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Preface

Dissertations on specific chapters of natural sciences regularly force the reader to pay a
concentrated attention on a narrow research field that is well-known only for a limited number
of experts. The present work may even constitute an extra challenge by linking research fields
and methods that, at least for the first sight, appear to be vaguely related: mobility analysis
and group theory, micro-mechanical modelling and retractable domes need a great deal of
fantasy to be associated with each other.

It is usual to state at the beginning what the central aim of the dissertation is: these
declarations normally cover a well determined engineering problem to be solved or method to
be developed. Differently from those works, the principal idea of this one was, on the one
hand, to show the transmissibility and adaptability of methods in areas other than they have
already used with success. On the other hand, since the proper adaptation of a computational
method in a new type of problem always implies certain modifications, a special care was also

taken for the enhancement and possible generalisations of known procedures.

This ‘large-span’ approach is necessarily reflected by the structure of the dissertation, at
least in two aspects. Because of the different theories concerned, it has been unavoidable to
insert entire sections for each of them, in order to help the reader to understand the most
essential techniques and terminology. Similarly, it would not have made sense that
introduction of previous works on different topics was condensed in a single chapter: review

of the corresponding literature is given in the first section for each chapter concerned.

Scientific results communicated in this dissertation are to be considered as new ones

unless stated otherwise; theses formulated upon the obtained results are separately attached.
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Abstract

The dissertation is divided into two logical parts: Chapters 2-5 discuss the mechanical
behaviour of two possible physical models of a virus (CCMV) capsid of icosahedral
symmetry and capable of a symmetric swelling. Single- and double-link variants are presented
and generalised to other polyhedral assemblies. Analytical formulae are derived for the
relationship between translation and rotation of moving structural elements, which is followed
by the exploration of kinematical pathways of possible (inextensional) swelling mechanisms.
It is proved that the geometry of symmetric compatible configurations cannot be uniquely
determined by a single displacement parameter and an example of four different solutions

belonging to the same parameter is shown, connected through a point of bifurcation.

Virus structures are modelled by trusses: a preliminary mobility condition based on
counting of constraints is given, followed by a linear matrix analysis using generalised
constraints formulated on the basis of potential energy. More general conclusions on the
mobility and states of self-stress are drawn by using symmetry-adapted form of the classical
analysis that is able to use generalised constraints as well. At the end of Chapter5, a

symmetry-adapted version for detecting higher-order stiffness is presented and applied.

Chapters 6-8 relate to different questions of one-parameter spherical hinged mechanisms
of n-fold rotational symmetry. A short overview of existing retractable dome structures is
given, then a newly developed, overconstrained and curved bar-and-joint mechanism is
presented that remains along a given sphere while moving. A comparative mobility and
stiffness analysis is performed using the generalised truss model of Chapter 4, with respect to
the effect of additional stiffening elements in that new dome structure.

In order to reduce the matrix dimensions, a new method of analysis using spherical
coordinates is worked out for hinged assemblies moving along a sphere. Through an
alternative dome structure, the method is tested for detection of infinitesimal mobility, and it

is also extended for the analysis of higher-order stiffness.

The same structure is used to show the applicability of first-order symmetry analysis like
in Chapter 5 also in spherical coordinates. Finally, some further ideas for construction of other

overconstrained spherical mechanisms are presented.

Keywords: symmetry, mechanism, polyhedral virus, spherical truss, retractable dome,
group theory, Lagrange multiplier
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Abstract in Hungarian — magyar nyelvi 6sszefoglalé

Jelen disszertacio, melynek cime magyar forditdsban ,,Gombi és poliéderes altalanositott
rudszerkezetek szimmetria-orientalt mozgas- €s fesziiltségvizsgalata™, két részbdl all: a 2-5.
fejezetek egy ikozaéderes szimmetriaji ¢és tagulasra képes virus (CCMV) fizikai
modellezésével foglalkoznak. Tartalmazzak az egyszeres és kétszeres kapcsolati modellek
leirasat és egyéb poliéderekre torténd altalanositasat, illetve analitikus képletet adnak a mozgd
elemek elforduldsa és eltolodasa kozotti kapcsolat leirdsara. A mozgasok kinematikai
palyajanak elemzése soran bizonyitjuk, hogy e kapcsolat nem egyértelm, és példat mutatunk
olyan esetre, ahol egyetlen elmozduladsparaméterhez négy kiilonb6zé megoldas és kinematikai

elagazas tartozik.

A virusok modellezésére racsostartd-modellt hasznalunk: a szabadsagfokok szamlalasan
alapul6 eldzetes vizsgalatot egy altalanositott racsos tarton elvégzett linedris szamitas kovet,
melyhez az j kényszereket a potencialis energia elve alapjan definidljuk. Az elébbi eljaras
szimmetria-orientalt valtozatdnak alkalmazasaval tovabbi kovetkeztetéseket vonunk le a
szerkezetek sajatfesziiltségeivel és elmozduldsaival kapcsolatban, végil egy, az eldfeszités
biztositotta magasabb rendii merevség azonositasara szolgald eljaras szimmetria-orientalt

valtozatat ismertetjik.

A masodik rész az egyparaméteres, forgadsszimmetrikus, csuklos gdmbi mechanizmusok
kiilonboz6 kérdéseit taglalja. A mar létezd, nyithatd kupolaszerkezetek rovid attekintése utan
egy Uj, talhatarozott és gorbiilt radszerkezeti mechanizmust ismertetiink, mely mozgéasa soran
adott gombfeliiletre illeszkedik. Az elsé részben definidlt Aaltaldnositott radszerkezet
segitségével Gsszehasonlito fesziiltség- és mozgasvizsgalatot végziink, tekintettel az esetleges
merevités hatasara.

A szdmitdsi munka csokkentése érdekében egy gombi rudszerkezetek szamitasara
szolgald, gombi koordinatdkat alkalmaz6 ujfajta eljarast mutatunk be. Egy alternativ
kupolaszerkezet péld4jan igazoljuk, hogy a mddszer magasabb rendli merevség létezésének
kimutatésara, illetve szimmetria-orientalt rendszerben végzett szamitasra egyarant alkalmas.

Befejezésiil a disszertdcid néhany otletet kozol, melyek egyéb gombi, talhatirozott

mechanizmusok létrehozasdban nytjthatnak segitséget.

Kulcsszavak: szimmetria, mechanizmus, poliéderes virus, gombi rudszerkezet, nyithato

kupola, csoportelmélet, Lagrange-szorzo
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1 — INTRODUCTION 1

1 Introduction

As seen directly from the complicated title of this dissertation, it is aimed to link various
topics of mechanical and natural sciences that normally are not considered to be closely
related. A general guide can be useful for the reader even in simple papers, but the complexity
of this work makes inavoidable to present the main ideas of different chapters, and much

more, the logical interlaces between them.

The dissertation begins with presenting different kinds of symmetry in Nature, and
introduces the Cowpea Chlorotic Mottle Virus (CCMV) having icosahedral symmetry
(Chapter 2). This natural object is chosen as our main object of investigation, because it is
capable of a symmetric swelling (i.e. where the motion has the same symmetry as the original
object had) in response of the pH-change of the environment: this motion is produced by a
simultaneous translation along and rotation about the radial axis of each polygonal structural

unit.

Two physical models, called single-link and double-link expandohedron, have been
constructed in order to simulate the finite swelling mechanism (Chapter 3): an initial
polyhedron called parent has been cut into individual faces and rigid prisms have been built
upon each face polygon. In the single-link case, adjacent prisms are connected by a hinged
linkage composed of two triangular plates with a rectangle in between, whereas the double-
link model contains pairs of ball-jointed bars as connecting assemblies between adjacent
prisms. By a simple counting of constraints and the kinematical degrees of freedom, a

theoretical minimum of the number of independent infiniteimal mechanisms is computed.

In the following step, an analytical description of the finite swelling mechanism using
simple geometrical arguments is given: the relationship between the rotation and translation
of prisms is determined for a general double-link expandohedron with regular parent
polyhedron (‘general’ means here that location of ball joints depends on some independent
geometrical parameters). It is shown that the analytical formula applies also for single-link
models as special cases; therefore, trajectories of that mechanism are demonstrated on a

single- and a double-link dodecahedral expandohedron as well.

The geometrical arguments above can be extended to some models with semi-regular
parents (those having two kinds of different regular face polygons). In this case, there may
belong four compatible configurations to a given rotation of one set of equivalent prisms. We
consider a double-link assembly whose geometry is the best related to that of the swelling
virus, and we call it CCMV-expandohedron. In this model, special geometrical parameters are
searched for when four different configurations of pentagonal prisms exist indeed for a given
arrangement of hexagonal units. After having found such an assembly, the kinematical

pathways in the neighbourhood of those four compatible arrangements are analysed.
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Chapter 4 deals with some questions of modelling expandohedra by trusses. We remind
that only a symmetric swelling has been considered so far, but the two physical models may
allow for other mobilities than just that symmetric one. With respect to the future exploration
of symmetry in computational analysis, two requirements should be fulfilled: the bar network
must not destroy the original symetry of the assembly, but rigid structural units should not
contain more bars than necessary for obtaining a rigid network, because redundant bars lead
to the appearance of extra states of self-stress in the model. If the nodes are located at the
vertices of prisms (and at four corners of rectangular plates in a single-link case), the two
conditions cannot be fulfilled simultaneously, unless extra nodes are introduced for both
prisms and plates.

A simplified model for the prisms can be a bipyramid, where only the vertices of the
inner base polygon of each prism is kept, completed by two extra nodes along the radial axis.
Proper modelling of rectangles constitutes another problem: a possible solution can be that in
addition to the constraint of bar lengths, a new constraint is introduced that forces four
coplanar nodes to remain in their common plane by prescribing the zero volume of a
tetrahedron defined by those nodes. This will constitute our first generalisation of the truss
model. Ball-jointed connections of double-link models can easily be attached to bipyramidal
trusses, but it is not the case for plate linkages: even if a rectangle is modelled properly, the
radial edges of the original prisms are lost; therefore, further improvement of the truss model

1S necessary.

In this new approach, rectangular plates are also modelled by just their inner edges
(‘single-layer model’). In order to keep information about the theoretical position of that
rectangle, a vector lying in the plane of the rectangle is defined, whose coordinates are treated
similarly to the nodal coordinates. New types of constraints prescribing constant vector length
and vector difference length are also introduced (second generalisation of the truss model),
which makes possible to compute the infinitesimal mechanisms and states of self-stress in a
single-link expandohedra by the singular value decomposition of smaller equilibrium
matrices. For the sake of consistency, introduction of new constraints and computation of the

equilibrium matrix is done on the basis of potential energy (the Hellinger-Reissner principle).

The symmetry-adapted version of the previous matrix analysis is presented in Chapter 5:
the equilibrium matrix of a classical truss can be block-diagonalised by linear transformations
using group representation theory. The singular value decomposition can then be performed
for each block separately, and the detected mechanisms and states of self-stress display given
symmetry properties that characterise the block in question. The classification according to
the symmetry properties is extremely useful when the assembly has several independent
mechanisms and states of self-stress, whose physical interpretation is practically impossible in

a general vector basis.
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We examine expandohedra having tetrahedral, octahedral or icosahedral symmetry. The
respective symmetry groups contain all the symmetry operations that can be applied for our
assemblies (in the particular problems, these are always rotations or the identity). In each of
the symmetry groups, the symmetry operations obey a ‘multiplication table’ that determines
which symmetry operation corresponds to the consecutive application of two other operations.
Any set of square matrices that obeys the same table (together with the matrix multiplication
operation) is called to be a matrix representation of the given group. Among the infinite
number of matrix representations, there are some simple ones that cannot be reduced into
smaller diagonal blocks: these are the irreducible representations of a given group
(theoretical background for symmetry-adapted calculations is given in Sections 5.2 and 5.3, a

numerical example is presented in Appendix).

Applicability of this symmetry-adapted analysis in the generalised truss model depend on
whether there is any matrix representation of both the kinematical variables (nodal and vector
coordinates) and the constraints (bar and vector lengths, vector difference norms). We will
show the existence of such representations, moreover, it will be possible to predict the block
structure and block dimensions of the symmetry-adapted equilibrium matrix just by the
reduction of these representations.

In addition to the general and specifically open or closed configuration of our single- and
double-link tetrahedral, cubic and dodecahedral expandohedra, we examine the bifurcation
configuration of the double-link CCMV-expandohedron. In each case, the numerical results

are also justified by elementary geometrical (or symmetry) arguments.

Questions on finite or infinitesimal mobility is answered partially by symmetry
considerations, but a systematic search for infinitesimal mechanisms that can be stiffened by
pre-stress is also made by checking the stability of some states of self-stress. Since there is no
way to consider all possible states of self-stress in a general case, symmetry-adapted form of
this analysis helps to find those states of self-stress that can or cannot provide this additional
rigidity by their symmetry properties.

Chapter 6 begins a new topic by introducing different structural solutions for Iris-type
retractable domes (in these structures, the diameter of the hole on the top can be varied during
the deployment process).

In contrast to the previous ones that were assembled from planar sub-mechanisms,
Chapter 7 presents a new spherical hinged structure that forms a single-parameter
overconstrained mechanism. Since the structure contains no redundant elements in the
neighbourhood of the hole, some possibilities of stiffening will be presented. With the help of
the first-type generalisation of the classical truss model, we build a double-layer network.
This model, due to the elastic basis that our generalisations had been done on, will also be
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applicable to compare the elastic deformations with or without stiffenings at the inner

perimeter.

Chapter 8 describes a new computational model for analysis of spherical mechanisms
using two angular coordinates only. This model, of course, cannot substitute a more
complicated three-dimensional one when radial displacements are searched for, but it is
sufficient when the spherical mobility is analysed. In order to avoid the metric problems, the
formulation is based again on the Hellinger-Reissner functional (this approach allows also for
the adaptation of the method that checks the effect of pre-stress without any essential change).
By finding appropriate matrix representations for the rotational symmetry groups that our
structure can belong to, we will show that a symmetry-adapted calculation is applicable as
well. These computations are demonstrated by two alternative dome structures with 5-fold
and 6-fold symmetry.

The dissertation ends with providing some simple structural concepts in order to facilitate
the construction of further overconstrained spherical mechanisms.
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2 Movable structures with regular polyhedral symmetry

Papers and books with a title related to symmetry regularly begin with paragraphs about the
origin and history of the word ‘symmetry’, with emphasis on that here is one basic concept
more, due — of course — to the ancient Greeks.

In spite of those works, this one starts by putting an accent rather on the word
‘polyhedral’, whose linguistic genealogy leads back to the eternal source again... Polyhedral
means, as known, something related to a finite geometrical object, delimited by planar
polygons (for a detailed discussion on this topic, see Lakatos (1976)). In our terminology,
regular polyhedral (or just polyhedral) symmetry means the symmetry that a regular
(Platonic) solid can have; practically it covers the cases of tetrahedral, octahedral and
icosahedral symmetries. For the sake of completeness, we note that such a polyhedral
symmetry can be defined with or without reflection: in the present work only rotational
symmetries of polyhedral assemblies will be considered. It is important to mention that the set
of Platonic solids is only a subset of all objects having such polyhedral symmetries:
Archimedean or vertex-regular solids (i.e. those having equivalent vertices but not all
equivalent face polygons) also have polyhedral symmetry. For details about possible different

symmetry properties and their mathematical description, see e.g. Bishop (1973).

Objects having regular polyhedral symmetry, however, are rather unusual in our man-
built environment. It is because engineering structures are designed, first of all, to resist the
gravity, and their appearance or symmetry is normally determined by the vertically directed
feature of gravitation. Logically, it looks possible to make use of polyhedral symmetry when
mass forces play secondary role. Although it has been realised so far rather in fiction than in

reality, space structures may be built for convenience with polyhedral symmetry in the future.

This ‘may be’ is not, of course, the reason of our interest in polyhedral structures, despite
that there will be presented models of engineering structures in this dissertation. The

inspiration, as will be shown, came from a quite different source.

2.1 Symmetry in Nature — patterns and discoveries

Even if a commonplace, it is true and therefore explains the title above that almost everything
that came to a structural realisation, is based on ideas and structures observed in Nature.
Appearance of symmetry in architecture is not, for sure, an exception either: it looks therefore
instructive to give a short review on different kinds of symmetry offered by Nature herself.
Taking into account that we shall deal with movable structures some pages ahead, a special

attention is paid to natural symmetric mechanisms in this review.

As a preamble to the next two sections, two statements must follow.
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(1) In spite of the first impression we have about the world around us, Nature does display
and tends to obey symmetry: apparent disorder is due mainly to different scales from which
we are able to percept only few ones at a time (for example, geographical and chemical-
biological factors all have their influence on the look of a forest but from a given distance we
see only trees). Tendencies of symmetry, on the other hand, are explained by the fact that
symmetry postulates identical sub-units of an assembly, and the great number of such sub-
units developed and governed by the same natural laws produces indeed a relevant similarity.

This latter phrase leads us to the next statement.

(i1) Symmetry in Nature must be defined less strictly than in mathematics: ‘identical’ is
an expression of the last, ‘similar’ is rather of the first approach, which is followed in the
forthcoming examples.

2.1.1 Macro-scale symmetry: leaves, seeds and wings

Just in accordance with the ‘scale of trees” mentioned above, living organisms often display
symmetry that is perceptible to the eye. Apart from the full rotational symmetry, the simplest
and most conspicuous example is the mirror-symmetry. One could enumerate here plenty of
animals for illustration but we refer only to leaves of plants, on the one hand, for they are
simple assemblies, on the other hand, for they may constitute symmetric folded mechanisms.
Here we note that, as it was done with the concept of symmetry, it is advisable again to
‘loosen up’ the classical definition for a mechanism once it is observed in Nature. Leaf
unfolding process was studied by Kobayashi, Kresling and Vincent (1998), and although
some characteristic patterns were described, the ‘mechanism’ is neither inextensional nor
reversible indeed. Let another example be mentioned here whose interest comes exactly from
the reversibility: wing folding and unfolding process in insects. History of its research goes
back to the early 20th century (Forbes, 1926) and continues, among others, with Brackenbury
(1994) and Haas & Wootton (1996), describing so-called basic mechanisms of unfolding.
This topic, however, gives an example for a reversible rather than symmetric mechanism,

because two wings of an insect do not move necessarily in a symmetric way.

Interestingly enough, plants can even produce n-fold rotational symmetry with »n planes
of reflection, where n is regularly odd. It is enough to cut an orange or apple in two, and one
can see (normally) a nice example for eleven- or five-fold symmetry. This phenomenon
derives again from the symmetry of some special leaves, the petals, but occasional symmetry
of the carpels can provide even more interesting patterns. It was shown that lotus seeds, for
example, are arranged in a way that seems to follow the principle of densest packing of
circles. Depending on the number of seeds, it results in essentially different patterns that can

have also any of the previously mentioned symmetries.
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Also refines the picture that rotational symmetry can occur without mirror planes:
pineapples and different pine cones often show a regular distortion that removes any plane of
reflection. General observations seem to prove, anyway, that the smaller is the scale, the
higher is the probability of experimenting ‘skew’ symmetries (i.e., without mirror plane) in
Nature. Its reason can be tied up with material micro-characteristics but the full explanation is

left to further investigations.

Usually it is not an easy task, especially in Biology, to make clear distinction between
‘micro’ and ‘macro’, there will always be found objects near this border. In our particular
case, this happens to pollen grains, where the pore distribution along a quasi-spherical surface
gives patterns known from circle packing problems (Tarnai, 1984). Depending again on the
number of pores, there can be found more or less symmetric arrangements, but among those

that have symmetry at all, patterns of polyhedral symmetry are predominant.

2.1.2 Micro-scale symmetry: molecules and viruses

With further reduction of order of magnitude, different symmetries of bacteria can be
observed, but the most exciting discovery on this field, there in no doubt, has been made at

nano-scale.

Cowpea Chlorotic Mottle Virus (CCMYV) is the name of an organic structure of a few
hundred Angstrém diameter — we avoid the expression ‘micro-organism’, since biology does
not consider viruses to be living beings. CCMV raised particular interest for a couple of years,
and not only among biologists, which is explained by two important features. The first one is
the icosahedral symmetry the virus displays (note that at the present scale, mass forces are
negligible in comparison to other interactions). It is important to underline, that polyhedral
(mainly icosahedral) symmetry is quite common among known viruses, in full accordance
with the theoretical work of Caspar & Klug (1962) on possible regular virus shapes; a
thorough description and systematization of virus capsid structures (Reddy et al, 2001), giving
their detailed geometrical data, also accounts for octahedral assemblies. The second and even
less habitual property is that CCMYV is able to behave as an icosahedral reversible mechanism
(it may be quite obvious, but under the term ‘polyhedral mechanism’ a movable structure is

understood that preserves its polyhedral symmetry during motion).

This was, in fact, the structure that gave the main instigation to the research to be detailed
in the next chapters; therefore it looks useful to have a deeper insight into some aspects of its
characteristics.

What we are actually interested in is the virus capsid, somewhat like a skeleton of the
virus, after removing the RNA from the interior. This consists of 32 morphological units
(capsomeres): 20 hexagonal and 12 pentagonal units are called ‘hexamers’ and ‘pentamers’,

respectively. The structure itself is held together by double protein links (‘dimers’) between
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adjacent capsomeres; it provides then a clear explanation of the observed mechanism:
simultaneous translation and rotation of each capsomere about its radial axis. This motion
(called ‘swelling’ by biologists) is activated by change of pH of the environment, and leads to
a symmetric enlargement (preserving all the initial symmetries) of the original (‘native’) form
that looks rather like a truncated icosahedron. The native (a) and swollen (b) forms of the

virus are presented in Fig. 2.1.

Figure 2.1: Extended character table of the Cs, group with the representation of bars of the example structure.
Source: Reddy et al. (2001)

Speir et al. (1995) made measurements on radial distances of pentamers and hexamers,
and they found that pentamers lie by about 2 per cent farther from the centre than hexamers
do in native form (it is quite close to the theoretical 2.6% of a truncated icosahedron), but this
difference reduces to 1% in the swollen form. During the full swelling process, the average
virus diameter expands by more than 7%, accompanied by roughly 5° of rotation of
capsomeres about their axes. A noteworthy result of their work was also the observation of
internal deformation of capsomeres that is due to relative motions of their sub-units. For
instance, a hexamer is built up of six tubular sub-units with parallel axes, located at each
vertex of a hexagon. During expansion, these axes slightly tilt, but as the measurements

indicate, it has little effect on the overall geometry.

Not much later Tama & Brooks (2002) proposed a kinematical pathway of swelling,
using incremental simulation based on energy considerations. Similar technique and an
atomic model of sub-units were used by Liu et al. (2003); their research confirmed that large
deformations are due to flexible dimer connections (cf. Fig. 2.2) rather than distortions of
capsomeres (beyond quantitative results, this qualitative conclusion was extremely important
in the orientation of our further investigations). Interestingly, however, their proposition for
the swollen geometry gives almost twice as large translations and rotations as was indicated
by Speir et al. (1995).
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Figure 2.2: Extended character table of the C;, group with the representation of bars of the example structure.
Source: Reddy et al. (2001)

By finishing this subsection, one more example of natural polyhedral symmetry should
be brought at very low scale, from chemistry. It is not long ago that a new class of carbon
molecules was discovered by Kroto, Curl and Smalley (though the name ‘fullerene’ was given
after the proponent of geodesic domes, Buckminster Fuller). The fullerenes are of symmetric
polyhedral shape with carbon atoms at each vertex. Probably the simplest specimen is the
‘Ceo’ molecule that shows again the pattern of a truncated icosahedron. Fullerenes, however,
are of impressive variety (Fowler & Manolopoulos, 1995) that partially goes back to a

recursive way of generating new molecules.

This interesting procedure is facilitated by the so-called ‘leapfrog transformation’
(Fowler & Steer, 1987). Once given a polyhedron (e.g. a dodecahedron), taking its dual (an
icosahedron, whose vertices correspond to faces of the dodecahedron and vice versa) and
truncating its vertices, the result will be another polyhedron with three times more vertices
(truncated icosahedron). In chemistry, vertices mean carbon atoms, and since the starting
molecule had polyhedral symmetry, its leapfrogged version will display the same symmetry.
We note that, in contrast with virus swelling, leapfrog is a discontinuous transformation, but a

possible continuous macro-analogy of it will be shown later.
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3 Mechanical model: the expandohedra

After having a picture of natural symmetries but before going further on into details, it is

necessary to pose the double aim of our research connected to expandable viruses.

(1) Based on the observed kinematical properties of expandable viruses, simple
mechanical models are intended to be constructed. Hopefully it helps, on the one hand, to get
more information about some physical aspects of this mechanism; on the other hand, to

develop new expandable engineering structures.

(i1) In the numerical analysis of these mechanical models, it is aimed to develop new
techniques and to apply existing ones that can make use of symmetry-induced structural
multiplicity. In more concrete terms, it will mean a generalisation of classical bar-and-joint

structures and application of symmetry-adapted computation methods.

These objectives, at the first sight, may seem to be marginal: why should we design
complicated polyhedral engineering macrostructures if simpler ones also work and why
should sophisticated modifications be done on robust methods if computers in these days can
do almost anything? The answer for the first question is that deployable structures do have
practical application in space structures and tend to penetrate into medical industry (e.g. small
prostheses) as well. Concerning the second question, new techniques can be justified not only

by reduced amount of calculations but especially by providing new, qualitative results.

3.1 Existing models with polyhedral mechanisms — a short review

Although swelling viruses offer a quite new idea for constructing new polyhedral
mechanisms, other types of expandable polyhedra have already been designed. A short

introduction to these ideas and structures follows here.

Not because of the chronological order, but for the extreme popularity it has, the first
structure to be dealt with is a toy known as the Hoberman Sphere™ (Hoberman, 1991). This
transforming globe defines an underlying polyhedron, whose faces, unlike in expandohedra,
preserve their orientation but not the size as they expand. In Fig. 3.1 it can also be seen that
the whole system is assembled of rigid elements with scissor-like hinged connections.

An expansion much more reminiscent of virus swelling is produced by Fuller’s structure
called jitterbug (Fuller, 1975), where rigid polygons are attached in pairs at their vertices.
Considering ball-jointed connections at each vertex, the polygons are able to undergo a

translation-rotation that results in a CCMV-like expansion.
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Figure 3.1: Extended character table of the C;, group with the representation of bars of the example structure

In the third place, a pin-jointed version of the previous one is introduced. Juno’s Spinner,
invention of Yananose (2001), has the same topology but operates with different joints. The
model itself consists of rigid face polygons and flexible connecting units of n-fold rotational
symmetry, where n is the number of edges meeting at each vertex (in other words, the
polyhedron is n-valent). These (originally) planar units are bent to such an extent that each
endpoint of a single unit can be attached to the nearest polygon vertex by a pin. Now the
structure, once the connecting elements are rotated uniformly, is able to expand or shrink, but
only by changing the curvature of those flexible units. Photographs of closed and open

configurations of a dodecahedral assembly (n = 3) are shown in Fig. 3.2.

Figure 3.2: Extended character table of the Cs, group with the representation of bars of the example structure
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Verheyen’s dipolygonid (Verheyen, 1989) contains rigid pairs of polygonal (originally
pentagonal) elements arranged like a double-layer dodecahedron. It can also be derived as a
special ‘double jitterbug® where two polygons in each pair are pin-jointed at their common
five-fold axis, that is, a right-handed and a left-handed structure is put together. In spite of
original jitterbugs, this structure only has a single-parameter mechanism with the translation
and rotation of the pentagons; nevertheless, it produces also a pattern of mirror-symmetry
because of opposite orientation of the layers (Fig. 3.3 shows an icosahedral example for this
kind of structure instead of the dodecahedral one).

