relations (13) and (15).
We have thus arrived at a two parameter family of candidates for minimal
examples of type I generated by 5 elements. These are the groups A(i, m)
where A(i,m) = (xq, %9, T3, x4, x5) is the largest nilpotent group of class at
most 3 satisfying the extra relations

(22, 21] = 372337?“
(23, 1] = 27" 2
_3m

(23, 22] = 7,
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A(i,m)

gm+i+2

ZE5 - ]_.

Theorem 3.4 The minimal examples of type I that are of rank 5 consist of
the two parameter family A(i,m), ¢ > 0, m > 2. The group A(i,m) has
class 3, exponent 32+ and order 338 Furthermore the members of
the family are pairwise non-isomorphic.

Proof. Let F(i,m) be the largest group satisfying all the relations defining
A(i,m) except the relation 3" = z2. It is easy to see that it follows from

the relations that every element in F'(i,m) can be written of the form
ritaytrstrytan®

with 0 < np < 327HHL 0 <ny < 3™ 0 < ng,ny <9, 0 < ny < 3mHit2,
It follows that F'(i,m) has order at most 3*"™ ™28 We first show that this
is the exact order of F'(i,m). In order to show this we consider the set of all
formal expressions

ny . ne N3, n4g . ns
Ay Ay a37ay Ay

where 0 < n; < 32 0 <ny < 3™ 0 <ng,ng <9, 0 < ng < 3mHH2,
We define a product on these formal expressions (a formula derived from the
relations of F'(i,m)) by setting
ama®aMBa™a™ x gM g2 qM Mg = an1+m1men3M1an2+m273mn3M2
1 A7 a3"ay s 1 Qg az"ay "as 1 2
&g3+m3 aZ4+m473nQM1

s +ms+3n3mi+3" nomy +3m ingms
5

3m+itl (ngngmy —maming)

Qs
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and where the exponents of a;, as, as, a4, as are calculated modulo 32m+i+1 3m+1
9,9,3m++2  Straightforward calculations show that we get a group which
satisfies all the relations of F(i,m). Now let N = (z3"" 25°). One checks
easily that N is a normal subgroup. Now G = A(i,m) = F(i,m)/N and
has exactly n(G) = 31mT2i+8 /3m+i — 33m+i+8 elements. In particular z5 has
order 32 As G3*" = (28" and [ay, ag, a3] = 22", it follows that
the class is 3 and the exponent is e(G) = 3?1 As 3™+ = n(G)/e(Q),
we have that m and ¢ are determined by the exponent and the order of G.
Hence the map (i, m) — (n(G), m(G)) is injective and the groups in the list
are thus pairwise non-isomorphic.

It remains to establish the minimality of A(i,m). Let H/K be a section
of G = A(i,m) that is powerful and of class 3. As vy3(H) # {1} and G is
powerful, we must have elements ¢, g2, g3 € H of the following form

— T1 .51
g1 = DTy Ty
. ro .S
G2 = Tox, T’
— T3 .53
g3 = X34 T .

m41+i

Now for H/K to remain of class 3, we can’t have x} € K. Let us see

what restrictions this makes on K. Suppose

g = apafrepaal
is in K. Firstly as [g, g1, ¢2] = x§m+l+i”3 is in K, we must have 3|ng. We use
in the following the fact that [x;, z1]> = [z;,22])* = 1 for ¢ = 3,4, 5 and that

(w4, 2" = 1. As (9, 1%, 9,92 € K, we get that [xq, 2] = xg’i””l and
32 = x?lﬁm are in K which implies that 3™ divides n; and ny. Next

as [g, g3] = [x4, 13]™ = xgm“”“ € K, we have that 9|ny. So g is of the form

[$27x1

3" r1,.3Mry 313,15
g = Xg XT3 T’

Notice that there is no occurrence of x4 in g. We next calculate modulo K
and use the fact that H/K is powerful. As [g1,gs] = @4 2#°  is not in
(g1, g2°, 3>, T5°), we must have that H contains an element g, of the form

— S5
g4 = TyT5" .
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Replacing ¢; by a suitable g;¢%, i = 1,2,3, we can now assume that

g = 173!
G2 = Tow:’
g3 = T3w5’
s = 4Tt

3m+i+1 1 3m+i+1

Now consider [g, g1], [g, 2] € K. We conclude that xy , T e K
and hence both 7,79 are divisible by 3 and it follows that g is of the form

_ 373,75
g =33z,

Now [g, g4] € K gives us that 22" e K which forces 73 to be divisible
by 3. Hence g must be a power of x5. But as K cannot contain x%mHH, it
follows that g must then be trivial. Hence K = {1}. Now as H must be
powerful and [g3,¢1] = 7 22 € H is not in (g3, 3, ¢3, ¢3), we must have

that H contains x5. It is now clear that H = . This finishes the proof. O

3.3 The 4-generator groups

As for the 5-generator groups the following group is going to help in clarifying
the structure of the minimal examples.

