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PREFACE

The main purpose of this monograph is to present a theoretical analysis
of the property of polyelectrolytes. Polyelectrolytes exhibit various
interesting phenomena because of their dual character as highly charged
electrolytes and flexible chain molecules. Very low ionic activity and
extreme sensitivity of molecular conformation 1o the ionic condition, for
example, have strongly attracted people in the field of physical chemistry
of electrolytes and polymers.

In the past twenly years, most of those phenomena have become
theoretically understandable. ldealized treatment based on the simplest
model has been found to be véry useful 10 extract essential features of
polyelectrolytes. In this sense, the theory of polyelectrolytes yields an
excellent example in which the theory is highly evaluated in its intrinsic
function. ‘

Therelore, in this monograph I have tried to draw a unified picture of
“the polyelecirolytes™ on the basis of fundamental laws of statistical
thermodynamics without complex mathematics and detailed chemistry.
Experimental data are chosen only for this purpose and efforts are made
for visualizing the theoretical results. Great care is given to making up a

~consistent [ramework of the theory for comprehending polyelectrolytes

as a whole.

Accordingly, this monograph is far from a full description of past
experimental and theoretical works on polyelectrolytes. As shown in the
Contents, the problems treated are very limited. Emphasis is placed on
thermodynamic equilibrium properties. Dynamic behaviors of poly-
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electrolytes are not much discussed except in a few sections. Nevertheless,
it is hoped that this monograph can give enough basic knowledge on the
possible sources of various characteristics of polyelectrolytes.

Biological systems such as muscle, membranes, and protoplasm in

. general may- be regarded as organized polyelectrolytes. Some of their

' properties can be understood from this standpoint, and others can not.
The theory of polyelectrolytes must be extended in this direction. This
monograph is expected to present a base for such extension.

Description of this monograph is made mainly along the line of the
study developed in the group of polymer physics and molecular biology in
Faculty of Science of Nagoya University. I wish to” express sincere
thanks to all colleagues in this group, particularly to Dr. N. Imai for his
long collaboration. Stimulating discussions with him have enabled me ‘ CONTENTS
to continue the work on polyelectrolytes. Drs. S. Asakura, A. Ikegami,
and A. Minakata in this group also have made fine contributions in this '

~ field and given me useful suggestions. Preface : iii
! I was originally initiated into the field of polyelectrolytes by Professor

i I Kagawa in Faculty of Engingcring of this University, who made pion'eer- L. Introduction 1
ing works on polyelectrolytes in Japan and proposed very early the idea
of the counter ion condensation. Professor M. Nagasawa in the same I. Characterization of Polyelectrolytes 1
Faculty has led me to theoretical analyses by giving beautiful experi- 1L Chemical Structure 2
mental results. To these researchers I wish to express sincere thanks. 11 PhySléal: Model _ A the Macror .
Publication of this monograph was made possible by critical reading IV. " Electrical Potential Around the Macroion

of the manuscript by Professor J. Marinsky. I am very grateful to him. o / .
" ’ : 2. Distribution of Counter Ions 13
Nagoya, Japan Fumio Oosawa I Eduilibrium between Bound and Free Counter lons 13
I1. Spherical Macroions ‘ 14
- I1II. Rodlike or Cylindrical Macroions 17
1V. Counter Ion Condensation ‘ 23
3. *Electric Potential and Free Energy 21
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Chapter 1 .

INTRODUCTION

I. CHARACTERIZATION OF POLYELECTROLYTES

Polyelectrolytes are macromolecules having many ionizable groups. In
solution they are dissociated into polyvalent macroions (polyions) and
a large number of small ions of opposite charge (counter ions). The high
charge of the macroion produces a strong electric field which attracts
these counter ions. This strong electric interaction between the polyvalent
macroion and counter ions is a source of the characteristic properties of
polyelectrolytes. The activity coefficient of counter ions is very low even at
low concentrations of polyelectrolytes, and the dielectric constant of
polyelectrolyte solutions is extremely large.

The electrical effect of the highly charged macroion is expected to be
screened when an increasing concentration of small ions is introduced,
e.g., by the addition of simple electrolytes. Experiments, however, lead to a
simple empirical law which describes the thermodynamic and transference
properties of polyelectrolyte—simple electrolytes mixtures as a super-
position of the contributions of ions from polyelectrolyte and the simple
electrolytes. This result is also attributable to the characteristic interaction
between the polyvalent macroion and small ions.

As in the case of nonelectrolytic macromolecules, the morphology of
polyvalent macroions is one of the central problems of polyelectrolytes,
Most of the macroions are long flexible chains having a large extension in
solution. Their size and shape depend on the charge and the interaction
with counter ions. With increasing charge, the flexible chain changes its
shape from a-contracted random coil to a fully extended one. This cor-
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relation between the shape or the conformation and the electric state is
another source of the characteristic properties of polyelectrolytes. Some of
the macroions can form regular sstructures, for example, helical ones, by
specific intrachain and/or interchain binding. In this case, the idea of the
discrete states of macroions is introduced and the transition between them
can be analyzed as another example of the morphology of polyelectrolytes.

The coupling between the conformation and the electric state at the
molecular level is organized into typicdl systems of energy transformation
or information transduction when polyelectrolytes make higher order
structures. The polyelectrolyte gel, as is well known, can be a trans-
former of chemical energy to mechanical work.

The effect of interactions among ionized groups, counter ions, and
solvent molecules is amplified by the high charge density of the macroion.
A small difference in the interaction may have great influence on the
properties of polyelectrolytes. Therefore, polyelectrolytes are most
sensitive to structure and environment. The complete selective binding of
polyvalent counter ions by the macroion and the sensitive insolubilization
of the macroion by specific small ions are examples of the result of such
amplification. The analysis of structure- and enviro-sensitive properties
from this standpoint is'a method of approaching the complicated problem
of the origin of polyelectrolyte specificity.

