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Two-parameter eigenvalue problem

e Two-parameter eigenvalue problem:

Aix = A\Bix + uChix

W
Aoy = ABoy + pnCay, (W)

where A;, B;, C; are n X n matrices, \, u € C, and =,y € C".
e Eigenvalue: a pair (A, ) that satisfies (W) for nonzero x and .

e Ligenvector: the tensor product r ® y.
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Two-parameter eigenvalue problem

e Two-parameter eigenvalue problem:

Aix = A\Bix + uChix

W
Aoy = ABay + nCay, (W)

where A;, B;, C; are n X n matrices, \, u € C, and =,y € C".
e Eigenvalue: a pair (A, ) that satisfies (W) for nonzero x and .
e Ligenvector: the tensor product r ® y.

e Problem: compute some (all) eigenvalues (\, 1) and eigenvectors = ® y.
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Separation of variables: Au+vu=0 on Q, wu|5n =0

Rectangle: 2 = [0, a] X [0, b] = two S-L equations (v = X\ + u)

" 4+ Az = 0, x(0) = xz(a) = 0,
y" + py =0, y(0) = y(b) = 0.
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Separation of variables: Au+vu=0 on Q, wu|5n =0

Rectangle: 2 = [0, a] X [0, b] = two S-L equations (v = X\ + u)

" 4+ Az = 0, x(0) = xz(a) = 0,

y' + py =0, y(0) = y(b) = 0.
Circle: Q = {z? 4+ y* < a*}, polar coordinates == a triangular situation

" + \® = 0, d(0) = ¢(27) = 0,
r'(rRY + (v = Xr"*R =0, R(0) < oo, R(a) = 0.
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Separation of variables: Au +vu =0 on Q, wu|so=0

Rectangle: 2 = [0, a] X [0, b] = two S-L equations (v = X\ + u)
" 4+ Az = 0, x(0) = xz(a) = 0,
y' + py =0, y(0) = y(b) = 0.
Circle: Q = {z? 4+ y* < a*}, polar coordinates == a triangular situation
" + AP =0, ®(0) = &(27) = 0,
r'(rRY + (v = Xr"*R =0, R(0) < oo, R(a) = 0.

Ellipse: Q = {(x/a)* + (y/b)* < 1}, elliptic coordinates (¢ focus)
— modified Mathieu's and Mathieu's DE ( 4\ = c*v)
!
v, + (2A cosh(2y1) — p)vy =0, v1(0) = v1(d) =0,
1
v, — (2Acos(2y1) — pn)va =0,  v2(0) = va(m/2) = 0.
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Tensor product approach

Aix = ABix + uChix
Aoy = ABay + nuChy

e On C" ® C" of the dimension n? we define

Ay = B ®Cy—C; R By
A = AiIRC0C,—C1Q A,
Ay = B1® Ay — A1 ® Bs.

e Two-parameter problem (W) is equivalent to a coupled GEP

Alz = )\Aoz

Aoz = pApz,
where z = x Q y.

e (W) is nonsingular <= A is nonsingular.

° Ao_lAl and Ao_lAg commute.
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Right definite problem

Ag= B ® Cy — C; ® By
A=A QCy—C; ® A
Ao =B ® Ay — A1 ® B>

Aix = ABix + uChix
Asy = ABoy + uCay

A1z = Az

(W) A2Z = ,LLA()Z

(A)

(W) is right definite when

o A,;, B;, C; real symmetric

T T
r Bix x Cix

T :
= (z® Ag(r ® > 0 for x, 0 equiv. Ag s.p.d.
VT Byy 4T Coy (z ®y) Ao(z @ y) y # (eq 0 s.p.d.)

If (W) is right definite then

® ecigenpairs are real
. 2 - . .
e there exist n” linearly independent eigenvectors

e cigenvectors of distinct eigenvalues are Ag-orthogonal, i.e. (1 ® y1)! Ag(z2 ® y2) =0
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Algorithm with A matrices

Alz = )\A()Z
Aoz = nlpz
1. Generalized Schur decomposition Q*AgZ = R and Q*A1Z = S, where Q and Z are unitary, R and S are
upper triangular, and the multiple values of \; := s;;/7;; are clustered along the diagonal of R's.
Ri1 Ri2 -+ Ryp S11 S12 -+ Sip
I ) D A
0 0 -+ Ryp 0 0 --- Spp
where the size of R;; and S;; is m; and my + - - - + myp = n?.

