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Abstract

We present several transformations that can be used to solve the quadratic two-parameter eigen-
value problem (QMEP), by formulating an associated linear multiparameter eigenvalue problem.
Two of these transformations are generalizations of the well-known linearization of the quadratic
eigenvalue problem and linearize the QMEP as a singular two-parameter eigenvalue problem.
The third one substitutes all nonlinear terms with new variables and adds new equations for their
relations. The QMEP is thus transformed into a nonsingular five-parameter eigenvalue problem.
The advantage of these transformations is that they enable one to solve the QMEP using the ex-
isting numerical methods for the multiparameter eigenvalue problems. We also consider several
special cases of the QMEP, where some of the quadratic terms are missing.
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1. Introduction

The linear multiparameter eigenvalue problem [1] and in particular the two-parameter case,
has been studied for several decades. For an overview of the recent work on numerical solutions
see, e.g., [3, 4, 8, 9] and references therein.

Currently, there is an increasing interest in the quadratic two-parameter eigenvalue problem
(QMEP) [5, 9], which has a general form

Q1 ()\, ]/l) X1 = (A()o 4+ AAqp + ]/lA()] + /\ZAzo + )\‘uAn + ,’l/le()Q) x1 =0,

(1)
Q2(A, ) x2 := (Boo+ AByg + uBos + A?Bag + AuBiy + p?Bga) x2 = 0.
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where Aj;, Bjj are given n; X n; complex matrices, x; € C" is a nonzero vector for i = 1,2, and
A, u € C. We say that (A, p) is an eigenvalue of (1) and the tensor product x; ® x; is the corre-
sponding eigenvector. We note that the QMEP is a recently recognized new type of eigenvalue
problem. See [10] for a nice overview of standard and generalized eigenvalue problems.

In the generic case the QMEP (1) has 4111, eigenvalues that are the roots of the system of the
bivariate characteristic polynomials det(Q;(A, #)) = 0 of order 2#n; for i = 1,2. This follows from
Bézout’s theorem (see, e.g., [2]), which states that two projective curves of orders n and m with no
common component have precisely nm points of intersection counting multiplicities. To simplify
the notation, we will assume from now on that n; = n, = n.

It is well known that one can solve the quadratic eigenvalue problem by linearizing it as a gen-
eralized eigenvalue problem with matrices of double dimension (see, e.g., [11]). This approach
was generalized to the QMEP in [9], where (1) is linearized as a singular two-parameter eigen-
value problem

Li(A, w)w; = (A(l) +ABD 4 yC(l)) w; = 0 "

Lo(A, p)ws = (A® 4+ AB® 4 uC®)w, = 0,
where
Al B() C(1> w;
A Ao Am 0 Ay An 0 0 Ap X;
LA wwi=|]0 -1 o|+A|I 0o o |+ul0 0 o0 Ax; 3)
0 0 —1 0 O 0 I 0 O UX;

and the matrices A(), B{) and C() are of size 3n x 3n for i = 1,2. The numerical method for sin-
gular two-parameter eigenvalue problems presented in [9] can then be used to solve the problem
(2) and retrieve the eigenpairs of (1).

In this paper we present new relations between the QMEP and the linear multiparameter
eigenvalue problem that lead to new numerical methods for solving the QMEP. For some special
cases of (1), where some of the terms are missing, we provide linearizations that are more efficient
than for the general case. For example, a simplified QMEP, where all of the terms A% and y? are
missing, appears in the study of linear time-delay systems for the single delay case [5]. In subsec-
tion 5.3 we show that such problem can be studied as a nonsingular three-parameter eigenvalue
problem.

In Section 2 we give a short overview of the linear multiparameter eigenvalue problems. In
Section 3 we give two linearizations of the QMEP as a singular two-parameter eigenvalue problem
while in Section 4 we show that one may also treat the QMEP as a five-parameter eigenvalue
problem. Some special cases of the QMEP are considered in Section 5, and in Section 6 we extend
the methods to polynomial two-parameter eigenvalue problems.

2. The linear multiparameter eigenvalue problem

The homogeneous multiparameter eigenvalue problem (MEP) has the form

k
Wz'h(’i)xi = Z 77]‘V1‘]'x1' =0, i=1,...,k 4)
=0



where Vj; is an n; x n; complex matrix for j = 0,...,k. A nonzero (k + 1)-tuple 7 = (10,71, ..., k)
that satisfies (4) for a nonzero x; € C" is called an eigenvalue while the tensor product x =
X1 ® --- @ xiis the corresponding eigenvector.