Systematic studies of synthetic polyelectrolytes, whose chemical
structures are well defined through their controlled construction from
repeating units, have been made. A simplified model, a flexible chain with
many charges, is in most cases an appropriate base for the theoretical
interpretation of properties common to various polyelectrolytes. The main
purpose of this monograph is to develop the theory by using a simplified
model to which idealization and approximation will be freely applied,
if they appear to be useful, in order to reach an understanding of the
fundamental nature of polyelectrolytes. It is intended here to treat the
electrostatics, thermodynamics, and morphology- of polyelectrolytes
systematically. A consistent picture of polyelectrolytes will be obtained by
elucidating the interrelation among various characteristic properties.
Limited reference to experimental and theoretical results obtained with
different polyelectrolytes by various researchers wiil be made only to
facilitate this objective, | ' \

Another aim of this monograph is to provide insight with regard to the
biological functions of natural polyelectrolytes such- as proteins and
nucleic acids (biopolymers). The polyelectrolyte properties of biopolymers
are expected to be in the background of various biological phenomena.
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I1I. CHEMICAL STRUCTURE

Several examples of the chemical structure of the simplest polyelectro-
lytes are given'in Fig. 1. The first of these, polyvinyl sulfonic acid, is shown
to be completely dissociated into macroions having many negative
charges and hydrogen ions when dissolved in water. In the second example,
polyacrylic acid, a macromolecule most frequently used in experimental
investigations of polyelectrolytes, the degree of dissociation of the carboxyl
groups is small in pure water. On the addition of alkali, e.g., sodium
hydroxide, the carboxyl groups are dissociated and the macroion gains an
increasing number of negative charges, producing sodium counter ions.
The number of dissociated groups or charges depends on the amount of
added alkali and is reflected in the pH value of the solution, Accordingly,
the chemical structure of the macroion in the solution may be expressed
as a copolymer of monomers having COOH groups and COO~ groups,
At a given pH value and concentration of macroions, only the average
proportion of these groups is determined and the solution is a mixture of
macroions that have different distributions of two thermally fluctuating
groups. When alkali equimolar to the acidic groups is added, the sodium
polyacrylate macroions in the resulting solution are almost fully dis-
sociated. ‘

The third example in Fig. I is a copolymer of two kinds of monomers,
vinyl alcohol and acrylic acid. The latter monomer is charged by the
addition of a sufiicient amount of alkali. The number of charges per
macroion is regulated by the ratio of the two kinds of monomer in the
copolymer. In this case the distribution of charged groups in each
copolymer is determined by its original chemical structure.

The stereoregularity coming from the arrangement of neighboring
monomers is also a factor in polyelectrolytes; e.g., in the case of poly-
methacrylic acid, isotactic, syndiotactic, and atactic polyacids are
distinguished by their structure and properties,

The fourth example of chemical structure presented in Fig. | is the
polybase, polyvinyl-N-n-butylpyridiniumhydroxide, which is positively
charged by the addition of acid

The next two examples in Fig. | are the polypeptides, polyglutamic acid
and polylysine, They contain optically active carbon and can be composed
ol two kinds of monomer, l-amino acid and d-amino acid. As a conse-
quence, poly-l-amino acid must be distinguislied from the copolymer
poly-d-l-amino acid. Proteins are generally copolymers of various kinds of
l-amino acids, They have both positive and negative ‘charges on side
chains,
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Fic. 1. Examples of the chemical structures of polyelectrolytes. (a) Polyviny! sulfonic
acid; (b) Polyacrylic acid partially neutralized by sodium hydroxide; (¢) Copolymer of
acrylic acid and vinyl alcohol; (d) Poly-N-n-butyl pyridinium hydroxide; (¢) Poly-
glutamic acid and polylysine; (f) Deoxyribonucleic acid neutralized,
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The last example in Fig. 1 presents the chemical structure of a natural
polyelectrolyte, deoxyribonucleic acid (DNA), a polynucleotide in which
the main chain is formed from the repetition of a definite unit and each
side chain has one of four kinds of base.

The degree of polymerization, i.e., the number of monomers in a
polyelectrolyte molecule, is usuaily 10 to 10* but may be more. In some
cases the degree of polymerization is continuously controlled from the
monomer limit to almost infinity. With synthetic polyelectrolytes, however,
it is almost impossible to obtain a solution.of polyelectrolyte in which all
macroions have the same degree of polymerization and the same chemical
structure. On the other hand, with natural polyelectrolytes, such as
purified protein, all solute macroions may have the same chemical

- structure.

The length of each monomer along the chain is about 2.5 A in the first
example of Fig. 1. Since the radius of each atom in the main chain is of the
order of 1 A, the main chain is apparently a flexible cylinder as shown in
Fig. 2 for models of polyacrylic acid and DNA. When the side chain of
ionizable groups is short, the macroion looks like a cylinder having many
charges on its surface. When it is long, the macroion looks like a cylinder
ha\)ing short branches from the surface, the ends of which are charged.

I11. PHYSICAL MODEL

The flexibility of the macroion comes from the freedom of the internal
rotation of bonds in the main chain. In the first example of Fig. 1 each
bond, as is well known, can rotate around the neighboring bond, keeping
the bond angle constant. The intrinsic free energy of the rotation is a
function of the relative position of- three neighboring bonds. Usually
there are three energy minima, one at the frans (T) position and two at the
gauche (G) positions. The difference in energy between the frans position,
corresponding to the stretched form of the chain, and the gauche positions,
corresponding to the contracted form, is a most important factor on
determining the flexibility of the chain,




FiG. 2. Examples of three-dimensional structures of polyelectrolytes. (a) Polyacrylic
acid; (b) Deoxyribonucleic acid. .
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In polypeptides the four ncighboring atoms along the main chain
must lie in the same plane. Rotation is possible only around the two kinds
of bonds. The polypeptides are regarded as a series of planes linearly
connected with two freedoms of rotation.

The macroion as a flexible chain thus has an extremely large number of
possible conformations that are specitied by a series of variables designating
the rotation angles of neighboring bonds: The free energy of each con-
formation is determined not only by the intrinsic free energy of the
rotation but also by the interaction among side chains, main chains,
and solvent molecules or ions. The conformation of such a chain has two
classifications, random coil and helix. In the random coil the series ol
rotation angles of successive bonds specifying the conformation has no
long range regularity, i.e., there is no regular repetition of a certain anple
or angles. The mean square of the end-to-end distance of the chain is
proportional to the number of monomers il the number is sufliciently
large, independent of the flexibility of the chain. In the helix, the series of
rotation angles has a long range regularity; there is a repetition of an angle
or angles. The mean end-to-end distance is directly proportional to the
number of monomers.

In the case of the random coil, there are usuaily a number of con-
formations having equal or approximately equal free energies. Each chain
assumes these conformations from time to time. The two kinds of con-
formation, random coil and helix, are illustrated in Fig. 3a, b, and e. The
random coil in Fig. 3a is only one of the many equally possible con-
formations. The rapid transformation among these conformations is an
essential property of the random coil. The number of equally possible
conformations and the rate of the transformation are determined by the
structure of the chain and the environmental condition.

