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1 Introduction

We consider the nonlinear two-parameter eigenvalue problem (N2EP)

Ti(A,1)x =0, (L.D)

(A, p)x2 =0,
where T;(A, 1) is an n; X n; complex matrix, whose elements are analytic functions
of A,u € C, and x; € C" for i = 1,2. Matrices could be of different sizes, but to keep
things simple, from now on we assume that n; = n, = n.

We are searching for nonzero vectors xj,x; and values A, u such that (1.1) is
satisfied. In such case we say that the pair (4,u) is an eigenvalue and the tensor
product x; ® x, is the corresponding (right) eigenvector. Similarly, if y; and y, are
nonzero vectors such that y¥ T (A,u) = 0 and Y5 T5(A, 1) = 0, then y; ®y, is the
corresponding left eigenvector.
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The N2EP can be seen as a generalization of both the nonlinear eigenvalue prob-
lem (NEP) and the two-parameter eigenvalue problem (2EP). The eigenvalues of (1.1)
are the solutions of the following system of bivariate characteristic functions

fi ()‘Mu') = det(Tl (A‘Hu'))

0,
f(A, 1) :=det(Tr(A,u)) = 0. (1.2)

Similar as the NEP, the problem (1.1) can have zero, finite, or infinite number
of eigenvalues. We assume that the set of eigenvalues is zero-dimensional, i.e., each
eigenvalue (A, ) is an isolated point, so that the problem of numerical computation
of some or all of the eigenvalues is well defined.

The paper if organized as follows. In Sect. 2, some motivating problems are pre-
sented. In Sect. 3, some basic facts about a related linear two-parameter eigenvalue
problem are given. In Sect. 4 we give some theoretical results on N2EPs with sim-
ple eigenvalues. The main part of the paper are numerical methods for the N2EP in
Sect. 5, which are followed by numerical examples in Sect. 6.

2 Motivating problems

An example of a N2EP is the quadratic two-parameter eigenvalue problem (Q2EP)
[15,22] of the form

O1 (A, 1) x1 == (Ago + AA1o + HAo1 + A%Ang + ApAL1 + PAr) x1 =0,

@.1)
Q2(A, 1) x2 := (Boo + AB1o + 1Bo1 + A%Bao + AuByy + u?Bp) xa = 0,

where A;;,B;; are given n x n complex matrices. A Q2EP of a simpler form, with
some of the quadratic terms A%, Ay, and u? missing, appears in delay-differential
equations (DDEs) with the single delay [15].

The eigenvalues of the Q2EP (2.1) are the roots of the system of bivariate charac-
teristic polynomials det(Q;(A,u)) = 0 for i = 1,2. It follows from Bézout’s theorem
(see, e.g., [7]) that in the generic case the Q2EP (2.1) has 4n> eigenvalues.

As a Q2EP can be linearized as a singular linear two-parameter eigenvalue prob-
lem [10,22], we cannot consider it entirely as a genuine nonlinear example. This is
not true for the following N2EP

(Ag—Al+ uA) + u%Az)x; =0, 2.2)
(A1 + Al + Ao+ p'~%A2)x, =0, '
where o > 0 is not an integer. Problem (2.2) occurs in the study of critical delays
of DDEs with two or more non-commensurate delays. For more details about the
problem and its numerical solution, see Example 6.2.
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3 Linear problem

A (linear) two-parameter eigenvalue problem (2EP) has the form

Ayxy = ABix; + uCixy, 3.0

Axxy = ABxz + 1Coxz, '
where A;,B;, and C; are n X n complex matrices. We can study (3.1) in the tensor
product space C" @ C" by defining the so-called operator determinants

Ay =B ®C,—C) ®B>,
Al =A1RC—C|RA,,
A =B ®A—A1®B;

(for details see, e.g., [3]). We say that the 2EP (3.1) is nonsingular when Ay is non-
singular. In this case the matrices A, 1A1 and Ay 1A2 commute and (3.1) is equivalent
to a coupled pair of generalized eigenvalue problems

A1z = AAyz, (3.2)
Arz = Aoz
for a decomposable tensor z = x| ® x3.

For an overview of numerical methods for 2EPs, see, e.g., [9]. If n is small, we can
solve the coupled pair (3.2). An algorithm of this kind, based on the QZ algorithm, is
presented in [9]. Its complexity is &'(n®) because the A-matrices are of size n> x n?.
Therefore, when n is large it is not feasible to compute all eigenpairs. Instead, we can
compute few eigenpairs with iterative methods. The Jacobi—Davidson type method
[9,13] with harmonic Ritz values can compute eigenvalues (A, 1) that are close to a
given target (A7, Ur), while the Sylvester—Arnoldi type method [19] gives very good
results in applications from mathematical physics where we need the eigenvalues
with the smallest |].

There are some iterative methods that can be applied to compute a solution close
to a good initial approximation. One such method is the tensor Rayleigh quotient it-
eration (TRQI) from [24], which is a generalization of the standard Rayleigh quotient
iteration (see, e.g., [8]) and computes one eigenpair at a time.

4 Simple eigenvalues

In this section we give some theoretical results on simple eigenvalues of a N2EP and
discuss similarities and differences with the NEP.

