POWERFUL ACTIONS AND NONABELIAN TENSOR
PRODUCTS OF POWERFUL p-GROUPS

PRIMOZ MORAVEC

ABSTRACT. We introduce the notion of powerful action of a p-group upon
another p-group. This represents a generalization of powerful p-groups intro-
duced by Lubotzky and Mann in 1987. We derive some properties of powerful
actions and study faithful powerful actions. We also prove that the nonabelian
tensor product of powerful p-groups acting powerfully and compatibly upon
each other is again a powerful p-group.

1. INTRODUCTION

A finite p-group G is said to be powerful if p is odd and G/GP is abelian, or p = 2
and G//G* is abelian. The theory of powerful p-groups was systematically developed
by Lubotzky and Mann [7], and has proven to be of significant importance in the
theory of finite p-groups and pro-p groups [3].

Let M and N be finite p-groups, with N acting on M. We say that N acts
powerfully on M if p is odd and the induced action of N upon M/MP is trivial, or
p =2 and N acts trivially on M/M#*. Two important examples are the following.
If a finite p-group G acts upon itself by conjugation, then this action is powerful
if and only if G is powerful. On the other hand, if N is a normal subgroup of a
finite p-group G, then G acts powerfully on N by conjugation if and only if N is
powerfully embedded in G [7].

The purpose of this paper is twofold. Our first aim is to derive some of the
fundamental properties of powerful actions. Most of the results are natural gener-
alizations of the corresponding properties of powerful p-groups. One of the main
results shows that whenever a finite p-group N acts on a finite p-group M, there ex-
ist large characteristic subgroups K in N and H in M such that K acts powerfully
on H and H is powerful. When N acts faithfully and powerfully on M, we derive
bounds for the rank of NV in terms of the rank of M. These estimates appear to be
better than the bounds for general faithful actions obtained by Hall (see Roseblade
[11]) in the case when M is abelian, and Segal and Shalev [12] in the nonabelian
case.

As an application of powerful actions we study the nonabelian tensor product
of powerful p-groups. The nonabelian tensor product of groups was introduced by
Brown and Loday [1] in 1987, following the ideas of Dennis [2]. This construction
has several applications in homotopy theory, homology theory and K-theory. Non-
abelian tensor products of finite p-groups have been extensively studied [4, 6, 8].
It is shown in [8] that the nonabelian tensor square of a powerful p-group is again
powerful. This may easily fail to be true when dealing with arbitrary nonabelian
tensor products of powerful p-groups. The answer whether such a product is again
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powerful seems to depend upon the choice of actions between given groups. Here we
show that when M and N are powerful p-groups acting compatibly and powerfully
upon each other, then the resulting nonabelian tensor product M ® N is a powerful
p-group. Furthermore, it is shown that an isomorphic copy of M ® N powerfully
embeds into a canonical overgroup n(M, N) of M and N. Based on this result, we
find estimates for the order, exponent and rank of M ® N. These bounds, at least
in our particular case, vastly improve the previously known estimates obtained by
Ellis and McDermott [6].

2. POWERFUL ACTIONS
Let M and N be groups, with N acting upon M. Define
Dn(M) = (m™'m" | m & M,n € N).

As (m~tm™)" = m~" (m”/)”n/ for all m € M and n,n’ € N, it follows that
Dy (M) is an N-invariant subgroup of M. It is now clear that N acts powerfully on
M precisely when either p is odd and Dy (M) < MP, or p=2 and Dy (M) < M*.

An extension of a powerful p-group by a powerful p-group may fail to be powerful.
Our first observation shows that this is however true whenever the induced action
is powerful. This follows from the following result.

Proposition 2.1. Let M and N be finite p-groups, with N acting upon M.

(a) M is powerfully embedded in M x N if and only if M is powerful and N
acts powerfully.

(b) If both M and N are powerful, and N acts powerfully, then M x N is also
powerful.

Proof. We only prove the assertion for p odd, the case p = 2 is similar and we omit
it.