The random coil conformation does not necessarily refer to a spherically
contracted state of the chain. Extended and contracted states fit in the
random coil category if there are no regularly repeated structures. Actually
charged macroions can assume various random coil conformations over
a wide range of extension, depending on the charge and the environment.
At extremely high charges they may take a rodlike or cylindrical con-
formation. At low charge or in the absence of charge, they take a spherical
conformation, The spherical random coil can have a wide range of the
apparent radius. For example, polyacrylic acid, whose degree of poly-
merization is 1000, takes a spherical random coil form with a radius of
about 200 A at low pH. With increasing pH, the macroion extends
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first spherically and then becomes rodlike. Its eventual length is 2500 A

in its most stretched form. The average local curvature of the chain
decreases gradually, as shown in Fig. 34,

{a)

)

(b)

(1)

@) _
‘ : (c)

(3)

(1)

(2) ,
(3)

(d)

FiG. 3. Different conformations of linear chainlike macroions. (a) Random coil; (b)
Helix; (c) Different helical conformations expressed by sequences of internal rotation

~ angles; () TTT..., Q) TGTG...,(3) TGGTGG...; (d) deformation of contracted random
coil to extended one, )
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1V. ELECTRICAL POTENTIAL AROUND THE MACROION

Let us consider a macroion in the spherical random coil conformation,
Many discrete charges are distributed on the macroion as shown in
Fig. 4a. Each of them is the source of an electric field. The resultant field

in and around the macroion is given by the superposition of contributions

from these charges, if the contribution from counter ions is neglected.

(b)

(o)

(3]

{c) / ' (d)

FI1G. 4. (a) A spherical macroion with charged groups. (b) The potential profile ~along a
line crossing the volume occupied by the spherical macroion. (c) A cylindrical macroion

. with, charged groups. (4) The potential profiles along the lines crossing the volume

occupied by the cylindrical macroion; (1) perpendicular to the cylinder, (2) along ithe
cylinder.

The profile of the potential along a line passing through the macroion
is shown in Fig. 4b. At a point where the line passes a charge, the potential
curve has a deep and sharp hole. The potential curve in and near the region
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occupied by the random coil has the form of a trough as a result of the
superposition of many such holes. The slope of the curve in the trough is
rather gradual. Beyond the region occupied by the random coil there is a
sharp rise in the potential. The potential profile is well represented by a
trough with many holes.

The potential profile of an extended rodlike macroion of Fig. 4c is
shown in Fig. 4d. Along a line parallel to the rod, the potential takes the
form of a trough with sharp holes; along a line perpendiculay to the rod
it has a deep valley at the position of the rod.

Let us suppose that a random coil occupies a spherical volume » of
radius a. If n ionized groups of the charge —e, are uniformly distributed
in this volume, the potential drop at the edge is given by neyfeqa, where
£y is the dielectric constant of the solvent. The ratio of the potential energy
of a charge +e, at the edge to the kinetic energy kT is ney?/eqakT. If the
fully neutralized polyacrylic acid ion with a degree of polymerization of
1000, the length of which is about 2500 A in the most stretched state, is
coiled into a sphere with a radius _of 200 A, the value of the above ratio
is of the order of 35 in water at room temperature. Many counter ions are
consequently forced to enter into the spherical region of the potential
trough. As counter ions enter into the sphere, the potential drop is
decreased by the cancellation of the charge. However, even with 909
of the counter jons in the sphere and 109 of the charge remaining
uncancelled, the potential drop s still larger than the kinetic energy, the
value of the ratio being about 3.5, The number of counter ions in the
central region of the spherical trough is larger than the number at the
peripheral region. The base of the potential trough thus becomes flatter
and the potential drop at the edge becomes better defined when the
presence of counter ions is taken into account,

A similar examination can be made of the rodlike macrojon. If n
charged groups are uniformly distributed on a rod of length / and radius q,
the potential drop from the distance R to the surface a of the rod is given

by 2(ne/eol) In (Rfa), if I > R » a. The ratio of the potential energy to the "

kinetic energy is equal to 2neo?feokTl) In (R/a). If n = 1000, /= 2500 A,
and Rfa =100, this ratio is about 26 in water at room temperature, Most
of the counter ions must be bound to the rod '

For a macroion in the coiled conformation, the most realistic features
of the potential which is derived from the model are as follows. Each
charged group makes a sharp and deep potential hole at its position,
Each linear part of the chain makes a sharp and deep potential valley
along its length, as shown in Fig. 5. The coiled chain as a whole makes a

1. INTRODUCTION 11

(spherical) potential trough in its apparentivolume. The whole volume of
the solution is divided into four potential regions; holes at charged groups,
the cylindrical valley along the chain of the macroion, the spherical
trough in the apparent volume occupied by the macroion, and the region

outside the macroion. A macroion in the extended conformation has no
spherical potential trough. K

FIG. 5. Three regions for counter ions bound in and around the macroion. (1) The
potential hole al charged groups; (2) the potential valley along the cylindrical region
occupied by the chain of the macroion; (3) the potential trough in the region apparently
occupiced by the macroion as a whole. The area marked by (4) is the ourside region for
free counter jons, -

Counter ions are distributed in these four regions. Counter ions in the
first three regions can be defined as bound to the macroion. However, they
are mobile in the cylindrical potential valley and in the spherical potential
trough. When trapped by the sharp potential holes, they are localized at
charged groups, forming ion pairs. The binding of counter ions to the
macroion may be classified as localized and mobile as shown in Fig. §,

If the assembly of charged groups and counter ions in the potential
valley or trough is regarded as a closed system of an clectrolyte solution,




the relation between the two kinds of bound counter ions, localized and
mobile, is analogous to that between free ions and jon pairs in simple
electrolyte solutions. In the case of n charged groups uniformly distributed
in a spherical volume v, the concentration of charged groups is given by
nfv which, in the previous numerical example, is equal to 0.06 mole/liter.
At this concentration the degree of ion pair formation, i.e., localized
binding, is small in the case of strongly dissociative groups. In the potential
valley along the chain, however, the concentration of counter ions is
much higher than the above value, 0.06 mole/liter, for the uniform
spherical distribution. Some of counter ions in the potential valley are
then localized at holes.

