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Two-parameter eigenvalue problem

e T[wo-parameter eigenvalue problem:

(A1 + AB1 4+ uCh)x =0

2EP
(As + ABy + uCs)y = 0, (2EP)

where A;, B;,C; are n X n matrices, A\, € C, x,y € C™.
e Eigenvalue: a pair (A, u) that satisfies (2EP) for nonzero = and .
e Eigenvector: the tensor product z ® y.

e There are n? eigenvalues, which are solutions of

det(A1 + AB1 + ,uCl) = 0
det(A2 + ABsy + ,LLCQ) = 0.
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Atkinson (1972): Tensor product approach

(Al + )\Bl + ,uCl)x =0

(2EP)
(As + ABy + uCs)y =0
e On C" ® C™ we define n? x n? matrices
Ay = B1®Cy—Ci® By
A = C1®A— AL ®0C
Ay = A1 ® By — B; ® As.
e nonsingular 2EP is equivalent to a coupled GEP
Alz = )\AOZ
Aoz = Aoz, (A)

where z =z ® y.
e 2EP is nonsingular <= A is nonsingular

e AS'A; and A 1Ay commute
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Numerical methods - A matrices

Aix = ABix + ,uC’laj Ag=B1®Cy—C{® By A1z = ANA\gz
Aoy = ABay + uCay A =A410C,—C® A Aoz = plpz
(2EP) NAo=DB® A, — A Q B> (A)
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Numerical methods - A matrices

Aix = ABix + ,LLC;[$ Ag=B1®Cy—C{® By A1z = ANz
Aoy = ABay + uCay A =A410C,—C® A Aoz = plpz
(2EP) NAo=DB® A, — A Q B> (A)

1. Q*AoZ = R and Q*A1Z = S, where (), Z are unitary, R, S upper triangular,

the multiple values of \; := s;;/7;; are clustered along the diagonal of R™18S.

Ry Rz -+ Ry (S11 S12 - Si, |
S I e PP R I
0 0 - Ry 0 0 - Sy

2. Compute diagonal blocks Ti1,...,T,, of T'= Q*AsZ.
3. Compute the eigenvalues pi;1, ..., fim, of Tjw = pR;w fori=1,...,p.
4. Reindex the eigenvalues and compute the eigenvectors.

Time complexity: O(n®) Hochstenbach, Kogir, P. (2005) SIMAX
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Jacobi—Davidson method

Subspace methods (Arnoldi, Lanczos, J-D, ...) compute eigenpairs from low

dimensional subspaces. The main ingredients are:

e Extraction: We compute an approximation to an eigenpair from a given search

subspace (Rayleigh-Ritz, harmonic Rayleigh-Ritz, ...).

e Expansion: After each step we expand the subspace by a new direction.
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Jacobi—Davidson method

Subspace methods (Arnoldi, Lanczos, J-D, ...) compute eigenpairs from low

dimensional subspaces. The main ingredients are:

e Extraction: We compute an approximation to an eigenpair from a given search

subspace (Rayleigh-Ritz, harmonic Rayleigh-Ritz, ...).

e Expansion: After each step we expand the subspace by a new direction.

Jacobi—Davidson method:

e a new subspace direction is orthogonal or oblique to the last Ritz vector,

e approximate solutions of certain correction equations are used for expansion.

J-D method can be efficiently applied to two-parameter eigenvalue problems.

This is not clear for subspace methods based on Krylov subspaces.
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J-D for the right definite 2EP

Right definite 2EP: Matrices A;, B1,C1, Ao, By, Cy are symmetric, Ag is s.p.d.
Extraction: Ritz—Galerkin: search spaces = test spaces: u € Uy, v € V}

(Al—aBl—T(Jl)u 1 Z/[k;
(AQ—O'BQ—TCQ>U 1 Vk

= projected right definite two-parameter eigenvalue problem

UgAlUkC = UUgBlUkC + TUEClUkC

Ritz value: (o,7), Ritz vectors: u = Ugc, v = Vid, where ¢, d € RF

Expansion: Correction equation for new directions s, ¢:

