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Abstract

We introduce the quadratic two-parameter eigenvalue problem and linearize it as
a singular two-parameter eigenvalue problem. This, together with an example from
model updating, shows the need for numerical methods for singular two-parameter
eigenvalue problems and for a better understanding of such problems.

There are various numerical methods for two-parameter eigenvalue problems, but
only few for nonsingular ones. We present a method that can be applied to singu-
lar two-parameter eigenvalue problems including the linearization of the quadratic
two-parameter eigenvalue problem. It is based on the staircase algorithm for the
extraction of the common regular part of two singular matrix pencils.
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We consider the quadratic two-parameter eigenvalue problem
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where A;, B;, ..., F; are given n; x n; complex matrices, z; € C™ is a nonzero
vector for i = 1,2 and A\, u € C. We say that (A, p) is an eigenvalue of (1) and
the tensor product x; ® x5 is the corresponding eigenvector. In the generic
case the problem (1) has 4njny eigenvalues that are roots of the system of the
bivariate polynomials ¢;(\, p) = det(Q; (A, u)) =0 for i = 1,2.

Recently, a simpler quadratic two-parameter eigenvalue problem, where some
of the quadratic terms A2, A\u, u? are missing, appeared in the study of linear
time-delay systems for the single delay case [9]. Due to the missing terms the
problem in [9] has 2n;n, eigenvalues and is easier to solve. Here we study the
general case (1) where all quadratic terms are present in both equations.

Similarly to the quadratic eigenvalue problem (see, e.g., [11]), where we can
linearize the problem to a generalized eigenvalue problem with matrices of
double dimension, we can write (1) as a two-parameter eigenvalue problem

Li(A\, pwy == (A(l) +ABW + u0(1)> w; =0

(2) (2) (2) (2>
Lo\, pws := (A® 4+ AB® 4 uC®)) wy =0,

with matrices of larger dimension. We take

A B® o w;
—

Li\ p)wi == [ |0 =T 0 |[+A|T 0 0|+p|00 0] [Az;| =0, (3)
0 0 —I 000 100 T

where the matrices AW B® and C® are of size 3n; x 3n,; for i = 1,2. In
Section 3 we show that det(L;(\, u)) = ¢:(\, ) for i = 1,2 and therefore (2) is
a linearization of (1). One can observe that although the matrices in L;(\, p),
i = 1,2, are of size 3n; x 3n;, the order of det(L;(A, 1)) is only 2n;. This is
due to the structure of the matrices B% and C® that are not of full rank.

The eigenvalues of (2) are defined in a similar way as the eigenvalues of (1).
A pair (A, p) is an eigenvalue if L;(\, p)w; = 0 for a nonzero vector w; for i =
1,2, and the tensor product w; ® wy is the corresponding (right) eigenvector.
Similarly, v; ® vq is a left eigenvector if v; # 0 and v L;(A\, u) =0 for i = 1,2.

The usual approach for a two-parameter eigenvalue problem of the form (2)
is to define the operator determinants



Ay=BW g c® - cW g B®
A=CV @ A? — AW g @) (4)
Ay=AW @ B® - U g A®

on the tensor product space C3 @ C3"2 (see, e.q., [2]) and consider the coupled
generalized eigenvalue problem

A1z =Mz and  Agz = ulpz, (5)

where z = w; ® wsy. In the generic case, A is nonsingular and we say that
(2) is a nonsingular two-parameter eigenvalue problem. In this case it follows
(see, e.g., [2]) that the matrices Ag'A; and Aj'A,; commute, and (2) has
9niny eigenvalues (A, i), which can be computed from eigenvalues of Ag'A;
and Ay'A, using standards tools for the generalized eigenvalue problem. For
some numerical algorithms see, e.g., [7,8].

In our case, where the matrices A®, B® and C® arise from the linearization
(3), Ay is singular and (2) is a singular two-parameter eigenvalue problem.
The singularity is an obstacle for the available numerical methods for two-
parameter eigenvalue problems, but we present a method than can overcome
this problem and thus enables us to solve the quadratic two-parameter eigen-
value problem (1) via the linearization (3).