12
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Chapter 2

DISTRIBUTION OF COUNTER IONS

I. EQUILIBRIUM BETWEEN BOUND AND FREE COUNTER IONS

According to the previous discussion, counter ions in a polyelectrolyte
solution are classified into three categories: counter ions freely moving
outside the region occupied by macroions, those bound but mobile in this
region, and those bound to individual charged groups of the macroion.
The second category may be further divided to distinguish counter ions
bound but mobile in the potential valley along the chain and those in the
potential trough made by the coiled macroion as a whole. The equilibrium
between free counter ions and bound but mobile ones is most important in
determining the thermodynamic properties of polyelectrolytes. The
essential feature of this equilibrium can be extracted by using the following
two-phase approximation proposed by the author ).

In a polyelectrolyte solution each macroion has a large charge. The
repulsive force acting between them, as long as the charge is not completely
cancelled by bound counter ions, tends to prevent their overlap during
their movement. The whole solution can be divided into two regions, One
region is occupied by macroions, the total volume of which is equal
to No, where N is the total number of macroions and v is the apparent .
(effective) average volume occupied by each macroion, as shown in
Fig. 6. The other region is the space free of macroions; its volume is equal
to ¥~ Nv, where V is the total volume of the solution,

In the absence of simple electrolytes the total number of counter ions
of charge e, in the solution is equal to the total number of charges of the ,
macroions. Some of the counter ions, the number of which is denoted by

13
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n’, move in each volume v and the remaining counter ions, the number of
which is #N—n'N, move in the volume ¥~ Ny, If the average potential

9 g

F16. 6. Spherical macroions in a solution.

difference between the two regions is denoted by oy, the distribution

equilibrium between bound counter ions and free counter ions is given by
the equation

(n—n*)v = n*N)(V - Nv) exp (—edy/kT) )
or

In(1=)/ = In $/(1~ ¢)—eody/kT @

where . n* =n—n', f=n*n, and the apparent volume concentration
NvfV is denoted by ¢. The quantity —n*e, defines the apparent charge
of each macroion, and f is the apparent degree of dissociation of the
macroion. The average potential difference Oy is a function of n* and the
size and shape of the macroion.

On the basis of this two-phase approximation, two typical cases are
analysed below, :

IL. SPHERICAL MACROIONS

Let us consider macroions occupying spherical volume v of radius a
in a solution, the dielectric constant of which is ¢, (Fig. 6). If the average
distance between centers of two neighboring macroions is denoted by

2. DISTRIBUTION OF COUNTER IONS 15
2R, the average potential difference bet

ween the inside and the outside of
the macroion is approximately given by

3y = —(n*eofee) (1/a—1/R) Q)

Since R is equal to the radius of the volume of the solution per macroion,

namely (4n/3) R*=V/N or (a/R)* = Nv/V = ¢, the equation . for the
distribution equilibrium may be rewritten as

A== gll-$)+pra-¢') g

where P=ney*leckTa, which is a nondimensional quantity giving a
measure of the intensity of the potential of the macroion. The product
BP is proportional to the apparent macroion charge n

*ey. At low con-
centrations, the above equation is reduced to

In(1—=$)/f = In p+pp &)

The relation between the apparent degree of dissociation f and the
apparent volume concentration ¢ for a = 200 A at different values of the
number of charges (200 and 450) or of P (8 and 16} is shown in Fig. 7a.
The apparent degree of dissociation inc
tration, tending to unity at zero concentration. The value of § is smaller
for larger values of n or P. The number of free counter ions increases
very slowly with n, as shown in Fig. 7b.. Equation (4) shows that for large
values of P, the value of # or n* is insensitive to the increase of P or n.

In this approximation of the distribution equilibrium, the activity of
counter ions ‘must be proportional to the molar concentration of free
counter ions n*N/(V~Nv) in the volume outside of the macroions.
Since the total molar concentration of charged groups or counter jons in
the solution ¢, 1s equal to nN/V, the activity coeflicient y is given by

v = (*NINYVI(V — Nv)) = B/(1- ) (6

reases with decreasing concen-

This approximation also requires that the osmotic pressure of the solution
against the solvent (water) be proportional to the concentration of free
counter ions outside of the macroion, and the osmotic coefficient g be
equal to the activity coeflicient B. The quantity g/(1 — ¢) is obtained from
Eq. (4) as a function of the volume concentration ¢ and the charge P.
This result is included in Fig. 7a. With decreasi
macroion the activity coefficient slowly decreases at high concentrations,
reaching a minimum at about ¢ =0.05, and then increases at low con-
centrations, approaching unity at zero concentration,

ng concentration of
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FIG. 7. (a) Relations of the apparent degree of dissociation of counter ions g and the
activity coefficient of counter ions y to.the apparent volume concentration ¢ at various
values of the charge density P in solutions of spherical macroions. (1) P=8 and (2)
P =16. (——): The activity coefficient y; (— —): the degree of dissociation f (1),
(6) Relations of the apparent degree of dissociation B or the number of the effective
charge n* to the charge density P or the total number of charged groups » at various
concentrations ¢, of macroions in solutions of spherical macroions. The radius of the
macroion a=1350 A, eokT/eq® = 1.4x 10" cm™' and the concentration of macroions
¢, isexpressed in monomer-molefliter (4).(c) The experimentalrelation between the osmotic
coefficient, g, and the concentration of macroions, ¢, (2). (1) Sodium carboxymethyl
amylose (linear polymer); (2) sodium carboxymethy] amylopectin [branched (spherical)
polymer}; (3) sodium carboxymethyl glycogen, .
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It is generally expected that the activity coefficient of the solute should
become unity at extreme dilution and should decrease with increasing
concentration. The above change of the activity of counter ions with
dilution that is predicted by the present approximation is thus reasonable.
Asis shown in Fig. 7¢ (2), this behavior of 7 has indeed been observed in
the case of a kind of branched chain macroion,-which probably takes a
spherical form in the solution over a wide range of concentration,

It must be pointed out, however, that small values of the molar
(weight) concentration of polyelectrolytes correspond to fairly large values
of the apparent volume concentration because of the extension of the

_ macroion. The radius of the free volume R is related to the concentration

¢, (mole/liter) of charged groups or counter jons in the solution through the
equation .