Figure 3.3: Extended character table of the Cs, group with the representation of bars of the example structure

An architectural example: the Heureka polyhedron is left to the end of the list. It is an
expandable octahedron that can be transformed between two chiral configurations, through an
achiral intermediate (open) state. The mechanism is based again on simultaneous rotation of
each triangular element about its three-fold axis. Fig. 3.4 presents a general configuration of
the structure.

Figure 3.4: Extended character table of the Cs, group with the representation of bars of the example structure. By
the courtesy of Caspar Schwabe
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3.2 Expandohedra — design concept

It is quite common to make distinction between mobile and immobile engineering objects by
calling them mechanisms and structures, respectively. From this aspect, the term ‘movable
structure’ or ‘deployable structure’ may seem nonsense. Authors in mechanical literature,
however, often use this formula in reference to assemblies that are able to assume different
configurations, and in these states are susceptible of being fixed and carrying external loads as
well. Thus, conformed to the aim of applicability of our assemblies in the practice, we will
use the term ‘movable structure’ or simply ‘structure’ for them where the context admits no

confusion.

The term ‘expandohedron’ was first used by Kovacs et al. (2004a) for expandable
polyhedral mechanisms inspired by CCMV-swelling. The essential feature of these
assemblies is not only that expansion is produced by screw-like motion of polygonal
morphological units, but also that only adjacent units along the same edge of the original
polyhedron are physically connected (see Fig. 2.2 again). Since the ‘expandohedron’ has been
defined as an artificial object, it is necessary to state what kind of morphological ideas and

design principles is it based on.

(1) the structure may only consist of rigid polygonal plates or prisms and connecting

elements (bars, plates);
(i1) compatibility conditions should be satisfied in any position during expansion;

(111) all joints in the structure are considered to be revolute hinges or ball-joints (no

sliding connections should be applied);

(iv) the whole assembly must retain all rotational symmetries of a polyhedral symmetry
group. As a consequence, all connecting elements (or structures, if the connection itself
contains more rigid elements) between adjacent and geometrically equivalent polygonal units

are to be identical and have to have a two-fold rotational symmetry (C).

Note that expandohedra, determined by the conditions above, are not restricted to
structures derived from a truncated icosahedron (this process of ‘derivation’ means that the
original polyhedron is cut along its edges, then a movable connection is established between
each adjacent pair of faces). The set of expandohedra also includes assemblies derived from
other suitable polyhedra called ‘parents’ henceforth. To make further discussions more fluent,
expandohedra will be named after their parents, e.g. ‘icosahedral expandohedron’. Be aware
of that it is only a real subset of expandohedra with icosahedral symmetry that, logically,
should not be confused with. In order to avoid clumsy definitions every time, ‘truncated

icosahedral expandohedron’ will be called ‘CCMV-expandohedron’.

Among possible physical realisations of expandohedra, two basic types were found and

investigated: single-link and double-link expandohedra.
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3.2.1 Single-link expandohedra

As it often happens to complicated structures, first steps in constructing expandohedra were
taken by making physical models. Single-link expandohedron probably owes its birth to the
fact that cardboard is the simplest material available for modelling; consequently, planar
elements were used instead of linear ones (Kovacs & Tarnai, 2001). In addition, this kind of
model can also be interpreted as an extension of a planar deformable polygonal tissue
(Kollar & Hegediis, 1985) to a spherical layout. The first manufactured specimen was not, for
sake of simplicity, the CCMV but an ordinary dodecahedral expandohedron (Fig. 3.5).

Figure 3.5: Extended character table of the C;, group with the representation of bars of the example structure

Pentamers in this model are represented by pentagonal prisms, connected through
linkages of three rigid plates with straight folds (cylindrical hinges) in between as shown in
Fig. 3.6. We remind that C, symmetry of all these linkages is required, so prisms and

triangular plates may not necessarily be connected at the edges of the prisms.
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Figure 3.6: Extended character table of the Cs, group with the representation of bars of the example structure
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It is still left, however, to see that an assembly constructed in such way does really
produce the swelling mechanism. A symmetric icosahedral expansion is only possible if two
adjacent prisms preserve their C; symmetry with constant angle (@) between their five-fold
axes during motion. With the notation of Fig. 3.6, C; symmetry means, however, that C, axis
must be the bisector of the angle @, and thus it must bisect perpendicularly the edges BE and
CD. Since plate BCDE is rectangular, edges BC and ED are both parallel with bisector OS.
Now the edges BC and ED can only move along a cylindrical surface of axis OS and radius
SB, while edge AB of the left hand side prism (parallel to its five-fold axis) moves along
another cylinder of axis OX and radius XB. The locus of point B, therefore, is an intersection
line of two cylinders with co-planar axes. At any of these points, the compatibility of the
whole linkage is also fulfilled, since the angle ABC, due to the parallel segments, is equal to
@/2 (constant): it could be repeated for the right hand side of the figure and the symmetric

swelling exists indeed.

The arguments given above automatically hold for any single-link expandohedron of
Platonic parents, but may also be extended to Archimedean parents having not more than two
non-equivalent face polygons. Let @ be the angle between two adjacent n-fold axes and ¥ the
angle between adjacent n-fold and m-fold axes (it can be proved that no direct m-gon—m-gon
connection exists in such polyhedra, see e.g. Weisstein (1999)). Applying the former proof for
n-gon—n-gon connections, it yields that there is a symmetric swelling for them that should not
be blocked by the insertion of m-gons. If this insertion can be made at any configuration, it

proves the existence of the swelling mechanism for the complete expandohedron.

Let us imagine an arbitrary configuration of n-gon—n-gon connections, and suppose that
m-gon—n-gon (non-symmetric) connections are equivalently composed of a triangle-rectangle-
triangle linkage, where the sum of the marked angles of the triangles equals ¥. If all these
connections are arranged symmetrically such that two triangles of each linkage are parallel to
the plane determined by n-fold and m-fold axes of the connected polygons, then connecting
edges to a given m-gonal prism will be arranged along a cylinder whose axis coincides with
the m-fold axis of that prism. By a uniform change of the angles between planes of
quadrangles and adjacent triangles in each non-symmetric linkage, radius of the referred
cylinder can be set such that all axial edges of the m-gonal prism lie along the cylinder, and it

is a proof for the compatibility of the swelling mechanism.

3.2.2 Double-link expandohedra

A more realistic inextensional model for virus swelling is the so-called double-link
expandohedron. In these structures, physical connection between adjacent polygons is made
by two ball-jointed bars (in a local C,-symmetric layout, if the two connected faces are
equivalent). Figure 3.7 demonstrates a bit special case even within the set of dodecahedral

expandohedra (with nodes at the vertices and edge midpoints), since joints could be located
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freely along the planes of the corresponding inner pentagons, provided C, symmetry is not

broken.

Figure 3.7: Extended character table of the C;, group with the representation of bars of the example structure.

At this point, the reader surely would ask a question of how double connections should
be designed in a CCMV-expandohedron? The following solution is proposed: for it is
plausible to think that joints are also arranged with six-fold symmetry within a hexagon, this
layout of joints will be preserved even when the adjacent face is a pentagon. In pentagons,
however, joints are located with five-fold symmetry (but otherwise arbitrarily) in their plane.
Since two bars in a double connection cease to be of equal length, the C; symmetry of the
connection is also broken in a general case, and therefore it provides more freedom in
choosing the location of bar endpoints within a plane of a given polygon. We note that a
similar problem arises in the single-link case: the central symmetry of certain connections is
broken again, but here the geometry of a triangular plate attached to a hexagon is uniquely
determined by the angles of the other triangle in the same linkage. Based on similar
arguments like in the previous section, it can be shown in general that double-link

expandohedra with not more than two different face polygons may be constructed as well.

As with single-link models, a geometrical proof of mobility ought to be added here, but a

more detailed geometrical analysis will instead be presented in Sections 3.4.1 and 3.4.2.

3.3 The Maxwell rule — notes on trivalent polyhedra

Questions of mobility and stiffness can normally be answered through a numerical analysis,
but valuable information can be obtained just from counting kinematical degrees of freedom
(DOF) and the degrees of freedom of the constraints in a structure. The principle was
originally published (Maxwell, 1864) in relation to simple bar-and-joint frames consisting of j

joints and b bars. A necessary condition for the stiffness of such an assembly is then
3j<b+6, (3.1)

where the term +6 is due to the sufficient DOFs of external support in three dimensions.
Nevertheless, similar relationship can be formulated for other kinds of structures: in general, it

is possible to state the necessary condition of stiffness as
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kinematical DOFs < DOFs of constraints + 6. (3.2)

In the following sections, this ‘counting technique’ defined by the latter formula will be

referred to as Maxwell’s rule.

In the case of an expandohedron, for clarity, polygonal faces or prisms will always be
considered as rigid bodies of six degrees of freedom, while their connections will be named as
kinematical constraints. Special care must also be taken of six rigid body motions (RBM) that,

unlike in most structures, are not prevented by any external support.

It is rather obvious to see that a single ball-jointed bar between two bodies means a
constraint of exactly one DOF, thus, double-link connections constrain two DOFs. Folded
linkages, however, are assemblies that actually are composed of three rigid bodies and four
hinges. Regarding that such a hinge allows only for a simple rotation and hence constitutes a
five-fold constraint, the resultant DOF for this compound constraint is 4x5 —3x6 =2, the
same as for the double link. Since only the number but not the quality of constraints is dealt
with at the moment, further discussions here will equally hold for single-link and double-link

models.

From now on, let ¢ and r (after the number of columns and rows in the compatibility
matrix of the structure) denote the DOFs of displacements and constraints respectively.
Furthermore, let f, e and v mean the number of faces, edges and vertices of the parent
polyhedron respectively. If the number of edges intersecting at one vertex of the polyhedron is
the same for each vertex, let then this number be g (such a polyhedron is said to be

‘g-valent’). For this case the following equation holds:
(vq)2 =e. (3.3)
In the following we will determine values (c —r) for these structures based on g-valent

polyhedra. The value for ¢ will equal six times the number of faces; similarly, » is obtained as

the double of the number of edges, consequently

c—r=6xf—2xe. (3.4)
From the Euler polyhedron theorem it is known that
et2—-v=f (3.5)
Substituting (3.5), then (3.3) into (3.4) we obtain
c—r=2vqg—6v+12. (3.6)

If the polyhedron is trivalent (¢ = 3), the right-hand side of (3.6) becomes equal to 12 that
corresponds to six independent (infinitesimal) mechanisms plus six RBMs (counting
techniques cannot prove the finite character of a displacement, see also Section 4.1). Thus, it
can be stated that any expandohedron of trivalent parent has six columns more than rows in its
compatibility matrix: at least six infinitesimal mechanisms, regardless of the number of faces,

edges or vertices.
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For Archimedean and Platonic (and all non-degenerate 3D) solids, however, ¢ may also
take the values 4 or 5. Looking at the structure of (3.6), it is quite obvious that if ¢ is more
than 3, ¢ — r also increases, which results in a higher infinitesimal mobility. For example, an
octahedral or icosahedral expandohedron has at least 18 or 54 infinitesimal mechanisms,

respectively.

3.4 Kinematic path of expansion

On the preceding pages only the existence of a single-parameter swelling mechanism has been
proved, and only for the single-link case. In this section, a thorough geometrical analysis will
be performed and an analytical relationship between rotation and translation of polygonal
faces will be derived. Beyond numerical results on the range of the expansion that can be
obtained in this way, it also compensates the missing exact proof for the swelling capacity of
the double-link model. Last, but not least, this relationship provides a tool for generating
nodal coordinates in an arbitrary configuration of expandohedra, without cumbersome

iterations.

3.4.1 Platonic expandohedra

In this subsection, we will restrict ourselves to the analysis of expandohedra based on a
Platonic parent: only connections with C; symmetry are considered. In Fig. 3.8 two
orthogonal views of a double-link connection are displayed, where single and double primes
denote points or distances projected to the planes xy and xz, respectively (polygons should not
necessarily be pentagons). According to the notation of the figure, R (radius of the inscribed
sphere) and o (angle of rotation) are the variables; b, ¢, d, f and y are free design parameters

determining the location of the connection points in a polygon.

Let the projections of link BC along x, y and z be d.,, d, and d. respectively; they can be

expressed as functions of the other parameters and variables:

d - 2Rsin%&bcos!%&#"cos%&ccos!\ﬁ'&#"cos%, (3.7a)
d, " bsinl%&# (csinlge#', (3.7b)

d. " &bcos! %&#“sin% (ccosls &#"sin%. (3.7¢)
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Connecting bar length d is
determined by free design
parameters f, y, b and c.
Rotation of the polygons (o)
characterises the  current
configuration, R = R(a).

Figure 3.8: Extended character table of the C;, group with the representation of bars of the example structure

Using the Pythagorean theorem, ¢ is obtained as a quadratic polynomial of R that can be
simplified and ordered as follows (for brevity, Cuug. and Siug. are written instead of

cos(angle-a) and sin(angle-a) respectively):
4R’ sin> % &2Rsin®!bC, (cC," (b* (¢* (2bC4cCycos® (2bS,cS, "d>.  (3.8)

A simple step forward is to give the explicit R(a) relationship:

@ @ @ @
cos. e, (ec,'s \/bZ;C; cos’ 2&11 (c*:C2 cos’ 2&1§ (266 C,C, sin? 2&S%S$i(d2
R," — (3.9)
2sin—
2

Although not simple, this formula has two important features. First of them, it proves in itself
that a symmetric swelling is a single-parameter mechanism for double-link Platonic

expandohedra, since the only compatibility condition is fulfilled by setting d to a constant
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value. The other advantage is its quite general validity: with the choice b =c and f =y the

geometry of single-link swelling is obtained.

In some special cases, of course, the formula becomes more compact: just in order to
perceive the magnitude of expandability, the trivalent Platonic expandohedra will be focused
on. Let us consider first the neighbourhood of the vertex V of the parent polyhedron, projected
onto its circumsphere (X, Y and Z are the image points of the three closest face centres to V, n

is the vertex number of each face, see Fig. 3.9).

Z

2/3
Zn

Figure 3.9: Extended character table of the C;, group with the representation of bars of the example structure

The well-known formula of spherical trigonometry says that
cos1XVM = —cos1VMX cosIMXV + sin1LVMX sin1MXV cos(arc(XM)). (3.10)

Substituting parametric values of the angles into (3.10), using that 1 VMX=z/2 and
1XVM = 7/3, the following relationship is obtained for arc(XM) = &/2:

o, 1
COS—

(3.11)

2sin£
n

In the simplest family of single-link models, like the structure of Fig. 3.5, connecting linkages
are attached to the edges of prisms, b = ¢ = a/(2sin(n/n)) (see the notation of Fig. 3.8) and
p=vy=mn/n must be chosen. Moreover, if the fully closed configuration is desired to be
physically possible, d = a is necessary as well. Under these conditions, from equation 3.9 it
follows that

cos, 2&#i/2sin;21\/0052;2&#1&0032;2}:
-n - -n

;—i . & -7 (3.12)
"4 2sin;£ir 4sin2£&1
-n n

This relationship gives the same value for a and 2z/n—a and the graph of the formula will take
a mirror-symmetric egg-like shape, as demonstrated in Fig. 3.10. Physically admissible states
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correspond, however, only to the upper branch of the diagram, including points that belong to
a =0 and o = 27/n. From the symmetry of the diagram, it can also be verified that, on the one
hand, a physically admissible finite mechanism is able to transform the assembly from a right-
handed configuration into its chiral counterpart; on the other hand, maximum and minimum
values for R/a can be computed explicitly. Maximal radius is found at a = z/n, where each
structure transforms into the vertex-truncated dual of its parent polyhedron (instead of an
original trivalent vertex, the expanded structure contains empty hexagons). Table 3.1 gives
absolute and relative characteristic values for expandability of the three cases.

Ryin/ a Ruax/ a Riax / Ruin
tetrahedron (— truncated tetrahedron) | 0.2041 1.0206 5
cube (— truncated octahedron) 0.5 1.4142 2.8284
dodecahedron (— truncaated icosahedron) | 1.1135 2.3274 2.0902

Table 3.1: Extended character table of the C;, group with the representation of bars of the example structure

dodecahedron = physically admissible path

physically impossible path

tetrahedron

0.5

0fo 2040 60 80 100 120
o (degrees)

0.5

Figure 3.10: Extended character table of the C;, group with the representation of bars of the example structure
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Double-link trivalent Platonic expandohedra have less regular properties. The reason
behind is that even if links run specifically from vertices to edge midpoints (case called
‘trivial’), the rotation-translation relationship is not symmetric, and therefore maximum
values cannot be seen directly neither for a nor for R. Instead of complicated analytical
methods, we give the diagrams (Fig.3.11) and limits (Table 3.2) numerically with
b = a/(2tan(n/n)), ¢ = a/(2sin(x/n)), f =0 and y = w/n (subscript /im indicates the state when
the physically admissible part of the pathway terminates due to self-intersections, max refers
to the state with maximum radius R). We note that, in that limit state of a trivial

expandohedron, the structure has the configuration of the vertex-truncated parent polyhedron.

Roin/ a Olmax Ruax/a  Oyim Riim / a Rinax / Rin
tetrahedron 0.2041 35.0667° 1.0206 60° 0.4082 2.6203
cube 0.5 24.8834° 1.4142 45° 0.7071 1.4142
dodecahedron | 1.1135 19.5126° 2.3274 36° 1.3764 1.2361

Table 3.2: Extended character table of the C;, group with the representation of bars of the example structure

R/a
1.5

dodecahedron

= physically admissible path

I VNube physically impossible path
05 /——\tetrahedron

0

0 20 40 60 & (degrees)
Figure 3.11: Extended character table of the C, group with the representation of bars of the example structure

In a non-trivial arrangement of connection points, closed curves may be somewhat
distorted and even moved left or right, as well as the left-hand-side end of the admissible

pathway may shift from the limit point.
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3.4.2 Archimedean expandohedra

Even such special parents like Platonic solids, as was shown, are able to produce a quite huge
variety of possible expandohedral structures. The picture becomes more colorful and also
problematic when parents are extended to the set of Archimedean solids that have at most two
kinds of non-equivalent faces. With reference to the notation of Section 3.2.1 and Fig. 3.9,
imagine that points X, Y and Z are spherical projections of two n-gonal and one m-gonal face
centres respectively. Now I MZX = n/m, 1 ZXM = 2r/n, and with the same method applied for
the triangle ZXM that was previously made for triangle VXM, the following relationship is
obtained for arc(XM) = &/2:

COS—

L. m
cos 2 Tk (3.13)

sin—

n

In the same triangle the spherical cosine law for 1 VMX yields for ¥ = arc(ZX) that

2 2
COS——COS —

cos¥ " % (3.14)
sin —sin —
n m

Connections between equivalent face polygons are regulated according to Fig. 3.8 and
explanation given there, but an m-gon—n-gon connection allows for more freedom as reflected

by the larger number of parameters in Fig. 3.12:
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[ Free design parameters:
b,p,c,y, e, ¢ fand ¢.
o — current rotation of n-gons,
n — current rotation of m-gons.
R,, R, and 57 depend on o

X!

Figure 3.12: Extended character table of the Cj, group with the representation of bars of the example structure

Notation of Fig. 3.8 is kept in the sense that b, ¢, f and y continue to describe the
geometry of n-gons; furthermore, in Fig. 3.12 the n-gon is already set to a given rotation a,
according to the rules given at Fig. 3.8. Thus, following formulae will only tell us how an
additional m-gon with given parameters can be put among m symmetrically arranged n-gons
in a compatible way. Let the rotation angle of an m-gon be 7, and inscribed radii R marked
with subscripts m or n corresponding to the two different types of polygons. For the sake of
better orientation, we repeat a part of Fig. 3.12 in Fig. 3.13, introducing some new variables.
Lack of primes at angular units is due to the fact that all angles are shown in perpendicular
projection.
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F!

(All adjacent n-gons\
are fixed (a 1s given)

B and C are fixed.

The m-gon (X, E, F)
is parallel to the
plane xy and can
rotate about the axis
.z passing through X )

Figure 3.13: Extended character table of the C;, group with the representation of bars of the example structure

Once m-fold symmetry is respected (X' is given), projected distances X'B’ and X'C' are
constant and marked by / and k respectively. In the same way, LC'X'B" and 1L C'X"Y’ (Y lies

on the right end of the dashed section) are also constant and called ¢ and 7. Distance u of

Fig. 3.12 and R,, — z = zj are constant as well, the only remaining angular variable () depends

on 7:
{=not+te—n.
According to the cosine law in triangle C'X'E’,
g'?=e’+k*—2ekcost,
as well as in triangle B'X'F",
h'? =1+ 1% - 2flcos({ —0)
where 6 = ¢ — ¢ + £, constant.

Compatibility condition for links g and /# implies now that

' 2

g?=g2_;
and

h?=h*—(z+u)’
After substitution of (3.18) into (3.16), for cos{ yields that
e’ (k* (z* &g’
2ek

cos3 "

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

Expressing sin{ with cos{ in (3.17) then writing (3.20) and (3.19) into (3.17), the following

relationship is obtained for z:

224, (24, (4, " /y&z* 8222 le? (K 8 g? (422 &l (k2 &g, (3.21)
2 1 0

where
L Y
flsin5 tanb

(3.22a)
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. ;;i”; (3.22b)
and
4 e =% gl (ke gt (3.22¢)
’ flsin5 tan5 '

In (3.21), plus and minus sign on the right hand side come from the non-unique expression of
sin{ in cos(; similarly, in the final solution only one of the two obtained {s belonging to each z
will be solution to the original problem. Based on (3.21), the aimed values for z are given by

the roots of the polynomial below:

2 () + 2° Q) + 22 QUEH= P 2ot in®) + 2 i) + (-2 Y4k 4x0°) = 0. (3.23)
Although the roots of a fourth-order polynomial can be calculated even analytically, it looks a
practical choice not to give further mathematical formulae but to consider what this result can

mean. Additionally, we note that by solving this polynomial, variable R, can also be
computed according to Fig. 3.12 as

R, =R, cos¥?+ ccos(y—a)sin¥ + z, (3.24)
as well as # can be obtained from (3.20) and (3.15).

The first observation is that a fourth-order polynomial can have four real roots. It makes
a clear difference with equation (3.8) that can have not more than two real roots. Many times
it happens, of course, that possibility does not turn into reality, but interestingly, there are
some geometrical conditions where all the four values of z are found to be real. Moreover, in
theory it is not impossible that all the four roots are real for both theoretically possible values

of R, that would result in eight different configurations at a given rotation a about n-fold axes.

In the following paragraphs we will analyse physically admissible compatibility
pathways of CCMV-expandohedra. In the first round, consider a CCMV-expandohedron with
equivalent links connecting vertices with edge midpoints (trivial case). The R¢ — a relationship
will produce a similar graph to those in Fig. 3.11 where physically admissible states are
represented by points on the upper branch again. To any of these points, however, two 1 — Rs
pairs can be associated through the two real roots of (3.23), therefore two Rs — a diagrams can
also be included in the same figure. Fig. 3.14 concerns only the states without self-
intersection. On the right hand side characteristic configurations are displayed at a =0°,
o =16° and a = 30°: compared to the CCMV-structure of Fig. 2.1, experimental virus shape is
between those marked with b and d in the present figure. A possible reason for it can be the
fact that in real viruses the connection points are located off the edges. As it will be shown,
however, this observation does not provide a direct way to the proper kinematical modelling.
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R/a

327

2.8
2.6

24

Rs

Rs

5 10 15 20 25

Figure 3.14: Extended character table of the Cj, group with the representation of bars of the example structure

Let us now examine two cases where the geometric parameters are set to the following

values (the distances b, ¢, e and f are given by relative values to the distance between the

respective edge and face centre measured along angles £, 7, ¢, ¢; e.g. by, =1 if B is on the
edge of the original n-gon): in the first case b =0.7, f#=5.0°, ¢=0.9 and y=30° for the
hexagons, e = 0.7, ¢ = 6.5°, f= 0.9 and ¢ = 36° for the pentagons, while in the other case f is

changed to 5.5°. Compatibility paths are sketched in Fig. 3.15, thick lines refer again to the

inscribed radii of hexagons.

Rla

2.4¢

227

1.8t

1.6

4 3 2 -1 a(°)

R/a

2.4¢

2.2¢

1.8¢

1.6

4 3 2 -1 a(®)

Figure 3.15: Extended character table of the Cj, group with the representation of bars of the example structure

These two diagrams have several interesting features. First of all, a doubt has to be

dispelled concerning the physical possibility of negative a values. If the convex hull of

connection points (see B, C etc. in Fig. 3.12) in each face polygon is considered, new

polygons are obtained (these can have two times more vertices than the original ones, but in

our present case they look as if the original faces had been shrunk by 10%). According to our

definition of expandohedra (Section 3.2), this configuration also provides an expandohedron,
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though it cannot be perfectly closed. Note that the closed state of the original CCMV does not

seem to be closed in this sense either.

Thick lines in the diagrams of Fig. 3.15 show similar behaviour of hexagons like in
Fig. 3.14 but the thin lines seem to intersect that would imply kinematic bifurcation. Care
must be taken, however, if a given configuration can only be uniquely represented by more
than two parameters (even if the rotation and translation are the same for two sets of
pentagons, it may belong to different geometry of hexagons). In this case, other 2D
projections of the kinematic pathway should be checked: according to the pair of diagrams in
Fig. 3.16, there is no intersection; consequently, no bifurcation at the given geometries (since

it has no meaning in this view, compatibility paths of hexagons are omitted).

4 3 2 10 4 3 2 10
90| 90|

60| 60

ol ] ol
n(°) n(°)

Figure 3.16: Another (1, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Nevertheless, there appears a definitive topological discrepancy between the diagrams on
the left and right in both parameter spaces, suggesting that probably a specific configuration
with bifurcation exists between the cases shown above. Since only one parameter is different,
a quick iteration was able to point out that f=5.238046305° leads to such a configuration.
Fig. 3.17 gives all the three planar projections of the path, indicating the bifurcation point by a
small circle (symmetry analysis of bifurcations will be given in Section 5.5.2). At this value
of p, there are still several as with quadruple solutions for Rs. In order to demonstrate how
different these solutions can be, specifically o = —2° was chosen: four solutions are numbered
according to ascending order of Rss. Figure 3.18 uses the same identifiers to show the
appearance of different configurations. In the pictures, convex hull of connection points are
only displayed for each face polygon to illustrate the physical admissibility (lack of self-

intersection) of the configurations.
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Ry/
124
2.2F
Lol
1.8t

11.6F

90 60 30 0 7(°)

190

160

130

1 0
n(°)

Figure 3.17: Another (1, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Figure 3.18: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

In summary, the examples given above prove that it is possible to construct double-link
CCMV-models that allow for different compatible states with a given arrangement of
hexagons. Decision on which of them provides the most probabilistic model for the CCMV;
however, could only be made in possession of data obtained from further measurements on

the virus geometry.
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3.5 Modelling expandohedra: new results

With respect to construction and geometrical analysis of expandable virus models, the

following results are considered to be new ones:

— a single- and double-link physical model has been constructed to simulate finite

expansion of an icosahedral virus capsid (Sections 3.2.1 and 3.2.2);

— it has been shown that these artificial assemblies called expandohedra can be built upon
any Platonic or Archimedean parents having not more than two non-equivalent face polygons
(Sections 3.2.1 and 3.2.2);

— it has been proved mathematically that the difference between the kinematical degrees
of freedom and the degrees of freedom of constraints is six for any expandohedra based on

trivalent parent polyhedron (Section 3.3);

— analytical relationship between translations and rotations of faces has been derived for
any Platonic and Archimedean parents having not more than two non-equivalent face

polygons, then range of expansion has been calculated on that basis (Sections 3.4.1 and 3.4.2);

— by means of the derived formula, the closed character of the trajectory of swelling
motion in both single- and double-link case has been shown, where the physically admissible

domain of motion is limited by the intersection of faces (Sections 3.4.1 and 3.4.2);

— physically admissible configurations of the CCMV-expandohedron have been found
where there are four different arrangements for each pentagonal face pertaining to a given

position of hexagons (Section 3.4.2);

— in the neighbourhood of such configurations, compatibility pathways have been
determined in the space of kinematical variables: using a simple iteration, specific geometrical
parameters have also been found that causes a kinematical bifurcation to appear in the
assembly, and the four solutions can then be transformed into each other with a continuous

finite motion (Section 3.4.2).
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4 Truss model and its generalisation

In the preceding sections two steps of expandohedra modelling were completed: a structural
description was given, and then totally symmetric kinematical paths were explored using pure
geometry. It is possible to set up an appropriate mechanical model that obeys the mobility
criteria given by the first step mentioned above, and at the same time, it is able to provide
more information on the (not only totally symmetric) mobility and states of self-stress of such

a polyhedral structure.

