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Two-parameter eigenvalue problem

� We 
onsider two-parameter eigenvalue problemA1x = �B1x+ �C1x (W)A2y = �B2y + �C2y;where Ai; Bi; Ci are n� n matri
es, �; � 2 C , and x; y 2 C n� Eigenvalue: a pair (�; �) that satis�es (W) for nonzero x and y� Eigenve
tor: the tensor produ
t x
 y� Problem: 
ompute some (all) eigenvalues (�; �) and eigenve
tors x
 y
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Separation of variables (s.o.v.)�u+ �u = 0 on 
; ujÆ
 = 0Re
tangle: 
 = [0; a℄� [0; b℄, s.o.v. =)x00 + �x = 0; x(0) = x(a) = 0;y00 + �y = 0; y(0) = y(b) = 0:Cir
le: 
 = fx2 + y2 � a2g, polar 
oordinates, s.o.v. =)�00 + �� = 0; �(0) = �(2�) = 0;r�1(rR0)0 + (� � �r�2)R = 0; R(0) <1; R(a) = 0:Ellipse: 
 = f(x1=
1)2 + (x2=
2)2 � 1g, ellipti
 
oordinates, s.o.v. =)v001 + (2� 
osh(2y1)� �)v1 = 0v002 � (2� 
os(2y1)� �)v2 = 0:
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Some two-parameter problems that appear in the algebrai
 form

Osborne (1963): The optimum value of the overrelaxation parameter ! in the SOR method fora separable ellipti
 partial di�erential equation in two independent variables 
an be obtainedfrom the eigenvalues of a 
ertain two-parameter eigenvalue problem.

Leiseutre, Mamishev, et al (2001): The estimation of material ele
tri
al properties frommeasurements of interdigital diele
trometry sensors. When the sensors are applied to thematerial that is 
omposed of two layers, the properties of the individual layers are theeigenvalues of the appropriate two-parameter eigenvalue problem.

Cottin (2001): Dynami
 model updating. We have a spring-mass model where the massmatrix is known and the sti�ness parameter values of two springs have to be updated basedon the outside measurements of the natural frequen
ies. The updated parameters are theeigenvalues of a two-parameter problem.
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Tensor produ
t approa
h

A1x = �B1x+ �C1x (W)A2y = �B2y + �C2y� On S := C n 
 C n of the dimension n2 we de�ne�0 = B1 
 C2 � C1 
 B2�1 = A1 
 C2 � C1 
A2�2 = B1 
 A2 �A1 
B2:� Two-parameter problem (W) is equivalent to 
oupled GEP�1z = ��0z (�)�2z = ��0zwhere z = x
 y.� (W) is nonsingular () �0 is invertible.� ��10 �1 and ��10 �2 
ommute.
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Right de�nite problem

Problem A1x = �B1x+ �C1x; (W)A2y = �B2y + �C2y:is right de�nite when� Ai; Bi; Ci real symmetri
� ���� xTB1x xTC1xyTB2y yTC2y ���� > 0 for nonzero x; y (equivalent to �0 s.p.d.)

If (W) is right de�nite then� eigenpairs are real� there exist n2 linearly independent eigenve
tors� eigenve
tors of distin
t eigenvalues are �0-orthogonal, i.e. (x1 
 y1)T�0(x2 
 y2)=0
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Some available numeri
al methods

� Blum, Curtis, Geltner (1978) and Browne, Sleeman (1982): gradient method,� Blum, Chang (1978): Minimum Residual Quotient Iteration (MRQI) for the problemAx = �Bx+ �Cx and 
onditions kxk = 1, f(x) = 0, where f is a real fun
tional,� Bohte (1980): Newton's method for eigenvalues,� M�uller (1982): 
ontinuation method for one two-parameter equation,� Slivnik, Tom�si�
 (1986): solving (�) with standard numeri
al methods,� Ji, Jiang, Lee (1992): generalization of MRQI for (W): Generalized Rayleigh QuotientIteration (GRQI).� Shimasaki (1995): 
ontinuation method for a spe
ial 
lass of RD problems.� P. (1999): 
ontinuation method for RD problem.� P. (2000): 
ontinuation method for weakly ellipti
 problem.� Ho
hstenba
h, P. (2002): Ja
obi-Davidson type method for RD problem.� Ho
hstenba
h, Ko�sir, P. (2003): Ja
obi-Davidson type method.