2. Compute diagonal blocks TY1,...,Tpp of T' = Q™ Ao Z, partitioned conformally with R and S.
3. Compute the eigenvalues 1, ..., Mim, of the GEP Tj,w = uR;;w fori =1,...,p.

4. Reindex (>‘17 Mll)) SR ()‘17 Mlml); SN (Apa p“pl): SRR (>‘p7 /J'pmp) into (>‘17 /’Ll)) Tt (An2’ :un2)'

5. For each eigenvalue (A, i) compute the eigenvectors z; @ y; for j = 1,. .., n?.

The time complexity is O(n?).
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Some available numerical methods

e Blum, Curtis, Geltner (1978), and Browne, Sleeman (1982): gradient method,

e Bohte (1980): Newton's method for eigenvalues,

e Slivnik, Tomsi¢ (1986): solving (A) with standard numerical methods for RD problem,
e Ji, Jiang, Lee (1992): Generalized Rayleigh Quotient lteration.

e Shimasaki (1995): continuation method for a special class of RD problems.

e P. (1999): continuation method for RD problem, Tensor Rayleigh Quotient Iteration

e P. (2000): continuation method for weakly elliptic problem.

e Hochstenbach, P. (2002): Jacobi-Davidson type method for RD problem.

e Hochstenbach, Kosir, P. (2005): Two-sided Jacobi-Davidson type method.

The 2nd International Conference on Structured Matrices, Hong Kong Baptist University, 2006



Subspace methods and Jacobi—Davidson method

Subspace methods compute eigenpairs from low dimensional subspaces. They work as follows:

e [xtraction: We start with a given search subspace from which approximations to eigenpairs
are computed. In the extraction we usually have to solve the same type of eigenvalue problem

as the original one, but of a smaller dimension.

e Expansion: After each step we expand the subspace by a new direction.

As the search subspace grows the eigenpair approximations should converge to an eigenpair of

the original problem.
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Subspace methods and Jacobi—Davidson method

Subspace methods compute eigenpairs from low dimensional subspaces. They work as follows:

e [xtraction: We start with a given search subspace from which approximations to eigenpairs
are computed. In the extraction we usually have to solve the same type of eigenvalue problem

as the original one, but of a smaller dimension.

e Expansion: After each step we expand the subspace by a new direction.

As the search subspace grows the eigenpair approximations should converge to an eigenpair of

the original problem.

Jacobi—Davidson method is a subspace method where:

e a new direction to the subspace is orthogonal or oblique to the last chosen Ritz vector,

e approximate solutions of certain correction equations are used for expansion.
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JD-like method for the right definite case: extraction

Ritz—Galerkin conditions: search spaces = test spaces: u € U, v € Vy

(Al—O'Bl—TCl)u 1 uk
(AQ—O'BQ—TCQ)’U 1 Vk

= projected right definite two-parameter problem

Ul'AUyc = oU! BiUyc + TUC1Uc
VIAVid = oV, BoVid + TV, CoVid

Ritz vectors: uw = Ugc, v = Vid for c,d € RF
Ritz value: (o, 7), Ritz pair: ((o,7),u ® v)
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JD-like method for the two-parameter RD eigenvalue problem

1. s =u; and t =v; (starting vectors), Uyg = Vo = [ |

fork =1,2,...
2. (Ug_1,s) — U
(Vi_1,t) — Vi
3.  Extract appropriate Ritz pair ((o, 7),c ® d) of
Ul'AUye = oU!'BUc + 17U} C1Uyc
VIAVid = oV ByVid + 7V, CoVid
" rn = (A1 —oB;—71C1)u
ro = (Ay —oBy— 17CY)v

5. Stop if (||r]|? + [|ra]|?) /> < &

6.  Solve (approximately) an s 1L u,t L v from corr. equation(s)
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JD-like method: expansion: s 1 u, t L v

Ai(u+s) = ABi(u+ s) + pCi(u + s)
As(v+t) = ABa(v +t) + pCy(v 4+ t)

Two correction equations

(I —uu)(A; — 0By —7C)(I —uul)s = —r;
(I —vv!)(Ay — 0By — 7C) (I —vvl)t = —ry

e \We solve the equations only approximately with a Krylov subspace method with initial guess
0 (e.g., few steps of MINRES or GMRES).

e We suggest the preconditioner M; = A; — ArB; — urC;, where (A, pr) is the target.

