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Outline

e Systems of bivariate polynomials
e (Singular) two-parameter eigenvalue problem
e Extraction of the common finite regular part of two matrix pencils

e Application to systems of bivariate polynomials

ILAS 2010, Pisa, 21.6.2010 2/22



Roots of a polynomial as an eigenvalue problem

Well-known: roots of a monic polynomial p(z) = ag+a1x+- -+ a,_12" 1+ 2"

are the eigenvalues of the companion matrix

o 1 0 - 0
0 0 1 :
Cp = : 0
0 o .- 0 1
_—(10 —ap - —Ap-2 _an—l_

Thus, we can compute roots using an eigenvalue solver.

ILAS 2010, Pisa, 21.6.2010 3/22



Roots of a polynomial as an eigenvalue problem

Well-known: roots of a monic polynomial p(z) = ag+a1x+- -+ a,_12" 1+ 2"

are the eigenvalues of the companion matrix

0 1 0 0 |
0 0 1 :
Cp = : 0
0 0 0 1

| —ap —G1 -+ —Qp-2 —Anp-1 |

Thus, we can compute roots using an eigenvalue solver.

Can we generalize this to a system of bivariate polynomials?

n n—1i

p(x,y):ZZaijziyj = 0

i=0 §=0

n n—1

q(x,y):ZZbijxiyj = 0

i=0 j=0
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Determinantal representations

p()‘a :u) — Z Z afij)\i:uj — 07 Q()‘a :LL) — Z Z sz)\zlu] =0
1=0 57=0 1=0 57=0

Determinantal representation (Dixon (1902)): There exist matrices A;, B;, and

C'; of dimension n x n such that

p()\, ,LL) = det(A1 + A\By + ,LLCl)
q<>\, ,LL) = det(A2 + ABs + ,LLCQ)
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Determinantal representations

p()‘a :u) — Z Z afij)\i:uj — 07 Q()‘a :LL) — Z Z sz)\zlu] =0
1=0 57=0 1=0 57=0

Determinantal representation (Dixon (1902)): There exist matrices A;, B;, and

C'; of dimension n x n such that

p()\, ,LL) = det(A1 + A\By + ,LLCl)
q<>\, ,LL) = det(A2 + ABs + ,LLCQ)

This leads to a two-parameter eigenvalue problem

|
-

(Al + )\Bl + /LCl)x
(Ag + ABy + uCs)y

|
S
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Determinantal representations

p()‘a :u) — Z Z aij)\i:uj — 07 Q()‘a :LL) — Z Z b'LJAZl’LJ =0

1=07=0 i=0 j=0

Determinantal representation (Dixon (1902)): There exist matrices A;, B;, and

C'; of dimension n x n such that

p()\7 ,LL) = det(A1 + A\By + ,LLCl)
q<>\, ,LL) = det(A2 + ABs + ,uCg)

This leads to a two-parameter eigenvalue problem

|
-

(Al + )\Bl + ,uC’l)ac
<A2 + ABs + ,MCZ)y

|
S

Unfortunately, there isn’'t any construction of such n X n matrices.
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apo + 10\ + ag1ft + agA’ + a1r A + agap”

Quadratic bivariate polynomials

We write the above as:

apo Aio0
0 —1
i 0 0
boo D10
0 -1
i 0 0

This is a two-parameter eigenvalue problem with 3 X 3 matrices
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o1
0

-1 |
bo1 |
0

—1

+ A

+ A

(Al + )\Bl + /LCl)CIJ
(Ag + ABy + uCa)y

boo + b1oA + bo1pt + baoA® + braAp + boop”

-

-
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Cubic bivariate polynomials

ago + a1o\ + agipr + - -+ + azoA® + agi N2 p + arp A + agzp® = 0
boo + bl())\ + b01,LL + -+ b30)\3 + b21)\2,LL + blg)\,u2 + bog,ug = 0

We can write this as a two-parameter eigenvalue problem with 6 X 6 matrices:

[apo @10 @p1 920 @11 902 (0 0 0 a3g agy ap2] (00 0 0 0 ap3]) [ 1]
1 100 0 0 O 00000 O A
~1 000 O 0 O 10000 O polo
1 Ao 10 0 0o o|T*looo0o0o0 o0 A2 | =Y
~1 001 0 0 0 00000 O Au
] ~1 | o000 0 0 0| 00100 0]/ [u2
[bo0 b10 b0o1 b20 b11 bo2] (0 0 0 b3g b1 b12] (0.0 0 0 0 bo3 |\ [ 1]
—1 100 0 0 O 00000 O A
—1 000 O 0 O 10000 O polo
~1 Ao 10 0 o olT*looo0o0o0 o A2 | =0
~1 001 0 0 O 00000 O A
I —1 | 000 0 0 0| (00100 0]/ [u2]
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Linearization of a bivariate polynomial

n n—1

PO ) =D ayAip? = det(L(A, 1)), where
i=0 j=0
1 2 n
1 Sl SQ Sn | _)\ |
LM 1) = 2 | Tv —1I T = NE
koL T, —In_ I iy
S1 = |aoo]
Sy = [alo @01]
Sp—1 = [an—Q,o Ap—-3,1 ao,n—Q]
Sn = lan-10 - aon-1|+A|ano - a1p-1]+u[0 -+ 0 agy].

Matrices in L(\, u) are of dimension sn(n + 1) x in(n + 1).
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Linearization of a bivariate polynomial

p(A, p) = Z Zaij)\i,uj = det(L(\, ), where
i=0 j=0
1 2 n
1 Sl SQ Sn | _)\ |
L= 2| T , T = A
no| Tn —In | i ,u_

There exist linear matrix polynomials G(A, ) and H (A, ) with triangular matrices

and a constant diagonal, such that

GOumLOHO) = | PG

and L(\, ) is a linearization of p(\, u).
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Two-parameter eigenvalue problem

e [wo-parameter eigenvalue problem:

(Al -+ )\Bl + /LCl)ZE‘ =0

2EP
(AQ + )\BQ + ,uCg)y = O, ( )

where A;, B;,C; are m X m matrices, \,u € C, z,y € C™.
e Eigenvalue: a pair (A, u) that satisfies (2EP) for nonzero = and .
e Eigenvector: the tensor product = ® y.

o Generically, there are m? eigenvalues, which are solutions of

det(A1 + ABy + ,uCl) = 0
det(A2 + ABsy + ,LLCQ) = 0.
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Tensor product approach

(A1 + 2By + puCr)x =0

(2EP)
(As + ABy + uCs)y =0
e Atkinson (1972): on C™ © C™ we define m? x m? matrices
Ay = Bi®Cy—C1® By
Ay = Ci®@Ay— A ®C)
AQ = A1®BQ—Bl®A2.
e 2EP is nonsingular <= A is nonsingular
e nonsingular 2EP is equivalent to a coupled GEP
Alz = )\AOZ
Aoz = nopz, (A)

where z =z ® y.
e A;'A; and Ag'As commute

e Hochstenbach, Kosgir, P. (2005): numerical method of complexity O(m?°)
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Singular 2EP

Our linearization of bivariate polynomials leads to a singular 2EP.

Aix = ABix + ,uleC No=B1®Cy—C{® B> A1z = Aoz
Agy = ABsy + ,uC’Qy A=A 0, —C;® A, Aoz = ,LLAO,Z’
(2EP) Ao =B ® A — A1 ® B (A)

2EP is singular iff Ag is singular

We assume that all linear combinations of Ag, Ay, and Ay are singular.
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Singular 2EP

Our linearization of bivariate polynomials leads to a singular 2EP.

Aix = ABix + ,uleC No=B1®Cy—C{® B> A1z = Aoz
Agy = ABsy + ,uC’Qy A=A 0, —C;® A, Aoz = ,MA()Z
(2EP) Ao =B ® A — A1 ® B (A)

2EP is singular iff Ag is singular
We assume that all linear combinations of Ag, Ay, and Ay are singular.

