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Two-parameter eigenvalue problem

Az = ABix + pCiz
Asy = ABay + pCay

AiaBiaci c CMi x Ci

Problem:

find (approximate) eigenvalue (), i)
and (approximate) eigenvector r ® y

Right definite problem:

o A, B;, C; real symmetric

' Bix x'Ciz
y' Bay  y' Cay

>0, Vr,y#0

In1ng linearly independent eigenvectors
eigenpairs are real
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Overview
e Origin
e Tensor product approach

e JD-like method

— extraction
— expansion
— orthogonal projections
— oblique projection
— selection
— computing more eigenpairs
— restart, time complexity

e Numerical experiments

e Conclusion

A
A AT Department of mathematics
iwas [ (1 fesd] University of Ljubljana



Origin

elliptic boundary value problem in 2D

Y

separation of variables

4

two-parameter Sturm-Liouville problem

- (m(wl)y'l(wl))/ Faan(en) = (Aan(en) + pant) )n(o)
- (pz(@)yé(@)), + g2(z2)y2(72) = ()\ az1(T2) + p a22(i'32)) Yya2(T2)

discretization
algebraic two-parameter eigenvalue problem
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Example: vibrating membrane, fixed boundary

0%u N 0%u
ord  0x3

+vu=0 on (x1/01)2+(x2/02)2§1

Transformation to elliptic coordinates (¢ focus ellipse)

T1 = C COSh(yl) COSh(y2>
To — C Slﬂh(:gl) Slnh(y2>
fu/(gjl’ajz) == U(ylayQ)

0%v N 0%v N e,
Oy;  Oyz 2

(cosh(2y1) — cos(2y2))v =0

Separation of variables v(y1, y2) = v1(y1)v2(y2)

vy + (2Acosh(2y1) — wvr =0
vy — (2Acos(2y1) — wvs =0
(modified Mathieu’s and Mathieu's D.E.)

2
4\ = cv
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Tensor product approach

Az = ABiz + pCrix
Asy = AB2y + pCay

In R™"1 @ R™2 define

Ao =B ®Cy—C{® B>
A1 =41 RCy—C1® Ay
Ao =B ® Ay — A1 @ B,

Thenforz =z Q®y

Alz = )\Aoz
Aoz = gz

e /A, symmetric
e Ay SPD

e Aj'A; and Aj'Ay commute
Dimension N := nins
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JD-like method: extraction

Ritz—Galerkin conditions:

Search spaces = test spaces: u € U, v € Vp,

(Al — O'Bl — 7'01>’U, J_Z/{k;
(A2 — O'BQ — TCQ)?} 1 Vk;

= projected right def. 2-parameter problem

UkTAlUkc — OUgBlUkC + TU,CTClUkc

Ritz vectors u = Uge, v = Vid, ¢,d € R¥
Ritz value (o, 7)
Ritz pair ((0,7),u ® v)

Residuals
T = (Al — O'B1 — TCl)u
Tro = (AQ — O'BQ — TCQ)’U
4
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JD-like method: expansion: s 1 u, ¢t L v

Ai(u+s) = AB1(u + s) + uCi(u + s)
As(v+1t) = ABo(v + 1) + puCsh(v +t)

Rewrite first equation

(Al —O'Bl —7'01)8 = T
+ (A —o0)Biu+ (u—7)Chu
+ (A —=0)Bis+ (p—1)C1s

Theorem:
((0,7),u®@v) Ritz pairbu=x —s, v=y—t

= VA =0)2+ (=12 =O(ls|* + [It]*)

So:

e (A\—0)Bis+ (u—71)C1s  “mixed” 3rd order
= neglect

e (\—o0)Biu+ (p—7)Cru “"mixed” 2nd order
Two variants:

| neglect 2nd order terms
Il project 2nd order terms away
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I. Correction eqns with orthogonal projections
(Al — O'Bl — 7'01)8 — —T