In Section 2 we present some properties of singular two-parameter eigenvalue
problems. For the particular case (3) we show in Section 3 that, under very
mild conditions, the eigenvalues of (1) are exactly the regular eigenvalues of
(5). In order to solve the quadratic two-parameter eigenvalue problem (1) using
the linearization (3) we derive an algorithm for the extraction of the common
regular part of two matrix pencils in Section 4. The algorithm, which is based
on the staircase algorlthm from [14], returns the 4nyngy x 4n1n2 matrices Ao,
Al, and AQ such that Ag is nonsingular, the matrices AO A1 and AO A,
commute, and the eigenvalues of (1) are the eigenvalues of the matrix pencils
Ay — Ay and A, — ,UAO In Section 5 we give some numerical examples. We
show that the algorithm can be successfully applied to some other singular two-
parameter eigenvalue problems, for example to the polynomial two-parameter
eigenvalue problem and to the problems that appear in model updating [3].
Up to our knowledge, next to a very special case in [3], this is one of the first
numerical methods for singular multiparameter eigenvalue problems.

2 Singular two-parameter eigenvalue problem

Let us consider a general two-parameter eigenvalue problem of the form (2).
Multiparameter eigenvalue problems of this kind arise in a variety of applica-



tions [1], particularly in mathematical physics when the method of separation
of variables is used to solve boundary value problems [16]. The theory for sin-
gular problems is scarce and there are no general results linking the eigenvalues
of (2) to the eigenvalues of (5).

If Ay is singular then there might still exist a nonsingular linear combination
A = apAg + a1 A1 + sy In such case (see [2]) the matrices A1 Ay, A7TA,
and A7'A, commute. If we consider the homogeneous problem

(no AW +mBY + 1, CM)wy =0,

(noA® +m B + nyCP)w, =0, ©)
where (19,71, m2) # (0,0,0), instead of (2), then we get 79, 171, and 75 from the
following three joined generalized eigenvalue problems Agz = nyAz, Az =
mAz, and Ayz = nAz. An eigenvalue of (6) with 79 # 0 gives a finite
eigenvalue (A, 1) = (11/m0,m2/M0) of (2), while the eigenvalues with 79 = 0 are
infinite eigenvalues of (2). If agAg + a1 A1 + @Ay is singular for all values of
ap, aq, and g, i.e., det(apAg+ a3 A+ asAg) = 0, then also the homogeneous
version of (2) is singular.

Theorem 1 ([2, Theorem 8.7.1]) The following two statements for the ho-
mogeneous problem (6) are equivalent:

(1) The matriz A = Y7, A, is singular.
(2) There exist an eigenvalue (9, n1,m2) of (6) such that 7, nic; = 0.

It follows from Theorem 1 that when A, is singular and the polynomials
det(Lq(A, i) and det(Lo(A, ) do not have a common factor, then the two-
parameter eigenvalue problem (2) has less than 9nyn, finite eigenvalues and
at least one infinite eigenvalue.

Another example of a singular two-parameter eigenvalue problem that appears
in model updating is presented in the following example.

Example 2 In model updating [3] one wants to adjust the matrices obtained
from the finite element model so that some of the eigenfrequencies of the model
match the measured eigenfrequencies. In a matrixz formulation we can write the
problem for the two frequencies as follows.

Given n x n matrices A, B,C and two prescribed eigenvalues & # &, find
values of X\ and p such that two of the eigenvalues of the matriz A+ AB + uC'
are equal to & and &. The problem can be expressed as the following two-
parameter eigenvalue problem



(A — 51[)131 + >\B£L’2 + ,uC’xl = O, (7>
(A —&1)xe + ABxy + puCxg =0,

which can be shown to be singular.

3 Quadratic two-parameter eigenvalue problem

Let us take a closer look at the general quadratic two-parameter eigenvalue
problem (1). From now on we will assume that n; = ny = n. By inspecting
the Kronecker canonical structure of the matrix pencils (5) we will show that
we get exactly 4n? regular eigenvalues in the generic case.

Definition 3 An In x In linear matriz pencil L(A\,u) = A+ AB + uC' is a
linearization (see, e.g., [10]) (of order In) of a matriz polynomial Q(\, ) if
there exist matriz polynomials P(\, 1) and R(\, 1), whose determinant is a
constant independent of X and u, such that

QM0 b WL i RO p).
0 Dy
In our case,
Qi(A,p) 0 0
Pi(A ) Li(A, ) Ri(A\, p) = 0o I 0,
0o 0 I
where
I B;+AD; C;+ \E; + uF, 100
Pi(Ap)=10 I 0 and  Ri(A\,pu) = |X10].
0 0 I pl 01

This shows that (3) is a linearization of (1). In Appendix we show that we
can linearize an arbitrary polynomial two-parameter eigenvalue problem into
a two-parameter eigenvalue problem with matrices of higher dimension.