Theorem: Ritz pair ((o, 7),u ® v) is an approximation to (A, ), (u + s) ® (v + t))

= \/(A—0)2+(M—T)QZO(HSH2+ 1¢]1%)
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JD-like method: computing more eigenpairs

Standard deflation techniques can not be applied:

o (r® y)LAO can not be written asUd ® V, where Y C R™ and V C R".
e there can exist eigenvalues (A, ) # (N, pu') with eigenvectors £ ® y1 and = ® v,

respectively.
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JD-like method: computing more eigenpairs

Standard deflation techniques can not be applied:

o (r® y)LAO can not be written asUd ® V, where Y C R™ and V C R".
e there can exist eigenvalues (A, ) # (N, pu') with eigenvectors £ ® y1 and = ® v,

respectively.

Eigenvectors are Ag-orthogonal:

(1 ® yl)TAO($2 ®y2) =0

Our approach: In extraction we consider only Ritz vectors that are Ag-orthogonal to the already

computed eigenvectors.
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Two-sided JD-like method for a general problem: extraction

Petrov—Galerkin conditions: search spaces u; € Uy, test spaces v; € Vi

(A1 — O'Bl — TCl)’u,l 1 V1k;,
(A2 — O'BQ — TCQ)’LLQ 1 ng,

—> projected two-parameter problem

V[ AiUiger, = oV BiUiker + 7V, C1Urkey,
V22A2U2k02 — O-V;;{:BZUQ]{;CQ —|— T‘/QZCQUQI{:CQ,

where u; = U;pc; A2 O fore = 1,2 and o, 7 € C.

Petrov vectors: u; = U;rc;, v; = Vird;, ¢, d; € ck

Petrov value: (o, 7), Petrov triple: ((o,T), u1 ® us2, v1 ® v2)
Residuals:

R
"y
r;

(Az — O'BZ' — TCZ‘)”U,Z',
(Az — O'B@' — Tci)*’l)@'
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Two-sided JD-like algorithm

1. s; =u; and t; =wv, (starting vectors), U;o = Vo = [ ]

fork =1,2,...

2. (Uip—1,5) = Uy
(Vik—1,t:;) = Vi

3. Extract appropriate Petrov triple ((o, 7), ¢c1 ® ¢, d1 ® ds) of

Vf;gAlUlkCl — O-Vf;{:BlUlk'cl + va;gclUlkCl,
Vo, AdUskca = o V5, BaUsgco + 7V5, CoUsggca,
’l"iL = (A@ - O'BZ' - TCO*U@'

_ 1/2
5. Stop if (rF1% + P12 + 17212 + 1rE)2) P < e

6.  Solve (approximately) s; and t; from correction equations
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Inverse eigenvalue problems

We have n X m matrices Ag, A1, ..., A, k < n, and we are looking for a linear combination
M = Ag — M AL — -+ — Ay,
such that M has eigenvalues a1, . . ., ag.

This is a multiparameter eigenvalue problem

(Ag —anl)xzr = XNAixi+ -+ AgArx

(Ao — Oékf)fbk; = MAjxr+ -+ ANArxp.
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Inverse eigenvalue problems

We have n X m matrices Ag, A1, ..., A, k < n, and we are looking for a linear combination
M = Ag — M AL — -+ — Ay,
such that M has eigenvalues a1, . . ., ag.

This is a multiparameter eigenvalue problem

(Ag —anl)xzr = XNAixi+ -+ AgArx

(Ao — akf)zvk = MAjxr+ -+ ANArxp.

Cottin (2001): Dynamic model updating. In a spring-mass model the mass matrix is known and
the stiffness parameters of two springs have to be updated based on the outside measurements
of the natural frequencies.

These problems are singular, so we can not apply the existing methods.
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Determinantal representations

Zeroes of a polynomial p(x) = apx™ + - - - + a,, are the eigenvalues of the companion matrix.
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Determinantal representations

Zeroes of a polynomial p(x) = apx™ + - - - + a,, are the eigenvalues of the companion matrix.

Vinnikov (1989): For a given polynomial
p(z,y) = apox" y" + aonz"y" " + aiow
exists a determinantal representation A, B, C such that

p(x,y) = det(A +xB +

n—1 n

Y

yC).

+ ann
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Determinantal representations

Zeroes of a polynomial p(x) = apx™ + - - - + a,, are the eigenvalues of the companion matrix.

Vinnikov (1989): For a given polynomial
p(il?, y) — aOOxnyn + alenyn—l + aflen_lyn + -+ ann
exists a determinantal representation A, B, C such that

p(x,y) = det(A + B + yC).

p(A, p) =0
Q(Aa FL) =0

Alu = )\Blu -+ ,LLCl’U,

= companion problem Asv = AByv + uChv.
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Determinantal representations

Zeroes of a polynomial p(x) = apx™ + - - - + a,, are the eigenvalues of the companion matrix.