We can study the MEP (4) in the tensor product space C"' @ - - - ® C™, which is isomorphic to
CN, where N = n; - - - ny, as follows. The linear transformations VZ-]- induce linear transformations
VJ on CN. For a decomposable tensor,

Vin® - ®n) =00 0Vix®- - @x

VJ is then extended to all of CN by linearity. On CN we define operator determinants

t oyt T
Vi Vi o Vi
RTAL T
Vo Vo oo Vi
Bo=| . .
t oyt t
Vkl VkZ T ka
and
t t t oyt T
Vit o Vi Vo Vi Vik
t t Tyt t
Vi o Vo Vo Vo Var
Ai=1 . . : .
t t t oyt t
Va 0 Vi Yo Viin Vik
fori=1,...,k.
A homogeneous MEP is called nonsingular if there exists a nonsingular linear combination
k
A= Z Dcl'Al'
i=0

of operator determinants Ay, ..., Ar. A nonsingular homogeneous MEP is equivalent to the joint
generalized eigenvalue problems

Aix =niAx, i=0,...,k,

for decomposable tensors x = x; ® -+ ®@ xx € CN. It turns out that the matrices I'; := A7!A;
commute fori =0,...,k (see [1]).

Theorem 1 ([1, Theorem 8.7.1]). The following two statements for the homogeneous multiparameter
eigenvalue problem (4) are equivalent:
1. The matrix A = Y5_, a;A; is nonsingular.

2. Ify = (o, M1, - - ., k) is an eigenvalue of (4) then Y5_, n;a; # 0.

Let us remark that we usually study the nonhomogeneous multiparameter eigenvalue problem

k
Wl-(A)xi = VipX; + ZAJVZJXZ =0, i= 1,.. .,k, (5)
j=1
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where A is a k-tuple A = (A4, ..., Ax). Such a problem is called nonsingular when A is nonsin-
gular. One can see that W/ ((1,A4,...,Ax)) = W;(A) and instead of (5) we can study the homoge-
neous problem (4).

If 7 is an eigenvalue of (4), such that 79 is nonzero, then A = (1 /10, ..., 1jx/1o) is an eigenvalue
of (5). If (5) is nonsingular, then we can take A = A and it follows from Theorem 1 that all
eigenvalues of (4) are such that 7 # 0.

If A is singular, then there exists at least one eigenvalue % of (4) having 779 = 0. In this case we
say that (5) has an infinite eigenvalue. The finite eigenvalues of (5) can be numerically computed
from the joint generalized eigenvalue problems

Al-x:)\ion, iZl,...,k,

where x = x; ® - - - ® x, using the generalized staircase algorithm for the extraction of the com-
mon regular part of singular pencils from [9].

3. Two different linearizations by MEP

The following straightforward generalization of the linearization of a standard univariate ma-
trix polynomial (see, e.g., [7]) is given in [9].

Definition 2. An In x In linear matrix pencil L(A, u) = A + AB + uC is a linearization of order In
of an n x n matrix polynomial Q(A, u) if there exist matrix polynomials P(A, u) and R(A, u), whose
determinant is a nonzero constant independent of A and y, such that

[Q(Ml) 0

0 I(l—l)n] = P4, i) LA )R, o).

It follows from [9, Theorem 22] that the two-parameter eigenvalue problem (2) is indeed a lin-
earization of the QMEP (1). As shown in [9], (2) is singular even in the homogeneous setting (4)
and in the general case the QMEP (1) has 4n? eigenvalues which are (see [9, Theorem 17]) exactly
the finite eigenvalues of (2).

Another linearization of the two-parameter matrix polynomial was presented even earlier by
Khazanov [6]. In his approach we first write Q1(A, #)x; = 0 as a polynomial in A:

(Ago + pAor + 1> Aoz + A(A1g + A1) + A*Agg)xy = 0. (6)
Then we use the standard first companion form (see, e.g., [11]) and linearize (6) as
Ao + pAn + p?Aw A+ iAn 0 A x| _
([ 0 1 | TMT o) ay| T @)