The linearization (3) is not optimal. Namely, it follows from the theory on
determinantal representations [13] that there do exist matrices A®, B®  and
C® of dimension 2n x 2n such that det(L;(\, 1)) = det(Q;(\, u)) for i = 1,2.
An appropriate pair of determinantal representations would result in a smaller



and, more important, nonsingular two-parameter eigenvalue problem, but, un-
fortunately, there are no algorithms for the construction of such matrices.

In order to simplify the proofs of the next two lemmas, we introduce the
Tracy—Singh product of partitioned matrices [12].

Definition 4 Let an m X n matriz A be partitioned into the m; x n; blocks
A;j and a p X g matriz B into the py X q blocks By such that m = Y27, m,,
n=37i1n,p= S e, ¢ =1 q. The Tracy-Singh product A® B is a
mp X ng matriz, defined as

A® B = (Ai; ® B)i; = ((Aij @ Br)r)ij

where the (ij)th block of the product is the m;p x n;q matriz A;; ® B, of which
the (kl)th subblock equals the m;py X n;q matriz A;; ® By.

Theorem 5 ([12, Theorem 5]) In the case of balanced partitioning, where
all blocks in matrix A and B are of the same size, respectively, the Tracy—Singh
product A ® B and the Kronecker product A ® B are permutation equivalent.

All our block matrices have balanced partition and some properties are easier
to be obtained when we work with the Tracy-Singh product instead of the
Kronecker product. Since this is just a reordering of columns and rows, we
will denote by T'S the map that reorders the elements of A ® B so that
TS(A® B) = A® B.

Lemma 6 In the generic case, the 9n? x 9n? matriz Ay in (5) has rank 6n?.

Proof. If we apply the Tracy—Singh reordering to A, then we obtain

3n2 6n?
3n? 0 S
TS(A()) — y
6n2 T 0
where ) )
0 0 I ®F,
0 0 0
I®I 0 0
T pu—
0 |—1®Dy|—I®E,
—I®I1 0 0
0 0 0




and
0 0D ®F, 0 —Fi®Dsy)|EL@F, —FQFE,
S = 0 0 0 -l 0 0
Di®I|0 0 Eiel 0 0

From the above block representations of S and T it is easy to see, under the
general assumption that matrices Dy, Fi, Do, and F3 are all nonsingular, that
each of the matrices S and T is of rank 3n2. It follows that in the generic case
the rank of Ay is indeed 6n%. O

Lemma 7 In the generic case, the In® x 9n? matrices A1 and Ay in (5) are
of rank 8n?.

Proof. Let us consider a related problem, where W{(\, ) = Ay + pC + p2F
and Wi(A, 1) = Wa(A, ). We linearize W{ by the 2n x 2n matrix pencil

A1) /(1)
—_— ——
A C 0 F
L =" |
0 —I 70

and W3 as in (3). The related problem has an eigenvalue of the form (0, p)
if and only if this is true for the original problem (1). Let us show that the
6n2 x 6n? matrix

Al = 'V e A — 40 g @
from the coupled generalized eigenvalue problem (of the form (5)) of the re-
lated problem is nonsingular.

Suppose that A] is singular. Then, by Theorem 1, the homogeneous version of
the linearization of the related problem has an eigenvalue (19,0, 72) such that
(n0,m2) # (0,0). In the generic case, the matrix C’(!) is nonsingular, so 7y # 0.
This implies that the original problem (1) has an eigenvalue of the form (0, u).
Since this is not true in the generic case, A} has to be nonsingular.

The block structure of T'S(A;) is

3n2 3n? 3n2 n? n2 n2

32| X X X n2 0 0I®F
TS(Ay)=32| 0 Z 0|, where Z=,2| 0 0 0
3n? x 0 X n? I® 10 0



The four corner blocks of T'S(A) represent the nonsingular matrix 7'S(A]) of
the related problem. The central 3n? x 3n? block Z of T'S(A;) is of maximal
rank 2n? in the generic case, where we assume that matrix F5 is nonsingular.
It follows that the matrix A, is of rank 8n?.

Similarly we can show that if the problem (1) does not have an eigenvalue with
1 = 0 and if the matrix [Dy Es] is of full rank, which is true in the generic
case, then the matrix A, has rank 8n?. O

Lemma 8 In the generic case, where we assume that the matrices Dy, Do, FY,
and Fy are nonsingular, we can construct bases for the kernels of Ay, A1, and

Ay in (5) as follows:

(1) A basis for Ker(Ay) consists of the vectors

T

®

T
, L,7=1,...,n.