Ban� 2003 8



Continuation method

C 2n+2

R

solution 
urve.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................v v

.................................................................................................................................................................................................................................................................................................................... .................................................................................................................................................................................................................................................................... ........................................

known initial solution goal solution

t = 0 �! t = 1A10x = �B10x + �C10x A1x = �B1x+ �C1xA20y = �B20y + �C20y Wt = (1� t)W0 + tW A2y = �B2y + �C2yinitial problem W0 with homotopy original problem Wknown solutions
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Following the homotopy 
urve

� We numeri
ally follow the homotopy 
urve by a predi
tion-
orre
tion s
heme using ar
length as the parameter.� Euler's method is used as a predi
tor.� Newton's method is used as a 
orre
tor.
..................................................................................................................................................................................................................................................................................................... ........................................ ................................................................................................................................ ........................................v v vp0 pP = p0 + h _p0p1

...............................................................................................................................................................................................................................................................................................................
...................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
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Properties of a 
ontinuation method

� In tensor produ
t spa
e matri
es �i are of order n2 and the time 
omplexity is O(n6).� Matri
es in the 
ontinuation method are of moderate size O(n).{ One predi
tor-
orre
tor step has time 
omplexity O(n3).{ We have to multiply this number with n2 as we are following n2 
urves.{ We have to multiply it further with the number of P-C steps per 
urve.� The 
ontinuation method allows an elegant parallel implementation.� The 
ontinuation method works without approximations of eigenpairs.� Even if we are interested in a small portion of eigenvalues, we have to 
ompute all theeigenvalues.
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Continuation method in the right de�nite 
ase

We 
an assume that B1 and C2 are s.p.d.Initial problem: A10x = �B1xA20y = �C2yWt: A1x = �B1x+ �tC1x;A2y = �tB2y + �C2y:

Eigenvalues and eigenve
tors are real, we 
an use t as a parameter.There are only �nitely many singular points where we have multiple eigenvalues. Aseigenve
tors are �0-orthogonal we 
an jump over.Predi
tor: 
onstant (the last approximation from the previous step)Corre
tor: the tensor Rayleigh quotient iterationBan� 2003 12



Continuation method in the weakly ellipti
 
ase

Weakly ellipti
: All matri
es are symmetri
 and one of B1, C1; B2; C2 is de�nite, we 
anassume that B1 and C1 are positive de�nite.For an eigenvalue (�; �) we have either �; � 2 R or �; � 62 R .Initial problem: We 
an 
onstru
t symmetri
 S1 and S2 in a way thata) all eigenvalues of the two-parameter problemS1x = �B1x+ �C1x; (W0)S2y = �B2y + �C2y:are algebrai
ally simple,b) the 
onstru
tion reveals the solutions of (W0).Wt: (1� t)A1x+ tS1x = �B1x+ �C1x;(1� t)A2y + tS2x = �B2y + �C2y:
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Continuation method in the weakly ellipti
 
ase (
ont.)

� We use ar
length as a parameter.� There are only �nitely many values t 2 [0; 1℄ where (Wt) has a multiple eigenvalue.� All bifur
ations are turning points.� We 
an not avoid the turning points.
Change from real to 
omplex spa
e in a quadrati
 turning point
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JD-like method for the right de�nite 
ase: extra
tion

Ritz{Galerkin 
onditions: sear
h spa
es = test spa
es: u1 2 U1k, u2 2 U2k(A1 � �B1 � �C1)u1 ? U1k(A2 � �B2 � �C2)u2 ? U2k) proje
ted right def. 2-parameter problemUT1kA1U1k
1 = �UT1kB1U1k
1 + �UT1kC1U1k
1UT2kA2U2k
2 = �UT2kB2U2k
2 + �UT2kC2U2k
2Ritz ve
tors: u1 = U1k
1, u2 = U2k
2, where 
1; 
2 2 RkRitz value: (�; �), Ritz pair: ((�; �); u1 
 u2)
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JD-like method for the RD 
ase: algorithm

1. s1 =u1 and s2 =u2 (starting ve
tors)for k = 1; 2; : : :2. (U1;k�1; s1)! U1k(U2;k�1; s2)! U2k3. Extra
t appropriate Ritz pair ((�; �); 
1 
 
2) ofUT1kA1U1k
1 = �UT1kB1U1k
1 + �UT1kC1U1k
1UT2kA2U2k
2 = �UT2kB2U2k
2 + �UT2kC2U2k
24. r1 = (A1 � �B1 � �C1)u1r2 = (A2 � �B2 � �C2)u25. Stop if (kr1k2 + kr2k2)1=2 � "6. Solve (approximately) an s1 ? u1; s2 ? u2 from 
orr. equation(s)

JD-like algorithm to �nd eigenpair of 2-parameter RD eigenvalue problemBan� 2003 16



JD-like method for the RD 
ase: expansion, s1 ? u1; s2 ? u2A1(u1 + s1) = �B1(u1 + s1) + �C1(u1 + s1)A2(u2 + s2) = �B2(u2 + s2) + �C2(u2 + s2)Two 
orre
tion equations(I � u1uT1 )(A1 � �B1 � �C1)(I � u1uT1 )s1 = �r1(I � u2uT2 )(A2 � �B2 � �C2)(I � u2uT2 )s2 = �r2� orthogonal proje
tions preserve the symmetry� we solve the equations only approximately with a Krylov subspa
e method with initialguess 0 (e.g., few steps of MINRES or GMRES).
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JD-like method for RD 
ase: 
omputing more eigenpairs