We rewrite (7) as a quadratic polynomial in u

A Ao+ AAg An An 2 [Agz 0] x|
([AI -1 ]+”[0 0}“‘ 0 0]) [ax] 0

and linearize it using the first companion form as

Ao A t+AAxn | A An 0 0] A O X1
Al ~1 0 0 |, J00] 0 0 A |y
0 0 T 0 1T o 0 o 1 /
0 0 0 -I oI | 0 0 Ay



which is equivalent to

A Ao A An 0 Ay 0 O 0 0 Ap O X1

0 —1 0 0 I 0 00 00 0 O AX1 o

o 0o -1 o| ™o o oo |10 o0 o wn |70 @
0 0 0 —1 0O 0 00 01 0 O Auxy

It is obvious from the construction itself that (8) is really a linearization of Q1 (A, ). We can repeat
this for the second polynomial Q,(A, i) and obtain a linear two-parameter eigenvalue problem.
The matrices in (8) are of size 4n x 4n, which makes the Khazanov linearization less efficient than
the linearization (3), where matrices are of size 3n x 3n. In fact, we now show that the linearization
(3) is a reduction of the linearization (8).

Theorem 3. The Khazanov linearization (8) of the n x n quadratic matrix polynomial Q1 (A, i) can be
reduced to the linearization (3) proposed in [9].

PROOF. If we multiply the matrices in (8) by the nonsingular matrices with a constant determi-
nant

I ]/lAll _/\All A]l I 0 0O
0 I 0 0 0 I 00
EAm =10 o 1 o] @d FAm=1y 9 1 o
0 0 0 —1 0 ul 0 I
from the left and the right side, respectively, then we obtain
o —-I 0 O I 0 0 O 00 0 O
o o -1 o/t o o o oTF|lro 0 o
0O 0 0 1 0 0 0 O 00 0 O

This clearly shows, in view of the leading 3 x 3 block, that the linearization (3) is a reduction of
the linearization proposed by Khazanov. O

Not surprisingly, the two-parameter eigenvalue problem that we obtain when we linearize Q
and Q> by the Khazanov linearization, is singular as well. We omit the details, but using simi-
lar technique as in [9] one can show that all linear combinations of the corresponding operator
determinants A, A1, and A; are singular.

Because it produces smaller matrices, the linearization proposed by Muhi¢ and Plestenjak in
[9] is more suitable for the general QMEP than the Khazanov linearization. But, as we will see
later, the approach by Khazanov may be more efficient for some special QMEPs, where some of
the terms are missing.

Finally, we note that in fact both linearizations are not optimal in view of the following obser-
vations. The bivariate polynomial det(Q1(A, u#)) is of order 2n. In theory (see [12]), for a given
bivariate polynomial p(A, ) of order 2n, there should exist a so-called determinantal representa-
tion with matrices A, B, and C of size 2n x 2n, such that det(A + AB + uC) = p(A, u). However, it
is not known how to construct the matrices A, B, and C. Even if this could be done, it is unlikely
that A, B, and C could be constructed as 2 x 2 block matrices, which would make the construction
useful for the QMEP.



4. Linearization like method

The approach proposed in the previous section is to linearize the QMEP as a two-parameter
eigenvalue problem, which we can later solve using the operator determinants and the algorithm
for the extraction of the common regular part of singular pencils from [9]. In the final step of this
procedure we have to compute the finite eigenvalues of the coupled singular pencils

(Al—)\Ao)Z =0 (9)
(Az—"l/le)Z = 0.

The matrices Ay, A1, and A in (9) are of size 912 x 9n? if we use linearization (3) or 161 x 161>
if we use the Khazanov linearization (8). In both cases the common regular part that contains all
the finite eigenvalues of (1) has dimension 4n2.

A new approach that we present in this section, is not a linearization in the sense of Defini-
tion 2. Yet, it involves multiparameter eigenvalue problems and in the end we obtain the eigen-
values of (1) from a pair of generalized eigenvalue problems of the kind (9). The advantage is
that the matrices are of size 8n% x 812, which is smaller, and, even more important, the obtained
pencils are not singular.

We start with the QMEP (1) and introduce new variables « = A%, 3 = Ay, and v = u?. Then
we can write (1) as a linear five-parameter eigenvalue problem

(Aoo + AAg + yAm + aAy + ,3A11 + ’)/Aoz)xl =0
(Boo + AB1o + #Bo1 + aByo + BB11 + YB)xa = 0

0 0 0 -1 1 0
(_0 1]%—)\{_1 ol +* o O_>y1 — 0 (10)
00 T 0 0 0 —11 .[1 0
([o 1}+A_—1 0}“‘[0 ol TP o 0_)y2 =0
00 0 -1 [1 0]
(_o 1}”‘[—1 o] "7 o o_)y3 = 0

It is easy to see that each eigenpair of the QMEP (1) gives an eigenpair of (10). Namely, if
((A, 1), x1 ® x2) is an eigenpair of (1) then

e A AR

is an eigenpair of (10).
The next lemma shows that, in contrast to the singular two-parameter eigenvalue problems of
the linearizations from Section 3, the five-parameter problem (10) is nonsingular.