R={rcq : [r,9]® € 15(G) Vg € G}.

Then it follows from Proposition 3.3 that

3m—1 m—1

R = <ZL'1 7xg 7$37x4>

and
3m— 1 3m— 1

RN Zy(G) = (&3 23" 2, wy),

where Z5(G) is the second center of G. From Proposition 3.3 we know that

3m .3m 3 0.3 gmtl o 3m+l 9
xy L wy L as,wy & Z(G) but oy ay @,

x] are all elements in the center. Without loss of generality we can assume

that o(x)|o(z1). Suppose that 23" = 23" '€, Then replacing x5 by z,27°
we can assume that

o(zy) = 3™, 3m o). (22)
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Without loss of generality (replacing 21 by 2125} ) we can assume that o(z;)

is not less than the order of x5 or 4. By replacing then x4 by suitable $4x§mf
we can assume that o(z4) > o(z3"). By replacing x3 by some x3z§ we can
assume that o(x3) > o(z4). Then by replacing x, by some suitable z,25/ we

can assume further that
o(z3) > o(xg) > o(x3). (23)
Note that these changes have no effect on relations given by Proposition 3.3.
3m—1

Lemma 3.5 o(z4) > o(xy ).

Proof Otherwise o(x,) < o(23") and as o(x3) > o(x4) > o(x3) we have that
o(x3) < o(z3""). It follows that

m—+1
vy = a7 °
3m+2
Ty = @ ’

for some integers «, 5. By replacing x5 by x3x1’3m710‘ and x4 by w4xf3mﬁ , We

can assume that

ry=12) = 1.
Notice that we may loose the property that [z3, 7] = 1 but we still have
(23, 2)% is in Z(G) of order at most 3. Now as G is powerful we get an

equation of the following form
(23, 71] = 23 5238 i

Since [x3, 1] commutes with 23, 23 we must have that o, a are both divisible
by 3. Moreover by Proposition 3.3, [z3, x1] commutes with x4, 3, z1, and thus
we must have that 3|as, 3|ay and 3™ |ay. As furthermore [z3, 71, 2] = 257
it follows that

[z3,71] = 22"%, « is not divisible by 3

and as [z3,71]® = 1 it follows that
o(zy) = 3™t

Then consider

_ 361,382,383 364
(22, 21] = @17 @y sy
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As this element commutes with x4, 29 and z; we see that

[, 1] = 3™

and [x9, z1]> = 1 which contradicts Proposition 3.3. O

If H is any subgroup of GG, we will use the notation e(H) for the exponent of
H. 1t follows from the last lemma that

e(R) = o(x3)
e(RNZ*(Q)) = olxy).
Notice however that this is just the case for the time being and this will not

remain so. We will deal with two cases, each of which will lead to a family
of minimal examples.

3.3.1 Case 1. ¢(R) =e(RN Z*(Q))

Here o(x3) = o(z4) and it follows that 23 = 23* for some integer . Replacing
x3 by x3x,“ we can assume that

73 =1 (24)

We claim that in this case we must have o(z4) > o(z3" ). Otherwise o(z4) <

-1 +1 . . _3m—1
o(z3"") and 29 = 23" @ for some integer a. By replacing x4 by x4z,
we can assume that

] =1

Now similar argument as in Lemma 3.6 gives us a contradiction.

We next deduce what the order of x, is. As G is powerful and as [xs, 2]
commutes with x{, zo and x4, we have that

(29, 1) = a0

for some integers o and (. And as [x9, 1] does not commute with z3, « is
not divisible by 3. As we have seen previously o(z4) > o(z3""") and it follows
that o(z3) = o([r2, z1]) = 3™ and therefore

o(zy) = 3™, (25)
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Also, as o(zy) > o(z3" ),
B =T I <i<m—1 (26)

where 7 is not divisible by 3. (Notice that o(z1) > o(x4) implies that 2 +i <
m + 1). Tt follows in particular that o(z;) = 3*™*1~%. We need now to sort
out the commutator relations. Now [z4, 1], [x4, 23] are elements in the center