0el0 OejTO

(2) A basis for Ker(Ay) consists of the vectors

0 0

—€; —€;

(3) The kernels of Ay and As are included in the kernel of Ag. A basis for
Ker(Ay) consists of the vectors in (1) and (2), and the vectors

0 0
DiY(Ey — F)e;| ® |Dy'(By — Fa)es |, 6j=1,....n.

—e; —e;
Proof. One can confirm the lemma by a direct computation. O

In a similar way we can find bases for the kernels of Aj, A}, and Aj.

Lemma 9 A basis for Ker(A§) in (5) is

Ker(AY) Ker(A3)
0 0 0 0 0 0
ei| @ lejls 0|® (0], el @ el i=1,...,n
0 0 e; €j €; €;



Proof. It is easy to see that the above vectors are indeed in the subspaces
Ker(A}), Ker(A%), and Ker(A}), respectively. From Lemmas 6 and 7 it follows
that these vectors form bases for the mentioned kernels. O

Lemma 10 The matrices A} and A} in (5) act on Ker(Af) as

Al lz| @ |y| =—A% 2| @ |y| = |z| ® [0| = |0| ® |y],

A;x®y20®y—x®

The images of A} and A} restricted to Ker(Af) coincide.

Using the above straightforward lemma one can easily check that for each
triple (g, aq, an) # (0,0,0) there exist a triple (a, b, c) # (0,0, 0) such that

0 0 0 0 0 0
€T Yy 0 0 T Yy

for arbitrary nonzero vectors x and y. One solution is a = ajan, b = a% — o,
and ¢ = a3 — ajay. The problem is thus singular even if we study it in the
homogeneous form (6).

In order to show that the eigenvalues of (1) agree with the finite regular
eigenvalues of (5), we introduce the Kronecker canonical form, for more details
see, e.g., [6,14].

Definition 11 Let A—AB € C™*"™ be a matrixz pencil. There exist nonsingular
matrices P € C™™ and QQ € C™™ such that

PYA—-AB)Q = A— \B =diag(A, — ABy, ..., Ay — \By)



s the Kronecker canonical form. Each block A; — A\B;, i = 1,...,k, must be
of one of the following forms:

_a—)\ 1 ] _1 )\ |
Jj(ar) = - eC™, N;= C e i,
1 R\
i Oé—)\_ I 1_
__)\ -
-2 1
L;= E(CJX(J'H), LJT: ' GC(J+1)><]7
=
-1
L 1_

that represent finite reqular, infinite reqular, right singular, and left singular
blocks, respectively.

Definition 12 The normal rank of the square matriz pencil A — \B is n, =
maxec rank(A — sB). We say that A € C is a finite reqular eigenvalue of the
matriz pencil if rank(A — AB) < n,.

Definition 13 A pair (\, ) € C? is a finite reqular eigenvalue of the matriz
pencils A; — ANy and Ay — pAg if all of the following statements are true:

(1) X is a finite reqular eigenvalue of Ay — Ay,

(2) 1 is a finite reqular eigenvalue of Ay — ul\y,

(3) there exists a common eigenvector z in the intersection of the regular
parts of the pencils Ay — ANy and Ay — nAg such that

(A1 —AAg)z=0 and (Ay— udg)z=0.

It follows from the linearization that all eigenvalues of the initial quadratic
two-parameter eigenvalue problem (1) are finite eigenvalues of the linearized
two-parameter eigenvalue problem (3). Next we show that all eigenvalues of (1)
are finite regular eigenvalues of (5). The equivalence of both sets of eigenvalues
is established in Theorem 17 below.

Lemma 14 The eigenvalues of the quadratic two-parameter eigenvalue prob-
lem (1) are finite regular eigenvalues of the matriz pencils Ay — ANy and

Proof. It follows from Lemmas 6, 7, and 8 that the normal rank of the 9n? x
9n? pencils A; — AAg and A, — pul\g is exactly 8n?.

10



Let a vector of the form [T A\zT H;y{’]T @[] AaT quQT]T be an eigenvector for

the eigenvalue (\, i) that we get from the linearization. The first block compo-
nents x; and x, of such vector are both nonzero. All vectors in the kernels of /A,
and A, have their first block component zero, so we have rank(A; —\Ag) < 8n?
and rank(Ay — plg) < 8n?. O

Now we have enough information to determine the Kronecker canonical struc-
ture of the matrix pencils Ay — AAy and Ay — pd.