Eigenve
tors are �0-orthogonal:(x1 
 y1)T�0(x2 
 y2) = 0Standard de
ation te
hniques 
an not be applied:� (x
 y)?�0 
an not be written as U 
 V, where U � Rn and V � Rn.� there 
an exist eigenvalues (�; �) and (�0; �0) with eigenve
tors x 
 y and x0 
 y0,respe
tively, su
h that (�; �) 6= (�0; �0) and x = x0,Our approa
h: In sele
tion 
onsider only Ritz ve
tors that are �0-orthogonal to already
omputed eigenve
tors.
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Two-sided JD-like method for a general problem: extra
tionPetrov{Galerkin 
onditions: sear
h spa
es ui 2 Uik, test spa
es vi 2 Vik(A1 � �B1 � �C1)u1 ? V1k;(A2 � �B2 � �C2)u2 ? V2k;where ui 2 Uiknf0g ) proje
ted two-parameter problemV �1kA1U1k
1 = �V �1kB1U1k
1 + �V �1kC1U1k
1;V �2kA2U2k
2 = �V �2kB2U2k
2 + �V �2kC2U2k
2;where ui = Uik
i 6= 0 for i = 1; 2 and �; � 2 C .Petrov ve
tors: ui = Uik
i, vi = Vikdi, 
i; di 2 C kPetrov value: (�; �), Petrov triple: ((�; �); u1 
 u2; v1 
 v2)
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Two-sided JD-like method: algorithm

1. si =ui and ti =vi (starting ve
tors)for k = 1; 2; : : :2. (Ui;k�1; si)! Uik(Vi;k�1; ti)! Vik3. Extra
t appropriate Petrov triple ((�; �); 
1 
 
2; d1 
 d2) ofV �1kA1U1k
1 = �V �1kB1U1k
1 + �V �1kC1U1k
1;V �2kA2U2k
2 = �V �2kB2U2k
2 + �V �2kC2U2k
2;4. rRi = (Ai � �Bi � �Ci)uirLi = (Ai � �Bi � �Ci)�vi5. Stop if �krR1 k2 + krR2 k2 + krL1 k2 + krL2 k2�1=2 < "6. Solve (approximately) subspa
e extensions si; ti from 
orr. equation(s)

JD-like algorithm to �nd eigenpair of 2-parameter eigenvalue problemBan� 2003 20



Two-sided JD-like method: expansion, si ? ai; ti ? bi

A 
orre
tion equation for the ve
tor ui:�I � 
iv�iv�i 
i� (Ai � �Bi � �Ci)�I � uia�ia�iui� si = �rRifor i = 1; 2, where 
i 6? vi and ai 6? ui.Similarly, a 
orre
tion equation for the ve
tor vi:�I � diu�iu�idi� (Ai � �Bi � �Ci)��I � vib�ib�ivi� ti = �rLifor i = 1; 2, where di 6? ui and bi 6? vi.Di�erent 
hoi
es of ve
tors ai; bi; 
i; di lead to di�erent 
orre
tion equations.We suggest the pre
onditioner Mi = Ai � �TBi � �TCi; where (�T; �T) is the target.
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Two-sided vs. one-sided

Statisti
s of the Ja
obi{Davidson type method using the same set of 10 random initial ve
torsfor 
omputing 10 
losest eigenvalues to the (0; 0), matri
es are of size 100.For ea
h eigenvalue we sele
t the 
losest Petrov value to the origin until the residual be
omessmaller than "
hange and in the remaining steps we sele
t Petrov triple with the minimumresidual. two-sided J-D"
hange = 10�1 "
hange = 10�1:5 "
hange = 10�2GMRES In 10 Conv. Avg. Iter. In 10 Conv. Avg. Iter. In 10 Conv. Avg. Iter.5 3.4 4.2 6.4 400.0 3.3 3.9 4.7 400.0 2.7 3.0 4.3 400.010 4.7 7.4 19.4 324.5 5.9 8.0 10.2 387.8 5.3 6.2 5.6 400.020 6.8 9.4 15.2 255.3 6.6 9.2 26.1 301.8 6.9 9.4 14.5 300.340 7.2 9.5 29.1 284.0 7.3 9.5 16.2 292.3 7.0 9.0 14.2 354.9one-sided J-D"
hange = 10�1 "
hange = 10�1:5 "
hange = 10�2GMRES In 10 Conv. Avg. Iter. In 10 Conv. Avg. Iter. In 10 Conv. Avg. Iter.5 2.0 5.2 21.3 400.0 1.3 1.3 6.9 400.0 0.5 0.5 1.6 400.010 2.9 7.1 21.7 357.3 2.6 3.0 4.1 400.0 1.9 1.9 1.6 400.020 3.5 9.9 72.7 189.5 3.0 3.7 24.0 400.0 1.9 2.1 4.2 400.040 3.0 9.9 75.1 143.8 3.5 4.0 5.1 380.5 2.9 3.2 25.6 400.0Ban� 2003 22



Con
lusionsContinuation method:� if we need all eigenvalues (eigenve
tors)� 
an be applied to right de�nite or weakly ellipti
 problems� easy parallelizationJa
obi{Davidson type method:� if we need sele
ted eigenvalues (e.g., 
losest to the target)� works for right de�nite and general nonsingular problemsBoth methods:� work with matri
es of size O(n) and not O(n2)� do not require initial approximations
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