of order dividing 3. Replacing x4 by some x42% x5 ! we can assume that

[zg,21]) = 1
[Z’4,ZE2] = 1 (27)
(w4, 23] = 2"

where § is not divisible by 3. (Notice that 3" = 2 = 1 and 23" € (z9)

so Z(G) = (x3)). These relations together with Proposition 3.3 also imply

that

for some integer «v. Next using the fact that [z3, x1] commutes with z1, x3, 24,
(23,21, 5] = 2°" and [z3, 2, = 1, it follows from (26) that
m alti m—i
(x5, 21] = 277 x5 (T+3™75) (29)
for some integer 3. Then using the fact that [x3, 23] is of order 3, commuting
with xq, x3, 24 and observing that [x3, z9, 1] = 23" we see that

_gm 3'm+1,y

(23, 12] = 13" 7 (30)

for some integer v. We make some small changes in order to reach a unique
presentation (in terms of m and 7). First by replacing x5 by 2oz, we can
assume that v in (30) is zero. Next we use the relations just obtained together
with Proposition 3.3, to observe that
m-+1 m _am+1
vy = ey )’ = [, P =

to deduce that we can assume the § = 1 + 3¢ for some integer €. Now let
p be the inverse of 7+ 3™~3 modulo 3™ and replace z; by z} and x5 by
25" "?  This results in the same relations as before except that in (29) we
have 7 = 1 and # = 0. Finally let 1 + 3r be the inverse of 1 4+ 3a modulo
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3™ and let 1 + 3s be the inverse of 1 + 3¢ modulo 9. Replacing x5 and x3
by 237" and 237 we can furthermore assume that § = 1 and a = 0 in (27)

and (28). We thus arrive at the following unique candidate:

B(i,m)

Herem>2and 1 <i<m — 1.

Theorem 3.6 The minimal examples of type I that are of rank 4 and have
the extra property that e(R) = e(RN Z*(@G)) consist of the two parameter
family B(i,m), 1 < i < m—1, m > 2. The group B(i,m) has class 3,
exponent 3>~ and order 3. Furthermore the members of the family
are pairrwise non-isomorphic.

Proof We argue in a similar manner as in the proof of Theorem 3.4. Let
F(i,m) be the largeﬂzﬂgroup séfigisfying all the relations defining A(i, m) ex-
cept the relation z3"" = 23 . As F(i,m) is powerful every element in

F(i,m) can be written of the form
ni,.ng, N3, .ng
Ly Lo 3" Ty

with 0 < ny < 3L 0 <my < 3™ 0<n3 <9, 0<ng <32 Tt
follows that F'(i,m) has at most 3*"~"*% elements. We first show that this
is the exact order of F'(i,m). In order to show this we consider the set of all
formal expressions

aytay?astay?
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where 0 < n; < 3271 0 < ny < 3™ 0<ng <9, 0<ng <32,
We define a product on these formal expressions (a formula derived from the
relations of F'(i,m)) by setting

ny . ng N3 N4 mi ,,mo M3 M4 __ ni+mi1—3"n3mi no+mo—3"nzmo
a1 A" A3" Ay~ * A1 Qg “Qg " Ay = a; Ay

n3+ms

as

an4 +ma—3nami+3tngm; —3mnyms
4

&ierl(anlmengngml)

and where the exponents of a1, as, as, as are calculated modulo 32m~#+1 3m+1
9,3™2. Straightforward calculations show that we get a group which sat-
isfies all the relations of F(i,m). Now let N = (z¥" " 2;%""). One checks
easily that N is a normal subgroup. Now B(i,m) = F(i,m)/N and has
exactly n(G) = 34m~it6 /3m=i = 33m+6 ¢lements. In particular z; has order
32m—itl  Ag G = (@ 2T = (@37 and [y, 20, 23] = xf’mﬂ,
it follows that the class is 3 and the exponent is e(G) = 3*"~"*1. Now m
and ¢ are determined by the exponent and the order of G. Hence the map
(i,m) — (n(G), m(Q)) is injective and the groups in the list are thus pairwise
non-isomorphic.

It remains to establish the minimality of B(i,m). Let H/K be a section
of G = B(i,m) that is powerful and of class 3. As v3(H) # {1} and G is
powerful, we must have elements g1, g2, g3 € H of the following form

‘s

g = n1ry
— 2
g2 = 2Ty
— 3
gs = I3Ty .