Mechanical models used for computation in practice are always discretised to some
extent that can result in two basic types of mechanical models. If the quasi-continuous
original properties of the material are modelled by elements having their own continuum-like
behaviour, a finite element model is used. If, however, the macro-scale behaviour is
approximated rather by the topology of their connections, we can speak about discrete
models. In the present case, when the mobility of a complex mechanism is checked without
internal deformations, the assumption of perfectly rigid material behaviour would be
sufficient. Thus, instead of using the complicated mechanics of elastic continua, only discrete

points and connections: the ‘skeleton’ of the structure is considered.

As our point of departure, the simplest and best known model, the truss model was
chosen. During the modelling process, however, we found some points where specific
extension of this model seemed to offer a simpler numerical solution. These generalisations
will be presented, for the sake of better applicability, on the basis of elastic material

behaviour.

4.1 Preceding works and results

Because of their simplicity, trusses were mostly used for introducing and checking
theories on mobility or rigidity conditions of mechanical assemblies. The first step in this
segment of mechanical sciences can be attributed to Maxwell (1864) who described the
method of counting kinematical DOFs and DOFs of constraints in the whole assembly. As it
has already been mentioned in Section 3.3, counting can only give a sufficient but not
necessary condition for the infinitesimal mobility (a motion is infinitesimal if there is no
material resistance against an infinitely small displacement in a given direction, but there is no
compatible kinematical pathway either in that direction: the non-supported (internal) node in a
two-bar linkage with collinear joints, for example, has only infinitesimal mobility in the
direction perpendicular to the bars).

In mechanical engineering, there is a well-known mobility criterion formulated on a
similar basis: Hunt (1978) gives an expression for the number of independent mechanisms

(called Kutzbach measure) in more general assemblies composed of rigid bodies (representing
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six DOFs of displacements each) and constraints. Theoretically, these mechanisms are not
necessarily finite, especially if the assembly is arranged in a degenerate way, but it is not
typical in engines.

Another interesting approach is purely mathematical and supposes typical geometry with
a given topology. Asimow & Roth (1978) studied the rigidity problem of trusses using graph
theory. With respect to the general viewpoint, their conclusions are of type ‘in almost all
cases’: the Maxwell rule is tacitly interpreted as necessary and sufficient condition to point
out finite mobility, except for the zero measure set of degenerate cases.

By the appearance of the ‘tensegrity’ structures in the 70’s (tensegrities are
infinitesimally movable, but can be stiffened by pre-stressing), a new motivation has been
emerged to reformulate the Maxwell rule in a more general way. The work was done by
Calladine (1978) by showing that the difference of the two DOFs in the Maxwell-counting
equals not the DOF of the mobility but the difference between the number of independent
mechanisms and that of states of self-stress. In order to get the exact number for both, a first-
order numerical analysis is necessary, whose foundations were laid in parallel to the
development of computational methods. A complete theory of change of state for trusses

using linear algebra was worked out by Szabd & Roller (1971).

Further analyses of tensegrity structures led to the refinement of the concept of
‘infinitesimal mechanism’ by classifying them according their order. The first definition is
from Koiter (1984) that was further refined by Tarnai (1989) as follows: an infinitesimal
mechanism is of n-th order if the first non-vanishing term in the power series of bar
elongation is at least on the n+1-th power for all bars. In this approach, a finite mechanism
must also be infinitesimal of infinite order (but it is not true in the opposite direction). It is
also possible to speak about the order of rigidity: a structure is simply rigid or rigid in the first
order if it does not allow for any infinitesimal mechanism. The ‘second-order’ stiffness
against a mechanism means, however, that the structure is infinitesimally movable but has a
state of self-stress that is able to produce reactions against the displacements if the structure is
mobilised along that mechanism (Connelly & Whiteley, 1996).

First-order infinitesimal mechanisms turned out to be crucial in these investigations since
it had been shown (Pellegrino & Calladine, 1986) that assemblies that can be stiffened by
self-stress (in other words, have second-order stiffness) are necessarily first-order
infinitesimal mechanisms (the two-bar assembly with collinear joints referred above is an
example for first-order infinitesimal mechanisms). Attempts for detection of these
mechanisms follow two different ways. Pellegrino & Calladine (1986) and Calladine &
Pellegrino (1991) define ‘product forces’ as unbalanced nodal forces due to the joint effect of
a state of self-stress and a modified geometry according to an infinitesimal displacement; they

show that if a state of self-stress is given, then the positivity of work done by a product force
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system on the mechanism involved implies second-order stiffness against that mechanism.
Furthermore, they introduce a method based on the check of matrix sign-definiteness to prove
or disprove the existence of the second-order stiffness against any possible displacements
even if there are several mechanisms. The proof of that not all first-order infinitesimal
mechanisms can be stiffened by pre-stressing is also due to the same authors (Calladine &
Pellegrino, 1992).

Another concept departs from the check for the stability of a given state of self-stress:
(Connelly & Whiteley, 1996; Kuznetsov, 1989). In this approach, constraint functions as
representations of the bars and the principle of virtual displacements are used: a state of self-
stress is found to be able to impart additional stiffness to the assembly if it is in stable
equilibrium. Although numerical steps led to a check for sign-definiteness in both approaches,
the theory of product forces has seriously been attacked by Kuznetsov (1989). Finally, based
on the Hellinger-Reissner principle (see Section 4.3 for further details), Tarnai & Szabo
(2002) showed that the two methods are essentially identical when pin-jointed structures are

investigated.

Regarding the mathematical apparatus used in a particular model, there are different
possibilities for the formulation of the constraint functions even if the mechanical model is
simply pin-jointed. Levi-Civita & Amaldi (1930) introduced a constraint function that
corresponds to the square of the bar length (consequently, they used ‘tension coefficient’
(force per length) instead of force in a bar). A more straightforward way (that we also follow
in this dissertation) is to constrain the length of a bar and not its square, but in return of an
easier physical interpretation, the power series expansion of elongations may be more

complicated.

Beyond the question of mathematical formulation, it is possible to introduce constraints
with essentially different physical background that results in a generalisation of the truss
model. Tarnai & Makai (1989) investigated the motions of a pair of rigid tetrahedral
framework containing sliding connections. In order that two bars remain in contact, a
constraint function expressing the volume of a degenerate tetrahedron defined by the four
endpoints of the bars was applied. The same formulation was used by Kovécs et al. (1997)
that discusses the generalisation of the previous problem. In the present work, the same linear
algebraic description but in quite different physical context will be given in a way that is not
restricted to the perfectly rigid behaviour.

4.2 Building expandohedra

Differences between single-link and double-link expandohedra by their physical realisation

will logically result in different solutions in optimal structural (bar-and-joint) modelling, too.
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In this case, ‘optimal’ refers to an assembly where the matrices used in a numerical solution

process (equilibrium, compatibility and stiffness matrices) have minimal size.

Single-link expandohedra physically consist of prisms and plates; the simplest way to
generate the bar-and-joint model for them is to take all vertices and hinge endpoints of the
structure and add the sufficient number of bars to these nodes. Unfortunately, this recipe is
neither correct in this form nor suitable to find optimal arrangements. Concerning the first
point, the problem is with rectangular plates: four coplanar nodes cannot form an
infinitesimally rigid assembly with any connecting bars within the plane. The solution would
be obviously to add a node out of that plane and then it is possible to put the bars properly, but
it has two disadvantages: on the one hand, it increases matrix dimensions; on the other hand,
it breaks the existing symmetry of the structure that cannot be allowed in the forthcoming
symmetry-adapted mobility and stress analysis. The same problem emerges with the prisms,
where a statically determinate structure can be produced again by involving extra nodes or
breaking the symmetry. An example of determinate but asymmetric truss for dodecahedral
expandohedra is shown in Fig. 4.1. Eventually, there is a possibility to save the symmetry by
adding more bars and nodes or, in some cases, simply bars. This method, however, not only
increases at least one of the matrix dimensions but also introduces redundant bars (i.e. that are
not needed for the statical determinacy of a rigid member modelled by bars and joints),
therefore additional states of self-stress into the structure (this can also be found inconvenient

while using symmetry).

Figure 4.1: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

A possible escape route from this situation is a double change in our model: by
substituting more than half of the original nodes by pairs of nodes along n-fold rotational axes
in dotted line (Fig 4.2a), but simultaneously introducing new types of physical constraints in
the system, the structure becomes symmetry-adapted by considerably smaller matrices.

In double-link expandohedra there is no need to model a double-layer structure, but rigid

polygons also require at least one out-of-plane node: as shown in Fig 4.2b, two such nodes
were associated to each polygon along its n-fold rotational axis: these are connected to all 2n
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nodes in the plane of the polygon (not to each other), while adjacent points along the edges of
the polygons are also connected successively (extra n points to the original n-gon were added
in order that double links between faces have connection nodes on both adjacent bipyramids).

() (b) =0

Figure 4.2: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

This model was used in calculations for Platonic expandohedra, but yielded still
uncomfortably large dimensions for the CCMV and bigger models. In those cases therefore it
was substituted by a hybrid model containing bars and rigid bodies as well; details will be
given together with the numerical results in Section 5.5.2.

4.3 The Hellinger-Reissner principle

It is quite easy to compile e.g. equilibrium matrices for trusses, considering only the
resolution of bar forces acting on a node: entries in the three rows belonging to that node will
be equal to components of the normalised bar (direction) vectors. A consistent description of a
mechanical model used in first-order matrix analysis can preferably be given, however, on the
basis of potential energy considerations. The logical steps in this section are shown according
to the work of Tarnai & Szab¢ (2002).

Equilibrium and compatibility conditions can also be formulated using variational
principles: stationarity of an energy functional depending on static and kinematical variables
gives compatible solutions in equilibrium. The Hellinger-Reissner functional can be derived
from the expression of potential energy by the addition of a term containing the sum of
products of the so-called constraint functions and their Lagrange multipliers. Constraint
functions are scalar functions that express the effect of physical constraints imposed on the
structure. In trusses, for instance, the only type of constraint functions relates to lengths of the
bars and can be written for the k-th bar (k= 1, ..., m) as

Foom v ax > (ly ey (2 8z, &1, 861, 861, @.1)

Here superscript b refers to the constraint type (‘bar length’), x; (x;, i, z;)) and X; (x;, y;, z;) are
position vectors of the starting and endpoint of the k-th bar. The first term on the right hand

side gives the actual bar length, while the next one corresponds to the unloaded bar length that
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can be obtained by writing original or reference coordinates x? (x, yl-O, z) and x_,-o (xjo, yjo, z_,-o)
under the square root; finally, Al.x and A/, measures the elastic elongation and a prescribed
elongation, respectively. In further discussion it will be useful to introduce a separate notation

for the right hand side of (4.1) except for the elastic term:

oM ex Ay ey, (12 82" &y, 860, 4.2)

For the sake of simplicity, let all x;, y;, z; nodal coordinates and the corresponding py;, p,;, p-
(7=1, ..., n/3) external load components be ordered and denoted by X; and P; (i =1, ..., n). If
EAj means the tensional rigidity of the &-th bar, then the Hellinger-Reissner functional of the

assembly takes the form:

1 2 EA,

9,"&7rlx ex (=~ 7 62, (78bkak, 4.3)
i"1

0.k

where the first term is the negative of the work done by external loads on the nodal
displacements, followed by the expression of strain energy accumulated in the bars. The last
term must also give energy, therefore the Lagrange multiplier A’; must have the dimension of
force and it can be interpreted as force in the k-th bar. Consequently,

8’1
6, " — ", (4.4)
Y R4

and substituting this into (4.1) and (4.3), it follows that

I lOk

9,"&7Plx ax"a- 7'8” (78”ka (4.5)
i"1

According to the stationarity condition, the first variation must be equal to zero:

<9, 7 <X, (7 " 0. (4.6)
i1 oy k"1 ! k
From this, both the equilibrium equations
n . ,Fbk . -
[ 8« - &P "0,i=1,..,m 4.7)
k"1 Ll
and the compatibility equations
8l
F'e 850w k=1, .n (4.8)

k

are obtained. This latter formula has to be linearised for first-order analysis as follows:

n 81
7 ’_I;("d)(,.& E;‘”‘ 861, " 0,k=1,..n. (4.9)
il Ly k

1
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The formulae under (4.4), (4.7) and (4.9) can now be used to define the flexibility (F),
equilibrium (G) and compatibility (C) matrices of the assembly. Let all dX; nodal
displacements, P; nodal forces, Al,; elastic Al;; prescribed elongations in bars and A’ bar
forces be grouped into column vectors d, p, e., e and s, respectively (the total elongation e is
the sum of e, and e;). With this notation, (4.4), (4.7) and (4.9) can be rewritten as follows:

ee = F.sa (410)
Gs-p=0, (4.11)
Cd-e,—e=0, (4.12)

where G and C are transposes to each other (it is due to the assumed linear elasticity and can
be read directly from (4.7) and (4.9)). Consider now the second variation of Tlg:

-2 b -b -b l
F ; ’Fk<Xi<8”k(’Fk<8”k<Xj& O 88 . (4.13)
-X - - X EA

(RN E R Ay LR k

n
2 Ll b
<9, " 78
"1

With matrix notation, (4.13) defines a quadratic form

DH G A DdxA

<?9, "dx" ds'”: B 2,
. Bc & w} Ras]

(4.14)

where dx and ds are vectors of nodal coordinate and bar force increments; H denotes the

Hessian matrix of 7/ 8°«F" , defined exactly by the first term in (4.13). The formula under

k"1
(4.14) is important from two aspects. If it is written in terms of dp nodal load and de,

kinematic load increment vectors:

Ddp A
dsT>:B P

<29R L] :dXT
Cdel@

) (4.15)
then it gives the well-known differential equation of change of state of bar structures
(Szabo & Roller, 1971):

DH G A DdxA _ DdpA

B B

. . 4.16
Bc aF] Ras) Baej (+10)

On the other hand, if the assembly is supposed to be both statically and kinematically
indeterminate, unloaded and composed of rigid bars (F =0); furthermore, all matrices in
(4.14) are based on a given compatible configuration in equilibrium, then bar forces have to
represent a given state of self-stress. This state of self-stress displayed in the vector s; must
satisfy (4.7), as well as a vector d; =dx; of infinitesimal displacements must constitute a
solution for (4.9). Varying just these two vectors, it is easy to see that s; + ds+ should also

satisfy the equilibrium conditions, therefore

G-ds; = 0. (4.17)
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After substitution of (4.17) and its transpose into (4.14), the cross terms there will also be

equal to zero, and the original quadratic form can be rewritten as

OTlg = d;"-H-d.. (4.18)
Physical meaning of the sign of a second variation is related to stability: if the quadratic form
above gives positive value, then the energy functional has a local minimum, and the

equilibrium is stable. In other words, a self-stress included in s, imparts additional stiffness to

the structure even if it has a first-order infinitesimal mechanism.

With more than one set of compatible infinitesimal displacements D = [d, ..., d;], any d
kinematically possible infinitesimal mechanism can be constructed as a linear combination of

them (a is a vector of i scalars):
d=D-a. (4.19)
Writing it back into (4.18):
5z =a"(D"H'D)a, (4.20)
where the product in brackets is called reduced complementary stiffness matrix (W) that
should be positive definite if there is additional stiffness for the structure. Note that s; may be

substituted by its negative, therefore sign definiteness is enough to be prescribed for second-
order rigidity.

4.4 First generalisation: a torsional constraint

For the problem of modelling rectangular plates with torsional stiffness by conventional
trusses mentioned in Section 4.2, the following solution is proposed. Instead of adding new
kinematic freedoms, we apply five coplanar bars together with a single constraint of basically
different type that we call ‘Tetrahedral Torsional Constraint’ or simply ‘TTC’ in the
followings (since a rectangle has coplanar vertices, degenerate tetrahedra will be dealt with in
plate modelling).

Let four general points in space be denoted by N,, N,, N,, Ns, with position vectors
x; (x;, yi, z), i =p, q, r, s successively (for the sake of consistent notation, it is assumed that
N,N,N,N; spans the k-th of such tetrahedra). Let Vi (X,, X4, X, X;) mean the volume of
tetrahedron N,N,N,N;, and ay, (X4, X,, Xy) the normal area vector of the triangle determined by

the vertices N,, N,, N,, N,. In this case a constraint function F pqrs can be formulated as:

I 1 1 1

~ X, X, X, X1
F'y " —&V,, &6V, &6V,,. 4.21)
Yo V¢ Vo Y 6 7 ’ ’

Zp Zq Z, Z
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It can easily be verified that all terms are arranged and have similar meaning to those in (4.1):
the first term gives the actual volume, reference coordinates define a reference volume, whilst
changes of the volume can be elastic and prescribed again.

In order to be able to continue with the truss analogy, two assumptions must be taken at
this point. Firstly: there can be defined a scalar state variable S; of dimension force per area
(hence of quality of pressure) that can characterise the state of stress due to the volume
change (it corresponds to the bar force in the truss model). Secondly: this variable is linearly
dependent on the volume change (this latter condition needs to be fulfilled if the analogy
covers linear elasticity as well). Under these circumstances, Sy can play the role of Lagrange

multiplier A%, and the factor C; of proportionality (EAy / [ in the truss model) is given by
AVe,k = Sk/ Ck. (422)

Applying again the generalised notation X; for the nodal coordinates, the Hellinger-Reissner
functional for the set of such tetrahedral constraints is:

9,"&7Plx &Xl.("'(%?CkGij (7 8F. (4.23)

i"1 k"1 k"1

(m and n denote again the number of vertex coordinates and tetrahedral constraints). By
substitution of (4.22) into (4.21) and (4.23),

m » I ¢ 1))
9, '&713,.!)(,.&)(?"&%7'8"
k"1

i"1

( ? 8 F'« (4.24)
k k"1

is obtained, where F'; means again the constraint function except for its elastic term. For this
constraint, equilibrium and compatibility conditions can also be derived according to (4.7)
and (4.9), and the entries of C and G belonging to the i-th coordinate and k-th constraint will
always be given as a minor of the original 4-by-4 determinants in F' (or in F,,,, which is the

same); for example, using the coordinate notation of (4.21):

o 1 1 1 |
22 o lg1Mlx x x |i—. (4.25)
;Zp q r s 6

Yo Voo Vs

An interesting consequence is that the minor in (4.25) does not depend on z, any longer, and
therefore all entries in the main diagonal of the Hessian matrix will be zero. Matrix
diagonalisation, however, cannot modify the trace of H, and from this fact it follows that H
cannot have only positive (or negative) eigenvalues: H is not sign definite. In other words, a
mechanical model defined only by TTCs cannot be a first-order infinitesimal mechanism (but
it is not true any more if at least one bar is introduced into that model: in this case, existence
of second-order stiffness can be checked through the sign definiteness of H exactly as in

simple trusses).
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As was possible with bar-type constraints, here also can be found a geometric
interpretation of the right hand side of (4.25), since it should give in absolute values the
proportion of the volume change and the displacement of a vertex in a tetrahedron. Let us now
assume henceforth that the tetrahedron in question is degenerate by having four coplanar
vertices. The change of its volume due to a unit displacement of a vertex can now be
expressed as one third of the projected area of the non-adjacent face along the direction of the
displacement; for the case of (4.25) it yields:

'

2z

"&, ;0 0 D' (4.26)

1
p 3 .
One can consider now this formula in all the three coordinates of x,, but without any
restriction on the generality, it can also be assumed that the four coplanar points lie in the xy
plane of the coordinate system. Substituting therefore (4.26) into the equilibrium equations

that formally are identical to (4.7), it is obtained that

poi=tANpelagl /3, i=p,q,rs (4.27)
(at this moment, only a TTC based on the k-th tetrahedron is considered; the + sign is due to
alternate senses of forces p.; depending on the order of nodes in the constraint function). It
means that if there is a ‘stress’ (i.e., A’ # 0) in the k-th TTC, then the equilibrium requires
forces parallel to the opposite face normal for each vertex; moreover, these forces are
proportional to the area of that opposite face. Together with this property, it is even more
surprising that A’y and the corresponding forces are linear functions of only AV}, in spite of

that a given volume change can occur due to different internal deformations.

It can be proved that these deformations (quartets of nodal displacements), resulting in a
given AV, and A, lead to a unique shape in a first-order approximation. Nevertheless, it is
not obvious at all how to define A’ and C; in terms of the common mechanical variables in a
general tetrahedron, but the solution is quite straightforward when four points are coplanar.
The first two terms of the tetrahedral form of (4.9) together with (4.22) read as:

6V, " %762,.\% , (4.28)

kinematic loads are considered to be zero now. Fig. 4.3 shows the reaction forces (a) and a

possible deformed shape (b) coming from A’ :
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P-p=Nilagy| /3 AVop= Az, lag,| /3

Figure 4.3: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Despite the three nonzero displacements, part (b) of the figure does not hurt the
generality again, because in a first-order approximation any deformed shape can be rigidly

tilted such that three of its nodes remain in the plane xy: in this position,
Az, =3-AVi /| |a . (4.29)
In the particular case of Fig 4.3 it is possible to write the strain energy in two equivalent ways:

% p., .6z, " %ck 617, (4.30)

provided the relationship between p., and Az, is supposed to be linear (the right hand side is
obtained by the substitution of (4.27), (4.29) and (4.22)). If such a constant force-
displacement proportion can be found from a simple plate analogy, then Cj is ready to be
computed. This computation is only acceptable, however, if the same C; is obtained using
subscripts g, 7, and s instead of p, or in other words, if that force-displacement proportion is
the same when nodes N,, N, or N; are lifted instead of N,. At this point, we introduce a
restriction by prescribing that four nodes must define a rectangle: this gets automatically

around the problem because of its symmetry. The notation is shown in Fig. 4.4:

Figure 4.4: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Two main assumptions are taken here: the shear effect is neglected according to the
classical plate model, and the plate is supposed to have purely torsional deformations such
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that all cross-sections along x and y remain straight (see Fig 4.4 again). For this case, the
corresponding form of Hooke’s law can be taken from theory of elasticity as follows
(Timoshenko & Woinowsky-Krieger, 1959):

Et’ .

WEW mxy, (431)

where E is the Young modulus, ¢ measures the thickness of the plate, v is the Poisson ratio,
while x,, and m,, means specific distortion and specific torsional moment, respectively.
Because of the pure torsion, x,, and m,, are both constant, hence x,, =Az,/(lw) and
my, =M,/ w=wp., /| w=p.,, and substituting also £ = 2G(1+v) into (4.31), it yields

Gt’
"6z —. 4.32
Py 07y (4.32)
Writing this and (4.29) back into (4.30), the following formula is obtained for Cy:
9G¢t>

C " ‘2 : (4.33)

6lw‘ak)p

Based on the same steps, it can be shown that considering a prismatic bar of cross-section
with diameter w and length / instead of a plate, a similar formula would be derived: using the
notation G/, in general for the torsional stiffness of the cross-section (for a plate, it equals
Gwt® / 6), the previous relationship takes a common form as:

9GI,

.

k

(4.34)
lwz‘a kop
Finally, we make use of the fact that the four original points define a rectangle: half areas can
be easily expressed by the side lengths, and therefore

. 36GI,

3.4
I"w

Ck

(4.35)

is the most compact form for the substitute torsional stiffness of a TTC based on the

assumption of a linearly elastic material behaviour.

If a TTC was used in the mechanical model of rectangular plates of single-link
expandohedra, the above shape restriction on the plate analogy would not affect even an
elastic analysis.

Figure 4.5: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation
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Moreover, the two-fold rotational symmetry would not be broken either by using five
bars and one TTC in the model according to Fig. 4.5, but conditional phrases reveal that
another option is taken. Instead of this application, TTC will be used for modelling dome

structures in the second part of the dissertation.

4.5 Second generalisation: free vectors and difference norms

The reason why TTCs are rejected in the current problem is that they still require a double-
layer model (i.e. containing 2n nodes for each n-gonal prism) for the whole assembly. Instead
of that, we keep the inner layer only and adopt some abstract generalisations of the truss
model (Kovécs, 2004) in order to take into account the 2D character of the connecting
linkage. One consequence of this approach was the bipyramidal model for face polygons, and
now we will consider just (i) the distances between two parallel folds of a rectangle and
(1) the directions of the folds in a triangle-rectangle-triangle linkage (see distance PQ and
direction v in Fig 4.7).

For two subsequent folds (hinge axes) in linkages composed of hinged plates, one of the
following cases matches: either a) they are non-parallel and (theoretically) start from a
common point or b) they are parallel. Remark in brackets indicates the case when two folds of
a strip define a trapezoid, but it could be widened until the common point physically appears
without changing the mobility conditions of the structure. In both cases, folds will be
described by free (transmissible) vectors lying along the direction of the folds, defined by the
coordinates v; (u, v;, w;). These vector coordinates are treated as nodal unknowns like the
absolute (nodal) coordinates x;, and their L,-norms (lengths) are kept fixed by constraint
functions as

F'; " \/uj2 (vj2 (wj.2 &n,; &6n,, &6n, ;. (4.36)

(Although only the direction of the vector seems to be important, it will be shown that a fixed
length is also necessary for these vectors that denote the directions of folds). Formally (4.36)
is equivalent to a constraint function of a bar having the origin and (‘absolutised’) v; as
starting and endpoint, respectively, especially if elastic and prescribed changes of the norm
are interpreted identically (the last three terms correspond again to changes in length of the
vector that is due, at least in an abstract sense, to an initial (prescribed) imperfection, elastic
deformation and kinematic load). The only difference is that, in spite of real bars, here exactly
one of such constraint functions for each triplet u;vjw; of nodal variables can be defined;
therefore its subscript is also j.

Obviously, if free vector coordinates are introduced in triplets, a single constraint is not
enough to fix that vector properly within the structure: for the missing constraints we

introduce the vector difference constraint that is related to the difference of two relative
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vectors (each of them can be either a free vector or the difference of two absolute nodal

coordinates). For example, in a ‘mixed’ case:

Féy - \/Iuj & !xb &x, " (!vj & !yb &y, " ( !wj & !zb &z, " &m,, &6m,, &6m,,, (4.37)

where my  denotes the reference vector difference and other terms can again be interpreted as

if it was a bar of given length and properties, provided an elastic analysis is necessary.

These abstract vectors and norms now make possible to determine the shape of triangular
(trapezoidal) plates of case a). Knowing that triangles are defined by their three side lengths, it
is enough to have two vector norm constraints for the two vectors along the folds and an
additional vector difference constraint (see triangle FGH in Fig. 4.6a). It is an important
remark that, for the same mathematical approach being used in their description, the new
constraints introduced in this section are also applicable in an analysis of second-order
stiffness as indicated in Section 4.3. Just an answer is left for the following objection: because
of using similarly three coordinate triplets and three constraints, does this model really differ
from the original truss model for the triangle in question? Fortunately it does: let us look at
the case b).