(I—UUT)(Al —O'Bl —TCl)(I—UUT)S = —(Al —O'Bl —TCl)U
(I — UUT)(AQ — O'BQ — TCQ)(I — U’UT)t — —(AQ — O'BQ — TCQ)’U.
Works well for exterior eigenvalues. Hochstenbach, P. (2002) SIMAX
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Two-sided J-D for a general nonsingular 2EP

Petrov—Galerkin conditions: search spaces u; € U;;, test spaces v; € Vi

(Al — O'Bl — TCl)ul 1 Vlkz
(A2 — OBQ — TCQ)UQ 1 VQk,

= projected two-parameter eigenvalue problem

V1*]<;A1U1kcl — UV1*kB1U1kcl —+ TVl*kClUlkcl
VQ*kAQUQk;CQ — OVQ*kBQUQkCQ -+ TVQ*kCQUQkCQ,

where u; = U;ic; 7é 0for¢e=1,2and o,7 € C.
Petrov value: (o,7), Petrov vectors: u; = Ujc;, v; = Vird;, where ¢;,d; € C*
Usually performs better than the one-sided method.

Works well for exterior eigenvalues. Hochstenbach, Kosir, P. (2005) SIMAX
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Harmonic Rayleigh—Ritz for 2EP

GEP: Ax = \Bx
subspace is U}, target is T
Rayleigh—Ritz: Au — 0Bu 1L Uy

Spectral transformation: (A —7B) 'Bx=(\A—7)" 2
Harmonic Rayleigh—Ritz:  Au —60Bu L (A — 7B) Uy

Aix = ABix + uChx

2EP:
Aoy = ABoy + nChy
subspace is Ui ® Vy, target is (o, 7)
A1 — 0By —nC 1 U
Rayleigh—Ritz: (4 1= '

(A — 0By —nCy)v L Vg
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Harmonic Rayleigh—Ritz for 2EP

GEP: Axr = \Bx

subspace is U}, target is T
Rayleigh—Ritz: Au — 0Bu 1L Uy
Spectral transformation: (A —7B) 'Bx=(\A—7)" 2
Harmonic Rayleigh—Ritz:  Au —60Bu L (A — 7B) Uy

Aix = ABix + uChx

2EP:
Ay = ABoy + nCay
subspace is U ® V, target is (o, 7)
Ay — 0By —nC 1 U
Rayleigh-Ritz: (A1 =081 =nC1)u :
(A — 0By —nCy)v L Vg
Spectral transformation: 7 7 7
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Harmonic Rayleigh—Ritz for 2EP

GEP:

Rayleigh—Ritz:

Spectral transformation:

Harmonic Rayleigh—Ritz:

2EP:

Rayleigh—Ritz:

Spectral transformation:

Harmonic Rayleigh—Ritz:
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Axr = \Bx

subspace is U}, target is T
Au — 0Bu L Uy

(A—7B) 'Bxr=\—7)"12
Au—60Bu 1L (A —71B)Uy

Ajx = ABix + pChz

Aoy = ABoy + nChy

subspace is Ui ® Vy, target is (o, 7)
(Ay — 6By —nCh)u L U

(A — 0By —nCy)v L Vg
77

(Al—HBl—nCl)u 1 (Al—O'Bl—Tcl)Z/{k
(AQ—HBQ—UCQ)U 1 (AQ—O'BQ—TCQ)Vk
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J-D with harmonic Rayleigh—Ritz for 2EP

1. s =uy and t =v; (starting vectors), Uy = Vo = | |
fork=1,2,...

2. (Ug-1,8) = Uk, (Vi_1,t) — Vg

3. Extract appropriate harmonic Ritz pair ((£1,&2), Uke @ Vid)

4.  Take u = Ugc, v = Vid and compute tensor Rayleigh quotient

9 (u@v)"A(u®v) (v Au)(v*Cov) — (u*Cru) (v Asv)
(u®@v)"Ag(u®v) (v Biu)(v*Cov) — (u*Chru)(v* Bav)
S (u®@v)"As(u®v)  (u Biu)(v Av) — (u* Aju)(v* Bav)
(u®@v)" Ag(u®v) (v Bru)(v'Cov) — (u" Cru)(v* Bav)

r = (A1 —0B; —nCi)u

ro = (Ay— 0By —nCs)v

6. Stop if ([|ri]* + [[r2[*)/2 <€

7.  Solve (approximately) an s L u,t 1L v from corr. equation(s)

Hochstenbach, P. (2008) ETNA
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Singular 2EP