Lemma 15 The 9n? x 9n? pencil A} — AA} in (5) has at least 2n* first root
vectors for the infinite eigenvalues. The same is true for the pencil A5 — pAj.

Proof. The first root vector for an infinite eigenvalue is vector z; in the chain
Abzg = 0, Ajzg = Ajz; such that Ajz; # 0. We have to show that we can
find 2n? such linearly independent vectors.

From Lemma 10 we see that all vectors in Ker(Ag), which are of the form
0 x x]T ®[0 x x]T by Lemma 8, are obviously orthogonal to A} Ker(Ap).

As the whole space is an orthogonal sum of Im(A¢) and Ker(Ay), it follows that
A} Ker(A}) is a subspace of Im(A?). So, there exist 2n? linearly independent
vectors z; such that Az is in Aj Ker(Af). O

Lemma 16 The Kronecker canonical form of the 9n* x 9n? pencil Ay — A\
from (5) has n?® Lo, n® LL, 2n* Ny blocks, and the finite reqular part of size
4n%. The same is true for the pencil Ny — .

Proof. The regular Kronecker canonical structure of the transposed pencil
AT — AA§ is the same as of Ay — AA(. The right (left) singular structure of
A7 —AA] is the left (right) singular structure of A; —AA. The pencil A —AA
has a regular part of size at least 4n? by Lemma 14. The number of L, and
L¥ blocks is n? by Lemmas 7, 8, and 9. In addition, it follows from Lemma 15
that the pencil has 2n? N, blocks. Thus we have completely determined the
Kronecker canonical structure of Ay — AAg. O

Theorem 17 The eigenvalues of the quadratic two-parameter eigenvalue prob-
lem (1) are exactly the finite regqular eigenvalues of the coupled generalized
eigenvalue problem (5).

Proof. We know that (1) has 4n? eigenvalues, which are also finite regular
eigenvalues of the linearized two-parameter eigenvalue problem (2), and we

11



have proved in Lemma 14 that all eigenvalues of (2) are finite regular eigen-
values of (5). By Lemma 16, it follows that (5) can not have more than 4n?
finite regular eigenvalues, and thus, the sets of eigenvalues must be equal. O

In the next section we describe the algorithm that computes the common
regular part of two matrix pencils. It follows from Theorem 17 that such an
algorithm can solve the quadratic two-parameter eigenvalue problem linearized
as a singular two-parameter eigenvalue problem.

4 Extraction of the common regular subspace of two singular ma-
trix pencils

We would like to recover the finite regular eigenvalues of the matrix pencils
A1 — Ay and Ay — uly. Here we are not interested in the infinite part.

Instead of the Kronecker canonical form we will use the generalized upper-
triangular form, where the transformation matrices P and () are unitary, see,
e.g., [4,14]. For the matrix pencil A — AB there exist unitary matrices P and

Q, partitioned as P = [P, P,| and Q = [Q; Q,], such that

(A, — \B, ]
X Ay — ABy
P*(A—-AB)Q = . (8)
X X Af — )\Bf
I X X X A — AB. |

The pencils A, — AB,, As — ABw, Ay — ABy, and A, — AB, contain the
left singular, the infinite regular, the finite regular, and the right singular
structure, respectively. The most simple case of a right singular structure is
when Ker(A) N Ker(B) is nontrivial. The eigenvectors of such matrix pencil
are then not well defined.

We are particularly interested in the lower right block of (8), where we find
the finite regular and the right singular structure. We say that P and Q form
a pair of left and right reducing subspaces [15] of A — AB, respectively, if
P = AQ + BQ and dim(P) = dim(Q) — ns, where ng is the number of right
singular blocks in the Kronecker canonical form of A — AB.

Below we provide a sketch of the algorithm that computes the lower right
block of (8) and the matrices P, and Q.

12



Algorithm 1 Given an m x n matriz pencil A — AB, the algorithm returns
matrices Ay, By, P, and (Q, where P and () have orthonormal columns, such
that the columns of P and QQ form a basis for a pair of left and right reducing
subspaces of A — AB and Ay — AB; = P*(A — AB)Q is equivalent to the
lower right block of (8), which contains the finite reqular and the right singular
structure of the matrixz pencil A — \B.