(4n/3) R® = n/(6x 10*%), )]

For example, when n=1000, the concentration ¢, = 0.1 mole/liter
corresponds to R =150 A and ¢, = 0.001 mole/liter to R =700 A. If the
macroion is sufficiently coiled, its radius a can be considerably smaller than
the above values of R and the apparent volume concentration will be small.
However, if it is somewhat extended and the radius a is as large as 230 A,
about 1/10 the length of the most stretched form of the macroion of
n = 1000, the apparent volume concentration is 0.04 at ¢, = 0.001 mole/
liter and attains a value of unity at ¢, =0.03 mole/liter. The correspon-
dence of such low values of ¢, to large values of ¢ suggests that the isolated
spherical random coil model for chainlike macroions is applicable only in
a very limited condition, because at large ¢ it is not reasonable to divide
the solution into spherical volumes occupied by macroions and outside
volumes unless the macroions are compact spheres of a fixed radius. More-
over, the highly charged macroions at low concentrations are in a more
stretched conformation. In other words, at such low concentrations of
macroions and counter ions where the spherical free volume model may be
applied, most real chainlike macroions can not be in the spherical form.

1. RODLIKE 0R CYLINDRICAL MACROIONS

Macroions as flexible chains having many charges are usually in the ex-
tended conformation. The end-to-end distance of each chain is longer than
the average distance between neighboring chains, except in the extremely
dilute solution. In such circumstances the rodlike or cylindrical model
of macroions is preferable to the spherical model (Fig. 8). Let us suppose
that each macroion is stretched to a cylindrical shape and the charged
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groups are distributed in a cylindrical region of volume » and radius g in
which the potential profile is of the form shown in Fig. 4d. The average

Fi1G. 8. Cylindrical macroions in a solution.

potential difference 3 between the inside and the outside of this volume
is given approximately by

O = —2(n*eoleql) In (Rfa) @®)

where 2R is the average distance of two neighboring rodlike macroions or
R is the radius of the cylindrical free volume of each macroion, and
/ is the end-to-end distance of the macroion. Accordingly, nR* = V|N
and 7na*l = v; therefore a*/R* = Nv/V =.¢. If the average distance between
neighboring' charges on the macroion along the cylinder is denoted by
d = In, the potential difference is expressed as

oY = —(Beo/eod) In (1/¢) ©)

Strictly speaking, this expression is valid only for a rod of infinite
length in a cylindrical free volume. For rods of finite length /, a term of the
order of (fBeq/eqd)(2/I*)(R* ~a*) must be added. However, the influence of
such a correction is small enough to be neglected if the condition
2(R2/12)(1—¢)<(l/¢) is satisfied. For example, at ¢ =0.1, if /> 3R,
the error does not exceed 10%. If a/l=1/1000, Eq. (9) is applicable when
¢ is larger than 2x 10™%, )

By employing Eq. (2), the distribution equilibrium between bound and
free counter ions may be written as

In(1=-)/B = In ¢/(1-$)+BQ In (1/¢) (10)
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where Q=ey%/eokTd. For the cylindrical model, this nondimensional
quantity Q is the most important parameter determining the intensity of
the binding of counter ions, It should be noted that the right-hand side
of the above equation is reduced to the form

(I-BQDIn ¢ (1)
for sufficiently small values of P.

Results of some numerical calculation, shown in Figs. 94 and 9b,
reveal one of the most characteristic properties of polyelectrolytes. At a
constant length / of the macroion, the value of Q increases with increasing
number of charges per marcroion. The relation between B and ¢ expressed
by Eq. (10) depends on the value of Q. For values of Q smaller than unity,
the apparent degree of dissociation B increases with decreasing ¢;
approaching unity at zero concentration, just as in the case of the spherical
macroion. On the other hand, for values of Q larger than unity, f does not
tend to unity, but approaches 1/Q at zero concentration. The activity

coeflicient, y, of the counter ions, /(1 — ¢), also approaches 1/Q when Q
i1s larger than unity. Thus, at infinite dilution

y—1 for 0<Q<1

(12
y— 1/Q for I<Q

For large values of @, with increasing concentration the activity
coeflicient y does not decrease but increases slightly. From Eq. (10) it is
found that (df/d$) 4. >0 when Q becomes larger than 2.

Such-behavior of the activity of solute molecules or ions has not been
observed in ordinary solutions of nonclectrolytes or electrolytes. In the
case of polyelectrolytes, however, experiments give results in good
agreement with the theoretical predictions of Figs. 9a and 9b. The data of
Nagasawa and Kagawa (3) that are presented in Fig. 9¢ show that the
activity coeflicient of counter ions is very low even at low concentrations of
polyelectrolyte and is almost constant over a wide range of concentration,
When the number of charges » is increased with the degree of esterification
of the polymer, the activity of counter ions changes as expected. At high
values of Q, the activity is not increased with n, y being nearly proportional
to 1/Q or I/n, as shown in Fig. 94 (3). Similar results have been obtained
in a number of experiments (4). The experimental data in Fig. 7¢ that
were obtained by Inoue (2) also provide a valuable test of the present models
because two kinds of macroions, spherical and linear, are compared. Both
macroions show the behavior predicted by the above theory.
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Fic. 9. (a) Relations of the apparent degree of dissociation of counter ions, B, and the
activity coefficient of counter ions, 7, to the apparent volume concentration at various
values of the charge density Q in solutions of cylindrical macroions; (1) =1,
0=2,(3) 0=4, and (4) Q=8. (—): The degree of dissoeiation £ (— —): the
activity coefficient y; and (—-): the activity coefficient under the condition that vt
= 0.6 ({). (See Section 1V). (b) Relations of the number of free counter ions, §Q, to the
charge density, Q, at various concentrations of macroions in solutions of cylindrical
macroions; (1) in the limit of dilution, (2) the apparent volume concentration ¢ =0.05
and 0.1. (c) The experimental relation between the activity coefficient of counter ions and
the concentration of macroions. Sodium polyviny! sulfate in pure water, The degree of
esterification (the charge density); (1) 0.725, (2) 0.692, (3) 0.740, (4) 0.711, (5) 0.494,
(6) 0.431, and (7) 0.301 (3). (d) The relation of the activity coefficient y (O
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In water (eo=80) and at room temperature, the condition Q=1
corresponds to d =7 A for monovalent charged groups and counter ions.
The theory suggests that when the average distance between neighboring
charges on the macroion becomes less than about 7 A with the increase
of the number of charges, a further increase of charge does not result in an
increase of the apparent charge of the macroion even at low concentra-
tions of macroions. The excess number of counter ions are retained in the
cylindrical region along the macroion.