Aix = ABix + /LC;[CC No=B1®Cy—C{® B> A1z = A\gz
Asy = ABoy + uCsy A=A RCy —C; ® Ay Aoz = Aoz
(2EP) Ao =B ® A — A1 ® B (A)

2EP is singular iff Ag is singular

We assume that all linear combinations of Ay, A1, and Ay are singular.
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Singular 2EP

Aix = ABix + /LC;[JZ No=B1®Cy—C{® B> A1z = A\gz
Asy = ABoy + uCsy A=A RCy —C; ® Ay Aoz = Aoz
(2EP) Ao =B ® A — A1 ® B (A)

2EP is singular iff Ag is singular
We assume that all linear combinations of Ay, A1, and Ay are singular.

There are no general results linking the eigenvalues of singular (2EP) and (A).

We know:

(Al + )\Bl + ,uCl)af
(As + ABy +pCs)y = 0 Az ®y) = pAo(r®y)

|
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Singular pencils

A — A\B is a singular pencil < det(A — AB) =0

A is a finite regular eigenvalue if

rank(A — AB) < maxrank(A — uB).
pneC
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Singular pencils

A — A\B is a singular pencil < det(A — AB) =0
A is a finite regular eigenvalue if

rank(A — AB) < maxrank(A — uB).
pneC

Example:
1 0 1 0
a=lo o #=lo o)

Matrix pencil A — AB is singular, the only finite eigenvalue is A = 1.
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Finite regular eigenvalues

(A, i) is a finite regular eigenvalue of (2EP) if for i = 1, 2:

rank(A; + AB; + uC;) < ( ]ﬂfl)aux:2 rank(A; + sB; + tC;).
s,t)eC

(A, i) is a finite regular eigenvalue of matrix pencils A1 — AAg and Ay — pA\g if:

1. rank(A; — AAg) < mgg rank(A1 — sAg),

2. rank(As — pulg) < max rank(Ay — tAy),
e

3. a common regular eigenvector z of A1 — AAg and Ay — ul\g exists, such that
(Al — )\Ao)z — O,
(AQ — ,LLA())Z = 0.
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Finite regular eigenvalues

(A, i) is a finite regular eigenvalue of (2EP) if for i = 1, 2:

rank(A; + AB; + uC;) < ( m)aux:2 rank(A; + sB; + tC;).
s,t)eC

(A, i) is a finite regular eigenvalue of matrix pencils A1 — AAg and Ay — pA\g if:

1. rank(A; — AAg) < mgg rank(A1 — sAg),

2. rank(As — pulg) < max rank(Ay — tAy),
e

3. a common regular eigenvector z of A1 — AAg and Ay — ul\g exists, such that
(Al — )\Ao)z — O,
(AQ — /LA())Z = 0.

Conjecture: Finite regular eigenvalues of (2EP) = finite regular eig's of (A).
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Simple finite regular eigenvalues agree

Ala: = )\Bla: -+ ,uClx A() = Bl 039 02 — Ol &) BQ Alz = )\AOZ
Ay = ABoy + 1Coy A=A 0C;, —(C1 ® As Aoz = /LAOZ
(2EP) As =By ® A — A1 ® B (A)

Theorem (Muhi¢, P. (2009)). Suppose that all finite eigenvalues of a regular
2EP are algebraically simple. Then (A, i) is a finite regular eigenvalue of 2EP
iff (A, ) is a finite regular eigenvalue of A.
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Simple finite regular eigenvalues agree

Ala: = )\Bla: -+ ,uClx A() = Bl 039 02 — Ol &) BQ Alz = )\AOZ
Ay = ABoy + 1Coy A=A 0C;, —(C1 ® As Aoz = /LAOZ
(2EP) As =By ® A — A1 ® B (A)

Theorem (Muhi¢, P. (2009)). Suppose that all finite eigenvalues of a regular
2EP are algebraically simple. Then (A, i) is a finite regular eigenvalue of 2EP
iff (A, ) is a finite regular eigenvalue of A.

More than two parameters?