If two folds are parallel, one distinct point with absolute coordinates should be picked
along both lines (K and L in Fig 4.6b). Supposing that a free vector v; (‘fold vector’) along
one fold is also given, these nine coordinates give full account for the geometry of that pair of
folds (we remind that, as far as the mobility is concerned, only the location but not the
physical length of the fold is relevant, therefore it is not a restriction that two fold vectors are
supposed to be of the same magnitude as well; we assume therefore a parallelogram-shaped
plate). From the aspect of constraints, in addition to the bar length between the absolute nodes
and the fold vector norm, just the constant angle between KL and vs is to be prescribed, for
convenience, by a vector difference constraint. The result is a parallelogram (KLMN) defined

also by 3 constraints (for illustration, see Fig. 4.6b).

—— (fold) vector norm M(x;, +v3)
-------- vector difference norm
— « = bar length v
vy — (X7, — X
N(XK+V3) |j"-§“L-““{(-)-|“-""
caanannn .7 L(xp)
. ’ ’
|V3| »° - X7 — X
L7
F(xr) K(xx)

Figure 4.6: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation
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Now the tool is ready for application in the particular case of single-link expandohedra:
let C and F in Fig. 4.7 mean the closest and farthest vertices of a bipyramid (shown already in
Fig. 4.2) from the centre of the expandohedron. Because of the properties of the original
prism, a fold line between a triangle and a prism through P is parallel to CF’, so its fold vector
is taken as the difference of position vectors of nodes /' and C. Triangle-rectangle fold
through the same point is defined by the vector v; now adding a vector norm constraint and
two vector difference constraints to the model as shown in the figure (the other triangle-prism
connection at the right hand side means another similar vector difference constraint that is not

displayed), a complete connection model for two adjacent prisms is obtained.

PR contours of the

~

"""""""""" ’I‘lY\— (xo—xp)| / “>-~.___ |physical model

pentagon defined by
five coplanar nodes
of a bipyramid

Figure 4.7: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Knowing that both the bipyramidal face model and this connection model introduce no
under- or overdeterminacy into the system, this kind of generalised truss model will be

referred to as optimal in the forthcoming analysis.

By finishing this section, a short comparison of efficiency of different models presented
above is given, based on the dimension of the equilibrium matrix G of a single-link

dodecahedral expandohedron (no external supports added). In the case of
(1) a simply braced truss model shown in Fig 4.1, G has 630 rows and 618 columns;

(i1) a symmetrically braced truss model, G has at least 792 rows and 780 columns (no

proof is given here);

(i11) an extended truss model of Fig 4.7, G has only 342 rows and 330 columns (there are
7 nodes vs. 15 bars in each bipyramid, as well as one fold vector vs. a bar length constraint, a
vector norm and three vector difference norm constraints for each connecting linkage). The
structure also obeys symmetry (see paragraphs about representations of vector norm
constraints (I'(vectors)) in Section 5.4).
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4.6 Extended truss model for expandohedra: new results

In the course of mechanical and numerical modelling of expandohedra, the following new

results are obtained:

— an appropriate bar-and-joint network has been developed for both single-and double-
link expandohedra that contains no redundant bars but is suitable for further symmetry-
adapted analyses (Section 4.2);

— based on the Hellinger-Reissner principle, a new constraint function called ‘Tetrahedral
Torsional Constraint’ has been defined and introduced to the classical bar-and-joint model: by
means of this new formulation, dimensions of matrices obtained from the analysis using

classical truss model can be reduced in this way (Section 4.4);

— in order to make TTCs applicable in elastic problems, a substitute torsional stiffness
has been defined for them, giving a direct relationship between habitual stiffness parameters

and this new constraint formulation (Section 4.4);

— using the same analogy of simple bar-length constraints, new kinematical variables
(free vector coordinates) and constraint functions have been introduced: this type of constraint
functions have also been incorporated with success in the single-link expandohedron model

that led to considerably smaller matrix dimensions (Section 4.5);

— as a direct consequence of the bar-length-constraint analogy, a generalised truss model
involving both types of new constraints can still be used for the detection of additional

stiffness coming from pre-stressing (Sections 4.4 and 4.5).
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5 Symmetry-adapted linear analysis

Probably the reader needs some explanation of why this uncommon tool of analysis in the title
above is useful and how the symmetry properties can be explored in a mechanical

investigation.

Let the simple case of single-link dodecahedral expandohedron be taken as an example;
e=30, f=12 and v=20 mean the number of edges, faces and vertices of the parent
polyhedron, respectively. Using the constraints introduced in Section 4.5, the compatibility
matrix has 3(2e + 2f+ e) = 342 columns (corresponding to vertex nodes, off-plane pyramidal
nodes and free vectors on the edges, respectively). It is known from Section 3.3 that (i) for an
expandohedron with trivalent parent, the number of rows is less by 12, (i1) since six rigid
body motions are still included in this system, the number of independent infinitesimal
mechanisms is at least six. Singular value decomposition (SVD) of matrix C reveals,
however, that in a general configuration there are nine mechanisms and states of self-stress
more, which number increases up to 36 when the structure is fully open. This great number of
mechanisms follows from the high symmetry: if there is a possible vector of the
displacements, all those different displacements that can be transformed into the given one by
any of the symmetry operations in the group of the structure are also possible. Simple SVD
gives only a general linear combination of the displacement vectors that leads to a picturesque
variety and confusion while attempting to describe the kinematical behaviour as well as self-

stresses of the assembly.

Thus, symmetry-adapted techniques can hopefully be used here with success in three
aspects: firstly, it turns out to be possible to categorise all independent mechanisms and states
of self-stress according to their symmetry properties; secondly, kinematical description in a
symmetry-adapted basis offers better physical interpretation of mobility of the whole
assembly, giving some chance of detecting finite mechanisms without higher-order analysis.
In the third place, but in close relation to the preceding one, higher-order techniques can also

be used with higher efficiency in a symmetry-adapted form.

Utilisation of symmetry arguments in mechanical problems is strongly related to group
representation theory. Unfortunately, this constitutes a field of mathematics that is typically
alien to people dealing with statics or kinematics, therefore it is inevitable to provide a
practical outlook on this subject, but without submerging into details of theorems and proofs:
an attempt is made for it in Section 5.2, based on the works of Bishop (1973) and Kangwai
(1997).
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5.1 Using symmetry in engineering — preliminary works

Elementary symmetry considerations on structures having simple symmetries (e.g. mirror-
symmetry) are not difficult to make, but a generally applicable tool based on symmetry can
only be developed using group representation theory. It has not been used, however, for
structural engineering purposes until the recent decades, in contrast to stereo-chemistry where
group-theoretical arguments occur with considerable frequency. The first appearance of this
theory in structural engineering is due to Zlokovi¢ (1973), though some attempts have already
been made to explore symmetry earlier by using the Fourier method in structures with pure
rotational symmetry. With respect to the fact that group theory is an abstract mathematical
foundation that several fields of applied sciences are partially laid on, and consequently, there
are many interactions between different applications, we restrict ourselves for brevity to a
short review of the most recent developments achieved in structural engineering (a thorough

historical review of literature on this topic is given by Kangwai et al. (1999)).

The cited work of Zlokovi¢ (1973) was concerned in the use of symmetry with respect to
external loads and displacements, but Bossavit (1993) gave the mathematical proof for the
possibility of symmetry-adapted analysis of the equilibrium matrix as well. The practical
realisation of such symmetry-adapted analysis was done by Kangwai & Guest (2000), with
emphasis on the method of finding appropriate internal and external symmetry-adapted
coordinate systems, in which the equilibrium matrix assumes a block-diagonal form. One of
the main advantages of this technique is that first-order matrix calculations on structures,
detailed by Pellegrino (1993), can be performed independently for each block. In a further
paper by Kangwai & Guest (1999), the authors show that if there is a possible infinitesimal
displacement in a structure of given symmetry, it must be finite unless there is a state of self-
stress of the same symmetry. It is a very efficient tool for detection of finite motions by first-
order considerations. It has to be mentioned, however, that a motion can also be finite even

with that (‘totally’) symmetric self-stress; it may only be decided by higher-order analysis.

Another stream of research is more related to chemistry: symmetry-analysis of molecular
vibrations was considered by Bishop (1973). Differently from engineering applications, group
theory is also used here to draw qualitative conclusions rather than to find symmetry-adapted
forms of matrices. In addition, investigations of fullerene molecules turned the attention on
polyhedral (icosahedral) symmetry that resulted also in generalisations of abstract theorems in
mathematics, like that of Euler’s polyhedron theorem (Ceulemans & Fowler, 1991). Some
years later, Fowler & Guest (2000) described the symmetry-extended version of the Maxwell
rule (introduced in Section 3.3): in both papers, simple algebraic relationships are replaced by
those of group representations (see the next section for details). Guest & Fowler (2004)
provides also details and examples of possible symmetry-representations of different types of

mechanical constraints.
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5.2 Group representation theory, basic notation and steps of
analysis

Speaking about symmetric structures implies two concepts to be defined: axes of rotation,
lines/planes of reflection etc. are called symmetry elements, whereas rotation, reflection etc.
are referred as symmetry operations (an operation is called symmetry operation if it
transforms an assembly into itself). In our numerical analysis, there will only be used
rotations, but our simple objects taken as examples will contain mirror-symmetry as well, so it

is useful to review the usual notation of some symmetry operations:

— rotation by 2z/n about an n-fold axis is denoted by C, (if necessary, particular axes may

be determined by further subscripts);
— reflection with respect to a plane is symbolised by o;

— a successive repetition of an operation k times is marked by a superscript £ (it basically
results in another distinct operation: C,* means different rotations depending on kif 0 <k <mn;

specifically, C," or C,’ would mean doing nothing).

It is important to emphasize that other operations (inversion, rotation-reflection) exist,

but those will not be used here.

These symmetry operations, together with an appropriately chosen combining rule, form

a group if four conditions are fulfilled:

1) let symmetry operations P and Q be elements of the group, then P combined with Q

(written as P&Q in the followings) result in an operation R belonging also to the same group;
2) there exists an operation £ within the group such that P&E = E&P = P;
3) the combination is associative: P&(Q&S) = (P&Q)&S; finally,

4) there exists an operation R"' for every element of the group such that R&R"' = E and
R'&R=E.

In common words, a convenient interpretation of the combining rule P&Q can be that ‘do
P after Q. It is necessary to emphasize at this point that ‘groups’ are objects of abstract
mathematics, and therefore not only symmetry operations but arbitrary sets form a group if
conditions 1-4 are satisfied. More common examples for groups are the group of positive real
numbers with the multiplication as combining rule or the set of integers with the addition:

both groups have an infinite number of members.

If all symmetry elements are assumed now to have one common point in the space, the
group will be called ‘point group’ (with a finite number of symmetry operations): some of
these groups will be applied for the characterisation of our polyhedral assemblies. It is proven
mathematically that any symmetry operations in point groups can always be represented by

matrices, once the combining rule is matrix multiplication. Here appears, after defining
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groups, the second keyword ‘representation’. For the sake of simplicity, let the symmetry of a
triangle in plane (pertaining to the group called Cs,) be considered (Fig. 5.1): this object has
three mirror planes denoted by a, b and ¢, defining a three-fold axis of rotation as their
intersection line. Labelling now the reflection operations by the letters of axes and using right-
handed coordinate system (counter-clockwise rotation is positive), it is possible to assemble a

table of the possible combinations of operations (Table 5.1).

first operation

E C G’ o o o

?g E E Cs C32 o, Op O

%_ C; |Gy C32 E oc. o0, Op

S C32 C32 E C; o, o0, o0y
§ o, |o, op 0. FE G C32

S o |o o o G E G

o, |o. o0, o, Ci ng E

Figure 5.1: Another (7, a) projection of Table 5.1: Another (7, &) projection of
compatibility paths shown in Fig. 3.15 disproving compatibility paths shown in Fig. 3.15 disproving
bifurcation bifurcation

The number of different operations in a group is called the order of the group and
denoted by g, hence the table has g rows and g columns. It is quite easy to see from the group
definition that all the operations must appear exactly once in each row and column. The table
can be regarded as multiplication table as soon as the operations are represented by matrices:
any full set of matrices that obeys the multiplication table of a group, is called a matrix
representation of that group and denoted by the symbol I' (full set is understood as each
operation has its matrix equivalent). Matrix representations of a group, however, are of an
infinite number: some specific ones will therefore be pointed out in the followings.

The simplest representations usually obtained by a simple geometrical approach. Fig. 5.2

shows how the new coordinate components can be computed if a +2z/3 rotation (the Cs

operation) is applied to the system containing three nodes:
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(@)

by

X6 X6 "

2 |

Figure 5.2: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Here X; denotes original coordinates of vectors attached to given nodes, e.g. as external
load or displacement vectors, while X;" means the new coordinates after the rotation in the
same (fixed) system. Looking at the rotated vector shown in the figure, it can be shown that
new coordinates along X3 and X4 depend on the former X; and X, as follows:

Dx,"A , Deosl22/3" &sin!22/3" DX, A

B

\ " 4 . 5.1
X, p (B,Sin!22/3 cos!22/35%X26 o

From similar blocks, a 6-by-6 matrix could be assembled for the description of the whole
assembly, and there could also be compiled five matrices more characterising all the
remaining five operations: the result would be a 6-by-6 representation of the Cs, group. An
object may consist of more nodes as well, it is obvious then that even the matrix size of a

representation can be varied infinitely.

Let 4, B and S be three square matrices of the same size. 4 and B are said to be related by

a similarity transformation if
A=S'BS. (5.2)
Consider now a general matrix representation I'(I'y, ..., I'y) of a given group (a I',, inside the
brackets means the m-th matrix in the representation): it can be transformed by a similarity
transformation (using the same matrix S for each I',) into an equivalent representation that
consists, of course, of different matrices. In group representation theory, I' is called reducible
representation if there exists a similarity transformation that reduces each I',, to a special
block-diagonal (hyper-diagonal) form simultaneously. In that reduced form of the
representation I', all matrices I',, have the same block structure, therefore any g-element set of
k-th blocks constitutes new representations I'n(I'x; ..., I'tg). If such a representation cannot be
reduced into smaller blocks by any similarity transformation, it is called an irreducible

representation of the group.

Because of the simultaneous transformation, irreducible representations may consist of
larger than 2-by-2 matrices (that 2-by-2 size would be indeed the maximum for the reduction

of a single matrix into the smallest (real) diagonal blocks by an appropriate similarity
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transformation), and they are not unique either: irreducible representations of larger matrix
size (higher dimension) than one can be transformed further by similarity transformations in
infinitely many ways. Non-equivalent irreducible representations (i.e. that are not related by
any similarity transformation), however, are already of finite number («) and can be written
down for each group in a given basis as I'"), ..., T"). Let us now repeat the previous block-
diagonalisation in such manner that non-equivalent irreducible blocks be grouped separately:
since u 1s finite, depending on the size of the matrix, irreducible blocks must appear ay, ..., a,
times in the representation as illustrated in Fig. 5.3.

o,

1’*(1)051

F(ﬂ)a,u

Figure 5.3: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

In the Cj;, group, for instance, three irreducible representations exist; Table 5.2 gives
matrix description of the two-dimensional representation (i.e. composed of 2-by-2 matrices)

in a trivial basis shown in Fig. 5.2; ¢ and s abbreviate cos(27/3) and sin(27/3).

E C, C? 5 5, 5
G 1 1 1 1 1 1
G 1 1 1 &l &l &l

DI OA Dc &sA Dc sA DI OA Dc &sA Dc s A

b 2k ol fes B &l B &l b ad

Table 5.2: Another (1, &) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Headings in the first column are labelled with superscripts A;, 4, and E as usual notation
for the referred irreducible representations. We note that even if it looks meaningless, 4; also
obeys the multiplication rule and is therefore a representation of the group; moreover, any

group has a representation composed of all ones and labelled by 4.

Single-dimensional irreducible representations are already unique since being composed
of scalars instead of matrices, but there can be found appropriate invariants also for the
higher-dimensional irreducible representations: since a similarity transformation (5.2) does

not change the trace of a matrix, equivalent irreducible representations can be characterised
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by the trace of each matrix in a representation. This series of scalars are called the character
of the representation, and since the trace of a one-by-one matrix is equal to itself, the
character table of our example group could be given as in Table 5.2, substituting only the
third row by the series of values (2, &1, &1, 0, 0, 0).

Character tables in practice are rather given in a more compact form that is due to the
existence of classes within a group. Two elements P and Q of a group are called conjugate to
each other and therefore belong to the same class if and only if

P=R'&0&R (5.3)
for at least one element R of the group. Since (5.2), defining the similarity transformation, is
simply a subcase of (5.3), traces of matrices belonging to elements in the same class within
any given representations are equal, and character tables contain as many columns as the
number of the classes (the number of different elements within a class is also reflected in the

headings of columns, see Table 5.3).

| E 2C, 35
A1 1 1
A1 1 &l
E|2 &l 0

Table 5.3: Another (1, @) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Both the representations and characters have special algebraic properties that can be
proved by the great orthogonality theorem, key theorem of group representation theory. The
essence of the theorem can be put into words as follows: If a series of g entries taken from the
same row and column from the matrices of a particular irreducible representation is called a
component of the irreducible representations of the group, then each component is orthogonal

to any other component of the same irreducible representations of that group.

No proof is given here for the theorem, but once its statement is accepted, it is easy to see
that characters of different representations divided by the square root of the order of the group
form an orthonormal set. Another (although not obvious) consequence of the theorem above
is that numbers of classes and non-equivalent irreducible representations are equal, cf.
Table 5.3.

After having some of the theoretical background founded, we are in the position to
formulate what symmetry-adapted analysis actually means. A special vector basis for both
external and internal variables (loads/displacements and forces/elongations) are searched for
in which all matrices appear in a block-diagonal form according to different symmetry
properties. The term ‘all matrices’ covers here more than simply matrix representations, since

it can also be shown that such a symmetry-adapted basis makes the compatibility and stiffness
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matrices to assume this form. Now let us step back to the block-diagonalised matrix
representations: f = a; + ... + o, blocks of the reduced representations in Fig. 5.3 mean that all
operations are made on f invariant irreducible vector subspace in that special basis. In
symmetry-adapted analysis, however, a less special basis is used, when the vector space of
external and internal variables is split into as many independent subspaces as the rows in all
non-equivalent irreducible representations are: these are called symmetry subspaces, since
different symmetry subspaces can be characterised by different symmetry properties as well. It
means also that, since a representation denoted by £ T®) is two-dimensional, two invariant
vector subspaces will belong to it. In more complex polyhedral groups there are three-, four-
and five-dimensional irreducible representations (denoted regularly by 7, G and H,
respectively) with three, four and five invariant subspaces: these numbers will also give the
multiplicity of blocks pertaining to a given irreducible representation in the symmetry-adapted

form of the equilibrium, stiffness etc. matrix of a structure.

The matrix of similarity transformation into this symmetry-adapted basis can be
generated using projection operator matrix whose application is based on the orthogonality of
components of irreducible representations. The method will be given here without proof

again, see e.g. Bishop (1973) for details.

Consider a general reducible matrix representation R of a group and let F(“),-j mean g
scalars in the i-th row and j-th column of '), such a set was just called ‘component’: for
instance, I’ (E)l,z for the Cs, group means the component formed by the upper right elements of
matrices listed in the last row of Table 5.2. A matrix O(ﬂ)ii called projection operator matrix
corresponding to F(“),-j can now be obtained by a linear combination of g matrices in the
representation R, such that every matrix in R is multiplied by the corresponding scalars in
o,

O!anj - 7G!H"in. (5.4)
g

The next thing to do is to determine the column space of O(ﬂ)ii (orthonormal vector basis
spanning the space of columns of O(“),-j), in other words, the orthonormal vector basis of the
symmetry subspace belonging to the i-th row of I'“ (interestingly, this vector space does not
depend on the choice of j). Carrying out the same operations for the remaining rows of
irreducible representations, a full, symmetry-adapted orthonormal vector basis (its matrix
written as V henceforth) is obtained for the representation R. For more details, see Appendix.

Clearly, the symmetry-adapted vector basis generated as above depends on the basis (and
size) of the reducible representation R. Symmetry analysis, however, requires two different
symmetry-adapted bases to be found, because external and internal variables of the structures
span different vector spaces. In the first step, it is necessary to find an appropriate (reducible)
representation for both sets of variables: for load and displacement components, the matrix
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representation defined by (5.1) can be used. In order to represent symmetry properties of
elongations and forces in bars, it is enough to find a one-to-one correspondence between the
original and transformed object (bar) for any symmetry operations. Since these internal
variables can be determined by scalars, the matrix representation can be generated as a set of
simple permutation matrices of order equal to the number of objects. Looking back to
Fig. 5.2, for instance, if three sides of the triangle are imagined as bars labelled by b, b, and
b3 in counter-clockwise order, then a matrix representation of the full assembly under the C;

operation can be defined by the equation below:

gbl”@\ DO O 1A Db, A

3,7 " 51 0 07:56,0. (5.5)

B3 B0 1 0 Bbg
We note that if each 2-by-2 block in the transpose of the matrix representation of external
variables is substituted by a zero or unit scalar depending on whether the block is empty or
not, a similar matrix representation of the nodes as objects is obtained. Despite the
coincidence in our particular case, it normally differs from the representations of bars in a
structure.

Having these representations once been defined, the second step can be taken by the
numerical realisation of (5.4) for each row of I'* and finally by generating the column space
of all O(”)l-j’s to get matrices V, and V, containing symmetry-adapted vector bases of external
and internal variables, respectively. With the help of these matrices, it is easy to transform the

nodal force vector and the internal force vector into the symmetry-adapted basis:

p"=V,p, (5.6)
as well as

s’=Vgs (5.7)
(a superscript ¢ is applied if a vector or matrix is given in symmetry-adapted basis;

displacement and elongation vectors could also be substituted in the corresponding

equations). It is possible now to write (4.11) in a symmetry-adapted form as:
G’s”=p’, (5.8)
where the symmetry-adapted form of the equilibrium matrix is
G’=V," GV, (5.9)
Likewise, the compatibility matrix in symmetry-adapted form reads as:
C’=V,"CV,. (5.10)
It was also used that VpT'Vp =E, and V,'-V, = E,, that is, they are orthogonal. Note that group

theory admits complex representations in general, and in such cases orthogonality always

implies products of numbers with their complex conjugate (see e.g. the great orthogonality
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theorem and its consequences), thus, transpose is substituted by the adjoint and V,, V; are

rather unitary matrices.

Transformations in the inverse direction may be done in the same way. It is necessary
because states of self-stress and mechanisms are obtained by SVD of distinct blocks,
therefore, in a symmetry-adapted basis of a given symmetry subspace. In this case, only the

columns of V,, or V, that match that subspace are to be multiplied.

Before going on computation, it is possible to predict some properties of the symmetry-
adapted matrices: the sizes of blocks and even some irreducible representations whose blocks
the mechanisms and self-stresses belong to. The basic concept is the symmetry-extension of
Maxwell’s rule, and the tool to be used is the representations again. A slight discrepancy of
terms should be bridged first: ‘representation’ was understood so far as a set of square
matrices of indefinite size, in contrast to the ‘character of a representation’, the set of traces of
those matrices. Since group representation theory is most widely applied in chemistry, we
adopt a common notation by saying representation even if just its character is thought.
Symbol T" will be kept for the description of such representations, completed by some
subscripts and an argument in brackets that refers to the set of objects whose representation is
considered. The meaning of these signs will be explained through the structure of our main
interest, the expandohedron.

Irrespective of the particular topology of connections between adjacent faces, an
expandohedron can be assembled from bodies (or nodes) that correspond to the kinematical
degrees of freedom, and constraints, characterised again by degrees of freedom, but without
any further reference, ‘freedom’ will be interpreted in terms of kinematics. If bodies and
constraints are arranged in a way that they obey the symmetry of a point group, then it is
possible to find a representation for them. Symmetry-extended Maxwell rule (Fowler &
Guest, 2000) says that

I'(freedoms) — I'(constraints) = I'(m) — I'(s), (5.11)
where I'(m) and I'(s) are the representations of mechanisms and states of self-stress. For
example, faces and links of an expandohedra can constitute a set of objects that belong to one
of the groups 7, O or [ (tetrahedral, octahedral or icosahedral groups, respectively; since being
chiral, expandohedra in a general configuration do not display any symmetry of reflection,
rotation-reflection or inversion, because these improper symmetries would reverse the sense
of rotation). For further simplification of the discussion, let us focus on a dodecahedral
expandohedron pertaining to the group /: knowing that every symmetry operation transforms
faces into faces, it is enough to characterise each face by its centre. As there are f= 12 faces,
an f-by-f matrix gives an appropriate representation if it is compiled exactly as the matrix in
(5.5): let the entry in the i-th row and j-th column be one if the current operation transforms

the j-th face centre into the i-th, and zero otherwise. Since multiplication by such matrices
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does nothing but permutes rows or columns, it is called permutation representation and
denoted by I'; (or I'x(f), with reference to that it is a representation of the faces). It is
surprisingly easy to calculate the traces of the matrices in this representation: only the nonzero
entries along the main diagonal have to be counted, and there is such an entry exactly when a
face centre is transformed into itself. Thus, if the operation is the identity, all faces remain
intact and the character is f= 12, if a rotation about any Cs axes is performed, then exactly
two faces lying along that axis remains unshifted: the character is 2. Under any other
operation, the character is zero, and the representation can be defined with its character as
shown in Table 5.4.

If the links between faces are ball-jointed bars, then they can be regarded as constraints
removing one degree of freedom from the relative displacement of adjacent faces. Since a
reversed bar is equivalent to the original one, it is enough again to see the transformations of
their midpoints: using the same method as before, I, of the links (edges) of an
expandohedron, I',(e) is obtained (very similar is the meaning the matrix of (5.5) has, as it is
also the edge representation of a triangle but in the Cs, group). The number of links in our
example structure, the dodecahedral expandohedron is e = 30, and only a C, operation leaves

any links (a pair of them) unchanged; see the characters in Table 5.4 again.

A tiny modification should be made if a sense (‘arrowhead’) is attributed to all of the
previously mentioned edges. Generally speaking, it can be done in three ways: a) if the arrow
is pointing along the edge in case, then the corresponding representation is symbolised by
I'j(e); b) if the arrow is perpendicular both to the edge and to the bisecting C, axis, the
representation is labelled by I'y(e); c) if the arrow is pointing outwards along that C, axis,
then it is equivalent to the case when there is no orientation at all, and therefore the subscript
5 1s used again (I'y(e)). There are only rotational symmetry elements in chiral polyhedral
groups that yields I'j(e) = I'1(e), and the unified notation will be I'_,(e). It is not difficult either
to generate the matrix representation of I'_,(e) by the modification of I',(e) according to the
changes in senses: if an operation reverses the arrowhead while transforming the j-th edge
into the i-th one, the corresponding entry must be —1 instead of +1. The only difference in the
character table concerns the C, operation when exactly one pair is reversed.