Lemma 4. In the general case, the homogeneous version of the obtained five-parameter eigenvalue problem
(10) is nonsingular. In particular, the related operator determinants A3, Ay, and As are all nonsingular.

PROOF. The homogeneous version of (10), where we write A = A /7, u = 7i/7, a = &/7, B = /T,
v = /1, and multiply all equations by 7, results in the following system (it suffices to look at the



determinants only):

det(ifAgo + AAqg + iAo + @Ay + A +FAw) = 0

det(ﬁBOO + AB1o + fiBo1 + @B + BB11 + ’7302) =0
a—-A* =0 (11)

pr—Ap = 0

yi—p* = 0.

Suppose that (77, A, i, &, B, ¥) is an eigenvalue of (11) such that ¥ = 0. Then the equations (11)
transform into

det(ifAg + AArg + iAo + BAn + FAp) = 0

det(#7Boo + AB1g + }iBo1 + BBi1 + 7Bz) = 0
—A2 =0 (12)

pr—Ap = 0

- = 0.

From the third equation we get A = 0, by substituting this in the fourth equation we get 7/ = 0.
We consider two options:

a) 77 = 0. In this case it follows from the last row of (12) that 7 = 0. What remains from the
first two rows of (12) is the system

det(BA11+7A02) =0
det(ﬁ311+’7302) = 0,

which has no solutions in the generic case.

b) 77 # 0. Then 8 = 0 and it follows from from the last row of (12) that ¥ = §i%/7j. From the first
two rows of (12) we obtain the system

2 i
det <A00 + htAm + ﬁQAoz) =0

i i’
det <Boo + ﬁBOl + ,72302) 0,

which again has no solutions in the generic case.

Therefore, in the generic case the problem (10) does not have an eigenvalue with & = 0. It follows
from Theorem 1 that Az is nonsingular. Similarly we can obtain that A4 and A5 are nonsingular. O

In the generic case we can assume that the QMEP (1) does not have an eigenvalue (A, i) such that
A = 0. If we take A = A3 then the appropriate system of coupled matrix pencils is

(Ag—7A)z=0, (A —AA)z=0, (Ay—7iA)z=0,
(A3 —aA)z=0, (Ag—PA)z=0, (As—FA)z=0,

where z = x1 ® X2 ® y1 ® y2 ® y3. Clearly, ¥ = 1. As we are only interested in the solution of the
QMEP (1), it is enough to consider just two of the above matrix pencils.

7



Theorem 5. In the generic case, the pair of matrix pencils

(A —AA3)z = 0
(Az—ﬁAg)Z = 0,

associated to the five-parameter eigenvalue problem (10), has 8n? eigenvalues (A, i), of which

a) 4n? eigenvalues are such that A # 0. Each such eigenvalue corresponds to a finite eigenvalue (A, )
of the QMEP (1), where

A=1/A, u=jr% (13)

b) the remaining 4n? eigenvalues are such that A = 0. These spurious eigenvalues are a result of the
transformation and are not related to the eigenvalues of (1).

PROOF. a) We know from the construction that to each eigenvalue (A, jt) of (2) there corresponds
the eigenvalue (A, u, A%, Ay, 4?) of (10) and the eigenvalue (1/A%,1/A, u/A%,1,u/A, y?/A?) in the
homogeneous setting (11). In the generic case (1) has 4712 eigenvalues that can be extracted from
(2) using the equations (13).

b) Suppose that (0, A, 7, 1, B, ) is an eigenvalue of (11). It follows from the last three rows of
(11) that

A2 =0
A =0 (14)
=0,

therefore A = i = 0. From the first two equations of (11) we get a two-parameter eigenvalue
problem

det(Ayp + A1+ FAp) = O
det(By + BB11 +7Bn) = O,

which has n? eigenvalues (B, 7) in the generic case. Together with (14) we can now count that (10)
has 4n? eigenvalues with A = 0. O

The transformation of the QMEP to a five-parameter eigenvalue problem has an advantage that
in the end we work with nonsingular pencils and therefore we can apply more efficient numerical
methods. A disadvantage is that the 5 x 5 operator determinants A; are not as sparse and thus
more expensive to compute than for the two-parameter eigenvalue problems from Section 3.