Vinnikov (1989): For a given polynomial
p(il?, y) — aOOxnyn + alenyn—l + aflen_lyn + -+ ann
exists a determinantal representation A, B, C such that

p(x,y) = det(A + B + yC).

p(A, p) =0
Q(Aa FL) =0

Alu = )\Blu + ,LLCl’U,

= companion problem Asv = AByv + uChv.

Question: How to construct a determinantal representation?
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Structured matrices

If we apply finite differences to

- (p1<x1>y1<w1>)/ +aienn(e) = (Aan(@) + pan(e) i)
— <p2($2)y§($2)> | + q2(z2)y2(x2) = (>\ asi(x2) + 1 a22(f132)> y2(2)

then matrix A; is tridiagonal and B;, C; are diagonal for : = 1, 2.

Can we exploit this structure for efficient methods for

Alz = )\A()Z
Aoz = ulApz,

where
Ag= DB ® Cy — C; ® By
A=A QC —C1 Q Ay
Ag =B ® Ay — A1 Q By?
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Conclusion

Twoparameter eigenvalue problems can be solved numerically...
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Conclusion
Twoparameter eigenvalue problems can be solved numerically...

Thank you for your attention.
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Multiparameter eigenvalue problems

Viox:1 = MViizr + XoVigxr + - - + A VigTn
Vooza = A Varxg + AoVasxg + - - - + A Voo
Viorr = M Viizg + XoVioxp + -+ - + A\ Vi

A Ek-tuple A = (A1, ..., A) is an eigenvalue and ® = x1 ® - - - ® x}, is the corresponding eigenvector.
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Multiparameter eigenvalue problems

Vioxr = MViizp + AeVigxy + - - + ApViga
Voozro = M Varxzg + AoVogxo + - - - + A Vorxo
Vioxr = MViizg + AeViszg + - + A Vigog.
A Ek-tuple A = (A1, ..., A) is an eigenvalue and ® = x1 ® - - - ® x}, is the corresponding eigenvector.
T T T T T
V1T1 Vlsz e Vlfk VlTl o VlJr,i—l V1T0 VlT,z'—l—l VlTk:
T T T . .
Ag=| Y21 Va2 o Vo | oA = | V2 Vaic1 Voo Vo Vor |, i=1,...
R t o t ot
Vit Vi Vik Vile Vk,i—l VkO Vk,i—|—1 o Vik

where VZJE is defined by V;;(gcl R RET; V- Rap) =1 Q- @ VijT; ® - - - ® ), and linearity.

A nonsingular MEP (i.e., Aq nonsingular) is equivalent to the associated joined problem

Aiaz:)\iAO:c, iZl,...,k,

for decomposable tensors € = 1 ® - - - @ x}., where the matrices AalAi commute.
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Two-sided vs. one-sided JD

Statistics of the Jacobi—Davidson type method using the same set of 10 random initial vectors

for computing 10 closest eigenvalues to the origin, matrices are of size 100.

For each eigenvalue we select the closest Petrov value to the origin until the residual becomes

smaller than €change; In the remaining steps we select Petrov triple with the minimum residual.

two-sided correction equation
€change = 10 ! €change = 10 15 €change = 10 2
GMRES In 10 Conv. Iter. In 10 Conv. Iter. In 10 Conv. Iter.
5 3.4 4.2 400.0 3.3 3.9 400.0 2.7 3.0 400.0
10 4.7 7.4 3245 5.9 8.0 387.8 5.3 6.2 400.0
20 6.8 9.4 255.3 6.6 9.2 301.8 6.9 9.4 300.3
40 7.2 9.5 284.0 7.3 9.5 292.3 7.0 9.0 354.9
one-sided correction equation
€change = 10 ! €change = 10 15 €change = 10 2
GMRES In 10 Conv. Iter. In 10 Conv. Iter. In 10 Conv. Iter.
5 2.0 5.2 400.0 1.3 1.3 400.0 1.2 0.5 400.0
10 2.9 7.1 357.3 2.6 3.0 400.0 1.9 1.9 400.0
20 3.5 9.9 189.5 3.0 3.7 400.0 1.9 2.1 400.0
40 3.0 9.9 143.8 3.5 4.0 380.5 2.9 3.2 400.0
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