Two specific representations are still needed in order to apply the symmetry-extended
mobility criterion: I'7 and 'y are the translational and rotational representations of the group
(these are 3-by-3 matrices in 3D symmetry). Since these are irreducible representations, they
are given in character tables denoted by the symbol 7 or 7; as well. Due to the chirality again
that our selected groups have, I'r J I'z in a given group and therefore denoted by I',. (in the
group /, given as example in Table 5.4, I',,. J '™V jrrational entries in the lowermost row are

usually denoted by 7" and # in this order).
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E 12C, 12C; 15C, 20C,
Gs(f) |12 2 2 0 0
Gs(e) [30 0 0 0 2
Ge(e) |30 0 0 0 &2
G, |3 1(2*/5 1&2*/5 0 &1

Table 5.4: Another (1, @) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Based on the same arguments, of course, it is possible to define representations of other
sets of objects (e.g. vertices) within this group, or such representations of other symmetry
groups can also be defined. An additional remark concerns that any set of objects whose
members are arranged symmetrically in pairs along the edges (hence any operation except for
the identity shifts all the 2e objects), can be represented by the sum I's(e) + I'_,(e). General
validity of this statement is based on the fact that an edge in an expandohedron may either lie
on no non-trivial symmetry elements or is bisected by a C, axis; in the first case, any edge
mean a zero to be added to the character under any non-trivial operation, whilst in the other
case, ['5(e) + I'_,(e) contributes with (+1 + (=1)) to the character under C, and zero otherwise.

In both cases, only the character under the identity (2e) will be nonzero.

At this point, first member of the mobility criterion in (5.11) can be written either as
(Fowler & Guest, 2000):

I'(freedoms) = I'(bodies)*2I 'y, — 2Ty, (5.12)

where the product on the right hand side represents the overall mobility of the bodies, and the
last member is because of the removal of the rigid body motions (RBMs), or as

I'(freedoms) = I'(nodes)*I'y,. — 2I',,., (5.13)

if a truss model is considered. I'(bodies), I'(nodes) and I'(constraints) can be determined

depending on the particular structure: it will be performed in the following section.

5.3 Classical truss model and symmetry

As an introduction to the symmetry analysis of generalised trusses, let the representations of
freedoms and constraints be defined for a conventional truss model simulating the double-link
expandohedra. In quite a general approach, we only assume that our parent polyhedron is
trivalent, therefore C; axes pass through the centres of (at least, some) holes among adjacent
face triplets, irrespective of which of the three chiral polyhedral groups the assembly belongs
to. Having recourse to Fig. 4.2, it is obvious that each of f, n-gonal faces consist of 2n + 2
nodes and 67 bars, while e double links add 2e bar more. From these data, the total number N,

of nodes is
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N, "2f 27/ nf,, (5.14)

where f means the total number of faces, and the number of bars (constraints) is

N, " 2e(6( nf,. (5.15)

In order to be consequent in not introducing any redundant constraints, a formal change is
made to (5.11) by adding the representations of RBMs to both sides. The reason for doing so
1s that a proper external support that also obeys the representation rules of a polyhedral group
cannot always be found simply by removing six nodal displacement components of the
assembly. The modified formula of (5.11), however, will produce a sum of internal
mechanisms and RBMs on the right hand side.

The character of representation of the nodes under identity operation will then be »N,, and
zero under any other operation, except for Cs;, Cs and Cs in the groups 7, O and I,
respectively. These rotations leave 2 faces (4 nodes) in groups / and O; and either one or two
faces (2 or 4 nodes) in the group 7T (a tetrahedral expandohedron has only one face centre
lying on each Cs axis, but a truncated tetrahedral one has two). Thus, the character under these

operations is normally four.

For the constraints, the following has to be considered: if any of the previously discussed
rotation occurs, no bars will be unshifted. The only remaining non-trivial operation is C,, and
even if all C; axes ‘bisect’ exactly two double links in all the three groups, the bars in double
links will be shifted under any C, as well: the character contains all zeros except for the first
number that corresponds to N.. The representation I'(m) —I'(s) + 2I',. (called also ‘mobility
representation’ in the following) can now be computed for all the chiral polyhedral groups in

table format, see Tables 5.5, 5.6 and 5.7 for groups 7, O and [, respectively.

# E 4C, 4C; 3C,
Glnodes" N, 42" 412" 0
LG, 3 0 0 &l
Glfreedoms’ ( G,. 3N, 0 0 0
& Glconstraints" N, 0 0 0
Glm'&cls"(G,, |3N, &N, 0 0 0

Table 5.5: Another (1, &) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

(brackets refer to tetrahedral expandohedra)



S — SYMMETRY-ADAPTED LINEAR ANALYSIS 60

$ E 6C, 3C; 8C, 6C|
Glnodes" N, 4 4 0 0
LG, 3 (1 &1 0 &l
Glfreedoms” (G, | 3N, 4 &4 0 0
& Glconstraints” N, 0 0 0 0
Glm"&Gls"(G,, |3N, &N, 4 &4 0 0

Table 5.6: Another (1, @) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

% E 12C, 12C: 20C, 15C,
Glnodes” N, 4 4 0 0
LG, 3 NN 0 &I
Glfreedoms' ( G,. 3N, 4NE ANt 0 0
& Glconstraints" N, 0 0 0 0
Glm"&Gls" (G, [3N, &N, 4NC 4Vt 0 0

Table 5.7: Another (1, &) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation
(' =(175")/2)

It is already known that a general representation can be reduced to irreducible ones. The
traces of the original matrix representation are obviously given by the sum of characters of all
the irreducible representations. Knowing also from the great orthogonality theorem that these
characters are orthogonal to each other, the original representation can be reduced into a
uniquely determined combination of the irreducible representations. The applied method is
called projection, e.g. if the representation I'(constraints) is given in the group / as a row
vector (N, 0, 0, 0, 0) and the number of times 77 occurs in it is asked (see Table 5.7), then
each entry in the character of 7 (normally taken from character tables, but since in the group
LTy.JD (™) it is given actually in the third row of Table 5.7) should be multiplied by the
corresponding cofactor in the first row yielding another vector (3, 12;7+, 129, 0, -15), then a
scalar product of the two vectors, divided by the order g (now g = 60) of the group, gives the
multiplicity of 7' in I'(constraints) (in the present case, N, / 20).

It is an important remark that all steps of the previous reduction can be generalised to
double-link expandohedra of tetravalent or pentavalent parents: their mobility representation
tables can be generated similarly to Tables 5.6 and 5.7 just by swapping the character values
of T'(nodes) under the C; (C4?) and C; in the octahedral group, or Cs (Cs?) and C; in the

icosahedral group (I'(constraints) is unchanged).

At this point, symmetry representations for all possible double-link expandohedra are
given. For the sake of simplicity, consider now only the five Platonic expandohedra.
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Reduction of the three lowermost rows in the previous three (or with the two changes above,
theoretically five) tables are given in Table 5.8.

N, =32 I'(freedoms) + 2I'y,. | 84 + 8E + 24T
N.=84 I'(constraints) TA+TE+21T
TETRAHEDRON | I'(m) —I'(s) + [2Ty.] |A+E+T+[2T]
N, =60 I'(freedoms) + 2I'y,. | 841 + 64, + 14E + 24T, + 227,
N.=168 I'(constraints) TA, +TA, + 14E + 21T, + 217,
CUBE F(m)—F(s)+ [2nyz] A1 —A2+ T1 + T2+ [2T1]
N, =144 I'(freedoms) + 2I'y,. | 84 + 247, + 207, + 28G + 36H
N, =420 I'(constraints) TA+ 21T, + 21T+ 28G +35H
DODECAHEDRON | I'(m) —I'(s) + [2I'y.] |A+Ti— T, + H+[2T1]
N, =64 I'(freedoms) + 2Ty, | 841 + 84, + 16E + 24T, + 24T,
N.=168 I'(constraints) TA, +TA, + 14E + 21T, + 217,
OCTAHEDRON | T'(m)—-I'(s)+ [2'y.] | A1+ A2 +2E+ T +31,+[2T1]
N, =160 I'(freedoms) + 2Ty, | 84 + 247, + 247, + 32G + 40H
N.=420 I'(constraints) TA+ 21T, + 217, +28G + 35H
ICOSAHEDRON | I'(m) —I'(s) + [2I'y,.] | A+ T +31,+4G+5H +[2T1]

Table 5.8: Another (1, @) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Representations in each of the five lowest rows are of particular interest, because they are
valid not only for expandohedra with Platonic but any other parent within the given symmetry
group (e.g. the CCMV-expandohedron): if a parent in O or I had face centres on C, or Cs
(respectively) and C; axes as well, then conclusions of Table 5.6 or 5.7 still hold because of
the zero character of I, under C3;. A correct proof for the previous statement of
generalisation, however, requires another argument: if there are more nodes and bars in the
assembly, but the internal determinacy is still remaining, then additional N nodes mean 3N
extra bars. It is quite obvious that these additional bars cannot lie on any non-trivial symmetry
elements; hence they must appear in sets of g elements. Although it increases the character of
irreducible representations in both I'(freedoms) and I'(constraints) under the identity by entire
multiples of g, the difference can be reduced into irreducible components in the same way,
and their difference will be cancelled from the lowermost row. It is important to note that

negative members in these reduced mobility representation points out directly the existence of
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a state of self-stress belonging to given symmetry subspaces, labelled by its irreducible

representation (see &4, at the cubic and &7, at the icosahedral case).

Another observation of interest is that cofactors in the reduction of both I'(freedoms) and
['(constraints) give the dimensions of the corresponding blocks of the symmetry-adapted
equilibrium matrix that should also be obtained by numerical processes in the next section; for
example, in the dodecahedral case there will be found five H-blocks of dimension 36x35,
because in the reduced representations of freedoms (nodal coordinates) and that of constraints
(bars) there are members 36H and 35H, respectively. The multiplicity of the blocks in a
symmetry-adapted form corresponds to the dimension (5) of the irreducible matrix
representation (/) in question.

It has already been mentioned in Section 4.2 that there exists a hybrid ‘bar-and-body’
model for bigger double-link expandohedra (it was used by Kovacs et al (2004b) for mobility
computations). The method proposed by S. D. Guest is based on that internal forces in bars
(constraints) can be reduced to centre points of adjacent faces by means of an equilibrium
matrix that contains not only direction vectors of the bars, but also cross products of such
vectors with a vector pointing from the face centre to adjacent endpoint of the respective bar.
This model could also be formulated on the basis of the Hellinger-Reissner functional but it is
not obvious and exceeds the limits of this dissertation. Even without a detailed proof, it can be
seen that a face object (a rigid body) will also have among its kinematical DOFs three rotation
components. Representations can now be expressed in a simpler way, because I'(freedoms)
depends only on the number of faces in a given group (for brevity, we restrict ourselves to the
group /). Instead of (5.13), we rather use (5.12) to obtain ['(freedoms): the third row of Table
5.7 should be doubled, while N, is replaced by f. Since the number of objects lying on a Cs
(C3) axis is reduced into the half of the original (two faces instead of four nodes), the
character under any operation but the identity will be unaltered. As far as I'(constraints) is
concerned, e double links of the particular expandohedron results in 2e instead of N,.. Starting
from the dodecahedral expandohedron, the representations reduce according to Table 5.9; we
call attention to the decrease in block sizes.

f=12 I'(freedoms) +2I'y,. |24+ 6T, + 21, +4G + 6H
e=30 I'(constraints) A+3T+37,+4G + 5H
DODECAHEDRON | I'(m) —I'(s) + [2T'y.] | A+ T+ 1o+ H+[2T1]

Table 5.9: Another (1, @) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation
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5.4 Generalised truss model and symmetry

In the preceding section a particular application of a previously developed representation
analysis for trusses and rigid bodies has been presented, where only the general mobility
representation for all double-link expandohedra constitutes a new result. In this paragraph,
however, a certain generalisation of the method itself will be attempted, in order to examine

our mechanical model invented for single-link expandohedra.

The generalised truss model contains both N, nodes and N, free vectors as kinematical
variables. In the representation of the nodes, the same approach as in the first double-link case

is applied to bipyramids, but
N, "2f ([ nf, (5.16)

should be written instead of (5.14). In order to construct also a representation I'(vectors), it is
necessary to examine the operations once more. Since the vectors are free, equivalence
between their transformed and original configuration can be defined just on the basis whether
they are parallel or not (different orientation means a negative entry in the corresponding
transformation matrix). In this context, the character of I'(vectors) will be equal to the number
of links (e) under identity, but —2 under C,. The proof is based on the fact that all C, axes of
an expandohedron perpendicularly bisect two links by construction, and in all the three chiral
polyhedral groups, there are triplets of mutually orthogonal C, axes. Now a 180-degree
rotation about one of the three axes leaves two vectors lying along this axis unchanged, while
four vectors in perpendicular directions will be reversed, therefore the character is 2 — 4 = -2.

Characters under the remaining operations are still zero that leads to the conclusion that
I'(vectors) =1"_.(e), (5.17)

where I'_,(e) is the representation of directed edges. In a similar way, I'(nodes) can be

expressed as
['(nodes) = 2I',(f) + I'(e) + T'_(e), (5.18)
since [',(f) is the representation of both inner and outer nodes of the bypiramids, and the

remaining nodes can only modify the character under identity: the necessary increment is

exactly 2e and it can be obtained by adding a I',(e) and a I'_,(e) representation.

I'(constraints) is computed as the sum of four representations. The representation of bars
in bypiramids is the triple of that of face nodes lying off the rotational axis, but e bars along
the links must also be taken into account with I',(e), therefore the overall representation of bar

length constraints, denoted by I'(b/), 1s
[(by=T 4e) +3(I(e) + T'(e)). (5.19)
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Constant vector length constraint has a representation I'(v/), which should give e under the
identity but 2 + 4 = +6 under C, (4 reversed arrows are still characterised by the same internal
forces or elongations). It can be checked by characters that

I'(vl)y=2T (e) — ' (e). (5.20)

Third type of constraints is a prescribed vector difference in order that vectors remain
perpendicular to the bars they are attached to; its representation will be defined as

I'(vp)=T_(e), (5.21)

because an infinitesimal change of that right angle in one or the opposite sense makes the

difference vector to be increased or decreased (note that this difference vector is not free any

more, since the bar moves together with the assembly). Finally, the original pairs of triangles

were modelled by symmetric pairs of vector difference constraints again, whose

representation is (see the paragraph after Table 5.4):
['(tr)=T(e) + T'_(e). (5.22)
The representaion of the constraints is then
I'(constraints) = I'(bl) + T'(vl) + T'(vp) + L'(¢r). (5.23)
A similar expression to (5.13) can also be written for the representation of all freedoms as
I'(freedoms) = (I'(vectors) + I'(nodes))xI'y,. — 2I'y,., (5.24)
where I, still means the representation of translations or rotations in three dimensions.

Substitution of (5.17) and (5.18) into (5.24), as well as (5.19)—(5.22) into (5.23), the
following mobility criterion from (5.11) is obtained:

['(m) —T'(s) = QLs(f) + I'o(e) + 2I' (€)' — 2Ty — (T(e) + 41 (e)). (5.25)
Symmety-extension (Ceulemans & Fowler, 1991) of Euler’s polyhedron theorem, already
stated in (3.5), can be written for [',(f) as

I(f)=T_(e) +2Ih—T,(v), (5.26)
where I',;(v) is the representation of the vertices of the parent polyhedron and I'y corresponds
to a representation with character of all ones. With reference to the characters of I',. in Tables
5.5-5.7, and knowing that I'y)(e) = (e, 0, ..., 0, +2) and I',(e) = (e, O, ..., 0, =2) in each chiral
polyhedral group, it can also be formulated that

(I'o(€))*Tyz = I'o(e) +2I'(e) (5.27)
and
(T(€)) Ty = 2T(e) + T (o). (5.28)
Let us now substitute (5.26), (5.27) and (5.28) into (5.25); after simplifications, it yields
['(m) —T'(s) =+ 2y, + 2 4(e) + 2T (e) — 2(T'o(v)) X yy-. (5.29)
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In the last step, we use the relationship between the edge and vertex representations of

trivalent polyhedra from Ceulemans & Fowler (1991) that says
(Lo(M)*Ty: = Toe) + I'-(e),

and with the help of this, symmetry-extended mobility criterion for trivalent single-link

(5.30)

expandohedra assumes the simple form below:

['(m) —T'(s) =2 yy.. (5.31)
Two comments on this representation analysis should be added here. First, the characters of
the present formula under the identity operation return exactly the result obtained in
Section 3.3. Second, by the analysis of some cases where faces and/or vertices lie on Cj;
and/or other axes, it could also be shown that 2T',,. appears in all mobility representations of

even non-trivalent expandohedra.

Finally, in contrast to general theoretical results, let here be given a table for the
irreducible representations of freedoms, constraints and mobility of the five Platonic single-
link expandohedra. Calculations are made according to the reducible representations in (5.25),

results are presented in the fashion of Table 5.10 for better comparability.

N,+ N,=26 I'(freedoms) + 2I'y,. | 64 + 12E+ 20T
N.=66 I'(constraints) 64+ 12E+ 16T
TETRAHEDRON | I'(m) —I'(s) + [2I'y-] | 2T+ [27]
N,+N,=48 I'(freedoms) + 21, 64, +54, +11E+20T,+ 17T,
N. =132 I'(constraints) 64, +54, +11E+ 16T+ 177,
CUBE L(m)—T(s)+ [2Ty:] | 2Ty +[2T1]
N,+N,=114 I'(freedoms) + 2I'y,. | 64 +207, + 167, +22G + 28H
N.=330 I'(constraints) 64+ 16T, + 16T+ 22G + 28H
DODECAHEDRON | I'(m) —I'(s) + [2T'y.] | 271 + [271]
N,+N,=52 I'(freedoms) + 2I'y,. | 741 + 64, + 13E + 19T, + 207>
N.=132 I'(constraints) 7A, +4A4, + 11E + 15T, + 187,
OCTAHEDRON | I'(m) —I'(s) + [2T'y,2] | 242 +2E+ 2T, + 2T, +[2T1]
N,+N,=130 I'(freedoms) + 21, TA+ 197, + 197, + 26G + 33H
N.=330 I'(constraints) TA+ 15T, + 15T, +22G + 29H
ICOSAHEDRON | I'(m) —I'(s) + [2I'y,-] | 2T\ +4T>,+4G +4H +[2T}]

Table 5.10: Another (7, o) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation
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5.5 Numeric tests: results and their interpretation

Symmetry analysis of the preceding sections gave valuable information on the structure of
matrices and on the blocks where mechanisms are expected to be found. In the cases where
['(m) —I'(s) contained irreducible representations with negative sign, even it constituted a
proof for the existence of state(s) of self-stress in the corresponding block. Nevertheless, it is
not possible to say that there are no more mechanisms or self-stresses in the structure: to
decide on this question, at least a first-order analysis has to be carried out for finding the right
and left nullspaces of the matrix C (vector spaces that are spanned by the vectors v, and v,
satisfying C-v, = 0 and v,"-C = 0", respectively).

The computations were done in the symmetry-adapted coordinate system defined in
Section 5.2: compatibility matrix was block-diagonalised using (5.10), and singular value
decomposition of each block was performed separately. Only trivalent expandohedra were
analysed, because a CCMV-expandohedron (and in general, any of its leapfrogged
descendants) has trivalent parents, and the trivalent Platonic expandohedra were found to have
similar mobility properties to those exhibited by the CCMV-expandohedron. Note that
particular results were computed on expandohedra called trivial in geometrical sense, but they

extend to general design parameters as well.

In the following two subsections, both single-link and double-link assemblies are
analysed in their general and specific configurations; within the double-link set, results for
CCMV-expandohedra (obtained from hybrid model) are also presented.

5.5.1 Single-link case

Essential numeric results for first-order matrix analysis are summarised in Table 5.11 below:
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general configuration | fully open configuration
parent polyhedron number of number of
Gs(h),0 block | block size | states of | mechanisms | states of | mechanisms
Gk(e) self- | +rigid-body self- + rigid-body
stress motions stress motions
A 6%6 1 1 1 1
fetrahedron g 6x6% %0 2x0 2x0 2x0
2T’ T 16x20 3x0 3x4 3x1 3x5
total 66x78 1 13 4 16
A 6x6 1 1 1 1
A 5%5 0 0 1 1
Aﬁg’f’& E  11x11  2x1 2x1 2x2 2x2
4 +E+2Tv:T T, 16x20 3x0 3x4 3x1 3x5
2 thee T, 17x17 3%0 3%0 3x] 3x]
total: 132x144 3 15 12 24
A 6%6 1 1 1 1
T 16x20 3x0 3x4 3x1 3x5
Dodecahedron 00 35 3x1 3%3 3x3
A+T+T>tH,
YT 42Ty 2G+2H G 22x22 4x0 4x0 4x2 4x2
H 28x28 5x1 5x1 5x3 5x3
total: 330x342 9 21 36 48

*degenerate case due to complex characters: instead of two 6-by-6 blocks, only one

12-by-12 block is obtained

Table 5.11: Another (7, ) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation (the first
term in assigned products means the multiplicity of blocks pertaining to the given representation, the second one

gives the number of mechanisms or states of self-stress found in such an individual block)

Before starting the evaluation of the results, it is important to emphasize that, in
particular, matrix C (and not G) was block-diagonalised, and hence rows correspond to
constraints. Let us concentrate on the general configuration first: there is at least one state of
self-stress in all cases, even if mobility representations do not contain negative members.
Having also read from Table 5.10 that the block 4 (4;) must be quadratic for all the three
trivalent Platonic expandohedra, it is not unexpected at all, because a totally symmetric
motion must exist by construction. The result is necessarily a state of self-stress in the same

block 4 (4;) that will play important role in Section 5.6.

The presence of just one state of self-stress in a tetrahedral expandohedron is not
surprising, but the other cases involve two and eight states of self-stress more whose physical
meaning is not obvious at all. In addition to all of that, it is still a question that, even if their

existence is predicted, what two mechanisms in each block 7 (77) physically look like.

To answer the question, let us return to the particular geometry of links shown already in
Fig. 3.6. Let us now have a look at the linkage of three plates again, according to Fig. 5.4.
Vectors ey, ..., €4 mean unit vectors along the folds, while vg; is a vector pointing from E to B.
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€4

E
Figure 5.4: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

In any of the configurations, triangles connected to the same rectangle are lying in
parallel planes. Assuming that e; and e, are non-parallel vectors,

e;=ae; +are (532)
can be written, where a; and a, are constants determined by the current configuration.

Consider edge EF as fixed: since infinitesimal mobility is only investigated, a small
rotation about EF (described by a vector rje;) results in that point B is displaced by
(r1e1xvgp); likewise, an additional rotation about ED (r;e;) adds a displacement (r,e,%xvgp).
Because of the associativity of a cross product, the resultant infinitesimal displacement at B
may be set arbitrarily in a plane perpendicular to EB. It will now be shown that for any of
such motions of B there is a third rotation r3e; that makes the displaced edge AB remaining
parallel to its original position. Had AB just been translated but not rotated, it implies that

resultant vector of the rotations about e, e, and e; is parallel to the edge AB:
rie) + rey + ries = rseq, (5.33)
and here both r; and r4 are to be determined. Substituting (5.32) into (5.33), equality of
coefficients of e; on both sides yields that
ry =rilay, (5.34)
as well as the same condition for the other component e, = e; results in
73 = raap — 1. (5.35)
It is easy to see that equations (5.35) and (5.34) can always be solved if a; P 0, and this
condition is automatically satisfied when e; and e4 are not parallel either.

In the context of an expandohedron, it means that if a simple ball-jointed bar at EB is
applied instead of the entire linkage for all the connections between faces, and this connection
allows for an infinitesimal translation in an arbitrary direction and/or a rotation about the
symmetry axis of a face, then a replacement of edge EB by the original linkage would not
block such a motion. This condition holds automatically a) for every face of a single-link

expandohedron in fully closed configuration, or b) for faces surrounded by linkages with
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equal distances corresponding to EB in any configurations (in this case, there must exist a
screw-like finite motion for the faces just because of the symmetry, but it cannot be extended
to a hexagonal face of a general single-link CCMV-expandohedron where EB lengths in links
are different).

It 1s quite obvious that all Platonic expandohedra belong to case b), and there is an
infinitesimal mechanism (‘face mechanism’) for each of their faces. The representation of
these mechanisms, however, must span I',(f) whose irreducible blocks are also displayed in
Table 5.11: removing that representation from the entire mobility, 17 (or 17;, but
nevertheless, three independent mechanisms) is obtained in all three cases. For example, five
entries in the fourth column pertaining to the dodecahedral case mean a reduced mobility
representation A4 +47;+ 1>+ H, including RBMs spanning 27); after removing also
I'y(fy=A+T,+T,+ H, only T) remains. Because of the choice of natural basis in which
irreducible (rotational and translational) representations 7 (7)) were given, the mechanisms
have their symmetries specifically about x, y and z axes, this is why the example mechanism
is also shown in x, y and z projections in Fig. 5.5. It is important to repeat that in the figure
only one of the three mechanisms is shown: our particular example is a displacement having
C, symmetry about x and C, anti-symmetry about y and z axes, and the two remaining
mechanisms have their single C, and two anti-C, symmetries about y, z, x and z, x, y,
respectively. Although Fig. 5.5 illustrates a dodecahedral case, the picture would look similar

for any single-link trivalent Platonic expandohedra, not displayed here for brevity.
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Figure 5.5: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

In a fully open configuration additional mechanisms and self-stresses are found. If a
general expandohedron is analysed, however, it is not always obvious how to define that
configuration: it can happen that some of the links become planar (i.e., have all the three
components in the same plane) and others do not; but for Platonic ones, all linkages become
planar simultaneously (if in Fig. 5.4 all edges were coplanar, then a uniform out-of-plane
displacement of points C and D (‘edge mechanism’) would be allowed, with a -1
representation under (). In such degenerate planar linkages there is an internal infinitesimal
mechanism again spanning I'_,(e). Consequently, I',(f) and I'_,(e¢) must be included in the set
of mechanisms of a fully open assembly, and interestingly, these representations in fact span
those of the mechanisms, indicating also that 7-mechanisms detected in general

configurations are contained by the set of edge mechanisms.
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5.5.2 Double-link case

Numeric results are given in Table 5.12 in the same fashion as before:

general configuration | fully closed configuration
parent polyhedron number of number of
Gsle),) block | block size | states of | mechanisms | states of | mechanisms +
Gk(e) self- | +rigid-body self- rigid-body
stress motions stress motions
A 7x8 0 1 0 1
Tef;fgi‘;”’“ E Tx8* 2%0 2x1 2%0 2x1
T ’ T 21x24 3x0 3x3 3x2 3x5
total: 84%x96 0 12 6 18
A 7x8 0 1 0 1
A 7%x6 1 0 1 0
Cube
E 14x14 2x0 2x0 2x1 2x1
‘i‘:zj;j% T, 2124 3x0 3%3 3x2 3%5
T 21x22 3x0 3x1 3x1 3x2
total: 168x180 1 13 12 24
A 7x8 0 1 0 1
T 21x24 3x0 3x3 3x2 3x5
Dodecahedron 7 550 3 30 3%2 3x1
A+T+T>+2G+3H,
DT 2 TH2GH2H G 28%28 4x0 4x0 4x2 4x2
H 35%36 5%0 5x1 5%2 5%3
total: 420x432 3 15 30 42

*degenerate case due to complex characters: instead of two 7-by-8 blocks, only one

14-by-16 block is obtained

Table 5.12: Another (7, o) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

An interesting feature of the table is that in general configurations all the three

expandohedra are characterised by the minimal set of mechanisms and self-stresses predicted

in Table 5.8. In a fully closed configuration, however, there are numerous extra mechanisms

and states of self-stress: it will be easy to explain their origin by the special collinear

arrangement of two links along each edge. Figure 5.6 illustrates how each face is able to

undergo two rotations and an off-plane translation infinitesimally without elongations in any

links.