5. Special cases of the quadratic two-parameter eigenvalue problem

In this section we study special cases of the QMEP, where some of the quadratic terms A2, Au,
12 are missing. There are two reasons to do so. First, applications may lead to these special types
instead of the general form (1); an example are linear time-delay systems for the single delay case
[5]. Second, we can use the special structure to develop special tailored methods that are more
efficient and simpler in nature than the approaches for the general QMEP (1).

8



5.1. Both equations missing the Ay term
If both Ay terms in (1) are missing (i.e., A1 = By1 = 0), then the QMEP has the form

(Ago + AA1g + pAgr + A2 Ay + 2 Ap)x1 = 0 15)
(Boo + AByo + pBo1 + /\2320 + ]42302) x, = 0.

Lemma 6. In the generic case, the QMEP (15) has 4n? finite solutions.

PROOF. The bivariate polynomials det(Agy + AA1g + pAgr + A2 Az + u?Agz) and det(Boo + AB1g +
1Bo1 + A%Byg + 4?By) are of order 2n. By Bézout’s theorem, in the generic case such polynomial
system has 412 solutions.

To see that in the general case all 4n? solutions are finite, we study the homogeneous version
of (15). We set A = A /7, u = ji/7, and multiply both equations by 7. If the homogeneous system
has a projective solution (7, A, ji) such that 7j = 0, then (A, i) is a nonzero solution of

det(X2A20+ﬁ2A02) =0
det(Xszo+ﬁ2Boz) = 0.

Since the above system does not have a nonzero solution in the general case, it follows that 77 # 0
and all eigenvalues of (15) are finite. g

Denoting « = A% and 7y = 2, we propose the following transformation to a linear four-parameter
eigenvalue problem:

(Ago + AAjg + pAg + aAz + yAp)xy = 0
(Bo() + AByg + ]1301 + aByy + ’)’Boz) x, = 0

(b Sea s o] #afo )w -«
(]2 3nfs Yo =0

Note that (16) is the five-parameter eigenvalue problem (10) without the parameter g and without
the fourth equation, which is unnecessary due to the missing Ay terms.

(16)

Theorem 7. In the generic case, the four-parameter eigenvalue problem (16) is nonsingular and there is
one-to-one relationship between the eigenpairs of (15) and (16): ((A, ), x1 ® x2) is an eigenpair of (15) if
and only if

(asots (one [ o)

(up to scaling of the eigenvector) is an eigenpair of (16).

PROOF. It is easy to see that an eigenpair of (15) gives an eigenpair of (16). This gives 4n? finite
eigenvalues of (16). As we know that the four-parameter eigenvalue problem (16) has exactly 41>
eigenvalues, they must all be finite and related to the eigenvalues of (15). Since all eigenvalues of
(16) are finite, the corresponding operator determinant A is nonsingular. 0

9



Although not being a true linearization in the sense of Definition 2, we call (16) a minimal-order
linearization, because of the following properties:

e the eigenvalues of (15) correspond exactly to those of (16);
e the operator determinant Ay is nonsingular in general.

In addition, (16) is a symmetric linearization: if all of Ai]-, Bi]-, i,j € {0,1,2} are symmetric (or
Hermitian), then all matrices in the linearization are also symmetric (or Hermitian). This implies
that the operator determinants are also symmetric (or Hermitian).

5.2. Both equations missing the u* (or A?) terms
If both yz terms in (1) are missing (i.e., App = Bz = 0), then the QMEP has the form

(A()o +AA1 + nAo + /\2A20 + )\]/lAll) x1 = 0 a
(Boo + AB1g + #Bo1 + A*Bag + AuByy) x2 = 0.

Lemma 8. In the generic case, the QMEP (17) has 3n? finite solutions.

PROOF. The homogeneous system of the characteristic polynomials of (17) is given by
det(77* Ago + AMijA1o + il Aqt + P Az + AfiAn) = 0
det(7°Boo + AfjBio + fifjBoy + f°Boo + AjiBy) = 0.
We get infinite solutions of (17) if we put /j = 0. Then we are looking for nonzero (A, ji) such that

ﬁn det(ﬁAzo + XAH) = 0
- (18)
ﬁn det(ﬁBzo + )LBH) = 0.