In - the above model the degree of dissociation and the activity are
determined by the quantity Q or d, the charge density on the macroion,
and are independent of the total number of charges, i., the degree of
polymerization of the polyelectrolyte. This estimate of the situation is
supported by experiments. .

Of course, in actual cases each macroion is not fully stretched to a
straight rod even in the extended conformation. It has curvature and takes a
wavy form. The cylindrical model, however, may be applied to each nearly
cylindrical part of the macroion which is long enough todsatisfy the con-
dition that the potential difference is given approximately by Eq. (9). The
length of the cylindrical part is required to be longer than the distance

between neighboring cylinders as shown in Fig. 8. For instance, when

¢ =0.01 (a=10 A and R =100 A) and the length of the cylindrical part
is 200 A, the error in the average potential difference given by Eq. (9)

is less than 10%. This estimate suggests that the cylindrical model has a

wide applicability, even when the macroion is coiled to a certain extent.
An isolated macroion in a more or less coiled conformation makes two
regions for bound but mobile counter ions; the cylindrical volume (the
potential valley) along the chain and the spherical volume (the potential
trough) apparently occupied by the macroion as a whole. Therefore,
equilibria must be established among these regions and the outside. The
equilibrium between counter ions in the cylinder (the potential valley)
and in the sphere (the potential trough) may be described by an equation
analogous to Eq. (10), and the equilibrium between counter ions in the
sphere and the outside may be described by an equation analogous to
Eq. (4). At high values of the charge density of the macroion along the
chain, most of the counter ions are retained in the cylinder and the
apparent charge of the chain‘can not exceed a limit defined by Equation
(10). Consequently, the concentration of counter ions that are mobile in
the sphere is relatively low and not very different from the concentration
of free counter ions in the outside region. In this case the spherical region
assumed above is not important in determining the equilibrium con-
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centration of free counter jons, and the simple cylindrical model can
adequately explain the experimental facts. ;

The theoretical calculation show that the activity coefficient of the counter
ions does not tend to unity but approaches 1/Q at infinite dilution. This
result, which seems to contradict the requirement of the general theory of
solutions that y approaches unity, is due to the assumption that the
length / of the macroion is infinite. Since the length / of real macroions is
finite, R must exceed / at infinite dilution. In most cases, however, such an
extreme dilution is not realized in practice before the measurement of the
activity or the osmotic pressure becomes impossible, or before the number
of hydrogen ions and hydroxyl ions in water becomes significant.

IV. CounteRr IoN CONDENSATION

The previous section has made clear one of the characteristic properties
of polyelectrolytes. Let us now increase the number of charges of each
macroion at a constant total concentration of macroions in the solution.
An increasing number of counter ions are distributed inside and outside of
yolumes occupied by macroions. When the number of charges and counter
1ons is small, counter ions are equally distributed in the solution. With the
increase of the.number of charges, the electric field becomes strong and
relatively more counter ions are retained in the volume of the macroions.
At infinite dilution, however, the counter ions are free from macroions
if the number of charges is smaller than a certain critical value. Assuming
that the cylindrical model can be applied to the macroion or at least to
parts of the macroion, this critical value is given by the condition that the
charge density along the cylinder n/l or Hd is equal to e,hT/ey?, or the
average distance between neighboring (monovalent) charges d is equal to
eo’/eokT, which is about 7 A in water at room temperature. :

When the number of charges increases beyond this critical value, the
apparent degree of dissociation B decreases, becoming equal to 1/Q=
eokTdfey* at low concentrations of macroions. Then the concentration
of free counter ions outside of the macroion is proportional to ¢,/Q or
nd, which becomes independent of n. In spite of the increase of the number
of charged groups and counter ions in the solution, the concentration of
free counter ions is-kept constant and only the number of bound ones is
increased, as shown in Fig, 10,

This phenomenon is a kind of condensation. Let us consider a gas
composed of a large number of molecules among which attractive force
acts. When the number of molecules is increased at a constant total
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volume of the gas, the condensation to liquid takes place at a certain
critical value of the number or the density of gas molecules. Above this
critical point the increase of the number of molecules does not increase the
number or the density in the gas phase. Only the amount of the liquid
phase is increased (Fig. 10). _

In analogy to this gas-liquid condensation, the concentration of free
counter ions above the critical value of the charge density corresponds to
the saturated vapor pressure coexisting with the liquid. The counter jons
in the volume of macroions correspond to the molecules in the liquid
phase. Counter ion condensation is a characteristic phenomenon in poly-
electrolytes. In comparison with the usual condensation caused by the
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Fic. 10. (a) The counter jon condensation in comparison with the gas-liquid condensa-
tion. The abscissa is the charge density of macroions, or the total number of counter
ions, or the total number of molecules. (——): The number of free counter ions or the
density of the gas phase; (— —): the number of bound counter ions or the amount of the
condensed liquid. (6) Ilustration of counter ion condensation with increasing charge
density.

increase of the density in the gas phase, it is to be noted that, in the system
of counter ions and macroions, the number of charged groups of the macro-
ion is increased in parallel with the increase of the number of counter
ions. In other words, the source of the attractive force in the liquid phase
is increased. The ’quanu'ty kept constant above the critical condition is the
number of free counter ions or the apparent charge density of macroions,

What is the cause of this phenomenon of “counter ion condensation’ ?
The distribution equilibrium represented by Eq. (2) denotes the equality
of the chemical potential of counter ions in the two phases, the region
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occupied by the apparent volume of the macroions and the region outside
of this volume. The chemical potential is the sum of energy and entropy
terms. The contribution of the entropy<is expressed as kT'xIn (con-
centration), and the difference in the entropy between the two phases
contains the term AT x In (volume ratio). For a long cylinder having a
uniform charge density, the coulomb potential around the cylinder is
expressed as a logarithmic function of the distance. Therefore, the energy
difference between two phases is also propoértional to In (volume ratio).
If the volume outside the cylinder is increased, the entropy difference and
the energy difference are both increased according to the logarithmic
form of the volume. Infinite dilution does not result in the predominance
of the contribution of entropy to the chemical potential, and counter ions

© can not leave the volume of the macroion.

On the other hand, in the usual systems where molecules interact with
each other only at short distance, the encrgy difference between the free
state and the bound state is independent of the volume of the free space,
Only the difference of entropy increases with the increase of free space.
Therefore, at infinite dilution complete dissociation always takes place.