Figure 5.6: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation
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This triplet of infinitesimal face mechanisms can occur independently in any faces that
explains in itself why the number of mechanisms is equal to three times the number of faces
(see the last column of Table 5.12), but the figure may also help to interpret the representation
of these mechanisms. If any face rotations were possible, it would span the representation
I'o(f)<I'y,.. Since the impossible rotation about the perpendicular axis has the same
representation I',(f) as the additional possible translation along that axis, it means a
subsequent subtraction and addition of I',(f) that changes nothing. Substituting the right hand
side of (5.26) into the expression I'x(f)xIy,., then using equations (5.28) and (5.30), our
representation formula is reduced to

T)XTy. =€) + 2Ty, (5.36)
and that is why I',(e) is displayed instead of I',(f) in the row headings of Table 5.12. It is even
simpler to find the representations of self-stresses, since every pair of collinear links along an
edge allows for an independent state of self-stress with unit tension in one and compression in
the other member. Because a C, operation changes the sign of bar forces, it must span I'_,(e)

that can also be read from the headings of rows.

In Section 5.3 it has been proved that symmetry-extended mobility representation of a
double-link dodecahedral expandohedron must be the same for a CCMV-expandohedron as
well, since it belongs to the same symmetry group /. Mobility condition was also checked by
computations for a series of double-link assemblies based on icosahedral fullerene polyhedra
by (Kovacs et al, 2004b), but now we restrict ourselves to the analysis of CCMV-

expandohedra only.

Symmetry analysis of the hybrid bar-and-body model of such an assembly confirms that,
as was the case for dodecahedral expandohedra, there is a totally symmetric mechanism in the
block 4, accompanied by three 7;- and five H-mechanisms, while all the three states of self-
stress belong to the block 7> in a general configuration. Under ‘general configuration’ now
not only a general stage of opening is understood but also generally chosen design parameters,
like node locations and edge lengths, as described in Section 3.4.2. Of course, larger number
of geometrical parameters does not necessarily increase the set of general states only: as was
shown earlier in Fig. 3.17, kinematic pathways may have bifurcation points even when a
structure is not considered as closed. Knowing that bifurcation always comes together with
additional rank-deficiency of the compatibility matrix, additional mechanisms and states of
self-stress have to appear at those points. The symmetry-adapted matrix analysis of the
example structure of Section 3.4.2 at a =—2.77945° showed the representation of mechanisms
to be

F(m) =24+T1+ T, + H, (537)
since two mechanisms were found in the block 4 and one in all blocks 7}, 7, and H. Similarly,

the blocks, where states of self-stress were found, indicate that
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I'(s)=A4+2T>. (5.38)
Compared to the corresponding results (third and fourth columns of the dodecahedral case of
Table 5.12), the increase in both representations is 4 + 75: let us try to give the reasons for the

appearance of these four additional mechanisms.

In the diagrams of Fig. 3.15 both Rs and R radial distances are shown, and it was shown
in Section 3.4.2 that a bifurcation occurs on the path of Rs (we still deal exclusively with
pathways of totally symmetric mechanisms). If the assembly is moved into the bifurcation
configuration, then a geometrically possible displacement d¢ of the assembly without
pentagons (‘hexagonal skeleton’) requires a displacement ds; of the pentagons and
surrounding links that is compatible with that hexagonal skeleton in order to maintain the
overall compatibility of the assembly. If the assembly reaches a bifurcation point, then
another displacement ds; of pentagons can be added to ds without breaking the compatibility.
Since a first-order analysis is performed, infinitesimal displacements around this point can be
computed as a linear combination of the two displacement vectors defined by (ds + ds,1) and
(ds + ds ), therefore their difference (ds; — ds2) 1s also an infinitesimal mechanism even if no
hexagons are moved underneath (Fig 5.7 shows displacement vectors along one of the two
finite paths on the left, while the infinitesimal face mechanism coming from their difference is
displayed on the right).

Figure 5.7: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

This decomposition of infinitesimal mechanisms offers a direct proof for the extra
mobility of 4+ 7: on the one hand, two independent totally symmetric mechanisms (the
finite ones) must span at least 24, but, on the other hand, if an infinitesimal face mechanism
can occur with fixed hexagons around, then they are all independent from each other, and
hence must span I',(f), the face representation of the expandohedron: in (5.37) exactly the

union of these sets is expressed.
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5.6 Questions of higher-order stiffness — conclusions

We remind that all this work with mechanical modelling and symmetry was inspired by a
physical model of a natural mechanism, and this analysis would be fairly incomplete without
results concerning finite mobility. As this dissertation does not aim only to find answers to
explicit questions, but in parallel, to introduce new tools in the analysis of structures, no well-
known methods of mechanical engineering (screw theory etc.) but just symmetry arguments
and a simple linear matrix analysis will be used to detect finite motions or infinitesimal

displacements that are blocked by self-stresses.

Symmetry can help to make a decision, first of all, on the finite mobility, according to the
method described by Kangwai & Guest (1999) If there is a totally symmetric mechanism but
no such state of self-stress in a symmetry group, then the mechanism must be finite. It is quite
easy to see that having an assembly being moved along a totally symmetric displacement
vector d, the new configuration will retain its original symmetry. Since a totally symmetric d
is necessarily obtained from the SVD of the block A, if there is no self-stress in the same
block, then the block has a flat rectangular shape, meaning that all mechanisms in that block
are finite. Looking at the computed results of all double-link assemblies in general
configuration, the case is exactly as above; unfortunately, by symmetry it tells us only that has
already been known from geometry, that is, the swelling mechanism is finite indeed.

Although all remaining mechanisms are of lower symmetry, the method followed so far
can be extended by finding symmetry-adapted coordinate system in that group where the
mechanism is totally symmetric. In our case, this way does not seem to be appropriate
because of the multiplicity of infinitesimal mechanisms that can produce finite combinations
in certain cases and infinitesimal ones in general; moreover, these combinations normally
show no symmetry at all. Thus, instead of searching for mechanisms that are surely finite, the
inverse technique will rather be followed: by investigation of the sign definiteness of the
reduced complementary stiffness matrix (W) based on distinct states of self-stress (si) and a
set of independent mechanisms (D), additional second-order stiffness will be detected. Once a
self-stress is found that imparts additional stiffness to the structure against a mechanism, this
mechanism must be first-order infinitesimal, if not, the mechanism is of first or higher order

and may even be finite.

Despite that a simple check for definiteness can be carried out in an arbitrary basis, it will
be useful to write down a Hessian matrix H’. Of course, H’; will appear in block-diagonal
form only if s; was totally symmetric, otherwise non-empty blocks will also be found off the
diagonal. This behaviour is easy to be explained on the basis that (4.18) (in accordance with
(4.16)) expresses the work done by nodal forces p = H-d on nodal displacements d. Thinking
now in symmetry-adapted coordinates, if the state of self-stress (s°) has full symmetry, nodal
forces will ‘inherit’ the symmetry of the displacement; if it is written as a matrix product, then
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matrix H” must transform within each symmetry subspace. If s” has ‘lesser’ symmetry and d’
belongs to one of the symmetry subspaces, p’ will have even lower symmetry than d’ had,
and it means that H must also transform from other symmetry subspaces into that of d’.

It is not difficult to perceive again that the structure of W will follow the block structure
of H” and D’, Figure 5.8 may help understanding through a totally symmetric case:

Figure 5.8: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation (white

areas contain zero entries only)

Note that superscript ¢ is now intentionally omitted from W, since its content is
independent from the coordinate system, once the mechanisms in D are physically given (but
can be written down in any basis). Nevertheless, the displacement vectors could not be
obtained in such physical directions without the usage of symmetry-adapted subspaces, that is
why symmetry notation will be restored for W when all individual displacement vectors in D

physically belong to one symmetry subspace.

Actually, the analysis of this reduced complementary stiffness matrix is more
straightforward in the single-link case. We remind that a totally symmetric state of self-stress
(s4) is found for each of these assemblies, and the corresponding Hessian H’; is therefore
block-diagonal. If matrix D contains all m independent infinitesimal displacement vectors
found in symmetry-adapted first-order analysis (but does not contain, of course, any RBMs),
then W is obtained as an m-by-m block-diagonal matrix, where the dimension of square
blocks correspond to the multiplicity of mechanisms in a symmetry subspace (for example,
block dimensions in the general dodecahedral case are given by the series [1, (2, 2, 2), (1, 1,
1), (1, 1, 1, 1, 1)], since there was found one mechanism in block 4, two in each of the three
blocks T etc). Computed results showed that first entry in the main diagonal is zero for all the
three expandohedra, and since this entry constitutes a block in itself, its value gives one of the
eigenvalues. With a zero eigenvalue, however, a matrix is necessarily indefinite; therefore s4
cannot impart full second-order rigidity the structure. In more precise terms, this zero value
indicates that if the structure is mobilised along the totally symmetric displacement d,, then
no self-stress can block that mechanism: it must happen so anyway because of the possibility
of finite swelling. Removing now d, from D, first row and column of W’ is deleted, and the

check for sign definiteness should be repeated. In all investigated cases, this smaller W has
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been found to be sign definite that is a proof for each linear combination of non-totally

symmetric displacements being first-order infinitesimal mechanism.

If a fully open configuration is considered, a sign indefinite W is obtained even after the
removal of finite swelling. Without any further considerations, it can be explained by the fact
that non-adjacent faces, together with the surrounding linkages, may also change individually

their original configuration to their chiral counterpart by a finite mechanism at this stage.

The same technique obviously does not work for the double-link case, since the finite
character of swelling has been confirmed here exactly by the lack of totally symmetric self-
stress. Even in this case, the check for sign definiteness can be performed for any individual
vector s; of self-stresses. The three Platonic expandohedra cover basically different cases:
since a tetrahedral one has no state of self-stress, its six mechanisms and any of their
combination are finite; the cubic one has a single state of self-stress and therefore can be
analysed as was shown above. A dodecahedral (and CCMV-) expandohedron, however, is

characterised by three states of self-stress in block 7>.

Complementary stiffness matrices based on self-stresses with lower symmetry are not
block-diagonal any longer, but their block structure retains certain regularity due to symmetry
conditions. Because of the multiple self-stresses, let us concentrate on the assemblies in group
I if a self-stress from the first 7>-block (s;) is chosen, the corresponding H’; will show a
pattern displayed in Fig 5.9a, indicating clearly the few possible subspaces in which nodal
loads p are transformed due to a mechanism chosen from a given symmetry subspace (for
example, under the prestress of s;, a mechanism from the third H-block can only cause
unbalanced nodal forces with ‘mixed’ symmetries pertaining to the first G and the first two H-

blocks, see the three non-empty blocks in the column belonging to the third H-block).
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Figure 5.9: Another (7, o) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation (empty
areas contain zero entries)
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Interestingly, there are some empty blocks in H’; where also the two matrices based on
the remaining two self-stress vectors are all zeros. It means that any of their linear

combination will contain not less empty blocks than displayed in Fig 5.9b.

The structure of such a general matrix H’ seems to obey two rules. First, there are empty
fields in the matrix that belong to block rows and columns labelled by irreducible
representations each. It goes back to the fact that a vector p of nodal forces generated by a
displacement d must have symmetry properties determined by those of d and the self-stress s
as well: assuming that both d and s belong to a given symmetry subspace, the representation
of p can be obtained as a direct product of representations of d and s. Direct products obey
strict rules and these are normally given in tables (Atkins et al, 1970) that say what kind of
representations can ever appear in a direct product of two representations. In the present case,
for example, column (row) headings of empty fields in first block row (column) indicate the
irreducible representations that can never appear in the reduced form of a direct product of

two objects belonging to subspaces 4 and 7, respectively.

The second regular property is that all blocks along the main diagonal are empty. For
many advantage it has, unfortunately, it is not a rule, just the consequence of the special
features of the particular assembly: it means that a mobilisation of the expandohedron along a
mechanism pertaining to a given symmetry subspace results in a vector of nodal forces
pertaining to all but this subspace, and therefore the work done by this latter on that former is
necessarily zero. It means, also with reference again to Fig. 5.8, that a matrix W obtained
from such a matrix H must have all zero entries in its main diagonal, irrespective of the
properties of displacements grouped in D. As a result, W is necessarily sign indefinite, and no

self-stress can stiffen the assembly against even the non-totally symmetric mechanisms.

We note that sign definiteness can only be checked for a given state of self-stress. In our
particular case, however, it was possible to extend the analysis for a general linear
combination of self-stresses because of the empty diagonal blocks of the complementary
stiffness matrix (in the cubic case, the single state of self-stress results also in a matrix H with
empty diagonal blocks). Interesting information can also be obtained from the value of each
entry in W: consider a dodecahedral case again, where there are 3 and 5 mechanisms in D
from blocks 77 and H, respectively. After evaluation of W, two empty blocks of size 3x3 and
5x5 are found in the main diagonal. They can be interpreted as mechanisms from one or
another symmetry subspace that can be combined among themselves without any work done.
In other words, all of these combinations yield a possibly infinitesimal, possibly finite
mechanism. It is in accordance with experimental observations made on the physical model of

Bertalan & Térincsi (2003) that indicated the existence of finite inextensional mechanisms.
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5.7 Symmetry-adapted analysis: new results

Based on the sections above, considerations on symmetry and group theory yielded the

following achievements in the structural analysis of expandohedra:

— it has been proved that new constraints are also applicable in symmetry-adapted
analysis by finding appropriate representations associated with them (Section 5.4), in this
way, the block dimensions of the symmetry-adapted compatibility matrix could be predicted

exactly as had been done earlier for classical trusses;

— using linear matrix analysis in symmetry-adapted coordinates, it has been shown that
the overall mobility representation of a single-link trivalent Platonic expandohedron in a
general (not fully open) configuration corresponds to the union of the representation of faces
and a translational representation (7 or 7)), while in the fully open state, the mobility
representation is spanned by the union of face and edge representations (Gs(f) Q Gk(e),
Section 5.5.1);

— a simple geometrical proof has been given for the existence of infinitesimal face

mechanisms and edge mechanisms in single-link expandohedra (Section 5.5.1);

— a similar linear analysis performed on double-link trivalent Platonic cases has shown
that mobility representation in a general (not fully closed) configuration coincides with the
minimal set predicted earlier by the representation analysis, while in the fully closed state, the
mobility representation 1is spanned by the wunion of the edge permutation
representationl!Gs(e)), a translational and a rotational representation (27 or 27},
Section 5.5.2);

— In contrast to the single-link case, double-link expandohedra have been found to exhibit
a totally symmetric mechanism but no such state of self-stress, therefore the finite character of

swelling is proved by this linear analysis (Section 5.5.2);

— a simple geometrical proof has been given again for the existence of finite face

mechanisms in the fully closed configuration of a double-link expandohedron (Section 5.5.2);

— a symmetry-adapted linear analysis at the referred point of bifurcation has accounted
for four extra mechanisms and states of self-stress, which has been confirmed by arguments of
representation analysis (Section 5.5.2);

— a test for second-order stiffness has been performed for both single-and double-link
cases: non-totally symmetric motions of single-link assemblies have been found to be first-
order infinitesimal, while for the double-link assemblies no such stiffening effect exists due to

zero elements in the matrix H (Section 5.6).
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6 Hinged spherical retractable dome structures

The title above in itself contains fairly many restrictions on possible engineering structures,
and one more is added right at the beginning, because structures with n-fold rotational
symmetry will only be considered. Nevertheless, it still leaves a major freedom in design, as

proved by the variety of structural concepts in this field.

Like in Chapter 2, the discussion is started with a short review of existing types or
structural concepts of retractable structures. Then a specific structural model is presented and
analysed. Inspired by the spherical character, a simplified first-order, two-dimensional
mobility analysis is proposed and extended for higher-order and symmetry-adapted
applications. With respect to possible applications in engineering, an approximate 3D strain
and stress analysis is added, in order that the effects of structural stiffening are examined. At
the end, some further ideas are given for construction of alternative spherical mechanisms, as

well as for the refinement of the bar network in a given hinged assembly.

6.1 Retractable domes

Retractable or deployable structures are used in two characteristic fields in engineering,
namely, in space structures and for roofs of large span. Both types of assemblies presuppose a
well developed building technology and scientific background, so their history has not started
earlier than about half a century. Although these structures have fairly different engineering
purposes (for some space structures not even the reversibility of deployment is required), their
common mechanical foundation causes that both types of structures are usually developed in
the same industrial or research centres (many examples could be taken from Japan, but the
Deployable Structures Laboratory of the University of Cambridge is also well known in
Europe).

This last one has particular importance from our aspect; since it was there that You &
Pellegrino (1997) invented an overconstrained finite mechanism composed of scissor-like
members. Their basic idea was the following. Consider first a set of equivalent vertical and
another set of horizontal elements arranged according to Fig. 6.1a, such that any points of
intersection mean scissor-like hinged connections between a horizontal and a vertical
member. From now on, ‘scissor-like hinge’ or ‘scissor hinge’ is understood as a cylindrical
hinge which two bodies can rotate about with respect to each other; joints where only bar-
endpoints are connected will be called ‘common hinges’ if necessary. It can be seen
straightforwardly that small rectangular holes are capable of a finite distortion with a single
DOF and a pattern of small parallelograms can be obtained. With one step forward, it can also
be shown that the same finite motion exists even if equivalent members in each set are not

straight, as displayed in Fig. 6.1b.
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Let us concentrate just on such a quintet of scissor-like hinges in the previous figure
where one of them is adjacent to all the remaining four hinges: this structural detail defines
two broken lines (AIBICI and 40B0C0) hinged at their inner points (Bl J B0). Using the
equality of all inscribed angles pertaining to a given arc in a circle, Fig. 6.2a demonstrates that
once a rigid element AIBICY is moved into ABC such that both of its endpoints slide along a
straight line intersecting each other at O, then BBl will also be collinear with O. Furthermore,
if elements ANIBICI and 40B0C0 are assumed to be of equivalent geometry and consist of
straight lines of equal length, the assembly of Fig. 6.2b is obtained. It can be seen that our
scissor-like object can be finitely moved such that each of pairs of points All, CO and 40, Cl

remain on the same edges of a given angle y (displaced position is given with dashed lines).

(b)

Figure 6.2: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Choosing y to be equal to 2z/n (n is a positive integer), it is possible now to multiply the
structure by connecting adjacent scissor-like objects by hinges. Finally, a closed ring shown in
Fig. 6.3a, still able to be moved by one DOF, is obtained. Interestingly, this mechanism can
be further constrained by extending all double broken lines to triple, quadruple etc. ones, just
the angles and lengths of newly added straight lines must be equal to the former ones. In this
way, an arbitrarily overconstrained finite mechanism is produced, which is said to consist of

as many rings () as straight segments each broken line has: Fig. 6.3b shows a particular



6 — HINGED SPHERICAL RETRACTABLE DOME STRUCTURES 81

arrangement having » = 12 and » = 4. Note that such an overconstrained mechanism has also

been presented with less symmetric (e.g. ellipsoidal) shape; see also Kassabian et al. (1997).

(@) (b)

Figure 6.3: Another (#, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation with 12-

fold rotational symmetry and  (a) two rings, (b) four rings of straight segments

Regarding all rigid members as planar objects with three kinematical DOFs and all
hinges as constraints of 2 DOFs, the mobility criterion for such assemblies can be formulated
as follows (m and s denote the number of mechanisms and states of self-stress, respectively):

m—s=6n-2(r+1)n. (6.1)
The mechanism can easily be transformed into a dome-like 3D structure by a vertical
projection of all hinges to a centrally located hemisphere. If the projection is done, however,
when the assembly is closed, the open configuration will lead to a toroidal-like shape
(Fig. 6.4) that is not only less aesthetic than a hemisphere but also subjected to higher wind

pressure.

Figure 6.4: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation
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A more sophisticated structure, called Iris Dome, was presented earlier by Hoberman
(1991). It consists only of simple scissor-like elements with one scissor hinge and four
common hinges in each, all with perpendicular axes to the plane of scissors (Fig. 6.5a). They
are arranged into rings as well, such that all scissor-like elements in a ring lie in a tangent
plane to a given conical surface, whose rotational axis coincides with that of the retractable
roof itself. Upper rings therefore contain scissor-like elements whose planes are nearly
horizontal. Because of the different planes that four connected scissor-like elements lie in,
these connections (enlarged in Fig. 6.5b) are made with a rigid body of small extension,
attached to the adjacent scissors by four common hinges, neither of which has parallel axis to

any other.

Four thick solid lines represent the hinge axes
pertaining to the four connected scissor-members.
All the four axes are perpendicular to the plane of
the scissor-member they belong to.

c¥y  \p'ap

Figure 6.5: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Due to this structural layout, each of the scissor-like elements remains in a plane parallel
to its original one; thus, had the non-scissor-like (common) hinges been arranged along a
spherical surface in a given configuration, in no other state these nodes will be located on a

sphere. A nearly closed and the fully open state can be seen in Fig. 6.6.

Figure 6.6: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

In summary, the Iris Dome has a better appearance when closed, but it costs the loss of
some overdeterminacy at quadruple hinged connections. Note that both Fig. 6.4 and Fig. 6.6
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reveal that the perimeter of the above structures is increased during the opening process: it can

result in serious problems while attempting to attach the structure to a fixed foundation.

A way out from this situation may be indicated by the retractable dome of Kokawa
(2000) that can be considered as a spherical adaptation of the You-Pellegrino model: it is able
to move on a single sphere, but it requires ball-jointed connections between structural
modules (such type of connection requires, however, special design that increases the costs of
realisation). Another possibility to preserve compatible motion is the application of sliding
mechanisms in structural modules like in Zeigler’s geodesic dome (Zeigler, 1984) or in Escrig
(1993).

It should be noted that many other structural solutions are not detailed here because they
do not belong to the iris-type structures. Characteristically they are built from scissor-like
hinged units forming double-layer structures: one of the first structures of this kind is the
radially deployable membranes designed by Pifiero (1962), but deployable trusses of Escrig &
Valcarcel (1993) as well as detailed strain analysis of the process of deployment of such

structures, carried out by Gantes (1991) are also of interest.
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7 A new spherical dome

The special attention that was paid to the iris-type retractable roof of Hoberman as well as of
You and Pellegrino is not merely coincidence, since they gave the inspiration to combine all
the advantages of simple hinged connections, providing a locally planar behaviour at each

joint, with those of a structure moving along a given surface.

Discussions in this chapter, as was followed earlier, are still based slightly more on the
questions of mobility rather than stresses. Because of the spherical surface that structural
element will move on, for many of the forthcoming considerations a ‘local’ two-dimensional
approach is sufficient, but special properties of our new structure will force us to build a 3D

model where radial forces and displacements can also be computed.

7.1 Design concept

In the design process of the new spherical retractable dome, the following principles

were taken into account (in the first step, no stresses and strains were considered):

(1) the roof structure must be iris-type, that is, retraction and deployment should be done
by changing the diameter of the hole on the top;

(i1) all the structural units should move on a given spherical surface;

(ii1) rigid elements (spherical bars) must be connected by hinges or scissor-like hinges

(no ball joints or sliding connections are allowed);
(iv) the structure must have fixed hinges that can be attached to a rigid foundation;

(v) the structure must retain its original n-fold rotational symmetry during the entire

process of deployment or retraction;

(vi) the deployment and retraction should be a single-parameter inextensional

mechanism, whereas the degree of overdeterminacy is as large as possible.

As a consequence of (i1) and (iii1), hinge axes always must be directed perpendicularly to
the spherical surface. We note that due to the thickness of spherical bars (and also to avoid
self-contact of the members as far as possible), adjacent bars can move along slightly different
concentric spheres. This technical solution makes possible that additional spherical
membranes, used as covering elements of the roof, can slide along each other during

deployment.

It is well known that an overconstrained assembly normally bears a given load with
smaller stresses, but this effect is valid also for the displacements in most of the cases.
Consequently, a spherical adaptation of the mechanism of You and Pellegrino would be
optimal but, unfortunately, it is impossible. The proof for this statement can be given after

Waldron (1966) who demonstrated that no finite spherical mechanism can be obtained by
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connecting two rigid objects by three pin-jointed bars (arches) on the sphere, provided not any
triplet of joints out of the six coincide. If a spherical mechanism composed only of individual
pairs of scissors arranged into rings like in the Iris Dome is desired, then all hinges are
supposed to move along a meridian. A point moving along a meridian, however, is always
possible to be connected to a given point along the ‘equator’ by a pin-jointed arch of central
angle n/2, and since one rigid member has three hinges lying on three different meridians,
triple connection would imply that the mechanism cannot be finite. Thus, three hinges of a
rigid member cannot move along three meridians, and therefore another type of mechanisms
is needed. Note that further ‘loosening’ of the mechanism by splitting each rigid member into
two through substitution of scissor-like hinges by common ones would result in an

indeterminate mechanism with several DOFs that is obviously not suitable for our purposes.

7.2 Central symmetry and basic structural units

In spite of the difficulties arising from the particular spherical geometry, it is still possible to
construct an overconstrained mechanism of rotational symmetry with the help of special
structural units having local C, symmetry. In addition, this solution makes possible the whole
structure to be attached to a fixed foundation without applying any auxiliary structure at the

lower boundary of the dome, as was necessary in the structures introduced above.

Consider two rigid members connected by a scissor-like hinge as shown in Fig. 7.1;
where points 4, B and C are fixed along a spherical surface of unit radius, and member EBD
can freely rotate about B on the sphere. Such a pair of scissors is always a mechanism with
one DOF, that obviously will not be altered by completing the assembly by two pairs of
hinged spherical bars as shown in the same figure (the length of four additional bars can be
chosen arbitrarily within the requirements of compatibility, except for some trivial cases when
a pair of attached bars have minimal compatible length). Note that even if in a general case
the DOF of the mechanism is not changed, addition of four bars to the assembly can result in
a smaller range of finite mobility, as well as the full trajectory (and kinematic pathway) will

have points of bifurcation in special configurations.

o common hinge
® scissor-like hinge

Figure 7.1: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation
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With the choice AB = BC, FD = EG, EB = BD and AF = GC, an object composed of two
equivalent spherical quadrangles is obtained. Since it preserves its local central symmetry in
all configurations, it will be referred as CSM, abbreviation of ‘centrally symmetric
mechanism’ (Kovacs, 2000). Fig. 7.2a shows a more specific case where the opposite angles
and sides of the quadrangles are equal (we call them ‘spherical parallelogram’ henceforth,
even knowing that parallelity is not defined on the sphere). This structural unit shown in
Fig. 7.2a can be further specialised such that arc(4BC) is equal to the n-th part of a great
circle: now n of these identical structural units can be connected to each other along a great
circle. Let us apply the rule that pairs of connected individual bars that originally belonged to
different CSMs (e.g. arcs CG and A'F"' in Fig. 7.2b) are joined to single rigid members. By
this step, all hinges along the great circle become scissor-like, but the original one-parameter
mobility of that assembly (Fig. 7.2b) is still preserved because of the symmetry. The degree of
overdeterminacy of this ring-shaped mechanism is exactly one, because 4# rigid elements and
6n internal and external hinges result in a quadratic equilibrium matrix (the rigid great circle

can be considered as a fixed foundation, hence no RBMs have to be dealt with).

(a) ® ©

Figure 7.2: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

It is a serious problem; nevertheless, that such a mechanism can support a retractable roof
that extends to a whole hemisphere. A slight modification of the CSM helps to get rid of this
shape restriction as follows: let the members 4BC and DBE in Fig. 7.2a be replaced by those
seen in Fig. 7.3a (no distances are changed between adjacent points but straight angle is
consequently modified to f). In this mechanism, two quadrangles determined by great circle
arcs are still equivalent but central symmetry is lost. If points 4 and C are located on a general
spherical circle in such a way that arc AC fits exactly » times onto it, then tangent great circles
to this sphere at 4 and C intersect at point B. Such an individual structural unit (ACSM after
‘angulated CSM”) can now be repeated n times and connect to each other in the same way as

CSMs could, the resultant ring-shaped mechanism is shown in Fig. 7.3b.
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Figure 7.3: Another (7, o) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

It is worth remarking that in order to get a smoother architectural appearance; there exists
a possibility to arrange the scissor-like hinges along the same circle. As a result, f will be
changed, and all the connected scissor-members must have a kink of +f and —f in consecutive
order (in the figure above, ‘straight’ crossing solid and dashed lines should also be replaced
by broken lines).