There are no general results linking the eigenvalues of singular (2EP) and (A).
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Singular pencils

A — AB is a singular pencil & det(A — AB) =0

A is a finite regular eigenvalue if

rank(A — AB) < maxrank(A — uB).
peC
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Singular pencils

A — AB is a singular pencil & det(A — AB) =0
A is a finite regular eigenvalue if

rank(A — AB) < maxrank(A — uB).
peC

Example:
1 0 1 0
=loo) meloo

Matrix pencil A — AB is singular, the only finite eigenvalue is A = 1.
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Finite regular eigenvalues

(A, i) is a finite regular eigenvalue of (2EP) if for ¢ = 1, 2:

rank(A; + AB; + puC;) < ( 1r]f1)a;><2 rank(A; + sB; + tC;).
s,t)eC

(A, i) is a finite regular eigenvalue of matrix pencils A1 — AAg and Ay — pA\g if:

1. rank(A; — AAg) < maxrank(A; — sAy),

seC

2. rank(As — ulg) < max rank(As — tAy),
=

3. a common regular eigenvector z of A1 — AAy and Ay — g exists, such that
(Al - AAO)Z — 07
(AQ — IUA())Z = 0.
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Finite regular eigenvalues

(A, i) is a finite regular eigenvalue of (2EP) if for ¢ = 1, 2:

rank(A; + AB; + puC;) < ( 1r]f1)a;><2 rank(A; + sB; + tC;).
s,t)eC

(A, i) is a finite regular eigenvalue of matrix pencils A1 — AAg and Ay — pA\g if:

1. rank(A; — AAg) < maxrank(A; — sAy),

seC

2. rank(As — ulg) < max rank(As — tAy),
=

3. a common regular eigenvector z of A1 — AAy and Ay — g exists, such that
(Al - AAO)Z — 07
(AQ — IUA())Z = 0.

Conjecture: Finite regular eigenvalues of (2EP) = finite regular eig’s of (A).
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Simple finite regular eigenvalues

Aix = ABix + ,uOliE Ag=B1®Cy—C{® By A1z = Az
Asy = ABoy + pCoy Al =A40C—C1® Ay Aoz = Aoz
(2EP) Ao =B ® A — A1 ® By (A)

Muhi¢, P. (2009): Suppose that all finite eigenvalues of a regular 2EP are
algebraically simple. Then (A, ) is a finite regular eigenvalue of 2EP iff (A, u)
is a finite regular eigenvalue of A.
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Numerical method for singular 2EP

Aix = ABix + ,uOlilj Ag=B1®Cy—C{® By A1z = AMA\gz
Asy = ABoy + pCoy Al =A40C—C1® Ay Aoz = Aoz
(2EP) Ao =B ® A — A1 ® By (A)

We extract the common finite regular part of matrix pencils (A).

We get matrices ﬁo,ﬁl, and A, such that Eo is nonsingular and eigenvalues of

;lg — )\;Og N

are finite regular eigenvalues of (A).
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Generalized upper-triangular form

For a matrix pencil A — A\B there exist unitary matrices P and () such that:

i A, — B,
X Ao — A\B
PH(A_)\B)Q: X X Af—)\Bf
I X X X A, — \B,

Pencils A, —AB,,, Acc —ABoo, Ay — ABy, and A, — AB, contain the left singular,

the infinite regular, the finite regular, and the right singular structure, respectively.

Van Dooren (1979), Demmel and Kagstrom (1993), software package GUPTRI.

Our extraction algorithm is based on Van Dooren’s staircase algorithm (1979).
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Algorithms RRS and RLS

RRS: Extraction of the regular and the right singular part. We get matrices
P, () with orthonormal columns such that

X A, — \B,
is a finite regular and right singular structure of pencil A — AB ,

° PH(A —AB)Q =

e the columns of () are a basis for the eigenspace of the finite regular and the

right singular part.
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Algorithms RRS and RLS

RRS: Extraction of the regular and the right singular part. We get matrices

P, () with orthonormal columns such that

X A, — \B,
is a finite regular and right singular structure of pencil A — AB ,

° PH(A —AB)Q =

e the columns of () are a basis for the eigenspace of the finite regular and the

right singular part.