In the generic case the polynomials det(t Az + 7LA11) and det(iByy + /N\BH) do not have a nonzero
solution. Therefore, the only option for (18) is ## = 0 and A # 0. So, in the projective coordinates,
(77, A, #i) = (0,1,0) is a solution of multiplicity 7%, and there are n? infinite and 312 finite eigenval-
ues of the QMEP (17). O

If we apply the approach by Khazanov from Section 3 (see (6) and (7)), and linearize polynomials
in (17) as quadratic polynomials in A using the standard first companion form, we obtain the
following linearization of (17):

A Aro 0 Az An An x|
(o 2] eals e D W) L) = o
Boo  Bio 0 By Boi B x|
(R T R A AP B

Clearly, if ((A, #), x1 ® x2) is an eigenpair of (17) then <(A, i), L\X; ] ® [/{2 ] > is an eigenpair of
1 2
(19).

(19)

10



Proposition 9. In the generic case, the two-parameter eigenvalue problem (19) is nonsingular in the ho-
mogeneous setting. In particular, the related operator determinant A, is nonsingular.

PROOF. Suppose that the homogeneous version of (19) has an eigenvalue (7, A, fi) such that i = 0.
Then (7, A) is a nonzero solution of

~ A Aw| , 5|0 Ay _
det(q[o _I]HL OD _

~ Boo B]o ~ 10 BZO —
det(q[o _J%—/\L 0}) = 0.
But, since (20) has no nonzero solutions in the general case, it follows that ji # 0 and A; is nonsin-
gular by Theorem 1. O

(20)

Theorem 10. In the generic case, the pair of generalized eigenvalue problems
(AQ — ﬁAz) z = 0
(M —ADNy)z = 0,
associated to the two-parameter eigenvalue problem (19), has 4n? eigenvalues (7], A), where

a) 3n? eigenvalues are such that 7j # 0. Each such eigenvalue corresponds to a finite eigenvalue (A, i)
of the QMEP (17), where

A=A/T, u=1/7.
b) The remaining n? eigenvalues are such that i = 0.

PROOF. a) We know that each of the 3n? eigenvalues (A, u) of (17) is an eigenvalue of (19) and
thus corresponds to the eigenvalue (1/u, A/, 1) of the homogeneous version of (19).
b) Let (0, A, 1) be an eigenvalue of the homogeneous version of (19). Then

~ 10 Ap An An _
w6 %10 %) -

5710 By Byi By _
det</\L 0}+[0 OD _

which has n? solutions in the generic case. O

The transformation to (19) does introduce n? spurious eigenvalues, but we believe that a trans-
formation to a multiparameter eigenvalue problem of a smaller size is not possible, i.e., the A;
matrices corresponding to (19) are of the smallest possible size.

Let us mention that we could also write (17) as a four-parameter eigenvalue problem by ap-
plying (10) without the fourth equation. This would again lead to matrices A; of the size 41 x 412,
An advantage of this transformation is that is preserves symmetry, while, on the other hand, (19)
has fewer parameters.

11



5.3. Both equations missing both the A> and u? terms

If both A? and ;142 terms in (1) are missing (i.e., Ay = Agx = By = Bp2 = 0), then the QMEP
has the form

(AQO + )\Alo + ]/lAgl + /\‘MAH) X1 = 0 (21)
(Bo() + AByg + “LlBol + )\}lBH) x» = 0.
Lemma 11. In the generic case, the QMEP (21) has 2n? finite solutions.

PROOF. The homogeneous system of the characteristic polynomials of (17) is given by
det(i? Aoy + AjjA1o + iiffApt + AfiA;) = 0
det(72Bog 4+ AjjBig + fifiBoy + AfiBy1) = O.
To count the infinite solutions, we insert 7j = 0 and look for nonzero (A, i) such that
det(AfiA11) = det(AfiBy1) = 0.

This system has roots (1,0) and (0,1), each of multiplicity n?. Together we have 2n? infinite

eigenvalues in the generic case, while the remaining 2n? eigenvalues are finite. 0

The above case appears in the study of linear time-delay systems for the single delay case [5],
where it is solved by a transformation to a coupled pair of quadratic eigenvalue problems (QEP).

