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Two-parameter eigenvalue problemA1x = �B1x + �C1xA2y = �B2y + �C2yAi; Bi; Ci 2 C ni � C ni
Problem:�nd (approximate) eigenvalue (�; �)and (approximate) eigenve
tor x
 y
Right de�nite problem:� Ai; Bi; Ci real symmetri

� ���� xTB1x xTC1xyTB2y yTC2y ���� > 0; 8x; y 6= 0
) 9n1n2 linearly independent eigenve
torseigenpairs are real
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Overview� Origin� Tensor produ
t approa
h� JD-like method{ extra
tion{ expansion{ orthogonal proje
tions{ oblique proje
tion{ sele
tion{ 
omputing more eigenpairs{ restart, time 
omplexity� Numeri
al experiments� Con
lusion
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Origin ellipti
 boundary value problem in 2D+separation of variables+two-parameter Sturm-Liouville problem��p1(x1)y01(x1)�0 + q1(x1)y1(x1) = �� a11(x1) + �a12(x1)�y1(x1)��p2(x2)y02(x2)�0 + q2(x2)y2(x2) = �� a21(x2) + �a22(x2)�y2(x2)+dis
retization+algebrai
 two-parameter eigenvalue problemDepartment of mathemati
sUniversity of Ljubljana 4



Example: vibrating membrane, �xed boundary�2u�x21 + �2u�x22 + �u = 0 on (x1=
1)2 + (x2=
2)2 � 1
Transformation to ellipti
 
oordinates (
 fo
us ellipse)x1 = 
 
osh(y1) 
osh(y2)x2 = 
 sinh(y1) sinh(y2)u(x1; x2) = v(y1; y2)�2v�y21 + �2v�y22 + 
2�2 (
osh(2y1)� 
os(2y2))v = 0
Separation of variables v(y1; y2) = v1(y1)v2(y2)v001 + (2� 
osh(2y1)� �)v1 = 0v002 � (2� 
os(2y1)� �)v2 = 0(modi�ed Mathieu's and Mathieu's D.E.)

4� = 
2�
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Tensor produ
t approa
h
A1x = �B1x + �C1xA2y = �B2y + �C2yIn R n1 
 R n2 de�ne�0 = B1 
 C2 � C1 
B2�1 = A1 
 C2 � C1 
 A2�2 = B1 
 A2 �A1 
B2Then for z = x
 y�1z = ��0z�2z = ��0z� �i symmetri
� �0 SPD� ��10 �1 and ��10 �2 
ommuteDimension N := n1n2
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JD-like method: extra
tionRitz{Galerkin 
onditions:Sear
h spa
es = test spa
es: u 2 Uk, v 2 Vk(A1 � �B1 � �C1)u ? Uk(A2 � �B2 � �C2)v ? Vk) proje
ted right def. 2-parameter problemUTk A1Uk
 = �UTk B1Uk
 + �UTk C1Uk
V Tk A2Vkd = �V Tk B2Vkd + �V Tk C2Vkd
Ritz ve
tors u = Uk
, v = Vkd, 
; d 2 R kRitz value (�; �)Ritz pair ((�; �); u
 v)Residuals r1 = (A1 � �B1 � �C1)ur2 = (A2 � �B2 � �C2)v
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JD-like method: expansion: s ? u, t ? vA1(u+ s) = �B1(u+ s) + �C1(u+ s)A2(v + t) = �B2(v + t) + �C2(v + t)Rewrite �rst equation(A1 � �B1 � �C1)s = �r1+ (�� �)B1u+ (�� �)C1u+ (�� �)B1s+ (�� �)C1sTheorem:((�; �); u
 v) Ritz pair, u = x� s, v = y � t) p(�� �)2 + (�� �)2 = O(ksk2 + ktk2)So:� (�� �)B1s+ (�� �)C1s \mixed" 3rd order) negle
t� (�� �)B1u+ (�� �)C1u \mixed" 2nd orderTwo variants:I negle
t 2nd order termsII proje
t 2nd order terms awayDepartment of mathemati
sUniversity of Ljubljana 8