Joining another similar mechanism to an existing ring of ACSMs is possible, but not
useful: rigid circular (polygonal) members remain always at the same ‘latitude’ that
constitutes an obstacle in retraction. Consequently, a single ring of ACSMs is preferred at the
lower boundary of the dome. Since the mechanism shown in Fig. 7.3b is able in itself to
synchronise the motion of upper endpoints of scissor-members in dashed (or solid) lines by
keeping the n-fold rotational symmetry, further rings of rhombic spherical meshes can be built
upon these points without adding or removing any statical or kinematical degree of freedom.
For further discusssion, we note that rings are numbered by the sets of extra upper nodes lying
at the same latitude, so a series of thombi means two rings in aggregate. At the end of this
successive building process, a fully deployable one-parameter mechanism is obtained. A
small-scale aluminium model with » =8 was also built that moves along a 50 cm-diameter

sphere; Fig. 7.4 shows it in open and closed state.

Figure 7.4: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation
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7.3 Possibilities of stiffening

Figure 7.4 hopefully convinces the reader about that it is possible to construct a mechanism
for a retractable dome specified in Section 7.1, but for sure it does not seem to be an
appropriate structure in the eyes of a civil engineer. In contrast to the mechanism of You and
Pellegrino, external loads and displacements of the upper nodes cannot be balanced by ‘local’
redundant connections, since these extra constraints are located around the ring of ACSMs.
The use of the vague term ‘around’ is intentional here, because redundancies can also be
derived from simultaneous actuation of the mechanism, or even more typically, from
symmetric supporting of the structure in a given state where it is desired to be fixed. Any of
these temporary constraints will necessarily take effect along the lower boundary of the

assembly as well.

In summary, the retractable structure needs further stiffening elements close to the upper
nodes if an optimal structural response of the whole dome is aimed. In the followings, three
different possibilities using different structural concepts are introduced, but only one of them

will be checked later by approximate calculations.

A possible solution based on clearly spherical hinged bars would be if another entire
rigid circular member was suspended from the n uppermost nodes by n equal spherical bars as
illustrated in Fig. 7.5a. Just from the aspect of numbers, a new circular member represents 3
kinematical DOFs, constrained by n new bars; therefore each suspended ring means n-3
redundant constraints. In practice, this way of stiffening has two fundamental problems: rings
cannot have small diameter without serious limitations on the deployability, but large (and
thus, distant) rings have to be attached to the upper points by long arches subject to large
deformations as well. On the other hand, this large stiffening system would also have
considerable self-weight (it can be a partial solution if a suspended ring, which must lie and

rotate in a given horizontal plane anyway, is supported by a set of rollers).

o

Figure 7.5: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation
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Even if not a spherical structure, much more efficiency can be achieved by the
application of a truss-like diafragm at the upper nodes according to Fig. 7.5b. In this case,
scissor-like elements are attached to each other and to the upper nodes by special joints.
Although two planes of adjacent pairs of scissors form a constant angle, the axes of upper
spherical hinges are changing continuously, so only ball-joint would be applicable. In
summary, it makes possible a single-parameter actuation of all the upper nodes in a symmetric
way with relatively small weight and deformation.

The last stiffening version operates with independent telescopic bars (see Fig. 7.5¢).
Surprisingly, it has nothing to do with mechanisms, but provides higher stiffness than the
previous solution if fixed at a given stage of deployment. In the next section, numerical
deformation and stress analysis will account for the stiffening effect of such an auxiliary

structure.

7.4 Numerical analysis

Before a definitive return to spherical mechanics, a small excursion is made around the ‘real’
3D behaviour of our new retractable dome. All considerations and assumptions in this section,
however, will not be used but for comparison of the original spherical system and one of its
stiffened versions. For that reason, neither structural details are worked out nor an exhaustive
FE-analysis performed, but a generalised bar-and-joint model is used. If any geometrical or
stiffness parameter is needed, it is taken from the literature of large-span retractable roof
structures, mainly from Ishii (2000).

7.4.1 Description of the model

If a spherical 2D model is replaced by a 3D one, when joints are still assumed to have a
single-degree-of-freedom rotation about its radial axis, each (originally spherical) bar has also
to be replaced by solid bodies having finite bending and torsional stiffness as well. Long solid
members (arches) in such large-span structures are almost exclusively made of truss beams
(normally with triangular cross-section), and therefore the most accurate results could be
obtained from a truss model following the same layout. It is not difficult to see, however, that
such a model is much too complicated to deal with in a comparative analysis. Instead of doing
so, each solid arch is substituted by a ‘hybrid’ sub-structure: an elementary planar truss,
combined with a TTC described in Section 4.4. In order to calibrate the stiffness parameters
of such a hybrid assembly, relative stiffnesses of triangular truss beams are calculated first. As
a result, a double-layer model is obtained, where small radial bars represent the original
hinges, and each hybrid element lies in a plane containing the centre of the sphere. The full

skeleton (in solid lines) is shown in Fig. 7.6, including circular stiffening bars at the top.
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Figure 7.6: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation (each pair

of coplanar bars defines also a TTC)

At this point, just assume that an individual hybrid element does represent the essential
mechanical properties of the corresponding rigid member. In that case, it still needs further
explanation of how scissor-members of the ACSM-series are modelled. Fig. 7.6 actually
displays a structure with Cj> symmetry and with » =4 rings of upper nodes; joints belonging
to an ACSM on the inner layer are labelled by 4, ..., G; (i =1, ..., 12), corresponding nodes on
the outer layer are distinguished by primes. Under these conditions, for example, 4,;8,8,'4;'
and B;C;C;'B;' together form an assembly of a single internal rotation about B;B;"; and this can
also be blocked by inserting a bar between 4; and C; (although it is not displayed in the figure
for clarity, a hybrid element is also associated to 4,C;C;'4,', to avoid local maxima of internal
forces). In agreement with Section 7.2, B; and E; are considered as external supports, but for
less computation work, B;" and E;" are treated in the same way. In addition to that, if an
equilibrium configuration is analysed, at least one node more must be kept fixed. With respect
to the symmetry and other practical conditions, all lower points of the inner layer (4;, F;, G;)

are considered to be supported.

An individual hybrid element is shown in Fig. 7.7: it is defined by five bar length
constraints and a TTC. Two equal short edges of such an element represent adjacent hinge
axes and measure the difference between outer and inner radii of two concentric layers. These
edges are of radial direction, polygon ABCD is an isosceles trapezoid. Although approximate
torsional stiffness formulated in Section 4.4 supposes a rectangular polygon, small spherical
arches result in nealy rectangular polygons where the effect of out-of-plane bending can be
neglected in comparison to that of in-plane bending and torsion. In addition, if low ratio of
lengths of inclined and parallel sides in that trapezoid is also taken into account, a diagonal

splits it into two nearly equal areas, which is again close to the assumptions included in
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Section 4.4. Thus, polygon ABCD can be substituted by a w-by-/ rectangle, and the notation of

Fig. 7.7 yields the same formula for the substitute torsional stiffness as read in (4.35).

A’ B’
\W
A B
[

Figure 7.7: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

For the ‘full calibration’, a substitute in-plane bending stiffness has also to be defined for
a hybrid element. It can be done using different approximations; here the substitute stiffness
(EL, x 1s perpendicular to the plane ABB'A") was computed from the relationship
.M
X,s R

X

EI

: (7.1)

where ¢, is the rotation about x due to M,. Suppose now that points 4 and D are supported: a
unit couple applied at B and C causes BC to be rotated about x, and simple virtual work

considerations lead to the result from (7.1) that

. EAw?

EIX S
° 6

: (7.2)

if 4 1s the area of the cross-section of each bar in that element and w <</ is fulfilled.

The value of El,;/ Gl should be found that characterises sufficiently the behaviour of
triangular truss beams. For this purpose, a simulation of a real truss beam was performed: any
side of the regular triangular cross-section was chosen to be of unit length, and the beam has
been constructed from ten identical braced prisms whose height is also equal to unity.
Bracings (diagonal bars) follow a consistent sense along one side of the whole prism, but it
does not have C3 symmetry, as it would lead to unbalanced structural behaviour under torsion,
as well as torsional deformations due to simple tension or compression. If three nodes at one
end of the truss beam are supported, couples giving bending moment or torque can be applied
at the other end, and the corresponding stiffnesses can then be calculated from the resultant
deformations. If all the bars in such a truss beam have the same cross-section, then El,  / Gl
is found to be 8.3 approximately. In practice, however, all members that are not parallel to the
longitudinal axis of the beam have smaller cross-section. In our calculations, these slender
bars are assumed to have half the thickness of the longitudinal bars (the cross-section is,

obviously, four times smaller), and in this case the proportion of stiffnesses is about 30.
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7.4.2 Results

Once El, s/ Gl is given, it was possible to determine all substitute stiffness parameters (all

bars are assumed to have the same Young’s modulus): with respect to (7.2),

2
7" EAw ’
6:30

(7.3)

written back into (4.35), all entries in matrix F corresponding to TTCs can be computed as

3.2
c} '5IEV; . (7.4)
k

For the n = 12, r = 4 structure of Fig. 7.6, the compatibility matrix is defined by the following
geometrical parameters. All the 24 scissor-like hinges in 12 ACSMs are located along a
horizontal (‘base’) circle, determined by a 45-degree meridian angle. Central angle of each
half of the 24 scissor-members (4;8;, B;C;, D:E; and E;F; in Fig. 7.6) is 6°, and upper and
lower connecting bars (C;D; and Fj;A4;) between adjacent scissor-members are designed to
form spherical parallelograms on either side of the base circle (strictly speaking, such
parallelograms are only obtained when the base circle is substituted by a spherical 24-gon).
Finally, having all the edges of upper rhombi fixed to 11°, the original spherical mechanism is
given. In the analysed configuration, 12 members supporting the rings of rhombi (B,C;) have

been set such that they form a 30° angle with the meridian across its lower endpoint.
y g p

It has already been mentioned that only a comparative analysis of stiffening is aimed
rather than an exact computation of the structure; therefore the inner layer of nodes is set to a
sphere of unit radius. In accordance with the data of built examples cited in Ishii (2000), the
outer layer is chosen to be by 4% larger, so w = 0.04 for each TTC. Tensional stiffness £4 is
set to unity in all bars in hybrid elements; if extra stiffening bars were added, their cross-
section was considered equal to all the others, if not; it was reduced by a factor of 10°.

Simulation of external loading is made simply by putting vertical unit forces to every
node on the outer layer, and three parameters: the vertical displacement of the uppermost
nodes on the lower layer, the maximum and minimum of bar forces are observed. The

computation was made by generating the stiffness matrix K by the well-known formula:
K = GF*'C, (7.5)
and since no kinematical loads were applied, the vector d of nodal displacements is obtained

from the vector p of nodal loads as K (see also formulae (4.10)—(4.12) for details). The
p p

results are given in Table 7.1, together with an illustration in Fig. 7.8:
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not stiffened stiffened reduction in %
max. vertical displacement 290.21 (unit) 90.91 (unit) 68.67 %
max. tension 17.32 (unit) 9.84 (unit) 43.19 %
max. compression 14.73 (unit) 11.53 (unit) 21.72 %

Table 7.1: Another (1, &) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Figure 7.8: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Just for the sake of interest, a similar vector graph (Fig 7.9) can be obtained if all force
vectors point in a horizontal —x direction; apart from the balancing effect of the diafragm, it
can also be observed that deformations depict a skew pattern because of the chirality of the
structure.

(a) (b) R B W

Figure 7.9: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

7.5 A spherical retractable dome: new results

In relation to the spherical structure analysed in details, the following results can be qualified

as neEw ones:

— a new structural solution, based on the series of simple one-degree-of-freedom
mechanisms (CSMs and ACSMs), has been developed and also physically realised in a small-
scale model: the resultant mechanism is of a single degree of freedom but overconstrained at
the same time (Section 7.2);
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— different solutions have been presented for structural stiffening in the neighbourhood of
the central hole (Section 7.3);

— by using TTCs in a generalised 3D bar-and-joint model, a comparative deformation and
stress analysis has been carried out in order to measure the effect of stiffening by rigid bars

placed at the perimeter of the central hole (Sections 7.4.1 and 7.4.2).



8 — MECHANICAL DESCRIPTION IN SPHERICAL COORDINATES 95

8 Mechanical description in spherical coordinates

Generalised trusses composed of straight bars and frictionless joints were used in all our
previous models that made necessary to use a three-dimensional Cartesian coordinate system,
whose theoretical background could be thoroughly described using potential energy
considerations. In some cases, however, it looks more convenient to deal only with two

dimensions even if the structure is not planar.

Basically, computations in engineering problems have been done several times in
spherical coordinate system, but, first of all, in the field of mechanical engineering. Spherical
adaptations of the well-known four-bar mechanisms, for example, are thoroughly investigated
by Chiang (1988), but there is no relevant research known to the author that operates by
spherical coordinates in structural engineering. The results presented below are based on
papers by Kovacs (2000) and by Kovacs & Tarnai (1998).

In this chapter, a new approach to the analysis of spherical structures is presented that
combines the description in spherical coordinates with the application of constraint functions
and also symmetry techniques presented earlier in Sections 4.3 and 5.2. First of all, existence
of infinitesimal mechanisms and states of self-stresses is focused on, but as in Cartesian

systems, detection of spherical finite mechanisms is also possible.

8.1 Bar-and-joint model on the sphere

Consider a spherical surface of radius R and a structure consisting of linearly elastic
curved bars and frictionless joints, where all bars are constrained to lie along a great circle of
the spherical surface. We assume that bars bear only normal forces because radial forces are
locally equilibrated by the spherical surfaces as in the case of a net with a ball in it (if the
structure is imagined to lie between two infinitely close rigid spheres, compressive forces also
become possible). Similarly, deformations due to normal forces will be elongations, since a
curvature along a great circle of the sphere is constant and not accounted as deformation. In
such a structure, moreover, nodes allow for relative rotation of connected bars only about an
axis perpendicular to the local tangent plane: this is the same condition as the joints of

spherical dome fulfil.

It must be emphasized at the same time that there are two fundamental differences
between a ball-and-net model and a hinged spherical dome. First of all, in an Iris-type dome
tension is less characteristic than compression that cables normally should not undergo. It is
even more important to notice that internal forces are of radically different kind in the two
models. Bending and twisting moment are not simply additional internal forces to tension and
compression in real domes as a substitution of constant spherical support, but can even

replace them completely. For better understanding, let us imagine a dome with nearly closed
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iris on the top: if a diafragm-like stiffening structure is mounted to the perimeter, it is able to
communicate horizontal (radial) forces to the uppermost nodes. Assuming that the dome is
supported along a full great circle at the bottom, in the cable model, it would result in normal
(vertical) forces at the supports, while having elements with bending stiffness, the reaction at
the bottom can be a moment coupled with a local shear force. To avoid complications coming
from possible self-stresses, it is more straightforward to apply these arguments to a single
segment of the whole structure: an arch, for instance, as shown in Fig. 8.1.

-— -—

0
! 7

y =

Figure 8.1: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

(@)

From these observations it is obvious that cable-and-balloon model is not suitable for
stress analysis of spherical domes — a purpose that it is appropriate for is a mobility analysis
based on perfectly rigid elements: at least, the existence of mechanisms (and states of self-
stress) can be proved in this way. On the other hand, only two coordinates instead of three are

sufficient for a proper description of a spherical structure.

8.2 The Hellinger-Reissner principle again

8.2.1 Constraint functions

In a kinematical approach, k=1, ..., n bars (arches) are represented by constraint functions of

coordinates of i = 1, ..., m nodes in the form
Fo * Rarccos!cosS,. cosS; (sin§;sinS; cos!Rj &R, g a,, &6a,, &6a,,. (8.1)

The k-th arch runs between N; and N, while 6; and ¢; measure zenith and azimuth angles of

point NV, see the illustration in Fig. 8.2.

Superscript a is used because the function expresses an arc length constraint. The first
term of (8.1) represents again the actual length of bar NV, while the remaining ones express
unloaded length, elastic elongation and a given elongation in this k-th bar, respectively. In
contrast to (4.1), lengths are denoted by a instead of /, indicating that an arc length is
measured; in Fig. 8.2, however, only angular units are displayed. Note the difference between

m general coordinates X; in Section 4.3 and m nodes N; that means 2m coordinates here.



8 — MECHANICAL DESCRIPTION IN SPHERICAL COORDINATES 97

Figure 8.2: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Formula (4.3) for the Hellinger-Reissner functional can now be rewritten with slight
modifications due to the spherical environment as follows:

9, " &7 RP,!5 85" & 7 RsinS'P, IR & R’ "(%7 ElAk 6a>, (78 F%.  (82)
kTl k kTl

i"1 i"1

The first two terms depending on nodal load components Py and P, are expressions for the
negative of external work done by moments RP, and Rsin0P, on the respective angular
displacements along 6 and ¢. Superscript 0 indicates initial or reference coordinates again.
The last two terms have the same physical meaning as in (4.3) and, for similar reasons,
equilibrium equations can also be obtained by derivation of Il with respect to the
displacement parameters as was shown in (4.7). The case, however, will be different when the

change in meridian angle is considered:

78, ;fVS" &RP,"0, i=1,..m, (8.3)
k"1 Y

1

and when the azimuth angle is changed:

78l &RsinS"P,, "0, i=1,...m. (8.4)
kTl

LA

First-order approximation of the compatibility equation system takes now the form

m = Jra L 8a
755 (77 R 8= 860, "0, k=1, (85)
il 99 it sl k

Note again that F; means the constraint function for the k-th bar without the elastic term. It is

easy to verify that G' = C, since their entries (derivatives in the three preceding equations) are

equal. If the angular displacement coordinates are arranged as (61, @1, ..., Om, @m), €ntries in the

compatibility matrix are as follows:
. I F “k - &R

lo . . | m
C, 5. =&sin S, cosS. (cosS. sinS; cos:.R. &R, 8.6
k,2i&l ;5.1 Sin!ak /R i J ( i J J i ( )
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and

- a
o Fh%
k,2i -

i ,RA

1

ssinS;sinS sinlR, &R, 8.7)

sinla, /R

Obviously, some confusion can occur if exactly the habitual forms of equilibrium and
compatibility equations under (4.11) and (4.12) are expected, since nodal ‘forces’ and
‘displacements’ are moments and angular displacements, and therefore should be rather
written as m and 0 instead of p and d, respectively. If the negative coefficients of all real P;
nodal force components are arranged in a diagonal matrix Q such that Q = <R, Rsind,, ...,
R, Rsin®,>, then by substituting

p=Q'm, (8.8)

G =Q'G (8.9)
and

d=Q0, (8.10)
the well-known formulae are obtained:

Gs=p (8.11)
and

Gld=e. (8.12)

It is worth emphasizing that compatibility and equilibrium matrices in formulae (8.11) and
(8.12) are transposes to each other indeed. However, when the equilibrium matrix is compiled
using equilibrium conditions in the tangent plane to the sphere at each node without changing
the metric along the azimuth, the result is different from G*, unlike in the case of a Cartesian
coordinate system. Just for the sake of interest, we note that even if a discrete system is
analysed here, 2-by-2 blocks in the main diagonal of € are identical to the square roots of the
corresponding blocks of metric tensors that can be defined in the points concerned (Béda et al,
1995).

In addition to the above introduced arc length constraint, some other useful ones can be
defined. Unlike the TTC, these constraint functions and their physical interpretation are not
worked out in details for brevity (moreover, in the forthcoming numerical analyses these
constraints are not needed), but the fundamental ideas of one of them are presented.

As was seen in relation to CSMs, scissor-members (or even multi-angulated rigid
members with scissor-like hinges) may be necessary to use in spherical models. If that
element is really has kinks at each inner node, it can be assembled from simple arches (see
lower layer in Fig 7.6). Straight scissor-members, however, can only be modelled in this way
if extra nodes and arches are included: would it be possible to get rid of them in another way?

The answer is, of course, yes: consider three nodes (D, B and F) along a great circle,
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connected by simple hinged arches DE and EF. Let the centre of the sphere, C be placed into

the origin of an associated Cartesian coordinate system such that for any point P
P (xp, yp, zp) = P (Rp sinfp cosgp, Rp sindp singp, Rp cosOp). (8.13)

The vector triple product Vpgr can be expressed as the determinant of a matrix composed
of Cartesian coordinates of the vectors CD, CE and CF. By definition, it measures the volume
of a paralelepiped determined by three intersecting edges CD, CE and CF. Vpgr, however, can
also be rewritten in spherical coordinates: as was shown at the TTC, a constraint function can
then be defined for these triplets. If points D, E and F are constrained to the sphere of radius R
and reference value of Vpgr is calculated on the basis of coplanar polygon CDEF, then this
constraint function is probably able to describe (at least in first order) the bending stiffness

about the radial axis at point £ (of course, two arc length constraints should not be removed).

8.2.2 Detection of second-order stiffness

Following the steps described in Section 4.3, a Hessian matrix of / 8% F“ should be
k"1

compiled again. Since elastic terms are missing from the constraint functions in F, the
forthcoming analysis is only applicable for a perfectly rigid material. Second derivatives of
the constraint functions are not difficult to generate, but because derivation with respect to
and ¢ gives expressions of different structure, as well as successive derivations can be made

according to the same or different variables, six different formulae are to be used:

-2 a
: Pt - &R 18 cosS cosS, &sinS sinS, coslR &R ", (8.14a)
:S;S  sinla, /R ! / /
-2 7ra
L . &R ,.!sinSl.sinS. (cosS, cosS.cos!R,&ij, (8.14b)
3535, sm!ak/R / / :
-2 ra
P . - &R "!cosSl.sin.S'.sin!R.&Ri"", (8.14¢)
3SR, sm!ak/R / /
-27ra
P - &R ,,!&cosSlAsinS,sin!R&R,."", (8.144d)
SR, s1n!ak/R / /
-2ra
Fe &Rl inS sinS, cosiR, &R (8.14¢)
;R;R sinla, /R ’ !
and
-27ra
e . &R ,,!sinSl. sin S cos!/‘?j&/‘?,."". (8.141)

;R;R, sinla, /R

Analysis and conclusions drawn from definiteness of H are exactly the same as indicated in
Section 4.3.
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8.3 Possible applications

A spherical dome based on a closed ring of CSMs or ACSMs without stiffening members has,
as was shown by geometry in Section 7.2, a finite mobility of a single DOF. Thus, it is
meaningless to perform a first- or second-order mobility analysis using even spherical
coordinates. There are, however, other ways to construct iris-type, inextensional,
overconstrained hinged spherical mechanisms with n-fold symmetry. A possible structural
solution is as follows: Let us consider a series of n equidistant hinged supports (N, ..., No,)
along a horizontal spherical circle (it is called then ‘base circle’). Imagine that n equivalent
spherical members (‘arms’) containing 7 internal scissor-like hinges are attached at their end
to these supports. Consider now r different rigid circles on the sphere in planes parallel to the
base circle: let these circles be provided with n equidistant scissor-like hinges as well. If
scissor-like hinges are labelled in each arm j (j =1, ..., n) from the support as Nyj, ..., N, as
well as nodes on the i-th circle are called M, ..., M;,, then rotational symmetry implies that at
a given configuration, the distance N;Mj; is constant for every given i. In practice, it means
that every pair of nodes N;M;; can be connected by simple hinged arches of length a;: it is not
difficult to see that such an assembly has a finite symmetric motion that involves rotation of

each suspended circle about the C, axis. A structure with n = 6 and » = 2 is shown in Fig. 8.3.

Figure 8.3: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

It is quite obvious that there exists a lower bound for both n and r if the structure is
required to be kinematically overconstrained. By Maxwell’s counting method, number f of
independent displacement components (DOFs) of rigid members equals

S=3x(n+r), (8.15)
while the number b of constraints represented by hinged arches (bars) between rigid members
and hinged supports is

b =nr+2xn. (8.16)
We note that f and b have the same meaning as ¢ and » had in Section 3.3, but » has since been

applied in another context. If the mechanism is overconstrained, then its compatibility matrix

is either quadratic or tall rectangle, that is,
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3X(n+r)<nr+2xn. (8.17)
Writing it into the form
3<(m-3)x(r—1), (8.18)
which always holds if # > 5 and » > 3, while » >4 for n =4 and n > 6 for » =2 is necessary to
satisfy the relationship.

A structure determined by » and n, however, can have other mobilities than expected. In
order to check the existence of other mechanisms, a spherical bar-and-joint model was set up,
where rigid members with scissor-like hinges were modelled by sets of hinged arches as
shown in Fig. 8.4 (if there were rigid members lying along a great circle, vector triple product
constraints would have been applicable).

Figure 8.4: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

For this particular model, dimensions of C can be calculated on the basis that » rings
contain nr nodes and 2nr arches, while arms consist again of nr non-supported nodes but
nx(2r — 1) arches. Adding nr connecting arches, it is obtained that C has nx(57 — 1) rows and
2x(2nr) columns. Our numerical tests covered two specific cases when n =5 and n =6 (an
odd and an even case) were analysed with » = 2. Initial geometrical parameters were given as
follows (with the notation of Fig. 8.3): meridian angles to Ny;, M; and M»; were 45°, 40.5° and
36° respectively, arcs NoNy, NoiNi; and angle NpiNyNi; were 36°, 18° and 5°, respectively.
Lengths of connecting arcs were set in such a way that if Ny;V,; 1s fitted to a meridian, then a
connecting arc N;;M;; has a length of 1.01 of the difference between actual meridian angles to
N and M;; to avoid singular configurations. Essential results of the first-order analysis are
given in Table 8.1.
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n=>5 n=~6
Dimensions of C 45%40 54x48
No. of mechanisms 3 3
No. of states of self-stress 8 9

Table 8.1: Another (1, @) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Despite the dimensions of C, the existence of a rotational mechanism is known in
advance. Calculations, however, account also for two other mechanisms that were not
expected. If the rotation about the vertical axis is removed from this set, the remaining
mechanisms can be interpreted as rotations about perpendicular horizontal axes. If there are
more rings than one, such rigid-body motions of the rings are obviously not independent: only
one ring can be displaced arbitrarily. From the aspect of structural engineering, it may be
important to decide whether this mechanism can be stiffened or not by some of the self-
stresses: sign-definiteness of W =D"-H-D should then be checked (D contains the two
‘unexpected’ mechanisms). Numeric tests show that for all the 8 or 9 states of self-stress, the
respective W is found to be sign indefinite (and the mechanisms seem to have no additional
stiffness) — but at this stage, nothing can be said about all possible linear combinations of the
self-stress vectors: in order to get more information, the symmetry-adapted analysis will be

used again.

Another problem that originates from a quite different field of mechanics but can easily
be analysed by the same spherical second-order technique is the spherical circle packing and
covering problem. Tarnai & Gaspar (1983, 1991) trace a method that reduces the investigation
of optimal arrangement of circles to stiffness analysis of a 3D bar-and-joint structure with
nodes on a given sphere and in its centre: in a covering problem, local optimum of an
arrangement is searched for by progressive shrinking of equal circles (quadrant lengths), and a

con

figuration where the graph becomes rigid is considered locally optimal. In a packing
problem, however, arc lengths are progressively increased, and local optimum will be reached
when the structure becomes statically indeterminate. There are some exceptions where the
graph is an infinitesimal mechanism but with stable equilibrium: these configurations can also
be considered locally optimal in a covering problem. Detection of this stability (or the
existence of second-order stiffness, which is the same) can easily be made with our method

using two spherical coordinates only.