Theorem 12 ([5, Theorem 3]). If (A, i), x1 ® x2) is an eigenpair of (21) then

a) A is an eigenvalue with corresponding eigenvector x1 @ x of the QEP

[A%(A11 ® Big — A10 ® B11) + A(A11 ® Boo — Ago ® By
—A19 ® By1 + Agt @ Big) + Ap1 @ Boo — Ago @ Bor)]z = 0.

b) w is an eigenvalue with corresponding eigenvector x1 & x2 of the QEP

[1%(A11 ® Byt — At ® B11) + pu(A11 ® Boo — Ago ® B
+A10 ® By — Ao1 ® B1g) + A19 ® Bop — Ao ® Big)|z = 0.

We propose an alternative solution using a linearization like method. We can write (21) as a
three-parameter eigenvalue problem
(Ago + AA1g + pAn +BA1)x1 = 0
(Boo + AB1g + By + BBi1) x2 = 0 (22)
(o 2[5l el o]+l al)w = o
which is in fact the five-parameter eigenvalue problem (10) without the third and the fifth equa-
tion.
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Theorem 13. In the generic case, the three-parameter eigenvalue problem (22) is nonsingular and there is
one-to-one relationship between the eigenpairs of (21) and (22): ((A, ), x1 ® x2) is an eigenpair of (21) if
and only if

(i (s [1]))

(up to scaling of the eigenvector) is an eigenpair of (22).
PROOF. The proof is similar to that of Theorem 7. O

It follows from Theorem 13 that (22) is a minimal-order linearization of (21), which holds also
for the pair of QEP from Theorem 12. The matrices are not identical, but, if we linearize the QEP
from Theorem 12, then in both cases one has to solve a generalized eigenvalue problem of size
2n? x 2n? and the methods have the same complexity.

5.4. Each equation contains exactly one of the A> and y? terms

Without going into details we study two additional special cases where both equations miss
the Au term and have exactly one of the remaining A and 2 terms. The first QMEP has the form

(Ago + AAjg + Ao +A*Axn)x; = 0 )
(Bo() + AByg + ]/lBol + A2B20) x, = 0.

Using a similar approach as in the previous special cases one may show that in the generic case the
QMEP (23) has 2#n? finite eigenvalues. We can write (23) as a three-parameter eigenvalue problem

(Aoo + AA1 + Ao +vAn)x1 = 0
(Boo + AB1o + #Bo1 +vBxo) x2 = 0 (24)

([ 5[ 3 efs ) =0

which is in fact the five-parameter eigenvalue problem (10) without the fourth and the fifth equa-
tion. In the generic case, the three-parameter eigenvalue problem (24) is nonsingular and there
is one-to-one relationship between the eigenpairs of (24) and (23); in fact, (24) is a symmetry pre-
serving minimal-order linearization in the same sense as before.

The second QMEP has the form
(A()o 4+ AAq + yAm + /\2A20) x1 = 0 25)
25
(Boo + AB1o + 1Boy + #?Boa) x2 = 0.

In the generic case the QMEP (25) has 4n? finite eigenvalues, which is same as for the general
QMEP (1). One option is to write (25) as a four-parameter eigenvalue problem, that we obtain if
we take (10) without the third equation.
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Another option is to linearize (25) as a two-parameter eigenvalue problem with matrices of
size 2n X 2n using the Khazanov linearization. We obtain

Ao A1 0 Ay Ao 0 x|
(5 28] eald &) eul S o)) i) =0

Boo  Bo Bip 0 0 Bp X2 | _
(1 Bl o el ) i) = o
In the generic case, the two-parameter eigenvalue problem (26) is nonsingular and there is one-

to-one relationship between the eigenpairs of (26) and (25), which makes (26) a minimal-order
linearization.

(26)

5.5. Symmetric quadratic two-parameter eigenvalue problems

We now focus on the general QMEP (1), where all matrices are symmetric (or Hermitian).
We would like to linearize the QMEP so that the symmetry is preserved. For this situation we
propose the following symmetric linearization (it is sufficient to write it down for the first of the
two polynomials only)

Ao 0 0 A Ax 3An An  3An A X1
0 —Ax —3An|+A|Axn 0 0 [+u|lAn 0 0 Axi| = 0. (27)
0 —%AH —Agz %All 0 0 Aoz 0 0 Hxi

We will now show that if an additional condition holds then this really is a linearization.

Proposition 14. The linear matrix pencil (27) is a linearization of the bivariate quadratic matrix polyno-
mial Qq1(A, p) from (1) if the 2n x 2n matrix

Ao %Au}
28
[%Au Ap (28)

is nonsingular.