Ale; BlzBapzlmaQ:In;jzl
Repeat,

(1) (a) Compute the singular value decomposition UpXoVy of the m; X n;
Ty mi—r;

matriz By. Let r; = rank(B;) and partition Uy = m, [U()a Uos }
(b) If r; = m; then exit and return Ay, By, P, and Q.
(2) (a) Compute the (m; — ;) x n; matric H = UjA;.
(b) Compute the singular value decomposition H = U X, V', Let ¢; =
rank(H) and partition Vi = ,; {Vm Vib ]
(3) Now we have

rj X A\l T X Bl
Ui(A; — AB))V; = Y
m;—r; X 0 m;—Tj 0 O

(4) Set Ay = Ay, By = By, P = PUy,, Q=QViy, j =j+ 1, and go to (1).

Algorithm 1, which is based on Algorithm 4.1 from [14], starts with the m xn
matrices A and B. It reduces them using consequent row and column com-
pressions, until By has full row rank. For the reduction we use the singular
value decomposition. For additional details, see [14].

Algorithm 1 has a dual form, which is based on Algorithm 4.5 from [14], where
column and row compressions are interchanged. The dual algorithm, presented
in Algorithm 2, computes a pencil representing the finite regular structure
together with the left singular structure of the matrix pencil A — \B.

Algorithm 2 Given an m X n matriz pencil A — AB, the algorithm returns
matrices Ay, By, P, and ), where P and @) have orthonormal columns, such
that the columns of QQ and P form a basis for a pair of left and right reducing
subspaces of the matriz pencil A* — A\B*, and A; — AB; = P*(A — AB)Q
contains the finite reqular and the left singular structure of the matriz pencil

A—)\B.

13



A1:A, BlzB,P:Im,Q:In,jzl
Repeat,

(1) (a) Compute the singular value decomposition UyXoVy of the m; X n;
matriz By. Let c¢; = rank(B1) and partition Vo = n, |:‘/E)a Voo ]
(b) If ¢; = n; then exit and return Ay, By, P, and Q).
(2) (a) Compute the m; x (n; — ¢;) matrix H = Ay Vi,
(b) Compute the singular value decomposition H = Uy X, Vy*. Let r; =
Tj mj—’r‘]
rank(H) and partition Uy = 4, [Um Uwp ]
(3) Now we have

7 X X 7 x 0
Uf(Al—)\Bl)‘/o: . —)\ R
mj—rj A1 O mj—rj Bl 0

(4) Set Ay = Ay, By = By, P = PUy,, Q= QVyy, j = j + 1, and go to (1).

We apply these two algorithms to compute the common regular structure
of the matrix pencils A; — Mg and Ay — puly. From now on we will use

the notation that the vector space spanned by the columns of a matrix A is
denoted by A.

Algorithm 3 Given m X n matriz pencils Ay — Ay and Ay — pulg, the
algorithm returns matrices P and @ with orthonormal columns, such that
the matriz pencils P*A1Q — AP*AoQ and P*AxQ) — pP*A¢Q contain the
common reqular part of the initial pencils. The columns of () form a basis for
the common finite reqular subspace.

(1) Separation of the finite part from the infinite part.
(a) Apply Algorithm 1 to the pencils P*A1Q — AP*A¢Q and P*AQ —
wP*AoQ. We get P, Q1 and Py, ()2, respectively.
(b) Compute matrices Q3 and Ps with orthonormal columns such that
Qg = Ql N QQ and 733 = 731 ‘I’PQ Update Q = QQg, P = PP3
(¢) If Q3 is a square matriz, then go to (2.a). Otherwise, go to (1.a).
(2) Separation of the finite reqular part from the right singular part.
(a) Apply Algorithm 2 to the pencils P*A1Q — AP*A¢Q and P*AyQ —
wP*AoQ. We get P, Q1 and Py, ()2, respectively.
(b) Compute matrices Q3 and Ps with orthonormal columns such that

14



Qg = Ql + QQ and ,Pg = ,Pl ﬂPQ. Update Q = QQg, P = PP3

(c) If Q3 is a square matriz, then return P, QQ and exit. Otherwise, go to

(2.a).

In the first phase of Algorithm 3 we compute the common finite regular and
right singular structure of Ay —A Ay and Ay —pAg using Algorithm 1. We start
with P = I, and @ = I,,. In step (la) we separately compute the basis for
the common finite regular and right singular subspace for each of the deflated
pencils P*A1Q — AP*A¢Q and P*AsQ — uP*A¢Q. If the subspaces do not
agree we compute their intersection in step (1b) and repeat the process with
the updated P and (). At the end of the first phase the matrix P*Ay(Q) has full
row rank. In a similar way, in the second phase of the algorithm we separate
the finite regular and the right singular structure using Algorithm 2.