+

Now for H/K to remain of class 3, we can’t have 3 "€ K. Let us see what

restrictions this makes on K. Suppose

—_ N1 N2 N3 .14
g =T Ty T3 Ty

is in K. Firstly as [g, g1, g2] = ximH”?’ is in K, we must have 3|ng. We use

in the following the fact that [z;, 2] = [z;,25)> = 1 for i = 3,4 and that
[I4,ZE3]9 =1. As [9791]37 [9792]3 € K, we get that [[E2,1‘1]3n1 = [L’Z32n1 and
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(29, 21]32 = 275" are in K which implies that 3™ divides n; and n,. Next

as [g, gs] = [x4, 23]™ = 27°"™ € K, we have that 9|ny. So g is of the form
g = oy

Using the fact that the commutators of g with g1, go are in K we see that

both r1 and 75 are divisible by 3 and it follows using the relations of G that

g can be written of the form g = 23°z}°. As ¢® € K we must have that 3 is

divisible by 3™~1. Hence g is of the form

3m+1
g=a3"x;

If for all such g € K, « is divisible by 3, then all ¢ € K must be trivial as

23" is not in K. Hence K = {1} and H is powerful. But [¢1, go] = 2 is not

in (g3, 95,935, 23) and H therefore has to contain x4 to be powerful. Hence
H = G and we are done. So we can assume that 3 does not divide o for some
g. In order to avoid K containing xiMl, K must then be cyclic generated
by some g = a:%"‘xim+17. Now K = (g) = (g3x}) for some integer ¢. Using
the fact that [g3zf, g3] € K, we see that ¢ must be divisible by 9. We want
to show that H must contain z,. If this was not the case then H would be

a subgroup of (g1, g2, g3, ¥3) and thus modulo K = (gsz) we would have

[91, 92] = xi

must be in (g7, g3, g3, 23) and hence z3 would be in (g3, g3, g3, 3). But this

is not the case. It follows that z, € H and G = H. In particular [g,z4] =
ximﬂ‘)‘ € K and hence 3 divides « contrary to our assumption. This finishes
the proof. O

3.3.2 Case 2. ¢(R) > e(RN Z*(Q))

Here o(x3) > o(x4) and 2§ = 22 for some integer . By replacing x4 by

T4l 3% we can assume that
r] =1 (31)
We now go on to clarify the structure further. Notice first that

3m+1 o 32+i7_

xy  =xy 7, 3, 1<i<m-—1. (32)
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This follows from the fact that o(z1) > o(z3) > o(z1)*" . As [z3, z1] com-
mutes with 1, 3, 24, [r3, 21]* = 1 and [z3, 11, 23] = |9, 71]*", it follows from
the last equation that

[:Eg,xl] _ x;3mx§1+i(r+3ﬁ) (33)

for some integer 3. Using these equations and the fact that [xs, 21] commutes

with @y, 19, 14 and [xo, Ty, 13] = |14, 73] 73, We see that

2+
2, 01] = a2 (34)

where j > 0 and 3 fy. As o([ze, 71]) = 3™ we get in particular
o(z3) = 3>+, (35)

Notice that it follows then from (32) that

0(1,1) — 32m7i+j+2'

We next turn our attention to [z3, ). Using similar arguments as before we

see that
m 24j4+m
(w3, 22] = 2% 2 e (36)
and
(24, 23] = x%lﬂﬂné (37)

for some integers € and & where ¢ is not divisible by 3. With appropriate
replacements we can also assume that

(38)
(39)

[$47 xl] -
[I47 x?] -
We now make some fine replacements in order to reach a clean presentation.
. . _32+j . .
First replacing x5 by 2025 ¢ we can assume that e in (36) is zero. Now

m 32+itma,

37§2+j+m6 = [1’4@3]3 = [1’2@1]3 = T3

which implies that v = § modulo 3. Replacing 1, 74 by z{, x{ we can assume
that

v = 1+3a (40)
1+ 3b. (41)

>
|
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Next replacing x1, xo by 27, 2}. These equations are not affected and we get
furthermore that 7 + 33 = 1 4+ 3c. We have thus arrived at

@13 3217 (143a)
x1—3m §1+1(1+30)
x;gm

1 (D)
1

x§1+9+7n(1+3b)'

Let 1 + 3e be the inverse of 1 4+ 3b modulo 9 and 1 + 3f be the inverse of

1 + 3¢ modulo 3™1+7,

1+3e

appropriately gives us the presentation

C(4,4,m)

_3 32+J

T2,
_3m 3l+z

5
&
8

,3m

5
o
2

Ty, T2

(22, 1]
(3, 1]
|23, ]
(24, 2]
(4, ]
(4, 5]

Ty, T3
x?MH = I3
" =
ri=1
33+i+m

ZE3 - 1.