For a start we recall the situation in the one-parameter case. Let A, be an eigen-
value of a NEP A(A)x =0, where the elements of matrix A are analytic functions of A.
The geometric multiplicity mg (A, ) of A, is equal to the nullity of A(A,), and the alge-
braic multiplicity m,(A.) is equal to the multiplicity of A, as a root of det(A(A)) = 0.
We know that mg(A.) < my(A,) holds for each eigenvalue 4.
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If (A, i) is an eigenvalue of the N2EP (1.1), then its geometric multiplicity is

mg (A, ) = nullity (77 (A, i) - nullity (75 (A, py ).

Algebraic multiplicity m, (A, W) is the multiplicity of (A, i, ) as a root of the system
(1.2). The Jacobian of (1.2) is nonsingular in an algebraically simple eigenvalue.
Following a proof for the NEP in [27, Proposition 2.1], we can show that also for the
N2EP the algebraic simplicity of an eigenvalue implies the geometric simplicity.

Proposition 4.1 Each algebraically simple eigenvalue of the N2EP (1.1) is geomet-
rically simple.

Proof Let (A, I ) be an algebraically simple eigenvalue of (1.1) and suppose that its
geometric multiplicity is mg > 2. Without loss of generality we can assume that in
this case k := nullity (7} (4., 1)) > 2. Then there exist permutation matrices Py and
P, such that the (n — k) x (n — k) block Aj; (A«, i) is nonsingular, where

ST M | BT

For (A, 1) close to (A, ls), block A11 (A, i) is nonsingular and we can write

)
(

A (A, 0
LG R = G (0w
where
_ ) - 0 [l —AT A )AL (A, 1)
LA 1) = —Ax1 (A, A (A, 1) IJ , R(A,u) = { 0 I ’
and

S(A, 1) =An(A, 1) — Az (A, )AL (A, w)A1a(A, 1)

is the Schur complement of A1 (A, 1t).

Since rank(D(As, i) = n —k and A1y (A«, i) is nonsingular, S(A, i) = 0. The
determinant f;(A,u) := det(T3(A, 1)) agrees up to the sign with det(D(A,u)) =
det(A11 (A, 1)) det(S(A,u)). Since S(As, ) = 0 and the size of the block S(A,u)
is at least 2 x 2, it follows that %det(S(l*,u*)) = %det(S(l*,u*)) =0 and thus

9 (A1) = G (Au, 1) = 0. The Jacobian of fi(A,u) and fo(A, 1) at (A, ) is
then singular and (A, ) is a multiple eigenvalue, which is a contradiction. O

If A, is an algebraically simple eigenvalue of the NEP A(A4)x = 0, then A(0)
is nonsingular for ¢ # A, sufficiently close to A.. On the contrary, if (A, ) is
an algebraically simple eigenvalue of the N2EP (1.1) then there always exist points
(0,7T) # (As, Us) arbitrarily close to (A, Us) such that one of the matrices 71(o, 7)
or T>(o,7) is singular. In fact, it follows from the nonsingularity of the Jacobian of
(1.2) in (A4, W) and the implicit function theorem that in a small neighbourhood of
(A«, W) there exists a parametric curve (A;(¢), (7)), where 1 € (—¢€,€), such that
2i(0) = Ay, 1i(0) = ., and det(T;(A;(¢), wi(¢))) =0 fort € (—¢,€) fori = 1,2. The
eigenvalue (A, 1L, ) is the only intersection of curves (A (¢), 11 (¢)) and (A2 (), ua(2)).
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If y and x are the left and the right eigenvector of an algebraically simple eigen-
value A, of a NEP A(2)x = 0, then it is well-known that y?A’(1.)x # 0, see, e.g., [2,
23,27]. In [21] this relation is generalized to the following proposition for the N2EP.

Proposition 4.2 ([21, Proposition 3.2]) Let (A, W) be an algebraically simple eigen-
value of the N2EP (1.1), and let x; ® xo and y1 @y be the corresponding right and
left eigenvector. Then the matrix

VG ) Y (e, )

4.1)
VH SR (e p)a 38 G2 (e, )2

is nonsingular.

The above result is used in the next section to show the quadratic convergence of
a generalization of the inverse iteration to the N2EP close to an algebraically simple
eigenvalue. It is also a part of the selection criteria that enables us to compute more
than one eigenvalue using the Jacobi—Davidson method [11].

5 Numerical methods

In this section we generalize some numerical methods for NEPs to N2EPs. For an
overview of numerical methods for the NEP, see, e.g., [20,26]. All methods in this
section can be applied to a truly N2EP, i.e, such that cannot be transformed into
a polynomial one. The methods can of course be applied to the polynomial two-
parameter eigenvalue problem (P2EP) as well, but let us remark that there are other
specific methods for P2EPs, like the linearization to a singular 2EP [10,22] and the
Jacobi-Davidson method [11].

5.1 Inverse iteration

First of the methods that can be generalized to N2EP is the inverse iteration, intro-
duced by Ruhe in [26]. In this method we choose nonzero vectors vy, vy € C" and
apply Newton’s method to F(x1,x2, 4, 1t) = 0, where

Ti(A, 1)xy
LA, u)x
vlflxl —1
ngXZ —1

F(xy,x2,A, 1) =

The vector v; is used to normalize the eigenvector x;, so it should not be orthogonal to
x;fori=1,2.1f (x(lk>, xgk), Ak, ly) is the current approximation for the eigenpair, then
we get the update from the linear system

AxM 71 (A .uk)xilg
(k)
T ) |A | = | POk 5.1)

Ay vll"lxgk) —1
Al vgl gk) —1
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with the Jacobian