Algorithm 3 terminates in a finite number of steps. In the first phase the row
rank of P*Ay(@ and the number of columns in () decrease until P*Ay() has
full row rank. In the second phase the column rank of P*Ay(@Q and the number
of columns in P decrease until P*Aq@ has full column rank. In the end we
get square matrices P*A;Q for i = 0, 1,2, where P*Ay(Q is nonsingular.

The above algorithm has a dual form. We can start with Algorithm 2 in the
first phase and use Algorithm 1 in the second phase, but then we have to
compute (3 as an orthogonal basis for Q; + Qs and P as an orthogonal basis
for P NPy in the first step. In the second step we compute ()3 as an orthogonal
basis for Q; N Q, and P5 as an orthogonal basis for P; + P-».

Theorem 18 Let all eigenvalues of the quadratic two-parameter eigenvalue
problem (1) be semisimple. If we linearize (1) as the two-parameter eigenvalue
problem (3) and apply Algorithm 3 to the coupled generalized eigenvalue prob-
lem (5) then we get matrices P and Q) with orthonormal columns that define
the 4n? x An? matrices A; = P*A, iQ fori=0,1,2 such that Ay is nonsingular
and the matrices Ay'A; and Ag' Ay commute.

Proof. Since all eigenvalues are semisimple, the problem (1) has 4n? linearly
independent eigenvectors x; ® x9, with the corresponding eigenvalues (A, ix)

for k = 1,. .. ,4712. Then Wy ‘= ["L{k /\kx?k ,U/kx?k]T & [mgk )\kq}gk ﬂkxgk]T for
k=1,...,4n? are the eigenvectors of (2).

From Lemmas 8, 9, and 16 we can deduce that Algorithm 3 returns the matrix
@ such that Im(Q) = Lin(wy, . .., ws,2). From Theorem 17 we know that for
each k = 1,...,4n? there exists a nonzero vector z, € C4* such that Alzk =
)\kA()Zk and AQZk = ,ukAozk The linearly independent vectors zl, S form
a complete common set of eigenvectors for the matrices A A, and AO A,
which therefore commute. O
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It follows from Theorem 18 that one can numerically solve the quadratic two-
parameter eigenvalue problem (1) by the linearization (3) and Algorithm 3.
The algorithm from [7] can be applied to compute the eigenvalues of the
projected coupled generalized eigenvalue problem of the form (5).

5 Numerical examples

We present some small numerical examples to show that singular two-parameter
eigenvalue problems can be solved with Algorithm 3. The numerical examples
were computed in Matlab 7.4, while the exact eigenvalues were obtained in
Mathematica 6.0 using variable precision. In each example we computed the
maximum relative error of the computed eigenvalues as

R 240 e OV
i=1,....k ||[)\z Mz’]H?

where (5\1, f1), .-, (S\k, fr) and (A1, p1), - - -, (A, px) are the computed and the
exact eigenvalues, respectively.

Example 19 We consider the quadratic two-parameter eigenvalue problem

34 12 41 267 13 241
+ A + 1 + A + Ap +p x1 =0,
61 21 24 52 71 6 3

_1 3_ _1 4_ _2 3_ 9 _2 6_ _7 2_ 9 _3 5_

+A + +A + A\u + u x9 =0,

21 8 2 41 13 37 52

which has 16 eigenvalues. The largest and the smallest (by absolute value)

eigenvalue are (—7.5130,3.8978) and (—0.2658 + 0.80077,0.3141 F 0.10774),
respectively.

The matrices Ao, Ay, and Ay from the linearization (3) are of size 36 x 36.
Algorithm 8 returns the 16 x 16 matrices Ao, Ay, and Ay such that Ay is
nonsingular and that 55151 and A5152 commute. From Ao, Al, and Az we
get all 16 eigenvalues of the quadratic two-parameter eigenvalue problem. The
mazimum relative error of the computed eigenvalues is 1.8 - 10714,

Example 20 A cubic two-parameter eigenvalue problem has the form

(AS) + -+ NAY + N2pAl) + M2 AY + 12 AG) 2 =0
(AS) + -+ NAG) + N2pASY) + M2AG) + 12 A ) =0.
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If Agzk) are general n x n matrices, then the problem has 9n? eigenvalues. Simi-
larly to the quadratic two-parameter eigenvalue problem, we linearize (9) as a
two-parameter eigenvalue problem, a possible linearization (see Appendiz) is

Afg AR AR Al Al AT Al AT+ AA + A
Vi -1 0 0 0 0
ul 0 T 0 0 0
Li(\p) =
0 A 0 i 0 0
0 0 Vi 0 -1 0
0 0 I 0 0 -1 |

for i = 1,2. The corresponding operator determinant g is of rank 20n? and
thus singular.