(a) Let M be powerful and suppose that N acts powerfully on M. Let mq, msy €
M and n € N. Then [my,mon] = (my'm})[mi, ma]® € MP. This shows that
[M, M x N] < MP. Conversely, suppose that M is powerfully embedded in M x N.
Then M is powerful, and we have mi*m%} = [my, mon][my,ma]~" € MP. This
shows that N acts powerfully on M.

(b) follows by a similar argument, using the identity

1

[ming, mans] = (my 'my2)™ [ny, na][my, mo]™™ (my 'mi*) "2

which holds for all my,my € M and ny,ny € N. O

Next we prove some elementary properties of powerful actions.

Lemma 2.2. Let M and N be finite p-groups, let N act on M and let K be an
N -invariant normal subgroup of M.

(a) If N acts powerfully on M, then N also acts powerfully on M/K.
(b) If p is odd and K < MP, or p =2 and K < M*, and if N acts powerfully
on M/K, then N acts powerfully on M.

Proof. (a) Let N act powerfully on M. If p is odd, then we have that Dy (M/K) =
Dy(M)K/K < MPK/K = (M/K)P. If p = 2, then a similar argument shows that
Dn(M/K) < (M/K)*.

(b) Assume now that N acts powerfully on M/K, and K < M?, where p is odd.
Then Dy(M/K) < (M/K)? = M?/K, hence Dy(M) < MP. If p = 2, the proof is

similar. O
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Lubotzky and Mann [7] showed that whenever N is powerfully embedded in a
finite p-group G, then both NP and [N, N] are powerfully embedded in G. The
next lemma generalizes this result.

Lemma 2.3. Let M and N be finite p-groups, let M be powerful and let N act
powerfully on M. Then N acts powerfully on MP and [M, M].

Proof. Let p be odd. We want to prove that, under the above assumptions, N acts
powerfully on MP. Without loss of generality we may assume that (MP?)P = 1. Since
N acts powerfully on M, it follows that Dy (M)?P = 1. As M is powerful, this implies
that [M, M]P < (MP)P = 1. Using [7, Proposition 1.6], we get [Dn (M), M] <
[MP,M] = [M,M]P = 1, therefore Dy(M) is central in M. Thus we get 1 =
(m~Im™)P = m=P(mP)", therefore Dy (MP) = 1, as required.

Now let p = 2. We claim that N acts powerfully on M?2. Taking quotients we
may assume that (M?)? = 1. We need to show that Dy(M?) = 1. Since M?
is powerfully embedded in M [7, Theorem 4.1.1], we get that M? < Z(M). As
above we also conclude that Dy(M) < Z(M). Let m € M and n € N. Since
m~tm"™ € M*, we get m=2(m?)" = (m~1m")? = 1, therefore Dy (M?) = 1.

It remains to prove that N acts powerfully on [M, M]. We only show this for
p odd, the case p = 2 follows along the same lines. Without loss of generality we
may assume that [M, M]? = 1, hence M is nilpotent of class < 2. As [M?, M] =
[M, M]P =1, we conclude that Dy (M) is central in M. Let my,my € M and n €
N. We can write m} = myz; and m} = maze for some 21,29 € Z(M). From here
it follows that [mq,m2]™ = [m121, maze] = [Mm1, m2], therefore Dy ([M, M]) = 1.
This proves the assertion. O

Corollary 2.4. Let a finite p-group N act powerfully on a powerful p-group M. If
exp M = p®, then N acts on M nilpotently of class < ¢, where c is equal to either
e if pis odd, or |(e+1)/2] if p=2.

Proof. Define D (M) = Dy(M) and D% (M) = Dy (D% ' (M)) for k > 1. Then
Lemma 2.3, together with induction, shows that D’f\,(M) < MP" it p is odd, or
D¥.(M) < M2 if p = 2. Tt follows from here that D$, (M) = 1, where ¢ is equal
to either e if p is odd, or |(e + 1)/2] if p = 2. This concludes the proof. O

Corollary 2.5. Let M be a powerful p-group of exponent p¢, and let N be a p-
subgroup of Aut M. Suppose that N acts powerfully on M.