Tt (o) 0 %(lk,uk)xgk) %‘(Muk)xgk)
0 k) o k
JFEO A Ay =1 0 Taltem) B (e L) | (5.2
W 0 0 0
0 Vit 0 0

Let us assume that the matrices 7j (A, L) and T (A, L) are nonsingular. We can
further assume that x| and x{*) are normalized, i.e., vx!*) = vix{" = 1. It now fol-

lows from the bottom two rows of (5.1) that vl Ax"*) = v Ax¥) = 0. By multiplying

the top two rows of (5.1) by v{’ and vé’ , respectively, we obtain a 2 x 2 linear system

o) ]

for AA; and Apy. Once Ay and Ay, are known, we get the corrections

VT (g i)™ 98 (s ) VT (s )~ 2 (i, )
T

VT (Mg i)™ 982 (s i) VH T (g )™ H(lk#k)xgk)

W Q)

U
QJ‘QJQJ
S>3 =

A% = T3 (A )™ (T2 (s ) + ADs 3 (M ) +A”k%(lkaﬂk))x§k)7

(5.3)
A = =T (i ) ™ (o (e ) + A G2 (s i) + A 52 (e 1)) 65

from the top two rows of (5.1). This gives the approximation for the eigenvector

)= CANT (g, )~ i

)= —AMT (Mo 1) G

a7,
d

SE

E
ST =

(M )2 — ATy (A i)™ G (A, g,
7

(k+1
X
xng (A, uk)xék) — AT (A, paye) ™! 37 (A, uk)xék)-

)|

The overall algorithm is presented in Algorithm 1. The complexity of one step is

0 (n*). Note that Step 8 is just for precaution in numerical computation as in theory

vectors x(lkH) and xgkﬂ) should already be normalized.

Algorithm 1 Inverse iteration (Invlter)
1: Start with Ao, to, vi, va, x(lo), and xéo) such that v{’x(lo) = vgxéo) =1
2: for k=0,1,2,... until convergence do
3 C = T4 (A i)~ 20 (s i)x ) and @y = T (A i) ™1 22 (A, )20
: ompute ay = T1 (A, i) ™' 5 (A, io)xy and @z = T (A, ti) ™' 52 (A )y
4: Compute by =T (A i)~ 5o (A, )" and by = T (A ) 52 (A s
5 Solve

v’lia| Vll.lb] Alk _ —1
viay b, | A |-1]°

EEE

6: Update A'k+l = M +AX and M1 = My + Ay

7: Compute x\“ ") = —Ada; — Ay and 7 = —Adar — A,
8:  Normalize xskﬂ) = xng)/(v’]qx(lkH)) and x(zkH) = xgkﬂ)/(vg’xgkﬂ) )-
9: end for

Steps 3 and 4 rely on the nonsingularity of 7} (A, ) and T» (A, U ). Let us show
that in practice this does not present a difficulty. When we are close to the solution,
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T (A, ty) and T» (A, L) are nearly singular and we can expect that vectors ay,az, b1,
and b, have huge norm, which then also applies to the matrix in Step 5. However,
the condition number of this matrix stays bounded as in vicinity of the eigenpair it is
close to a diagonally scaled matrix (4.1), where the scaling factors are expected to be
of a similar magnitude. A rough justification is as follows.

Let (xﬁk), x(zk)7 Ak, i) be close to (x1,x2, Ay, L), where (As, i) is an algebraically
simple eigenvalue with the right and left eigenvectors x; ® xp and y; ® y». Then the
smallest singular value ;, of T;(A, L) is close to zero and the corresponding right
and left singular vectors are close to x; and y;, respectively. It follows that

HOT; (3 H@(/I .
1200 X; Vi *7”*))‘71
a; ~ Y 3,1( w5 M) l-xi; by~ i ou X
Oin Oin
fori=1,2 and
0T, H T,
[Vllial V{1b1:| N [Glnl 1] 1 g1 (A, e)x1 ¥y T“l(/l*,“*)xl
H H ~ - 0T JT
vyax vy by O | |V 52 (A, )2 yé’a—i(l*,,u*)xz

In practice we do not have to worry if T;(A, 1) is singular, because, similar as
in the inverse power method, rounding errors prevent the method from getting into
trouble. A safe alternative with no worries is to solve (5.1) as a (2n+2) x (2n+2)
linear system. However, this is approximately four times more expensive since we do
not exploit the block structure of the Jacobian matrix.

Theorem 5.1 Let (As, l.) be an algebraically simple eigenvalue of the N2EP (1.1)
and let x1 ® xp be the corresponding right eigenvector such that vll'lxl = v12'1 x =1
Then the inverse iteration has quadratic convergence close to the solution.

Proof Since this is Newton’s method, it is enough to show that the Jacobian (5.2) is
nonsingular at (x,x2, A, ). So, suppose that the Jacobian is singular. Then there
exist vectors z1,z, and scalars a;, o, not all of them being zero, such that

JF(xhxz,),*,u*) =0. (5.4)

If we multiply the first and the second equation of (5.4) by y4 and y4, respectively,
where y; ®y, is the left eigenvector of (A, L), we obtain

VG (s ) y{*%ﬁ(l*,u*)m] M

d d
)’51 ng (A, i) X2 yg TZZ (A, pi)x2

(05

As we know from Proposition 4.2 that the above system is nonsingular for an alge-
braically simple eigenvalue, it follows that a; = o = 0.