Although not all of them may be associated to optimal graphs of the packing and
covering problems, a general conclusion can be drawn for the spherical trusses obtained as

spherical maps of all Platonic or trivalent Archimedean polyhedra. The argument is very
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simple: if a vertex is trivalent (and any angles between successive arcs around that vertex are
trivially smaller than 180°), the three adjacent bars can be in equilibrium only if they are all
subjected to tensile (or compressive) forces. If a state of self-stress exists for a spherical truss
with such vertices, all the forces in arches are tension (compression), and a state of self-stress
with pure tension is necessarily stable. For the Archimedeans, symmetry and vertex-
equivalency yields that if one of the vertices is in equilibrium, then it is true for the whole
assembly: it is a proof for the existence of exactly one state of self-stress. On the other hand,
if the Platonics are considered, in tetravalent or pentavalent vertices it is possible to ensure the
equilibrium by different force proportions, but symmetry provides a specific state of self-
stress where all the arcs carry the same tension (compression), and if a uniform tension is
applied, the equilibrium must be stable again. Note that it would be possible to extend this
result for non-trivalent Archimedeans as well, but it requires additional considerations on the

particular topology.

Finally, there is an interesting relationship with the expandohedra: connections in a
single-link model were designed to provide a finite swelling by keeping two triangular plates
in a plane parallel to each other, but only numerical tests proved later in Section 5.5.1 that
there is no finite mobility if these triangles cease to lie in parallel planes. This important
result, however, could have been conjectured by arguments used in spherical trusses above:
consider a spherical map of an expandohedron such that each of its folds is represented by a
node determined by the radius that is parallel to the original folding line. The resultant is a
spherical icosahedral truss shown in Fig. 8.5, where each pentavalent node corresponds to a
particular Cs axis and five surrounding folds, as well as divalent nodes represent pairs of folds

on each end of a rectangular plate.

Figure 8.5: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

It is obvious that divalent nodes do not destroy the stability of the (totally symmetric)
self-stress, and an individual arc now seems to correspond to a triangular plate of Fig. 3.6.

Thus, mobilisation of a divalent node along the sphere in perpendicular direction to the arc
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will lead to a similar structural response like a motion yielding non-parallel triangular plates

in the expandohedra, in other words, the mechanism in question is first-order infinitesimal.

8.4 Symmetry-adapted calculations

In the previous section, only partial results have been obtained on the mobility of a spherical
truss with n-fold rotational symmetry. As was followed at expandohedra, symmetry
considerations will be introduced into the numerical analysis, but it will be adapted to a
spherical coordinate system.

Section 5.2 states that vector bases of symmetry subspaces can be generated using any
reducible representation of the object: it continues to mean representations of both variables
associated to nodal displacements and those expressing scalar values as elongation or force in
given members. For this latter case, the method is unchanged: a matrix representation can be
assembled by permutation matrices according to the operations. For the nodal variables,
however, a two-dimensional spherical system should be used. In spite of the expectations, it is

much simpler in our particular case than it would be using Cartesian coordinates.

Rotations being allowed only about a vertical axis, increment of meridian angles does not
change: the respective values are ones in the main diagonal of each matrix within the
representation. Interestingly, the same happens to the increment of azimuth angles, therefore
matrices in this representation will be assembled from 2-by-2 unit matrices. We note that in
the case when reflections in planes containing the C, axis also occur among symmetry

operations, one of the two entries in the diagonal (that refers to the azimuth) changes to —1.

Matrices V,, and V; can then be computed in the same way as indicated above, and the
compatibility matrix appears in a block-diagonalised form, splitting mechanisms and self-

stresses into symmetry subspaces again as detailed in Table 8.2:
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number of
case block block size states of self- .
mechanisms
stress

A 9x8 2 1
=5 E; Ox8* 2X2 2x1
E, Ox8* 2x1 2x0

total: 45%40 8 3

A 9x8 2 1

B 9x8 1 0
n==6 E, Ox8* 2x2 2x1
E, Ox8* 2x1 2x0

total: 54%x48 9 3

*degenerate case due to complex characters: only one 18-by-16 block is obtained

Table 8.2: Another (1, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

At first sight, only few conclusions could be drawn from the table. For example, the extra
state of self-stress appears in block B in the 6-fold symmetric case, and since these blocks
pertain only to even values of #, it illustrates the effect of parity on the structural behaviour.
Let now take into account that both structures contain two rigid rings that, just for reasons of
symmetry, are 3 times overconstrained. It can easily be verified by observation of zero values
in the stress vectors that these six states of self-stress belong to blocks 4 and E; consequently,
if n =75, only two (if n = 6, three) states of self-stress in blocks E; (and also in B, if n = 6) are
real. Thus, it is proved again by symmetry that a totally symmetric rotation must be finite,

while the remaining ones require a stability analysis of states of self-stress.

The numerical part of this computation is particularly easy now for both » =5 and n = 6,
since there exists only a two-parameter set of displacements. If the Hessian matrix based on
the self-stress found in block B is transformed into the symmetry-adapted basis, it is found to
have zero entries in the main diagonal that means the same for the reduced complementary
stiffness matrix W derived from it (in the present case, W is an empty matrix). Matrices W
computed from stresses in block £, are not empty but of zero trace: finally, it is enough to
conclude as any linear combination of the two (three) states of self-stress yield an indefinite
matrix W, and therefore two non-totally symmetric motions cannot be blocked by

prestressing.

8.5 Other structural details: projective geometry and mobility

According to the results detailed in the previous sections, it is possible to construct a hinged
mechanism with a single finite motion, but it is fairly difficult to ensure that, in addition,
structural members do not restrict considerably the range of retractability (rings in ‘high

latitude’) and the structure contain more redundant elements (be overconstrained). In the
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following paragraphs, a possible method for construction of overconstrained mechanisms is

presented.

Based on several theorems concerning second-order curves of projective geometry, it is
possible to prove that if a closed zig-zag line composed of equal straight lines is fitted
between two coplanar circles such that successive vertices of that zig-zag line lie on one then
on the other circle alternatively, then it behaves just like a finite mechanism of one DOF,
provided the vertices can freely move along the circles (Hrasko, 2000). It is particularly easy
to be adapted to hinged mechanisms, since circular motion of the nodes can be achieved by
inserting radial hinged bars to each of them. Consider a 2n-sided zig-zag line as shown in
Fig. 8.6: apart from the two supported nodes at the circle centres, there are 2n nodes and 4n

bars that yield a quadratic compatibility matrix: the mechanism is overconstrained.

Figure 8.6: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Although it has been shown in several cases that planar mechanisms does not necessarily
work on the sphere, now the situation is different: the proof of Wunderlich (1981) causes this
theorem above to be valid for two arbitrarily located circles in space, from which it clearly
holds for two spherical circles as well. In the following subsections based on Kovéacs (2003),

two possible applications of this theorem are presented.

8.5.1 Increasing arch network density

Consider a spherical rhombus ABCD and two spherical circles that contain 4, C and B, D,
respectively, according to Fig. 8.7a. Because of the mirror-symmetry, circle centres P and Q
are necessarily lie along great circles defined by B, D and A4, C, respectively. Let us imagine
that all marked great circle arcs drawn in the figure represent rigid arches, whilst labelled
nodes are hinges; P and Q are externally supported. Under these conditions, ABCD as a closed

zig-zag line must represent a single-parameter finite mechanism.



8 — MECHANICAL DESCRIPTION IN SPHERICAL COORDINATES 107

Figure 8.7: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Taking also into account the double mirror-symmetry of the rhombus, P and two
connected bars can be symmetrically repeated on the opposite side of AC and similar addition
can be made using the other fixed node without any restriction on the mobility of the
assembly. Moreover, since P and Q are imagined to be supported, their distance is constant
that extends automatically to the other three distances between them and their mirror images.
Finally, the assembly of Fig. 8.7b is obtained, whose overdeterminacy can be determined as
follows. Let us consider the mechanism to be lifted from any supports: its 8 nodes and 16 bars
would mean a quadratic matrix C, but after the removal of three RBMs there is still a finite

mobility, therefore the degree of overdeterminacy of the assembly is four.

8.5.2 The Mirror-Symmetric Mechanism (MSM)

When the first structural model for spherical retractable roof was introduced in Chapter 6,
local central symmetry was explored and mechanisms based on it (CSM, ACSM) were
applied. As another consequence of the ‘zig-zag theorem’, it is possible now to construct a
mirror-symmetric mechanism (MSM) with a finite motion of still one DOF. The procedure is
as follows: consider first the six-sided zig-zag line on the left hand side of Fig. 8.8a that is
fitted between a general spherical circle ¢ and a great circle g. It is not difficult to see that, had
once been disjoint ¢ and g fixed, there is an appropriate choice a for the arc lengths in the zig-
zag such that first and last point of the broken line coincides: the line is closed. Let us now
take the mirror image of this structural part with respect to the plane containing g: if the right-
hand-side zig-zag line is movable, the new mechanism will obviously retain that mobility.
Consider now that arc length constraints that were to keep three nodes in the middle along g
are removed but those connected to 4 and A" are not: as a result the mechanism of Fig. 8.8a is

obtained.
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(b)

Figure 8.8: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Since it is not obvious that nodes lying originally along g will remain there in course of
the motion, a first-order matrix analysis was performed, assuming that 4 and 4" are externally
supported. 9 internal nodes and 18 arcs result in an 18-by-18 quadratic compatibility matrix
with a single rank deficiency, which is due obviously to the above described finite motion (a

possible displacement is shown in Fig. 8.8b).

In practice, this structural element can be inserted between some ACSMs in the first
dome model in order to avoid rotation of the whole upper part of the structure while opening.
Another application can concern the actuation of motions along the meridians in a retractable
dome, where adjacent MSMs along the perimeter can be ‘synchronised’ by ACSMs placed in
between. Both solutions make possible the construction of new families of symmetric

mechanisms based on different structural concepts.

8.6 Analysis in spherical coordinates and applications: new results

Among the huge variety of theoretical and practical aspects concerned in this chapter, the

following ones should be regarded as new results:

— on the basis of the Hellinger-Reissner principle, a new theory and procedure has been
introduced for linear analysis of spherical truss structures in spherical coordinates
(Section 8.2.1);

— the new method has also been found to be able to check for the existence of second-
order stiffness in spherical trusses (Section 8.2.2);

— an alternative retractable dome structure has been presented and analysed with this

method: together with a trivial finite symmetric mechanism, two additional mechanisms are
detected (Section 8.3);



8 — MECHANICAL DESCRIPTION IN SPHERICAL COORDINATES 109

— other possible applications of this method (in circle packing and covering problems on
a sphere, or even in problems related to expandohedra) have also been demonstrated
(Section 8.3);

— through an example structure called alternative dome above, applicability of symmetry-
adapted analysis in spherical coordinates has been proved, as well as it have been found that

the two non-totally symmetric mechanisms cannot be stiffened by pre-stressing (Section 8.4);

— finally, based on existing results of projective geometry, new overconstrained
mechanisms have been presented as structural solutions in order to increase the density of the
bar network on the sphere (Section 8.5.1) or to avoid the overall rotation of the structure in the
course of retraction by the application of MSMs (Section 8.5.2).
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9 Conclusion and future works

Having arrived at the end of this dissertation, it is possible to state that the principal objectives
listed at the very beginning of the discussion have been essentially accomplished: reliable
physical models have been set up and analysed for both the expandable viruses and spherical
retractable roofs. Symmetry has been used successfully in both cases to provide a clear
overview on the complicated mechanisms and states of self-stress.

The traditional truss model, on the one hand, has been generalised by the use of new
types of mathematical constraint functions and geometrical state variables; on the other hand,
a special theory and method of analysis has been developed for hinged spherical bar
structures. Both ways of generalisation have been used with success in the solution of our
modelling problems, and have been found to be applicable in symmetry-adapted form as well.

An interesting remark can be added that concerns unexpected links between different
fields of science, revealed by the discussion of problems and solutions. Carbon molecules and
leapfrog transformation in chemistry or expandable viruses in biology were susceptible for
being associated to engineering problems of expandohedra. Likewise, the analysis of a
retractable dome was easily linked to the optimal circle packing and covering problems on a
sphere by the application of the two-dimensional numerical model for spherical trusses. This
strongly interdisciplinary character may even provide a posterior justification for the choice of
the subject of our research.

Together with the numerous results presented in this dissertation, there are still several
questions to be answered. It is still unknown whether non-totally symmetric mechanisms of
double-link expandohedra are really finite or infinitesimal that cannot be stiffened. To make
progress in this field, probably the application of an iterative method (e.g. dynamic relaxation)
1s appropriate.

In physical modelling of swelling viruses, accuracy of the geometrical description can be
improved by allowing link endpoints to be located off the theoretical planes of face polygons
(note that this change in the model would not require any fundamental modification in the
described analysis). It should be repeated that reliable measurements on virus geometry would

also contribute to a considerably improved mechanical model.

Due to the similarity of the methods used, the question on the finite or infinitesimal
character of the mechanisms in the second-type spherical retractable roof is also open. In
addition, a systematic search for new, overconstrained spherical mechanisms that could be
used for actuation of similar roof structures constitutes probably an extremely interesting field
for further research.
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Appendix

Let us consider the assembly in Fig. 5.2a, completed by three supporting bars lying in the

mirror planes according to Fig. A.1 (a similar example is taken by Kangwai, 1997):

Figure 8.1: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

Now, if the transformation of all nodal coordinates is written down, the formula under

(5.1) extends to a system of 6 equations and 6 unknowns (¢ and s denote cos (27/3) and

sin (27/3), respectively):

Dx,"A DO 0 [0 O |c &sADX,A
B .? B By ?
Bx,"? Bc &s |0 0 |0 07?BX,?
B 728 2B 7.
BX4n? BS 0 010 O?BX4?
By »? B Bx.?
BX5 2 BO c &s |0 O?BXS?
@XG"@ BO 0 |s ¢ [0 O@BX,0

(8.1)

The coefficient matrix in (8.1) corresponds to a reducible representation of the C;

operation, interpreted for the external variables (nodal loads and displacements, see also the

subscripting of (5.6) and (5.7)) of the assembly in Fig. 8.1:

R

p*

3

111

B 0 0 0 0 |&12 &\/5/2{)\

g 0 0 0 0 |32 &12,
"= D812 &33/2] 0 0 0 0

B3/2 &1/2 | 0 0 0 0

B o 0 |&1/2 &3/2] 0 0

B

B O 0 |32 &2 | 0 0

(8.2)
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In the same way, all the remaining six matrices in the entire representation can be given by

considering the relationship between the new and original coordinates as has already been

shown in Fig. 5.2. Another way to compete our representation is to use the combination (now

multiplication) rules of Table 5.1, but for this method, at least one matrix from each class

within the symmetry group must be compiled in the previous way. Since the representation of

the identity (R,(E)) is always a unit matrix (now with six rows and columns), only the four

remaining non-trivial representations are given here:

DO 0|0 0]&l OA
B ?
20 0/0 0[]0 1,
R s e B0 0f&l 00 0 53
re Eo 00 1|0 0 '
E&l 0[0 0|0 03
BO 1/0 0|0 o0
that is particularly easy to find from Fig. 8.1, then
D 0 o | &2 B2 o 0 A
5 0 0 |&V3/2 &12] 0 0 9
n 1] 11 B ?
R lc" IR Ic,"R,Ic," 5 ° 0 0 0 | &2 32 8.4)
3 0 0 0 0 |&~3/2 &1/29°"
2
sel2 \32] 0 0 0 0
B&~3/2 &1/2| 0 0 0 0 2
g /2 &2 o0 0 0 0 A
&3/2 &12 | 0 0 0 0 -
B ?
R 15" R IC,R 15" § 0 0 0 0 1/2 &ﬁ/z? ®5)
B 0 0 0 0 |&3/2 &1/29
:
50 0 /2 &+3/2] 0 :
B O 0 [&3/2 &l1/2 0 i
and
Do o0 |12 32| 0 0A
B ?
50 0 |V3/2 &12] 0 0 5
B ?
R 15" R "R I5," 5 /2 Blafo oo 0 S g
B3/2 &1/2| 0 0 0 0 9
2
S0 0 [0 0 | Y2 432
B O 0 0 0 |V3/2 &1/28

It is even simpler to find the matrix representation interpreted for internal variables (bar forces

and elongations): now we refer to (5.5) by presenting the entire matrix equation as:
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Bb]"/o\ DO 0 1|0 O OADD A
! ? 2
2,5 51 0 0/0 0 02,7
Bp,"? B0 1 0|0 0 075,72
B~ ?"8 7, °7.
Bb,"? g0 0 0|0 0 logh,s
B, n? B 7Bp_?
b5 Bo 0 0[1 0 O?Bb5?
Bb,'§ 80 O 00 1 088hE
The matrices are then as follows (R,(E) equals again to a 6-by-6 unit matrix):
q g y
DO O 1[0 O OA
B ?
gl 0 0[0 0 0,
|, n.B0 1 0/0 0 07
R,!C, "B ?,
g0 0 0[0 0 1,
Bo 0 0[1 0 07
B ?
B0 0 0|0 1 0f
DI 0 0|0 O OA
B ?
20 0 1[0 0 0,
..B0 1 0/0 0 0?
R,I15""p 2,
g0 0 0/0 0 1,
Bo 0 0|0 1 07
B ?
B0 0 0|1 0 0
DO 1 0|0 O O0A
B ?
20 0 1[0 0 0,
|~ 2" |~ gy [~naBl 0 010 0 07
R, C;° "R.IC,":R,lC,"" 3 ?
g0 0 0/0 1 05
Bo 0 0|0 0 17
B ?
B0 0 0|1 0 0
DO 1 0|0 O OA
B ?
gl 0 0[0 0 0,
| nog n n BO O 1 O O O’>
RI5""RIC,":R,!5""B ?
g0 0 0[1 0 0
Bo 0 0[O0 0 17
B ?
B0 0 0|0 1 0f

and
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DO O 1|0 0 OA
B ?
g0 1 0/0 0 0
e eg |n2" o junaBl 0 0/0 0 0
R;!5, "R,.C;” R.5, "B ?. (8.12)
g0 0 00 1 O
Bo 0 0|1 0 0?
B ?
B0 0 0/0 0 1§

As stated in the paragraph after (5.4), a symmetry-adapted vector basis V (that will be used in
the numerical process to transform the matrices into that symmetry-adapted system) can be
assembled from symmetry subspaces pertaining to different rows of the irreducible

representations. In the case of symmetry group Cs,:
V" :V!Al" | V!Az" | V]!E" | Vz!E"> (8.13)

Now it is possible to calculate the symmetry subspaces for each row of the irreducible
representations given in 5.2, according to the formula (5.4). We remind that value of j in this
latter formula can be chosen arbitrarily for any higher-dimensional irreducible representation
(in other words, any component in a given row of that irreducible representation provides the
same subspace). For the sake of simplicity, we consider the case i=j. In the first step,

matrices for external variables are generated.

The projection operator matrix for the component F(AI)U =T (since T“" is one-
dimensional) can be computed from (5.4) as:

0, "ILR,(E) (ILR,(C,) (ILR,(C;’) (ILR,(5,) (ILR,(5,) (ILR,(5,).(8.14)

p

The sum above yields the corresponding projection operator matrix:

D 3/2  &3/2 0 3 &3/2 &3/2A
B ?
&332 12 0 &l B2 12 5
B ?
L 0 0O 0 0 0 0

o," "8 ? 8.15
7 B3 &l 0 2 &3 &l 9 (813

0 2

2

0

Be3n 32 &3 32 32

B

B&~3/2 12 &1 32 12 2

Since any two columns of Op(Al) are linearly dependent, the symmetry subspace VP(A D
pertaining the irreducible representation A, is spanned by a single nonzero column. Therefore,

the column space of Op(Al) can be written (just by normalising the first column) as:
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D 1/2 A

B ?
28+/3/6,

. B 0 ?

41" w

A\ B 2.
T g3,
B &1/2 ?

B ?
B&/3/63

It is instructive to show through the example of (8.16) what is understood when ‘different

(8.16)

symmetry properties of different subspaces’ are spoken about. VP(A” constitutes one of the six
components of the full symmetry-adapted vector basis, and by considering the product of [X],
- Xn]T and VP(AI), it means a new set of simultaneous nodal displacements or forces for each
of the three nodes, whose pattern retains the original symmetry of the example structure (see

Fig. A.2: such sets of nodal vectors were said to be ‘totally symmetric’ earlier).

Figure 8.2: Another (7, a) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation

The Vp(Az) symmetry subspace can generated similarly, just by changing the last three signs in
(8.14), according to the irreducible representation ). For the calculation of Vp(al, 9 is
chosen. After substituting the values of F(E)n (1, ¢, ¢, 1, ¢, c¢) for the units in (8.14), a

projection operator matrix OP(E) 11 of rank 2 is obtained:

D 3/2 &3/2 0  &B3/2 3/4  3/a A

E&ﬁ/z 1/2 0 12 &-3/4  &l/4 5

0 g 0 0 3/2 0 34 &343/4]
’ B&3/2 12 0 /2 &-3/4  &l/4 o
g 34 &34 34 &\3/4 34 &43/4)

BV3/4  &14 &3V3/4 &l4 &34 5/4 3

(8.17)
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It can be checked that the first and third columns are linearly independent, and performing the
same computation on I'®,,, the first and fourth columns have the same property. In the
present case, orthogonal pairs of columns have been found, but it does not necessarily hold for
any structures or representations (thus, an orthogonalisation has to be done at this stage in a
general case). It should be noted, however, that any two vectors taken from different matrices
O(ﬂ)ii (i.e. i is different for them) are always orthogonal to each other because of the great
orthogonality theorem. Having normalised all columns, the complete symmetry-adapted

vector basis is obtained for the external variables:

D /2 V3fe | V22 o Je/s 0 A
B&\/_/6 /2 |&6/6 0 V2200
B &3/3| 0 N2/2 | Jefe 02
Vs EI/3 0 |&J6/6 0 0 2/29 (8.18)
2812 | \3/6 | V2/4 \2/4 |&Ve/12 Vo/4]
5&\/_/6 &1/2 | No/12 &ve/4 | N2/4 2/4

In the same fashion, the symmetry-adapted basis for the internal variables can also be
generated. The two subspaces belonging to I'® are still found to be two-dimensional, but

0,“" yields now a two-dimensional subspace, while O,“? is an empty matrix. The resultant

basis is therefore of different column structure:

Df 30 1/2 0 [ ~22 o A
B[ 30 1/2 0 |&22 0 ,
BB 0 &2/2 0 0 0o ?
v E 0 33 0 &J2/2| 0 0 Z (.19
S0 33 0 1/2 0 227
B O 33 0 1/2 0 &v2/2g

Consider now the equilibrium equation of the assembly in Fig. 8.1. The entries of G can be
calculated from (4.7), but it must be kept in mind that X; expresses position coordinate and not

its variation in that formula:

Now it is possible to transform G into its symmetry-adapted form using (5.9):

DA A 31 1/2 0 &V3/2 0 0 /;38 A
EPZ'} 50 &-3/2 0 12 0 0 93829
BP,? B 788, ')
p7. B0 a2 2 0 0 0 787 (8.20)
sPo BO  A3/2 32 0 &l 0 93849
P “1o0 ez 00 \/_/2758 ?
BAE BO 0 &V3/2 0 0 12 @586@
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DJ3 &1l 0 0o 0  0A
S0 0]l 0 o0 0 0,
G°"Vv':G:V 'EO 0 |32 &t} o 03 (8.21)
’ B0 0 |&43/2 0] 0 09
20 0 0 0|43 03
BO 0 0 0 |&/3/2 &l

It is apparent that G° ‘inherits’ the structure of its rows and columns from V, and Vi,
respectively (the block belonging to I'*? or simply 4,-block, as often referred, is a 1-by-0
empty block).

Even if it requires computational work to get the entries of G>, the structure of the
symmetry-adapted equilibrium matrix could have been predicted using just the representation
analysis. It is known from the group representation theory that any (reducible) matrix
representation of a group can be block-diagonalised such that each block corresponds to an
irreducible matrix representation. This block-diagonal form, however, is not identical to the
symmetry-adapted form that can contain blocks of higher dimension. Moreover, it is not
necessary even to know the matrix of similarity transformation that causes a reducible
representation (R) to be appear in a hyper-diagonal form (R’) containing irreducible blocks: it
is sufficient to know that the trace of matrices in the original R and reduced R’ representation
i1s the same. It is known, however, that traces of irreducible blocks in a representation
correspond to the character of that representation. From these conditions, it follows that once
a representation R (and thus, the series of traces of matrices in it) is given, this series must be
equal to the sum of the characters of irreducible representations in R’. Since the characters of
a group form an orthogonal vector basis, it is possible to give uniquely the linear combination
of these characters that compose the traces in R. It must be added that even if the characters
does not form a full-dimensional vector basis, the requested linear combination must exist

because of the existence of R,

In our particular example, the traces of six 6-by-6 matrices of both internal (R;) and
external (R,) representations were given because the matrices themselves were known. Such
series of traces (let us call them the ‘character of the structure’), however, can be produced for
a structure without knowing any coordinates. Tacitly, it has been followed in the
determination of the matrices of the internal representation: all matrices in R, are permutation
matrices that have unit entry in the diagonal just when the corresponding object (bar) remains
in its original position due to the symmetry operation in question. In the example structure,
there are six remaining bars under the identity operation, two under each reflection and none
under rotation. With the insertion of that ‘internal’ character of the structure, Table 5.3 can be

rewritten as:
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EiC, Cji5 5 5
R|6/0 012 2 2
4 1] 111
Al111 118l &l &l
E|21&1 &110 0 0

Table 8.1: Another (1, @) projection of compatibility paths shown in Fig. 3.15 disproving bifurcation (different
classes are divided by dashed lines; characters within a class are the same for a given irreducible representation)

According to the great orthogonality theorem again, the determination (projection) of
cofactors of irreducible representations contained by R, proceeds as follows: the scalar
product of the character of a given irreducible representation with the character of Ry, divided
by the number of objects, gives the multiplicity of that irreducible representation. For

example, the " multiplicity of 4; (I“") is obtained as:

. ' n ' n
L 1L6(2L.1L60 (L’ 8.22)

that gives 2 in result. Continuing in the same way, finally it is obtained that R, can be reduced
into 24, + 04, + 2E, and the cofactors give indeed the multiplicity of orthogonal vectors that

had been obtained in the corresponding symmetry subspace(s) of V.

The same procedure can be applied for the ‘external’ character, but it is more
complicated to find an external representation without any computation. Let us consider first
just the nodes as objects: they can be represented exactly as the bars above (if each 2-by-2
block of the original 6-by-6 matrices in R, is substituted by 0 or 1 according to whether it was
empty or not, 3-by-3 permutation matrices would be obtained for the representation of the
nodes. It is known even without computation, however, that in an original matrix of a
symmetry operation, the non-empty blocks must be transformation matrices corresponding to
that symmetry operation. A set of such n-by-n transformation matrices in an n-dimensional
Euclidean space, however, necessarily constitutes an irreducible representation of the given
group and is called ‘rotational’ or ‘translational’ irreducible representation (I'z or I'7, notation
used also in character tables). If 'y = I'7, then I, is applied.

Thus, instead of looking at unit entries in a matrix, the corresponding value of the
character of I',,. (that, in the example group, is equivalent to I'®) is considered. The external
character can then be obtained in practice by calculating the direct (i.e. element-by-element)
product of the character of the nodes (3, (0, 0), (1,1,1)) and of I'y,- (2, (0, 0), (&1, &1, &1)),
yielding (6, (0, 0), (&1, &1, &1)) for the character R,. The projection of cofactors of irreducible
representations show now that R, can be reduced into 141 + 14, +2FE, that is in full

agreement with our computed results.
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