I. Corre
tion eqns with orthogonal proje
tions(A1 � �B1 � �C1)s = �r1RHS ? u, so LHS ne
essarily also ? uTwo separate 
orre
tion equations(I � uuT )(A1 � �B1 � �C1)(I � uuT )s = �r1(I � vvT )(A2 � �B2 � �C2)(I � vvT )t = �r2
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II. Corre
tion eqns with oblique proje
tions(A1 � �B1 � �C1)s = �r1 + (�� �)B1u + (�� �)C1u(A2 � �B2 � �C2)t = �r2 + (�� �)B2v + (�� �)C2v
M = � A1 � �B1 � �C1 00 A2 � �B2 � �C2 �
r = � r1r2 �

M � st � = �r + (�� �) � B1uB2v �+ (�� �) � C1uC2v �
span(V ) = span�� B1uB2v � ; � C1uC2v ��W = � u 00 v �

Oblique 2D-proje
tion P = I � V (WTV )�1WT gi-ves PMP � st � = �r (is Newton method)
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JD like method: sele
tionExterior eigenvalues:monotoni
 
onvergen
e, e.g. if in every step we sele
tRitz pair ((�; �); u
 v) with maximal �, then�k " �
Like in many subspa
e methods � 6= �max is possible(mis
onvergen
e).Interior eigenvalues:not obvious to generalize harmoni
 Ritz values
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JD like method: 
omputing more eigenpairsEigenve
tors are �0-orthogonal:(x1 
 y1)T�0(x2 
 y2) = 0
Standard de
ation te
hniques 
an not be applied:� (x 
 y)?�0 
an not be written as U 
 V, whereU � R n1 and V � R n2.� there 
an exist eigenvalues (�; �) and (�0; �0) witheigenve
tors x 
 y and x0 
 y0, respe
tively, su
hthat (�; �) 6= (�0; �0) and x = x0,Our approa
h: In sele
tion 
onsider only Ritz ve
torsthat are �0-orthogonal to already 
omputed eigen-ve
tors.
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1. s =u1 and t =v1 (starting ve
tors)for k = 1; 2; : : :2. MGS(Uk�1; s) ! UkMGS(Vk�1; t) ! Vk3. Compute ((�; �); 

 d) rightmost Ritz pair ofUTk A1Uk
 = �UTk B1Uk
+ �UTk C1Uk
V Tk A2Vkd = �V Tk B2Vkd+ �V Tk C2Vkd4. r1 = (A1 � �B1 � �C1)ur2 = (A2 � �B2 � �C2)v5. Stop if (kr1k2 + kr2k2)1=2 � "6. Solve (approximately) an s ? u; t ? v from 
orr. equation(s)

JD-like algorithm to �nd rightmost eigenvalue of 2-parameter eigenvalue problemDepartment of mathemati
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JD like method: restartlarger sear
h spa
e = larger proje
ted problemexpand to dimension lmax only, then restart with lminmost promising approximations.
Time 
omplexityn = n1 = n2m: number of GMRES stepsOne outer step:� dense matri
es: O(mn2)� sparse matri
es: O(mMV )
MV : matrix-ve
tor multipli
ation with n�n matrix.
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Experiment Ai = QiFiQTiBi = QiGiQTiCi = QiHiQTiF1; F2; G2; and H1: random diagonal 2 (0; 1)G1 and H2: random diagonal 2 (1; 2)Qi random orthogonalproblem is right de�niteshift =) (0,0) is arithmeti
 mean
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Convergen
e history for eigenvalue with maximal �The plots show the log10 of the residual norm � := (kr1k2 + kr2k)1=2 versus the outer iterationnumber k using orthogonal (left) and oblique proje
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�rst 15/30 found eigenvalues with maximal �n = 100. The method used 5 GMRES steps for the 
orre
tion equation with orthogonal proje
tions.Department of mathemati
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Con
lusionNew JD-like method for two-parameter eigenvalueproblem� �rst method for large matri
es� 
hoi
e of orthogonal or oblique (Newton-like) 
or-re
tion equation: 2 orthogonal 1-D or 1 oblique2-D proje
tor� orthogonal less expensive for exterior eigenvalues� oblique variant more expensive but more reliablefor interior eigenvalues� harmoni
 approa
h not obvious� straightforward generalization to > 2-parameters� work in progress: Ritz theory, JD for general two-parameter eigenvalue problemPreprint:www-lp.fmf.uni-lj.si/plestenjak/bor.htm
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