From the first and the second equation of (5.4) we now see that there should exist
scalars §; and 3, such that z; = B;x; and zp = Bax7, as the null spaces of T (A, L)
and T (A, ) have dimension 1. But then the last two equations of (5.4) read as
Bi v{{m = ﬁzvzH x; = 0, which yields B; = B, = 0 and we have a contradiction. m]
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The inverse iteration was applied to 2EPs in [16] and as a part of the continuation
method in [24]. On both occasions the method was enhanced by a generalization of
the Rayleigh quotient for the 2EP. In the next subsection we introduce several gener-
alizations of the Rayleigh quotient for N2EPs that could be used for such purpose.

5.2 Residual inverse iteration

In each step of the inverse iteration we spend many operations for solving the linear
systems with the matrices Tj (A, t) and T>(Ag, ). The same difficulty appears in
the inverse iteration for the NEP. Neumaier showed in [23] that in the NEP we can
use a fixed matrix instead, if we are prepared to trade the quadratic convergence for a
linear one.

This approach can be generalized to the N2EP as follows. Starting from (5.3) and
following arguments from [23] we write

A Y = T g )™ (T ) + AN ()Lk7l~1k)+A.uk9H Ay 1) ) X;

= T;( Mo tte) ™ (T3 (Aar, 1) + O ((|A M| + [Ape])? ))xi
— T (e 1) " T, k)3 + 6 (1AM + [Ape))?)

(k)

for i = 1,2. We can approximate T;(Ay, i) ~! by T;(o,7)~!, where (o,7) is a fixed
shift close to the eigenvalue, if we have an approximation for (A1, t+1). To obtain
such approximation, we generalize the Rayleigh functional to N2EP.

It xgk) ®x§k> is an approximation for the eigenvector, then the first generaliza-
tion of the Rayleigh functional are solutions of the following, in general nonlinear,
bivariate system

H
xgk) T ()vk+1,.uk+1)x(1k) =0,

(k)

© (5.5)
Xy (Mg, Miy1)xy = 0.

For a new approximation (A 1, tx41) we take the solution of (5.5) that is closest
to (A, Ux). For the 2EP the system (5.5) has exactly one solution. It is called the
tensor Rayleigh quotient and is equal to the pair (py,p,), where

o (x(lk)7 xék)) :: (xg HAlx(l ) (x5 Hsz2 )—(xgk)ZClx(lw)(xgk)ZAzxz )’
(B (8 ) = () (Bl
PG B [ D S i A
(o Bd) (6 ) = (o ) (o Bl

For example, if we take the Q2EP, then (5.5) has 4 solutions in the general case. At
least one of these four solutions is an eigenvalue if xgk) ®x§k) is an exact eigenvector.
We can think of (5.5) as a one-sided Rayleigh functional, because we use the
same vectors on the left and the right side. We could use the two-sided version in-

stead, where we use approximation for the left eigenvector on the left side. If, similar
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to the NEP, we use Ti(0,7) #v; @ Tr(c,7) Hv, for an approximation to the left
eigenvector, we obtain the following system for the two-sided Rayleigh functional:

V?Tl(671)71T1(1k+17#k+1)x(1k) =0,

H —1 (k) (5:6)

V3 1(0,7) " Do (A1, Mier1)xy - = 0.
Instead of solving (5.6) we perform one step of Newton’s method using (A, ) as an
initial approximation. As we show in Theorem 5.2, this is enough for convergence.
This yields

VT (0:0) ™ G Gl VT (0:0) 7 G (o) [Ay«} - M 5.7)
V?Tz(c,r) aa*(lk uk)xy) Vy Tz(c T)” l%(lk,pk)xgk) Al )7l

where 7; = V?Z}(GJ)’l]}(lbuk)xgk) for i = 1,2. The values Ay, = Ay + AX; and
W1 = W + Al present a generalization of Lancaster’s one-parameter Rayleigh
functional [18].

Hence, when we use the residual iteration, we first compute the new eigenvalue
approximation (A1, Hx+1) from (5.7). The new eigenvector approximation before
normalization is then

21 =xgk) ~Ti(o,7)"'Ty (lk+17uk+1)x5k),

2= x§k> —D(o, T)_1T2(1k+1aﬂk+1)x£k>~

Algorithm 2 Residual iteration (Reslter)

1: Start with Ag, to, vy, va, xg()), and xéo) such that vllix(()l) = vgx(()z) =1

2: for k=0,1,2,... until convergence do

3 Compute ar =T (A0, ko) ™' 25t (Ak,uk)xl Y and az = 75 (Ao, Ho) " 2 (hes i)y
Compute by =T (2. o) %{; (e )2t and by = T (Ao, p0) ™ G2 (R s’
Compute 11 = VI Ty (Ao, to) ™' Ty (A i)

k)
Solve

and y = v T (Ao, m) g T (g, )55

Vllial V{Ibl Alk _ N
e v ) = 2]
7:  Update 7Lk+1 A+ AN and Uy = Uy + ALy
8: x(lkH) (1 =T (Ao, o) ™' T ()Lkﬂvﬂkﬂ)x(l)
9: x(zkﬂ) ( — T2 (Ao, o)~ T2(7Lk+17!—lk+l)x§k)

10:  Normalize x(lkH) :xEkH)/(V{’xEkH)) and xgkﬂ) :xgkﬂ)/(vg'xékﬂ)).