RLS: Extraction of the regular and the left singular part. We get matrices P, ()
with orthonormal columns such that
A, — B,

X Af — )\Bf
is a left singular and a finite regular structure of pencil A — \B

e PH(A-AB)Q =

e the columns of P are a basis for the left eigenspace of the left singular and

the finite regular part.
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Algorithm for the common finite regular part

We start with matrix pencils A1 — AQg and Ay — pAg, P =1 and Q = 1.

1. Separate the infinite and the finite part.

(a) Apply RRS to PHAQ — APHANQ and PHALQ — pnPHANQ. We get
P1,Q1 and P, Q).

(b) Compute @ and P such that Q@ = Q1N Qs and P = P U Ps.

(c) If Q= QO return P, (Q and proceed to (2a). Otherwise, proceed to (1a).

2. Separate the finite regular part from the right singular part.
(a) Apply RLS on PHEA;Q — APHA(Q and PEAQ — uPHEAqQ.
We get Pl, Ql and PQ, QQ.
(b) Compute @ and P such that Q@ = Q1 U Qs and P = P; N Ps.
(c) If P =Py return P, Q and exit. Otherwise, proceed to (2a).

In the end &0 = PHALQ, ﬁl = PTAQ, &2 = PHALQ and &0 is nonsingular.
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Simple example

1.22° 4+ 15" +3 u+22—1.7 = 0
21N — 1.3 +4xpu—1.1u+15 = 0

1) linearization:

—1.7 2 0 0 1.2 3 0 0 1.5]
0 -1 O0|+A|l1 0 0o|+pl0 o0 O z = 0
o 0 -1 0 0 0 1 0 0
15 0 —1.1 0 2.1 4 0 0 —1.3]
0 -1 0 | +A|l1 0 o|l+p|l0 0 o0 y = 0
o 0 -1 0 0 0 10 0 |

2) reduction: from 9 x 9 matrices Ag, A1, Ay we obtain 4 X 4 matrices

T 0.7029  0.0313 —0.8942 1.1668 ] 0.0740 0.6112 —0.5910 —0.2663
X. _ | —5.9907 3.1228 —1.7334 2.5729 X, _ | —1.0909 0.0322 0.8003  0.9691
0= | —0.1487 0.8985 1.6088 —1.4158 " 1= 1 —0.1381 0.3022 0.2461 —0.1749

| 3.6521 —1.9782 —1.2353 0.8949 | 0.6584 1.1501 -0.0361 0.3001

[ —1.6497 0.5854 —0.0124 0.6501 ]|
3.7601 —4.2970 -5.0612 3.2551
1.4724 —1.0724 0.7050 —1.1030
| —4.4639  2.9827 1.3934  —0.5497 |

Ay =

3) the eigenvalue pairs of the commuting matrices 85181 and 85182 are the roots

(—14.0565, 6.3499), (0.9888, —0.8866), (0.2551, —1.1530), (0.1186,0.8704)
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Numerical example: polynomials of small order

Time in seconds for 100 random bivariate systems

n | Linearization to 2EP | PHClab | Mathematica NSolve
2 0.21 21.47 1.31

3 0.93 23.58 2.92

4 4.20 26.23 5.96

5 29.96 30.25 10.92

6 161.8 38.27 26.97

10 - 128.13 499.21

Environment: Windows 7, Intel Core Duo P8700 2.53GHz, 4GB RAM

e Matlab 7.9.0
e PHClab 1.0.1

e Mathematica 7
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Polynomials of large order

We have a system of two bivariate polynomials with n? roots, where n is large

n n—i o n n—i
=Y > ayz'y’ =0, qlwy)=) Y bya'y’ =0.
i=0 j=0 i=0 5=0

We linearize it as a singular 2EP and apply Jacobi—Davidson method:

e J-D was successfully applied to nonsingular 2EPs.
e J-D is a subspace method, in each outer step we solve a smaller projected 2EP.
e Now that we have a solver for singular 2EPs, we can use it in the outer step.

e This gives us a J-D for singular 2EP.

Matrices of 2EP are of size n(n+1)/2 x n(n 4+ 1)/2, but:
e matrices are sparse, we need O(n?) flops for one MV multiplication
e same order as for one evaluation of p(z,y) and g(x,y)

e might be competitive to compute solutions close to a given target (g, yo)
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Thank you!
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