RHS L u, so LHS necessarily also L u

Two separate correction equations

(I —uwul)(A; — 0By — 7C)(I —uul)s = —rq
(I —vv!)(Ay — 0By — 7C)(I —vvl)t = —ry
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Il. Correction eqns with oblique projections

(Al — O'B1 — 701)8 = —"m —|— ()\ — O')Blu —|— (/,L — T)Clu
(As —oBy — 109t = —1r9 + (A — 0)Bsv + (p — 7)Chv

M =

r1
’]" p—
ro

_Al—O'Bl—Tcl 0
0 A2_UB2_TC2

o[i] ool gz] oo 8

) = son ([ 24].[2))

v o]

Oblique 2D-projection P = I — V(WIV)=1WT gi-
ves

PMP [ i] = —r (is Newton method)
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JD like method: selection

Exterior eigenvalues:
monotonic convergence, e.g. if in every step we select
Ritz pair ((0,7),u ® v) with maximal ¢, then

OkT/\

Like in many subspace methods \ # A .x is possible
(misconvergence).

Interior eigenvalues:
not obvious to generalize harmonic Ritz values
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JD like method: computing more eigenpairs

Eigenvectors are Ag-orthogonal:

(1 ®y1)" Ao(z2 ® y2) = 0

Standard deflation techniques can not be applied:

e (z ®y) 20 can not be written as U ® V, where
U CR" and V C R"2,

e there can exist eigenvalues (A, ) and (X, p') with

eigenvectors x ® y and =’ ® ¢/, respectively, such
that (\, ) # (M, 1) and z = 2/,

Our approach: In selection consider only Ritz vectors
that are Ag-orthogonal to already computed eigen-
vectors.
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1. s =uy and t =v; (starting vectors)
fork=1,2,...
2. MGS(Uk_l,S) — Uy
MGS(Vk_l,t) — Vi
3.  Compute ((o,7),c® d) rightmost Ritz pair of
UgAlUk.c — JU,CTBlUkc + TU,{TClUk.C
VkTAQde = O'Vk,TBQde + TVkTCQde

4 rh = (Al—JBl—7'01>u
. ro = (A2—0B2—7'02>U
5. Stop if (||r1ll? + [Ir2|*)'/? < e
6.  Solve (approximately) an s L u,t L v from corr. equation(s)

JD-like algorithm to find rightmost eigenvalue of 2-parameter eigenvalue problem
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JD like method: restart
larger search space = larger projected problem

expand to dimension [, only, then restart with [,
most promising approximations.

Time complexity

n=mn1 ="n9
m: number of GMRES steps

One outer step:

e dense matrices: O(mn?)

e sparse matrices: O(mMYV)

MYV : matrix-vector multiplication with n X n matrix.
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Experiment

A; = Q. F,QF
B; = Q:GiQ]
C; = Q:H;,QF

F1, F5,Go, and Hy: random diagonal € (0, 1)
G1 and Hs: random diagonal € (1,2)

(); random orthogonal

problem is right definite

shift = (0,0) is arithmetic mean
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eigenvalues
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number k using orthogonal (left) and oblique projections (right) for n = 100
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first 15/30 found eigenvalues with maximal A

n = 100. The method used 5 GMRES steps for the correction equation with orthogonal projections.
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Statistics for eigenvalue with maximal A\, 250 initial
vectors, n=200
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Conclusion

New JD-like method for two-parameter eigenvalue
problem

e first method for large matrices

e choice of orthogonal or oblique (Newton-like) cor-
rection equation: 2 orthogonal 1-D or 1 oblique
2-D projector

e orthogonal less expensive for exterior eigenvalues

e oblique variant more expensive but more reliable
for interior eigenvalues

e harmonic approach not obvious
e straightforward generalization to > 2-parameters

e work in progress: Ritz theory, JD for general two-
parameter eigenvalue problem

Preprint:
www-Ip.fmf.uni-lj.si/plestenjak /bor.htm
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