11: end for

AR

The above procedure is presented in Algorithm 2, where we use the initial eigen-
value approximation (Ao, to) as a fixed shift (o, 7). The residual iteration has linear
convergence if the initial approximation is close to the eigenpair.
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Theorem 5.2 Let (A, l.) be an algebraically simple eigenvalue of the N2EP (1.1)
and let x1 @ xp be the corresponding right eigenvector such that vllixl = vgxg =11If
(Ao, Uo) is sufficiently close to the eigenvalue, then the residual iteration has linear
convergence close to the solution.

Proof We know that the inverse iteration, being a Newton’s method, has quadratic
convergence close to the solution. If we replace the Jacobian (5.2) in the inverse
iteration with the matrix

Ti(tow) 0 (o)) %lﬂl(kkvﬂk)x(lk)

e
d k) 9 k
B, A= | 0 Taow) 2 aum)ss” G o)y’
it 0 0 0
0 v 0 0

where the top left diagonal blocks of the Jacobian are fixed at (Ag, L), then the new
method has linear convergence when (A, o) is sufficiently close to (A, i) (see,

e.g.. [17, Theorem 5.4.1]). If we assume that vi/x\") = v#x{Y) = 1 then the solution
of the system
AxH Ti (A i)} ;
(k
CINC 1 [ AxY | B o HR)S
B(xy", x5, Ak, 2 | =
(175 x5, Ak M) A (1)_1

gives (5.7) for the corrections AA; and Ay, and we get

— Ti(Ao, o)~ (T3 (o ) + A 5 (A i) + A 5 (A, i) ) !
9 100, 10) ™ (T st + € (1A K]+ Ay ])?)) <

for i = 1,2. This differs only for & ((|AAx| +[Ap|)?) from the vectors that are com-
puted in Steps 8 and 9 in Algorithm 2. As this difference is too small to destroy the
convergence, the residual iteration has linear convergence as well. O

() k) k)
l

NO;
NO;

5.3 Successive linear problems

This method was also introduced by Ruhe in [26]. Its generalization to the N2EP is
as follows. We expand

T (A — Adg, ik — Ay )x = 0,
(A — Ay, e — At )x2 = 0

in the Taylor series as
(T3 (A 1) — A G5t (A, i) —A.Uk%%(lk#k)‘i' O ((|AM] +[A])?) )x1 =0,
(T (A 1) — A G2 (A 1) *Auk%@k,ﬂk) + O ((|AM] +1A)?) )x2 = 0.



Numerical methods for nonlinear two-parameter eigenvalue problems 11

We discard higher order terms and take for (A A, A ) the eigenvalue closest to (0,0)
of the 2EP

Ty (A, i )x1 = Alk%(lk,uk)m +Auk%(7tk,l~ik)x1,

(5.8)
T (A )2 = Adi G (Mg, i) x2 + A.Uk%(lk, L )x2

The procedure is presented in Algorithm 3.

Algorithm 3 Method of successive linear problems (SuccLP)

1: Start with Ao and .
2: for k=0,1,2,... until convergence do

3: Solve the linear two-parameter eigenvalue problem
T (A, )1 = T(lkvuk)xl +19 Em L (A )1
T (M i)x2 = 692 (Mg, y)xa + 752 i (Aes ) x2.

4 Select the eigenvalue (o, 7) that is closest to (0,0).
5: Update kk+1 = A — o and Myl = U — T
6: end for

Numerical results show that the convergence is quadratic. One step has com-
plexity &/(n%) when the algorithm from [9] is used to solve the 2EP in Step 3. But,
since we only need one eigenvalue of (5.8), we can merge Steps 3 and 4 and ap-
ply an iterative method that can efficiently compute the closest eigenvalue. Here, the
Jacobi—Davidson method from [13] or subspace methods from [19] could be applied.

5.4 Newton’s method on determinants

Instead of (1.1) we can consider the system of determinants (1.2). In order to apply
Newton’s method we need an efficient numerical method for the partial derivatives
S (A1) and 5L (A, ), where fi(A, ) = det(Ty(A, ) for i = 1,2. If fi(A, 1) #0

then Jacobi’s formula for the derivative of the determinant yields

ot g o) = (A ) 1
L S, ) =t (Ti(A, 1) 95 (A, )

for i = 1,2. Using the above formulae we can compute the derivatives in &'(n?).

In [5] one can find an algorithm based on the LU factorization. To simplify
the presentation, we describe the algorithm for one-parameter only. Suppose that
det(A(A)) # 0 and that PA(A) = LU is the result of the Gaussian elimination with
partial pivoting, where P is a permutation matrix, L is a lower triangular matrix with
ones on the diagonal and U is an upper triangular matrix. Then

(5.9)

fi(Au)

f(A) =det(A(A)) = det(P Hu,,
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If we fix the permutation matrix P, then for each v in a small neighbourhood of A
there exist matrices L(v) and U(Vv) such that

L(V)U(v) =PA(v) (5.10)
is the LU factorization of PA(Vv). By differentiating (5.10) at v = A we get
PA'(A) =L'(M)U(A) +L(A)U'(A) = MU + LV, (5.11)

where M := L/(A) is a lower triangular matrix with zeros on the diagonal and V :=
U'(2) is an upper triangular matrix. Matrices M and V of the proper form that satisfy
(5.11) can be computed in ﬁ(n3) flops from A’(A), P, L, and U, for details, see [5] or
Algorithm 6.1 in [25]. It follows that

F'A) N vij

f) SHui

The Newton’s method combined with the above approach to compute the deriva-
tives is presented in Algorithm 4. We assume that Tj (A, i) and T» (A, i) are non-
singular. If not, we can use a slightly modified algorithm from [5] that is able to
compute f’(A) by the LU factorization even when f(4) = 0.