(a) If p is odd, then both N and Dx(M) are nilpotent of class < e — 1, and
exp N divides p¢~!.

(b) If p=2, then both N and Dy (M) are nilpotent of class < [(e—1)/2], and
exp N divides 2L(e=1/2]

Proof. If p is odd then we have a normal series of N-invariant subgroups
M>MP>MP >...> MP =1.

Since N acts powerfully, we conclude that N induces the trivial action on each
factor M?' /Mpwrl. By Hall-Kaluznin’s theorem [3, p. 4] we get the result for p
odd. In the case when p = 2 we replace the above series by M > MY > M6 >

2[(e+1)/2]
> ME =1 and use the same argument as above. O

One of the most important features of powerful p-groups is the fact that whenever
G is a finite p-group of rank 7, then there exists a characteristic powerful subgroup
H < G such that |G : H| is r-bounded [7, Theorem 1.14]. Here we generalize this
result. Our proof follows the argument from [7]. We need the following auxiliary
result.
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Lemma 2.6. Let S(n,p) be a Sylow p-subgroup of GL(n,p). Let V be any verbal
subgroup of a free group of countable rank such that V(S(n,p)) = 1. Let M be a
powerful p-group with d(M) < n, and let N be a finite p-group acting upon M. If
p is odd, then V(N) acts powerfully on M. When p =2, V(N)? acts powerfully on
M.

Proof. First we deal with the case when p is odd. We may assume that MP = 1,
hence M is elementary abelian of order at most p™. The group N/Cn(M) embeds
into Aut M, hence it also embeds into S(n,p). It follows that V(N/Cn(M)) = 1,
therefore V(N) < Cn(M). In other words, Dy (ny(M) = 1, as required.

Assume now that p = 2 and M* = 1. Hence M is abelian and M/M? is
elementary abelian of order < 2¢. As above we conclude that V(N) < Oy (M/M?),

therefore Dy (ny (M) < M?. Let b € V(N) and m € M. We have that m® = mm?

for some my € M. It follows that m? = mm3(m8)%. We can write m$ = mim3

for some my € M. Now this gives m?" = mm4m3 = m. Thus V(N)? acts trivially

on M. This finishes the proof. U

Theorem 2.7. Let M and N be finite p-groups, st(M) = r, st(N) = s, and
set n = [logyr]. Let N act upon M. Then there exist a powerful characteristic
subgroup H in M, and a characteristic subgroup K in N such that K acts powerfully
on H, and |M : H| < p""+9) and |N : K| < p*"+9) | where ¢ = 0 if p is odd, or
e=1ifp=2.

Proof. Applying [7, Theorem 1.14], we find a powerful characteristic subgroup H
in M such that |M : H| < p"™*9). To find K, we adopt a similar approach as
in [7]. Let V be the variety of all p-groups having a normal series of length < n
with elementary abelian factors. Then S(n,p) belongs to V, hence K = V(N)¥"
acts powerfully upon H by Lemma 2.6. By definition of V' we have that |N : K| <
p*("*+€) This concludes the proof. O

Hall (see Roseblade [11]) proved that if M is an abelian p-group of rank =, then
any p-subgroup N of Aut M can be generated by r(5r — 1)/2 elements. Segal and
Shalev [12] showed that if M is any p-group of rank r, then any p-subgroup of its
automorphism group can be generated by 572 elements. These estimates can be
further improved in the case when N acts powerfully, even if M is nonabelian. We
have the following result.

Theorem 2.8. Let M and N be finite p-groups and let N act faithfully and pow-
erfully upon M. If st(M) = r, then st(N) < 2r2. If M is abelian, then d(N) < r2.