Let us assume that at a certain value of the volume concentration the
number of free counter jons is too large to establish equilibrium between
two phases. Then, some of the free counter ions are forced to enter into
the bound state. This flow of counter ions from the free state to the bound
state can not be stopped by dilution or by the increase of free space. The
number of free counter ions must decrease to a critical value where the
balance between the contributions of energy and entropy is just satisfied
almost independently of the volume concentration by the condition that

kT = n*ey?/e,l (13)
or

BQ =1 (14)

Suppose that at the condition (13) counter ions are in the equilibrium
distribution and an additional charge and its counter ion are newly
produced in the macroion. If this additional counter ion escapes from the
macroion into the free space, the potential energy difference increases
and becomes predominant over the entropy difference, namely AT <
(n*+1)ey?[eol. The counter ion must as a consequence be retained in the
macroion. The increase of the entropy difference resulting from the
retention of the counter ion is much smaller than the change of the poten-
tial energy caused. by liberation of the counter ion into the free space, if the
volume concentration is low. Thus, the apparent charge cannot be increased.

.\
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The above analysis is valid for sufficiently small values of the volume
concentration ¢. In the case of the cylindrical model, the apparent volume
concentration is not so much different from the net concentration of the
chain of the macroion, while in the case of the spherical model the apparent

volume is very much larger than the net volume of the chain. In the former -

case the molar concentration of charged groups ¢, = 0.01 mole/liter, for
instance, corresponds to a fairly small value of ¢ (between 0.01 and 0.001).

In the present case, the mathematical requirement for counter ion
condensation is that in Eq. (10) the term ~1In ¢ is sufliciently larger than
‘other terms. Since —In ¢ can be large enough only when ¢ is extremely
small, the above analysis seems to be valid only at extremely low con-
centrations. Fig. 9a, however, shows that the activity coefficient is not
greatly changed with concentration, and this indicates that counter ion
condensation is numerically insensitive to the concentration, especially
when ¢ is lower than 0.1.

Another approximation in the two-phase model was that all bound
counter ions are fully active in the volume v. Some of them may be localized
or at least produce an ionic atmosphere around each chargcdggroup. Such
an effect decreases the activity of the counter ions in v. Therefore, if the
apparent activity coefficient y* of counter ions in v is introduced, the
left-hand side of Eq. (1) is replaced by y*(n—u*)/v and the left-hand
side of Eq. (10) must include the term In y*. However, at low concen-
trations of macroions, introduction of the quantity In y* has little effect
on the relation of the apparent degree of dissociation or the activity
coeflicient of counter ions to the concentration, as is shown in Fig. 9a.
The critical value of the charge density for counter ion condensation is not
changed. Estimation of the magnitude of y* will be given later (Chapter 6,
Section I). ‘

The discontinuous condensation of counter jons beyond a critical
condition is not found in the case of spherical macroions. However, as
mentioned in the previous section, Eq. (5), which corresponds to Eq.
(13), indicates that for large values of the charge density P, the apparent
charge P increases very slowly (only logarithmically) with increasing P.
A situation approximating ‘‘condensation of counter jons” occurs,
although for spherical macroions there is no specific critical value of the
charge density P and the value of the apparent charge depends on the
concentration ¢,

Chapter 3

ELECTRIC POTENTIAL AND FREE ENERGY

I. THE FUNDAMENTAL EQUATIONS

We have seen in the preceding section that a simple model can be
employed for a rather successiul theoretical interpretation of the pheno-
menon of “‘counter ion condensation” that js characteristic of poly-
clectrolytes. In this model the distribution equilibrium of counter ions was
considered to occur between two discrete phases, each of which was
.rcgurdcd as a uniform solution of counter jons, Actually the coulomb
Interaction between ions and charged groups is of long range so that the
approximation of uniform phases appears to be too simple and should be
reexamined by a more critical consideration, This is performed on the
basis of the Poisson-Boltzmann equation (5).

Let us consider a random coil macroion or a cylindrical macroion
occupying volume v, in which n groups of charge —e, are distributed.
The electric potential Y and the charge density p or the concentration ¢ are
related to each other as functions of spatial coordinates x through the
equation '

Ay = —(@nfeg)putpy) = (4nfeg)eqlen(x)—c 4 (¥)] (15)

where A is Laplacian; Pmand p, are charge densities and ¢y and ¢, are
number concentrations of charged groups and counter ions, respectively.
Both potential and density in the above equations are statistically
averaged quantities. The average distribution of the charged groups p
can be expressed ‘approximately as a continuous function of the coordi':,
nates. (The validity of this approximation will be discussed later.) At a given
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distribution of the charged groups counter ions are mobile and their
distribution is determined by the balance between the electric potential
energy and the entropy. The electrochemical potential u, of the counter
ions can be written as

#e = kT In ¢, (x)+egf(x)+p,° (16)

where p,° is the chemical potential in the standard state. The electro-
chemical potential must be constant throughout the solution and the
Boltzmann equation can be used to express the concentration of counter
ions at any point (x) in the solution.

e4(x) = Aexp (—eqh(IKT) an

where the constant A4 is determined by the condition on the total number
of counter ions. If a free volume, V/N, in which electroneutrality is

satisfied, is assumed for each macroion, the total number of counter jons -

in this volume must be n. Then,
A=nN|V' £

with
V'= N [ exp(—eqp(x)/kT)dv (18)
VN

If the potential Y(x) is small in the volume V/N, V" is nearly equal to the
volume V. ,

By combination of this equation with Eq. (15) the Poisson—Boltzmann
equation is obtained: ‘

Ay = (dneo/e)[cn(x)— A exp (—eo¥[kT)] (19)

The average potential y and the average ion distribution p are determined
by solving this equation under suitable boundary conditions. At the
surface of the free volume, the average electric field must be zero.