Algorithm 4 Newton’s method on characteristic functions (NewtCF)

1: Start with Ay and .
2: for k=0,1,2,... until convergence do
3:  Compute LU factorization with partial pivoting P, T;( Ay, ) = L;U; for i = 1,2.

4: Compute a lower triangular matrix M,; with zero diagonal and an upper triangular matrix Vy; such
that P, 9% (e, tie) = MyUs + LiVy for i = 1,2.

5:  Compute a lower triangular matrix Mp; with zero diagonal and an upper triangular matrix V,; such
that Pl% (l/m[.l,k) = My;U;+ L;iVy; fori =1,2.

6: Compute o = Z?:l (V]l')jj/(Ui)jj and ﬁ,‘ = ?:1(V2i)jj/(Ui)jj fori= 172.

Solve
[ 8] [ax - 2]

8:  Update Ay = A + A and iy = My + ALl
9: end for

As this is Newton’s method, the obtained method has quadratic convergence close
to an algebraically simple eigenvalue. A variant of Algorithm 4 was already applied
to the 2EP, see, e.g. [6].

5.5 Implicit determinant algorithm

A bottleneck of Algorithm 4 is the computation of partial derivatives of the deter-
minants. An alternative is based on the implicit determinant algorithm, proposed in
[29], see also [1], for the one-parameter nonlinear eigenvalue problem.
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Lemma 5.1 Ler (A, Us) be an algebraically simple eigenvalue of the N2EP (1.1)
and let x1 ® xp and y1 ® y» be the corresponding right and left eigenvector. If vectors
u; and v; are such that ufi vi # 0 and lex,- = 0, then the bordered matrix

Mi(A, ) == {T"(SH’“) ’6} (5.12)

is nonsingular at (A, W) fori=1,2.

Proof Suppose that

M;(A, 1) H = {TMI;”) b(ﬂ H —0.

a Vi (04

l

When we multiply the first equation by y¥ we get oy u; = 0 and yu; # 0 yields
a = 0. It follows that z = Bx; for a scalar . But v x; = 0 and v x; # 0, therefore
B=0. 0

Close to (A4, W) we define vector x;(A, 1) and scalar g;(A, i) as the solution of

o] =[]

(A
Mi(A, %i(A,
(A, @) {gi(l,
for i = 1,2. Then, by Cramer’s rule,

det(Ti (A, )

8§ ) = St )

i=1,2, (5.13)

and fi(A,u) = f2(A, 1) = 0 has the same root (A, ) as g1 (A, 1) = g2(A,u) =0.
By differentiating (5.13) we get the linear system

Mi(A, 1) [91(}”’“) a@“?“)] _ [‘S;T[(l»u)xt' T (A )
l ) . ) 0 O

with the same matrix as in (5.13) and solve it to get the partial derivatives of ‘3—‘3{ and

‘;—i" for the Newton update. The overall method is presented in Algorithm 5.

In Algorithm 5 the matrix in Steps 3 and 4 is the same, so we have to compute the
factorization only once. One step is faster than applying (5.9) or Algorithm 4. The
algorithm depends on the vectors ; and v;. The optimal choice for u; and v; are left
and right eigenvector components u; = y; and v; = x; for i = 1,2 (see, e.g., Subsection
4.5 in [1]). If u; and v; differ much from y; and x; then Algorithm 5 can converge to a

root different than (A, L ).
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Algorithm 5 Implicit determinant method (ImpDet)

1: Start with A, lty and nonzero vectors uy,uy, vy, v.
2: for k=0,1,2,... until convergence do

. LA, p) wi| [x] _[0] . .
3: Solve{ ViH ol %= fori=1,2.
4:  Solve T’(Af;“) wil [z wil _ 3 (A ) au (A, )i fori=1,2.
vil 0] o Bi 0 0
5: Solve

o Pi| [A| _ |-n
@ B | Atk -]
6:  Update A4 = A+ A and g = ty + ALy
7: end for

5.6 Jacobi—-Davidson method

All the above-mentioned methods require a good initial approximation to converge
to a wanted eigenvalue. In addition, they compute one eigenpair only. When we lack
such approximation we can try a Jacobi—Davidson type method. This is also a method
of choice when matrices are large and sparse. The first Jacobi—-Davidson method for a
2EP was a one-sided version for a right-definite 2EP [12]. It was followed by the two-
sided version for a general 2EP [9], while the latest version [13] uses harmonic Ritz
values and works well for the interior eigenvalues. If we look at the NEP, then the
Jacobi—Davidson method was applied to a polynomial eigenvalue problem in [28],
while a version for a general NEP is presented in [4].

In Algorithm 6 we give a Jacobi—Davidson type method for a N2EP. Most of the
details are omitted as they can be found in, e.g., [11] and references therein.

Algorithm 6 Jacobi—-Davidson method

1: Start with nonzero vectors si, s2, and Ujg = U9 = Vio = Voo = [ ].

2: for k=0,1,2,... until convergence do

3: Expand the search space: (Ujx—1,s:) — Uy fori=1,2.

4: Update the appropriate test space: (V;x_1) — Vi fori=1,2.