PROOF. Let [z] z] zI] #0and (A, i) be such that

Ao 0 0 Ayg Ay 3An A 3An A 21
0 —Axw —3Au|+A|An 0 0 |+pu|iAn 0 0 z| =0. (29)
0 —3An —Ap TAn 0 0 Ap 0 0 z3

The last two rows of (29) can be rewritten as

[Azo %An} [Zz - )\21} —0
JAn A | |23 —pz

Since the matrix (28) is nonsingular, it follows that z, = Az; and z3 = pzq, which yields z; # 0.
From the first row of (29) we then obtain Q1 (A, )z = 0. 0
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6. Bivariate matrix polynomials of higher order

The linearizations and transformations for the QMEP may be generalized to the polynomial
two-parameter problems of higher order

(A, u)xg = Z(:)ZA y]Al]xl =0
i=0]
(30)

Py(A, p)xp = ZZ/\;HBUXZ = 0,
i=0;=0

where A;j and B;; are n X n matrices. It follows from Bézout’s theorem that in the generic case the
problem (30) has k*n? eigenvalues.

A generalization of the linearization (3) was given in [9], where (30) is linearized as a two-
parameter eigenvalue problem with matrices of size %k(k +1)n x %k(k + 1)n. The obtained two-
parameter eigenvalue problem is singular and has $k?(k + 1)*n? eigenvalues, where the eigenval-
ues of (30) correspond to the finite ones. We now turn our attention to the other techniques.

The Khazanov linearization can also be generalized for polynomials of higher order; the pro-
cedure is similar to the quadratic case. First we linearize P;(A, u) as a polynomial of A, then we
rearrange the obtained linearization as a polynomial of i, and finally we linearize this as a polyno-
mial of y1. We obtain a singular two-parameter eigenvalue problem with matrices of size k1 x k?n
that has k*n? eigenvalues, where, as before, the eigenvalues of (30) correspond to the finite ones.

In a similar way as in Section 4 we can transform (30) to a ((k + 1)(k 4+ 2)/2 — 1)-parameter
eigenvalue problem, where each term A’y/ is substituted as a new parameter. Such multiparame-
ter eigenvalue problem has 722((k+1)(k+2)/2-3) eigenvalues.

For example, if we compare the dimensions of the final A; matrices for the case of a generic
cubic polynomial (k = 3), we obtain the following orders:

a) linearization from [9]: 361n% x 36n2,
b) the Khazanov linearization: 8112 x 8112,
c) transformation to a 9-parameter eigenvalue problem: 128712 x 128n2.

Clearly, if k is greater than 2, then linearization a) is the most efficient. However, when some of
the terms are missing, some other method may be more efficient, as the next example shows.

Example 15. Suppose that we have a special system of cubic matrix polynomials of the form
Py(A, w)x1 = (Ao + AAwg+ uAn + A Az + i Ag)x1 =0, 1)
P, ()\, y)xz = (B()() + AByo + uBo1 + )\3330 + ]/13303)XZ =0.

In the generic case, the problem (31) has 9n? eigenvalues. If we introduce new variables & = A3 and B = y®
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then we can write (31) as a four-parameter eigenvalue problem

(A()o 4+ AAq + ‘MA()l + aAzg + ,BAog)xl = 0
(Boo + AByo + uBo1 + aB3p + ﬁBo3)x2 =

_ _ i _ i (32)
00 1 0 -1 0 000

01 0[+A|-1 0 0[+al0 0 0] |wn

0 0 0 0 0 —1] 100

0 0 1 0 -1 0] 000

010/ +u|-1 0 0|+pl00 0]]|w

0 0 0] 0 0 —1) 1 0 0]

If (A, p), x1 ® x7) is an eigenpair of (31) then

1 1
A A i), xeone Al e | §u
/\2 ‘u2

is an eigenpair of (32). The four-parameter eigenvalue problem (32), which has 9n? eigenvalues, is thus
nonsingular. As there are no spurious eigenvalues, (32) is a minimal-order linearization to solve (31).

7. Conclusions

We presented several transformations that can be applied to solve the QMEP via the multi-

parameter eigenvalue problems. This enables one to apply the numerical methods that exist for
multiparameter problems and solve the QMEP numerically. The approaches can also be extended
to polynomial two-parameter eigenvalue problems of higher order.
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