Simple eigenvalues of a singular multiparameter eigenvalue problem are common
regular eigenvalues of the associated system of singular generalized eigenvalue

problems.
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Numerical method for singular 2EP

A137 = )\Bla: + ,uClx AO = Bl 0% 02 — Ol &) BQ Alz = )\AOZ
Ay = ABoy + 1Coy A=A 0C;, —(C1 ® As Aoz = /LAOZ
(2EP) As =By ® A — A1 ® B (A)

We extract the common finite regular part of matrix pencils (A).

We get matrices ﬁo, &1, and 82 such that &0 Is nonsingular and eigenvalues of

;lg - )\gog N
Agz = /LAQZ (A)

are finite regular eigenvalues of (A).
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Kronecker canonical structure

For a matrix pencil A — AB there exist nonsingular matrices P and () such that

P™Y(A—AB)Q = A — \B =diag(A1 — ABy,..., Ay — A\By)

is the Kronecker canonical form (KCF). Regular blocks

(a— X 1 I —A
Jja) = C M=

and singular blocks

| ] —A

_ A1 :

represent finite regular, infinite regular, right singular, and left singular blocks,

respectively.
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Generalized upper-triangular form

Instead of KCF, we use the generalized upper-triangular form (GUPTRI):

" A, — AB,
X Ao — AB
PH(A-AB)Q = X X Ay — \By
] X X X Ac—AB.

Pencils A, —AB,,, Aoc —AB, Ay —ABy¢, and A — AB, contain the left singular,

the infinite regular, the finite regular, and the right singular structure, respectively.
Van Dooren (1979), Demmel and Kagstrom (1993), software package GUPTRI.

Our extraction algorithm is based on Van Dooren’s staircase algorithm (1979).
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Algorithms RRS and RLS

RRS: Using SVD for the row and column compressions of the matrices A and

B we find matrices P, () with orthonormal columns such that

X A, — \B,
structure of pencil A — AB

o PH(A-AB)Q = is a finite regular and right singular

e the columns of () are a basis for the eigenspace of the finite regular and the

right singular part.
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Algorithms RRS and RLS

RRS: Using SVD for the row and column compressions of the matrices A and

B we find matrices P, () with orthonormal columns such that

X A, — \B,
structure of pencil A — AB

o PH(A-AB)Q = is a finite regular and right singular

e the columns of () are a basis for the eigenspace of the finite regular and the

right singular part.

RLS: Using SVD for the column and row compressions of the matrices A and B

we find matrices P, () with orthonormal columns such that

A, — \B,
X Af — )\Bf
regular structure of pencil A — AB

o PH(A - AB)Q = is a left singular and a finite

e the columns of P are a basis for the left eigenspace of the left singular and
the finite regular part.
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Algorithm for the common finite regular part

We start with matrix pencils A1 — AAg and Ay — plAg, P =1 and Q = 1.

1. Separate the infinite and the finite part.

(a) Apply RRS to PHAQ — APHANQ and PHALQ — pnPHANQ. We get
P, Q1 and Ps, Q)s.

(b) Compute @ and P such that @ = Q1N Qs and P = P; U Ps.

(c) If Q= Q; return P, () and proceed to (2a). Otherwise, proceed to (1a).

2. Separate the finite regular part from the right singular part.
(a) Apply RLS on PHEA;Q — APHA(Q and PEAQ — nPHEAqQ.
We get P, ()1 and Py, ()-.
(b) Compute @ and P such that Q@ = Q1 U Qs and P = P; N Ps.
(c) If P =Py return P, Q and exit. Otherwise, proceed to (2a).

In the end &0 = PHALQ, ﬁl = PHALQ, &2 = PHALQ and ﬁo is nonsingular.
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Quadratic 2EP

(A1 + ABy 4 pCy + N2Dy + M\uEy + p?F)xz =0

(Q2EP)
(A2 + AB2 + uCs + N>Da + AuFs + p*F)y = 0,

where A;, B;, ..., F; are n X n matrices, (A, i) is an eigenvalue, and x ® y is the
corresponding eigenvector. In the generic case the problem has 4n? eigenvalues

that are solutions of

det(A; + ABy + puCqr + N°Dy + \uEy + i*Fy) = 0
det(A2 + ABy + /LCQ -+ )\2D2 + )\,UEQ + ,u2F2) = 0.