5: Extract the Ritz pair ((0,7),u; ®uy), where u; = Uyc; for i = 1,2, from the projected N2EP

V{ZT| (G,T)U]kc‘l =0
VT (6,7)Usycr = 0.
6: Compute the residual r; = T;(o, T)u; fori = 1,2.
7: Stopif (||r |2+ ||r2)?) /2 < e.
8: Solve approximately the correction equation, e.g.,

(I—u,-u;‘)T,-((S,’r)(I—u,-u;‘)s,- = —r,

to get a new direction s; L u; fori =1,2.
9: end for

Let us give some comments on the algorithm. In Steps 3 and 4 we use the repeated
Gram-Schmidt orthogonalization so that the columns of Uy, and Vj; are orthonormal
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for i = 1,2. The choice of an appropriate test space depends on whether we are using
one-sided variant, two-sided variant, or harmonic Ritz values. In the basic one-sided
variant we take V;; = Uy and then Step 4 is redundant.

In Step 5 we need a numerical method that can be applied to a projected N2EP
with small matrices to compute the Ritz pairs of interest. In case of a P2EP we can
apply the linearization, compute all Ritz pairs, and then choose the most appropriate
one. For some other problems that are truly nonlinear, for example (2.2), we can
apply the methods from the previous subsections to obtain a Ritz pair. In this case
it is useful to have a good approximation for the eigenvalue, otherwise the methods
might not converge. In a typical scenario we are looking for an eigenvalue close to
a given target and the matrices are so large and sparse that the iterative iteration is
too expensive. Instead, we apply the Jacobi—Davidson method and use the iterative
iteration to solve the small projected problems.

In Step 8 we solve the correction equation only approximately by applying a few
steps of the GMRES method or another appropriate subspace method. For a better
convergence we should use preconditioning and restart the method when subspaces
become too large.

The Jacobi—Davidson method was applied to the P2EP in [11]. Using a selection
criteria that prevents the algorithm from selecting the already converged Ritz values
it is possible to compute more eigenvalues.

6 Numerical examples

Two numerical examples are given. They were obtained on 64-bit Windows version
of Matlab R2012b running on Intel 8700 processor and 8 GB of RAM. In the first
example we compare the convergence of methods on a Q2EP. In the second example
we apply inverse iteration on a N2EP related to the determination of the critical curve
of a DDE.

Example 6.1 We take the Q2EP of the form (2.1), where A;; and B;; are random n x n
matrices generated in Matlab as

rand(’state’, 0); k = 2;

for r = 0:k
for c=0:(k-r)
A{r+1, c+1} = rand(n)+i*rand(n);
B{r+1, c+1} = rand(n)+i*rand(n);
end
end

For n = 250, 500, and 1000 we first compute one eigenpair of the Q2EP by the
Jacobi—Davidson method from [11], which is basically Algorithm 6 adjusted to Q2EP,
and then use a perturbed solution for an initial approximation. We tested Algorithms
1,2, 3,4, and 5, to which we refer from now on by more descriptive names Invlter,
Reslter, SuccLP, NewtCF, and ImpDet, respectively. For numerical experiments with
the Jacobi—Davidson method (Algorithm 6) for Q2EP, see [11].

For n =250 we give in Table 6.1 for all algorithms the norms of the eigenvalue
updates (|AA|? + |Aw]?)"/? in individual iterations. In addition, for InvIter and Re-
slter, where eigenvectors are computed as well, we give the norms of the residuals
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Table 6.1 Comparison of convergence of Algorithms 1 (Invlter), 2 (Reslter), 3 (SuccLP), 4 (NewtCF),
and 5 (ImpDet) on a random Q2EP with matrices of size n = 250.

Iteration ~ Norm of the residual Norm of the eigenvalue update
InvIter Reslter InvIter Reslter ~ SuccLP  NewtCF  ImpDet

1 1.1-1072 1.1-1072 59-107% 59.107% 6.0-1073 64-1073 6.3-1073
2 1.4-107° 2.7-107* 3.3-100% 2.9-107% 2.6-107° 3.2-107% 2.7-10~*
3 7.3-1071 1.6-107° 6.1-1077 1.1-107° 4.6-10710 1.4.107¢ 4.7-1077
4 5.0-1074 1.0-10°° 59-1071257.1077 3.4.107" 3.6-1071 1.2.10712
5 5.8-1078 2.0-10°8 1.8-10°5 1.8.10°15
6 3.7-107° 22-107°

7 2.5-10710 1.5-10710

8 1.6-10° ! 8.1-107

9 1.0-10712 3.3-10712

10 7.2-10714 3.0-10714

Table 6.2 Number of iterations and running times for Algorithms 1 (InvIter), 2 (Reslter), 3 (SuccLP), 4
(NewtCF), and 5 (ImpDet) applied to a random Q2EP with matrices of size n = 250, 500, and 1000.

n Number of iterations Running time in seconds
Inviter Reslter SuccLP NewtCF ImpDet InvIter Reslter SuccLP NewtCF ImpDet
250 3 8 4 4 4 0.13  0.19 097 032 0.17
500 4 9 4 5 4 0.66 0.74 3.01 243 0.76
1000 4 12 4 5 5 352 383 1629 1482 436

(I (lk,,uk)xgk) I? + ||T2(7Lk,uk)x§k>||2)l/2. It is clearly seen that Reslter has linear
convergence while the other four algorithms have quadratic convergence.

In Table 6.2 we give the number of iterations and computational times. We iterate
InvIter and Reslter until the norm of the residual drops below 10~ 10 while in SuccLP,
NewtCF, and ImpDet the same bound is used for the norm of the eigenvalue update.