Proof. At first we prove that if M is abelian, then d(N) < r2. This part of the
proof is an adaptation of Roseblade’s argument [11]. For each nontrivial n € N let
t(n) be the largest integer ¢ such that n acts trivially on M/ptM. Let nq,...,ng
be a minimal generating set of N. We can choose these generators such that
t(ny) < -+ < t(ng) and ijl t(n;) is the largest possible. Let mq,...,m, be a
basis for M. Then we can write

,
mi? =m; +p'") N " (§)my
k=1
for some ;i (j) € Z. Thus we can represent the action of n; by the matrix 1 +
Pt [oix (5)]i.k- Suppose there exists an integer u such that

i = Y Bl mod p
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for some 3; € Z. Define
u—1
- ptnu)—t(ng)
n = I I noiP .
J
Jj=1

Then the matrix corresponding to the action of 72 on M/pt(”“)‘HM with respect to
the basis mq,...,m, is precisely

u—1

T 1+ 5 (7)) 7

j=1

t(ny)—t(n;)

By our assumption, for every n € N\{1} we have that t(n) > 1 if p is odd, and
t(n) > 2 in the case when p = 2. Modulo pt(m) 1 this is therefore equivalent to

u—1

L4 p' ) ™ By ek (4))i -

j=1

It follows that 7 induces the same action on M /p!")+*1M as n,, therefore we

conclude that t(fi~'n,) > t(n,) + 1. Now replace the generating set {ni,...,n4}
of N by another generating set {ni,...,ny_ 1,7 "Ny, Nys1,.-.,n4d}. We have that
d
tH(A " ny) + Z t(n;) > Z t(n;),
i#u i=1

contradicting the assumption. It follows that the images of matrices [k (j)]ik in
GL(r,p) are linearly independent, therefore d < r2.

To prove the theorem in the case when M is nonabelian, let P = M x N. Let K
be a maximal normal abelian subgroup of P contained in M. As N/(N N Cp(K))
acts faithfully and powerfully on the abelian group K, we have that d(N/(N N
Cp(K))) < r? by the above. Therefore it suffices to show that d(N N Cp(K)) <
r2. At first we note that Cj(K) = K by the maximality of K. It follows
from here that [M,Cp(K)] < K, hence Cp(K)/Ccp(k)(M) can be embedded in
Der(M/K,K). Now we use a similar approach as in [12, Lemma 2.1] to con-
clude that sr(Der(M/K,K)) < r%. On the other hand, we clearly have that
N N Cepk)y(M) is trivial, hence N N Cp(K) embeds into Der(M/K, K). This
concludes the proof. O

As every automorphism of M that acts trivially upon M/MP also acts trivially
on M/®(M), we get the following.

Corollary 2.9. Let M be a finite p-group and suppose that N is any subgroup of
Aut M acting trivially either on M/MP if p is odd, or upon M/M* if p = 2. If
st(M) = r, then st(N) < 2r2. If M is abelian, then sr(N) < r2.

3. NONABELIAN TENSOR PRODUCTS OF POWERFUL p-GROUPS

Let M and N be groups acting upon each other in a compatible way, that is,

mnm _ ((mm_l)n)m and ﬁm" _ ((an_l)m)n7

for m,m € M and n,n € N, and acting upon themselves by conjugation. The

nonabelian tensor product M @ N of M and N is a group generated by the symbols
m ®@n, where m € M and n € N, with defining relations

mmen=mMm"n™)(men) and menin=men)(m"n"),

where m,m € M and n,n € N. When M = N and all actions are conjugations,
then M ® M is called the nonabelian tensor square of M. Note that when M and
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N act trivially upon each other, then M ® N is isomorphic to the ‘usual’ tensor
product M?P @ N2P.
When the groups M and N act compatibly on each other, we have

(m—lmn)m’ _ m—m/ (mm’)nm
for all m,m’ € M and n € N. This shows that Dy (M) is a normal subgroup in
M. Our first result in this section shows that, under certain natural conditions,

Dy (M) is powerfully embedded in M. To be more precise, we have the following.

Proposition 3.1. Let M and N be powerful p-groups acting upon each other com-
patibly and powerfully. Then Dy (M) is powerfully embedded in M, and Dp;(N) is
powerfully embedded in N.