Jarlebring (2008): Q2EP of a simpler form, with some of the terms A\?, A\, u?

missing, appears in the study of linear time-delay systems for the single delay.
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Linearization

(Al + AB71 + ,uC'l + )\2D1 + /\,LLEl + ,LL2F1).%‘ =0
(Q2EP)
(A + ABg + piCo + N2 Dy + AuEo + pi* Fo)y = 0

Vinnikov (1989): It follows from the theory on determinantal representations that
one could write Q2EP as a 2EP with 2n x 2n matrices.

Since there is no construction this is just a theoretical result.
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Linearization

(Al + AB1 + ,uC'l + )\2D1 + /\,LLEl + ,LL2F1)1' =0

(Q2EP)
(A + ABg + piCo + N2 Dy + AuEo + pi* Fo)y = 0

Vinnikov (1989): It follows from the theory on determinantal representations that
one could write Q2EP as a 2EP with 2n x 2n matrices.

Since there is no construction this is just a theoretical result.

We can write Q2EP as a two-parameter eigenvalue problem with 3n x 3n matrices:
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_Al Bl Cl 0 D1 E1 0 O F1 X
0 —I O |+X|I 0 O0|+p|l0 0 O Az
0 0 I 0 0 0 | I 0 0]/ |px
Ay By (O (0 Dy FEs | 0 0 F|\][vy]
0 —I O |+X|I 0 O0|+p|0 0 O Ay
0 0 -—I 0 0 0 I 0 0]/ [py




Weak linearization
If we multiply the matrix of the first equation

[ Ay Bi+AD; Ci+ AEj + pFy |
i —1 0

ul 0 —1I

from left by the unimodular polynomial

(] Bi+XD; 0] [I 0 Cy+M\E,+uk;
EM\p)=10 I o0 I 0
0 0 I{]10 0 I |

and from right by the unimodular polynomial

] 0 ol [I 0 O
Fo,uy=10 I 0 M T 0
pul O I [0 O I]
we obtain
_A1+)\Bl—|—,LL01—|—)\2D1—I—)\,LLEl—I—,LLQFl 0 0_
0 I 0
i 0 0 I
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Linearization is a singular 2EP

AY 4 ABW 4o =

A® L AB? 4 0@ =

Ay
0
0

Az
0
0

+ A

+ A

+ p

oo O oo

Fy
0
0

Fy ]
0
0

The matrices of the corresponding pair of generalized eigenvalue problems are

Lemma. In the generic case (matrices Dy, Do, I, F5 are all nonsingular):

1. rank(A1) = rank(A3) = 8n?,

2. rank(4Ag) = 6n?,

3. det(avo + OélAl -+ CKQAQ) =0 for all Qp, X1, A9.
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Regular eigenvalues

Al Bl Cl 0 D1 E1 0O O F1
AY 4+ ABW 4 o™ = 0 —I 0| +Xx|I 0 ol|+ul0oo0o o
0 0 —T| 0 0 0 T 0 O |
As By O "0 D, Es 0 0
A® +AB® 4 uc® = 0 —I 0 |+Ax|lI 0o o|+ul0o o0 O
0 0 —I| 0 0 0 I 0 0

The matrices of the corresponding pair of generalized eigenvalue problems are

Ay = BWDgc® ol gB®.
A = CW AR — AW g c®)
Ay, = AW g B3 _ pl) g A@)

Theorem. Kronecker canonical form of pencil Ay — AAg (and As — ulg) has

n? Lo, n? LY, 2n? N, blocks, and the finite regular part of size 4n?.

Theorem. The eigenvalues of Q2EP are regular eigenvalues of the coupled matrix
pencils A1 — AAg and Ay — uA from the weak linearization.
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Q2EP example

_3 4 7 2] 4 —1 56 7 10 -3 5[4 8 B
<{6 —1}‘”‘{—2 1_+’“‘_9 4]+>‘ [5 2]‘”‘“{7 1]+“ {6 —3])”"_0’

~1 3 —1 —4] 92 3 52 6 7 -2 5[ 3 =5 B
({2 —1}‘”‘{8 2_+“_—4 —1]+A {1 3]+’\“[3 7]+“[—5 2])3/_0'

Matrices Ay, A1, As obtained in the linearization are of size 36 x 36.