NewtCF is slower than InvIter and Reslter. We must remark that in the numerical
experiments we replaced the Steps 4 and 5 by (5.9). In theory, Steps 4 and 5 should
be faster as they require 25% less flops than (5.9). In practice, it is difficult to im-
plement this part efficiently as all computations are done at most in Level 1 BLAS.
For instance, Algorithm 4 using an implementation of Steps 4 and 5 in C using MEX
(Matlab implementation is even much slower) requires 168 seconds for n = 1000.

In SuccLP we use subspace iteration with Ritz projections from [19] to compute
the eigenvalue closest to zero, which is to our believe the fastest available option at
the moment. Based on the properties of the algorithm from [19] it is clear that one
step of SuccLP is always more expensive than one step of Invlter. As they both have
quadratic convergence, the cheaper inverse iteration is preferred. Reslter is also very
competitive and has an advantage that by using the fixed matrix 7;(29, o) we avoid
potential difficulty of T;(A, i) being singular when (A, 1) is close to an eigenvalue.

In ImpDet we choose the vectors u; and v; as the result of one step of standard
inverse iteration on T;(Ag, o) and T; (Ao, Lo )", respectively, for i = 1,2. The method
is competitive to InvIter and Reslter. Its advantage is that the bordered matrix (5.12)
is nonsingular at exact eigenvalue (A, [ ).
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Example 6.2 We consider a DDE with two delays of the form
X(t) =Aox(t) +A1x(t — hy) +Axx(t — o).
The corresponding characteristic equation is
M(A)z:= (—AI+Ag+Are "* 4 Aye2*)z =0, (6.1)

where nonzero z is an eigenvector and A is the corresponding eigenvalue. In the crit-
ical delay, where the stability of the DDE changes, A is purely imaginary. We would
like to find the critical curve, i.e., we are interested in the curve (hy,hy) for hy,hy > 0,
where the stability changes.

A usual approach is to assume that sy = och; for different values of ¢. Then, as o
goes from 0 to oo, we compute the points on the critical curve. When we introduce (l =
e~ in (6.1) and write the conjugate equation, where, since A is purely imaginary,
A =—Aand T = p ', we obtain (2.2). This equation can be solved for some integer
values of a, for instance a = 0, 1,2, if we transform the problem into a polynomial
eigenvalue problem or into a P2EP, see, e.g., [15]. We could also take for @ a rational
number with small numerator and denominator and then solve the problem as a P2EP.

This is how we get some points on the critical curve that we can use as initial ap-
proximations for other values of & and thus follow the critical curve. For the missing
values of & we can solve (2.2) using any of the proposed local methods.

For the numerical example we consider the DDE with two delays from [14]:

Ur = Uy +ao(x)u+ay (X)u(x,t —hy) +az (x)u(x,t — hy), u(0,t) = u(m,t) =0, (6.2)

where the coefficients are ag(x) =24 0.3sin(x), a;(x) = =24 0.2x(1 —¢* "), and
az(x) = =2 —0.3x(w — x). We discretize (6.2) by the finite differences with matrices
of size 100 x 100 and thus obtain Ag, Ay, and A; in (2.2). For the initial point we
assume h; = hy and compute the critical delay by the Q2EP formulation and the
Jacobi—Davidson method as explained in [11].

It is important that (2.2) can be formulated as a Q2EP for 4| = hy. This enables
us to apply the linearization in Step 5 of Algorithm 6 and compute all Ritz values
of the projected problem. Only one eigenvalue of the related Q2EP corresponds to
the critical delay and a special selection criteria (for details, see [11]) guides the
Jacobi-Davidson method to this particular eigenvalue. This gives A = 4.2399286i
and h; = hy, = 0.30266688 for the initial value o = 1.

Let us remark that for o = 1 such that (2.2) cannot be formulated as a P2EP, it is
difficult to compute the critical delay without a good approximation. Namely, if we
apply the Jacobi—Davidson method, then in Step 5 of Algorithm 6 we get only one
Ritz value and there is no guarantee that the computed eigenvalue corresponds to the
critical delay.

In the second phase we set

for k =1,...,m. For each  we take the solution from step k — 1 as an initial value
for Invlter. In this way we get points where hy < h;. For the other part of the critical
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Fig. 6.1 The critical curve (h;,hy) for
the DDE (6.2). We start in h; = hy =
0.30266688 and follow the curve with
2.5 the inverse iteration method.

curve we exchange the roles of /; and h; and repeat the procedure starting again from
ap = 1. The results for m = 20 are presented in Figure 6.2, where the dot presents
the initial delay at #; = hy. The computation of all 41 points including the initial one
takes just 1.5 seconds, which is much faster than reported in [14]. In addition, the
results are more accurate as we use much finer mesh.

For large and sparse matrices Ag,A, and A; it would be more efficient to apply the
Jacobi—Davidson method in the second phase instead of InvIter. But in our particular
example, where the matrices Ag,A; and A, are tridiagonal, Invlter is very efficient
and there is no need for the Jacobi—Davidson method.

7 Conclusions

We presented several numerical methods for nonlinear two-parameter eigenvalue
problems. The most competitive local methods are the inverse iteration with quadratic
convergence and the less expensive residual iteration with linear convergence. If
we know how to solve the smaller projected problem, then we can use the Jacobi—
Davidson method as a global method. As a practical application we presented the
computation of critical curves of delay-differential equations with multiple delays.
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