Proof. Let p be odd. We may assume that Dy(M)? = [Dy(M),M,M] = 1.
Since Dy (M) < Z2(M) and N acts powerfully on M, we get [Dn (M), Dy (M)] <
[Dn(M),MP] = [Dny(M)P,M] = 1, therefore Dy (M) is abelian. Let m € M.
From the above assumptions it follows that (Dy (M), m) is nilpotent of class < 2,
hence regular. For a € Dy(M) and m € M we thus get (am)? = mP by our
assumption. Letting a = m~1m", we get (mP)™ = mP, thus N acts trivially on M?,
i.e., Dy(MP) = 1. In particular, this implies that Dy ([M, M]) = Dy(Dny(M)) =
1. For m € M and ni,n, € N we therefore get that m~™1m"2™ = m~Im"2,
This implies that the map ¢,, : N — Dy(M) defined by n®» = m~Im" is a
homomorphism for all m € M. Now we conclude that
mlm™ = (W) = ()P = 1,

hence NP acts trivially on M. Let mym; € M and n € N. As M and N act
compatibly upon each other, we get m ™" = m? " Observing that n=™n €
Dy(N) < NP, we conclude that m? ™" = my, therefore [Dy (M), M] = 1. This
shows that Dy (M) is powerfully embedded in M.

When p = 2, the argument above needs to be slightly modified. We may assume
without loss of generality that Dy (M)* = [Dn (M), M, M] = 1. We want to show
that these assumptions yield [Dy(M), M] = 1. Therefore we may assume that
[Dn (M), M]? = 1. As above we get that Dy (M) is abelian and (Dy (M), m) is
nilpotent of class < 2. This gives (am)* = m* for all a € Dy(M) and m € M. The
rest of the proof now follows along the above lines. O

As mentioned in the introduction, the nonabelian tensor product of powerful
p-groups M and N may fail to be powerful. For instance, if M and N are powerful
normal subgroups of a finite p-group G, then [M, N] is not necessarily powerful,
see the example below. If M ® N were powerful in this particular situation, then
[M, N], being an image of M ® N, would have been powerful, which is not the case.

Ezxample 3.2. Let p be an odd prime and n > 5and m > 5. For 1 <i< j <n
let t;; () be the matrix in GL(n,p™) with 1’s on the diagonal, c in the (i, j)-entry,
and zeros elsewhere. It is straightforward to see that ¢;;(a)® = t;;(ka), and that
[tij(0), tir(B)] = ti(aB) for i < j <k, and [t;;(c), tee(B)] = 1 for i < j, k < £ and
k # j. Consider now the group
G =ty [1<i<j<n).

Then it can be verified that G is a powerful p-group. Let

N = (tu(), ts;(P %) i > 1,5 > 3).
N is a powerful normal subgroup of G. As [[t12(p), t23(p)]; [t3a(p), tas(p)]] = t15(p*),
the group [N, G] is not powerful.
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In order to determine when the nonabelian tensor products of powerful p-groups
are again powerful, we recall here a construction introduced by FEllis and Leonard
[5] and Rocco [10], see also Nakaoka [9]. Let M and N be groups acting compatibly
upon each other and let ¢ : N — N¥ be an isomorphism of N onto N¥. Define

U(Ma N) - <M, N¥ | [m,nv]nu - [mmlv (nml)ch [m’,nfﬂ]”f - [mnlv (nnl)go}
for all m,my € M,n,n; € N).

By [5], the groups M and N are embedded in n(M,N). It is well known [5, 9]
that there is a natural isomorphism between M ® N and the subgroup [M, N¥] of
n(M, N) induced by m@n — [m,n¥]. In [8] we prove that if G is a powerful p-group,
then the groups [G, G¥] and v2(n(G, G)) are powerfully embedded in n(G, G). The
following theorem may be seen as a generalization of this result.

Theorem 3.3. Let M and N be powerful p-groups acting upon each other compat-
ibly and powerfully. Then both [M, N?®]| and v2(n(M, N)) are powerfully embedded
inn(M,N).

Proof. We only prove that ~o(n(M, N)) is powerfully embedded in (M, N). The
rest of the proof is similar and we omit it.