Using the software package GUPTRI [5] for the evaluation of the generalized
upper-triangular form we observe the following interesting structure:

a) The Kronecker structure of Ay — AAg (and same for Ay — ug) consists
of 4n* Ly, 4n* LT, n? Ly, n® LT, 6n* Ny, 2n*> Ny, 2n? N3, n® Ny, and
the reqular part of size In?.

b) dim(Ker(Ap)) = 16n?, dim(Ker(A)) = 5n?, and dim(Ker(Ay)) = 5n?.

c¢) dim(Ker(A;) NKer(Ag)) = 4n?, dim(Ker(Ay) NKer(Ag)) = 4n?, and
dim(Ker(Ag) N Ker(A;) NKer(Ay)) =

Due to the complex Kronecker canonical structure, we did not attempt to prove
the structure in theory as we did for the quadratic case.

Using Algorithm 3 for the extraction of the common regular part, we are able
to compute all ergenvalues of the cubic two-parameter eigenvalue problem. For
the test case we reuse the matrices from Example 19 and add the matrices

3 5] 1 7] 4 9 EX]
Al = LAY = AW = LAl = ,

9 4 28 11 63

9 3] 6 5] 5 7] 3 1]
AR =" AR =] AR = | AR =

97 91 88 35

The matrices Ay, Ay and Ay from the linearization are of size 144 X 144. Al-
gorzthm 3 returns the matrices Ao, Ay, and A, of size 36 x 36. The matrices
AO A1 and AO AZ commute. From AO, Al, and A2 we get all 36 eigenvalues of
the cubic two-parameter eigenvalue problem. The largest and the smallest (by
absolute value) eigenvalue are (18.8604,9.9061) and (0.0477,0.7640), respec-

tively. The mazximum relative error of the computed eigenvalues is 1.6 - 10713,
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Example 21 We simulate a model updating problem with the matrices

[ 9 5 2-1-8] [ 5-9-1 6 0 6 3 0 3 4]

5 0 5 8-2 6 4 6-9 4 3-2 7-3-3
A=| 2-9 8 8 6/,B=| 2-1 0 3-1|,C=|-3 7 6-4 6
0 6 4-1-9 4 8-5-2 -3 0 7 2-3 1

| 716 7 7] 6 0 3 6—6] 6 1 6 02

We are looking for parameters A\ and p such that two eigenvalues of the matrix
A+ AB+uC are o1 = 2 and 09 = 3. If we write this as a two-parameter eigen-
value problem (7) and apply Algorithm 3 we obtain 20 suitable pairs (X, ). The
closest solution to (0,0), which corresponds to the smallest perturbation of A,
is (0.2593,0.0067). The mazimum relative error of the computed eigenvalues
is 2.5 - 10713,
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A Linearization of two-parameter matrix polynomials

Theorem 22 Let -

PO\ ) =222 N Ay

i=0 j=0
be a two-parameter matriz polynomial, where A;; is an n X n matriz for each
1,7. Let us define

Kij(\p) =4, i+j5<k-—1,
KijA\p) =4+ i, i+7=k—1,i#0,
KO,k—l(/\v :u) = AO,k—l + )\ALk—l + MAO,Iv
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The linear matriz polynomial

n 2n kn
WKy Ky o K A, ]
on | T° _[n
LA p) = ! . ? . ,  where T, =
: . . M,
kn L Tk _Ikn_ L ,ujn_

and K, = |K,g K, 11 -+ Ko, | 8 annx(r+1)n block matriz forr =1,. ..

is a linearization of P(\, u).

Proof. If we take

n 2n .. kn
o 1 ]
2n Tl IQn
F()\, ,u) = )
kn i Tk ]kn_
then we obtain
n 2n kn
n | PO\, p) Hy Hy
2n _[2n
LA ) F(A 1) =
kn i _Ikn ]
for some matrices Hy,..., Hi_;. Now,

_IZn P()‘mu)
LA, ) F (A 1) =
0 Tr42)(k—1)n/2

and L(\, p) is a linearization of P(A\, ). O
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