—_

Here m>2j>0and 1 <i<m—1.

Replacing z4, 21 by x; x%J’?’f

and replacing s

Theorem 3.7 The minimal examples of type I that are of rank 4 and have
the extra property that e(R) > e(R N Z*(Q)) consist of the three parameter

class 3, exponent 32m+2+i—1

the family are pairwise non-isomorphic.

1<i<m-—1, m>2,57>0. The group C(j,i,m) has
and order 33™*T. Furthermore the members of

Proof We argue in a similar manner as in the proof of Theorem 3.4. First

let
(yh Y2, Ys, 3/4)

Zy, T2, xBxl

7377121

,$4).
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The defining relations for these new generators are

3 _gmtj—it+l __ 3245
] =iy Ys
] 3l+i

Y1, Y2
Y3, Y1

[
[
Y3, y2]
[
[
[

m _37n7i 32m+j72i+33m+j72i 3m+j7i+l

Y3

vy vs
1

1

Y1, y4]
Yy, 3/2]

_g2mtj—i
Y3, Ya) = Y1

32m+j7i+2 -
Y1 =1

3m+1

Yo =1

yi=1.
As G = C(j,i,m) is powerful every element can be written of the form

na, n4, ni, N3

Yo Yy Y17 Y3

with 0 < ny < 3272 (0 <ny < 3™ 0 <ng < 3%, 0<ny <32 It
follows that C'(j,4,m) has at most 33™*777 elements. We first show that this
is the exact order of C'(j,i¢,m). In order to show this we realize the group
concretely as the set of all formal expressions

ay*aytaltas®
where 0 < n; < 32mH=H2 (0 < ny < 3™ 0 < ng < 32, 0 < ny < 3%
We define a product on these formal expressions (a formula derived from the
relations of C(j,4,m)) by setting

as*aytaitas® x ay?aytaitas? = ay*aytayus®
where
Uy = No + Moy — 3mn3m2
Uy = Ng+myg— 3" "nzmo + 3nime
i i N
Uy = nNp+mg— 3m+g ot n1mso + 3 mt ZTL377’L2 -3 mt ’n3m4

+32m+]*l+1n1n3m2 + 33m+j72zn3m2

U3 = N3+ msz+ 3m+3’ln3m2 + 3’+1n3m1 — 33+2n1m2
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and where the exponents of ai, as, as, as are calculated modulo 32m+i—i+2
3%+ 32, Tedious but straightforward calculations show that we get a group
which satisfies all the relations of C'(j,7,m). So C(j,4,m) has exactly n(G) =
33m+i+7 elements and also x1 has order 32742 As G3*"TTT = (3T
and [z1, 2, x3] = [23, 23] = 2377 it follows that the class is 3 and the
exponent is e(G) = 3*™H=*2 Also the exponent of G/Z(G) is a(G) =
3™+ Since m, j and i are determined by a(G), n(G) and e(G), the map
(7,4,m) — (e(G),n(G),a(Q)) is injective and the groups in the list are thus
pairwise non-isomorphic.

It remains to establish the minimality of C(j,7,m). Let H/K be a sec-
tion of G = C(j,i,m) that is powerful and of class 3. As v3(H) # {1} and
G is powerful, we must have elements g1, g2, g3 € H of the following form

g = wmay
T
g2 = Taxy’
T
gs = w3T,’.
. 2m4j—it1
Now for H/K to remain of class 3, we can’t have 23"~ € K. Let us see

what restrictions this makes on K. Suppose

— ni ,.n2,.Mn3 .14
g =21 Ty T3 Ty

is in K. Firstly as [g, 91, g2] = xf?’?mﬂﬂﬂ is in K, we must have 3|ng. As
(9,913, [9, 2] € K, we get that [zg, 21]*™, [12, 2,]*"2 € K. Tt follows that
3™ divides n1,ne. Then considering [g, gs] € K we see that 9 divides ny and
g is of the form

n3

_ 3mm1 3mm2 3m3
g=xy T "Iz .

Raising ¢ to the power 3™+1 we see that z¥ ™ € K and 3 must

divide mg. Next considering [g, 1], [g, g2] € K, we see that 3 divides mq, mq
and so g must be a power of x3. This means that if ¢ is non-trivial we

must have x?QmH__M in K. We have thus shown that K = {1}. Now as
(g1, 9o] = 23255 & (g3, g3, g3, 29) and as H is powerful we must have that

x4 € H. It follows that H = G. This finishes the proof. O
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