The algorithm for the extraction of the common finite regular part returns matrices

EO, 51, 52 of size 16 x 16, such that EO Is nonsingular and eigenvalues of
Elg — )\ﬁog N
~ ~" A
Aoz = uloz (A)
are the eigenvalue of the Q2EP.

~

From (A) we compute all 16 eigenvalues of Q2EP. The largest and the smallest
one (in absolute value) are (1.799, —2.166) and (0.007 & 0.167¢, —0.507 £ 0.1%).
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Cubic two-parameter eigenvalue problem

(Soo + AS10 + 1S01 + - -+ + A%S30 + A2uSa1 + Au?S12 + p’Sp3)r =
(Too + ANTwo + puTo1 + -+ + ANTa0 + NuTor + Au?The + p°Toz)y =

In the general case the problem has 9n? eigenvalues. A possible linearization is

[ So0 S10 So1 S20 S11 S02] (0 0 0
—I I 00 0
—I 000 0
—I Ao 10 o
—I 0011 0
—T | 000 0
[ Too Ti0 To1 T20 Ti1 To2] [0 0 0
—1 I 00 0
—I 000 0
—I Ao 10 o0
—I 001 0
—T | (000 O

0

0
0
0
0

T3g T91 Tyo]

0

0
0
0
0

+ @

+ 1

T 1
O OO ~NOO

T 1
O OO ~NOO

O O OO oo

O O OO OO

T=[1 XA p X M 2" @zandg=[1 X pu A

Problem is singular, rank(Aqg) = 20n°.

Similarly we can linearize all bivariate matrix polynomials.
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~N O O O O O

~N O O O OO

0 0 503

00 0

00 0 _
00 0 z=0
00 0

00 0

0 0 T03_

00 0

00 0 N
00 0 y=0,
00 0

00 0

21T

Ap pt]t ®y.
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Model updating as a singular 2EP

Model updating (Cottin 2001, Cottin and Reetz 2006): Parameters of finite

element models of multibody systems are updated to match the measured input-

output data.
Updating two degrees of freedom by two measurements is equivalent to:

Find a perturbation of matrix A by a linear combination of matrices B and C,

such that A + A\B + uC has the prescribed eigenvalues o1 and o5.
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Model updating as a singular 2EP

Model updating (Cottin 2001, Cottin and Reetz 2006): Parameters of finite
element models of multibody systems are updated to match the measured input-

output data.
Updating two degrees of freedom by two measurements is equivalent to:

Find a perturbation of matrix A by a linear combination of matrices B and C,

such that A + A\B + uC has the prescribed eigenvalues o1 and o5.

The problem, usually treated as an optimization problem, can be expressed as a
2EP

(A— o011 + AB + uC)x

|
[=

(A—ool +AB+uC)y = 0.

det(B® C — C ® B) =0 and this is a singular 2EP.
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Jacobi-Davidson method for singular 2EP

e Jacobi—Davidson method was successfully applied to nonsingular 2EPs.
e Now that we have a solver for singular 2EPs, we can use it in the outer step.

e This gives us a J-D for singular 2EP.
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Zeros of bivariate polynomials

Suppose that we have a system of two bivariate polynomials

n n—1i

p(x,y) = Z Zaz-ja:iyj = 0
i=0 j=0

a(z,y) =) Y bya'y’ = 0.
i=0 j=0

Such system has n? solutions.
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Zeros of bivariate polynomials

Suppose that we have a system of two bivariate polynomials

p(z,y) = Zzaz‘ﬂiyj = 0
i=0 j=0
q(z,y) = Z Z bija:iyj = 0.
i=0 j=0
Such system has n? solutions.
1 1
We can linearize it as a singular 2EP with matrices of size n(n+1) X nin + )

2
Matrices of 2EP are very large, but:

e We can apply Jacobi—Davidson method to compute solutions close to (zq, 3o).
e Matrices are sparse, we need O(n?) flops for one MV multiplication in J-D.

e This is the same order as for one evaluation of p(x,y) and q(z,vy).
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