First let p be odd. Without loss of generality we may assume that v4(n(M, N)) =
v2(n(M, N))? = 1. We need to show that it follows from here that y3(n(M,N)) =
1. As M is powerful, we have that [M?, M] = [M,M]? = 1, and similarly
also [(N¥)?,N¥] = 1. Tt follows that both M and N are nilpotent of class
< 2. Expansion of the commutator [m,(n?)?] in n(M,N) gives [m, (n¥)?] =
[m, n#]P[m,n?, n?PP=1/2 = 1 hence [M,(N¥?)P] = 1. By a similar argument we
also conclude that [M?, N¥] = 1. In particular, [M, M, N¥] = [N¥,N¢ M] = 1.
In order to finish the proof, we need to show that the commutators of the form
[m1,n?,ms] and [m,ny,ng], where m,my,me € M and n,ny,ny € N, are trivial
in n(M,N). By symmetry it suffices to verify this only for the first commutator.
To this end, note there exists n € N such that n™? = nn?. Thus

[mla n4p7 mQ] = [m17 ntp]il[mly n‘P]m2

= [ma, n?] 7 [m}", (n"2)%]

as required.

Now assume that p = 2 and v4(n(M, N)) = y2(n(M, N))* = 1. We are trying
to prove that y3(n(M, N)) = 1, therefore we may assume that v3(n(M, N))? = 1.
With these assumptions we can now repeat the above proof by replacing p with 4
throughout. O

Corollary 3.4. Let M and N be powerful p-groups acting upon each other com-
patibly and powerfully. Then M ® N is a powerful p-group.

In particular, when M and N be normal subgroups of a finite p-group G, and if
they are both powerfully embedded in G, then they act upon each other compatibly
and powerfully by conjugation. This implies the following.

Corollary 3.5. Let M and N be normal subgroups of a finite p-group G. If both
M and N are powerfully embedded in G, then M ® N is a powerful p-group.

Theorem 3.3 provides sharp estimates for the order, exponent and rank of the
nonabelian tensor product of powerful p-groups when the mutual actions are pow-
erful. We have the following result.
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Proposition 3.6. Let M and N be powerful p-groups acting upon each other
compatibly and powerfully. Suppose that (M) = dy, d(N) = ds, exp M = p°',
expya(M) = pt, exp N = p°2, and expyo(N) = p/2. Denote e = min{ey,ea}.
Then we have the following:

(a) d(M ® N) < dids and d(v2(n(M,N))) < (%) + (%) + dido.

(b) exp(M © N) | p* and expps(n(M, N)) | pme<Ui-foe).
() [M & N| < p¢ and [ya(n(0, N))| < pll¥)H(#)peuda)maxtfase)

Proof. Let {m1,...,mg, } be a generating set of M, and {ni,...,ng,} a generating
set of N. Then ~o(n(M, N)) is the normal closure in n(M, N) of the set

S = {[mivmjL [nfvnf]a [muanf] |1 SJ <i< dl’ l<t<k= d2’
1<u<d,1<v<dy}.

As vo(n(M, N)) is powerfully embedded in n(M, N), it is actually generated by the
set 8, see [7, Proposition 1.10]. A similar argument shows that [M, N¥] is generated
by the set
T ={[mu,nf] |1 <u<d, 1<v<ds}.

This proves (a). To prove (b), one can adapt the argument from the proof of [8, The-
orem 2.4] to show that [m,n?]P"" = [mP"' n¥] =1 and [m,n?]P”* = [m, (n®)P"*] =
1 for all m € M and n € N, therefore the order of [m,n¥] divides p°. It follows
that [M, N¥] is generated by elements of order p¢. As [M, N¥] is powerful, [7,
Corollary 1.9] implies that the exponent of [M, N¥] divides p°. Similarly, the ele-
ments of the set § have order dividing p™®*{/1:/2:¢} and as v (n(M, N)) is powerful,
(b) is proved. The assertion (c) is now a direct consequence of (a), (b), and [7,
Proposition 2.5]. O
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