- The electrical internal energy w, per macroion with n counter ions is
given by the following integral in the frée volume:

U, = (1/2)Vlfu(p...+p+)ll/ dv
= [ (eo/Sm)grady)? do (20)
ViIN

The entropy s of the distribution of counter ions is given by

~Ts = kT | ¢y In(cy/c%) dv - )
VIN
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where ¢ is the number concentration of solvent molecules and c./c®is
the molar fraction of counter ions (6). The free energy per macroion with

its counter ions is given by ~
f=u~Ts ' (22)

The above procedure for the derivation of the free energy is composed of
two processes. The first brings the ions to the distribution in the final
equilibrium and the second charges the ’ions and the macroion, their
distributions being kept constant. '

Another method for the derivation of the free energy gives the expression

S =Jo(VIN, n)+/, (23)

where f, is the standard free energy of an ideal solution of couater ions
without charge, and

fo=2 g u(deqfeq) - 24)

This is proved by the use of the partition function Z given by
Z={...fexp(—ey® Y uy/kT)[] dx, (25)
i k

where the coulomb interaction energy between the ith jon (or charge) and
the jth ion (or charge) is proportional to the square of the charge e,?
and written as ey*u;;. The free energy is given by

~ f=—~kTInZ (26)
Therefore,
dffdey = —kT d(In Z)/de,
“_ka o J(=2e0/kT) Y uy;exp (—ey? > i kT [i dx,
Joo Jexp(—eo? Y u/kT) [k dx,
=. 2“1!/(,0 (27)

Thus, by integration of this equation, we have Eq. (23) with Eq. (24).

In the above method the ideal solution of counter ions is first considered
and the ions and the macroion are then charged, the jon distribution
being changed with charging. The two expressions of the free energy,
Eq. (22) and Eq. (23), are equivalent to each other. This is shown by
proving the relation

o du,~Ts)[dey = 2u,le) ) (28)
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with u, and s given by Egs. (20) and (21). From Eq. (21) we have
—d(Ts)|deq = kT(d|dey) | c, In ¢ dv
= kT { (dc,[deo) In ¢, dv
= —eg? [ (de,[deg)d dv 29)

where we puty = e,®. On the other hand, from Eq. (20
du,jdeq = (1/2)(d|dey) [ eo*(cp+ ¢ )P dv
= eq | (Cp+ 4 )P dv+(e2[2)(d]dey) f(ewte)® dv
= 2u,leq+(eo?[2)[[ (de . [deo)D dv+ ] ("';a + ¢, J(d®/de y)dv]

‘ (30
Therefore, ‘
d(u,—Ts)|deq = 2ufeq+(eo?[2) [ [(cn+ e 3 )(dD/deo) =D (de . [deg))dv
‘ 3D
Since

AD = —4nfe(c,+c,)
the second term of the right-hand side of Eq.{_\k(3l) can be rewritten
§ (em+ . )@/ de )~ O(de., [deg)] do
= —(go/4n) | [AD(dD/de g) — D(dAD]de )] dv
=0

Thus, the relation (28) was derived and the equivalence of the two expres-
sions of the free energy was proved.

The chemical potential of the solvent molecule y, and that of the
counter ion y, can be obtained by differentiation of the free energy. In
the, present method of approximation, differentiation with respect to the
number of solvent molecules means differentiation with respect to the
size of the free volume. Performing such differentiation by using the
expression (22) with (20) and (21), we can find that the chemical potential
of the solvent g, is given by

Mo = ~kTc, (R)[c®+const (32)

where R denotes the coordinate at the surface of the free volume. Namely,
the chemical potential is determined by the molar concentration of counter
ions at the surface R, where the electric field is zero and solvent molecules
have no electrostriction.

The chemical potential of the counter ion is given by

H+ = kTIn ¢ (R)+const (33)
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This is directly derived from Eq. (16) and also confirmed by differentiation
of the free energy, Eq. (22), with respect to the number of counter ions.

The osmotic coeflicient g and the activity. coeflicient y of counter ions
are thus given by

v =g = ci(R))(aN]V) = ¢ (R)e, (34)

The free energy derived above contains only the contribution of the
counter ion distribution in and around the (fixed) macroion. Besides the
atmosphere of counter ions around the macr_{)ion as a whole, each ion or
charged group has an ionic atmosphere about itself. The contribution of
such atmospheres must be included in the total free energy.

The {ree volume of each macroion in which electroneutrality is satisfied

is not necessarily equal. Because of the Brownian motion of macroions,

the clectroneutral volume around each macroion must fluctuate. This
fluctuation also makes some contribution to the free energy.

In relation to these corrections, the validity of the Poisson-Boltzmann
equation must be reexamined. Such reexamination was partly carried out
in Ref. 5.

Now, despite neglect of several terms, the above expression for the free
enerpy is useful for the analysis of the characteristic properties of poly-
electrolytes. The central problem in the following sections is to solve the
Poisson-Boltzmann equation and calculate the free energy and also the
osmotic coellicient.

The Poisson—Boltzmann equation can be solved exactly only in a special
case, i.e., for a rodlike macroion with counter ions in a cylindrical free
volume. This case will be treated in Section 11 of this Chapter. In other
cases various methods have been devised to obtain approximate solutions
of the Poisson-Boltzmann equation. One of them is the Debye-Hiickel
approximation, in which the electrical potential energy |eqy| of counter
ions is assumed to be much smaller than the kinetic energy kT everywhere
in the solution. Herman and Overbeek first applied this approximation
to a spherical random coil macroion with smoothed charge distribution
in a salt solution and calculated the free energy as a function of the
extension of the macroion (7).

In their early work, Katchalsky, Kunzle, and Kuhn started (rom pure
coulomb potential due to charged groups of the macroion without counter
ions (8). The total clectric energy was calculated by summing up coulomb
interaction energies among all groups. Actually, counter jons are accumu-
lated by the coulomb potential, The energy must be corrected by taking
into account rhese accumulated counter ions. Later, Katchalsky and
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Lifson assumed the Debye-Hiickel atmosphere of counter ions around
each charged group of the macroion and gave the electric free energy as
the sum of interactions between charged groups with the counter ion
atmospheres (9).

Such Debye-Hiickel approximation may be valid for macroions of
small charges in salt solutions. However, in highly charged macroions

“which we are interested in, the fact that leol/kT >1 in and around the
macroion is essential for the characteristic properties of polyelectrolytes.

The other method of approximation is based on the Donnan equilibrium
between two phases, the uniformly charged random coil macroion and
the outside. As a first approximation, the charged groups in the macroion
are assumed to be completely neutralized by counter iéhs except at the
surface. Kimball calculated the extensive force of the macroion under this
first approximation (/0). Deviation from the Donnan equilibrium must
produce correction terms. Along this line, expansion of the free energy
or the extensive force as a power series of the reciprocal of the ionic
strength was tried by Flory and others. This method was applied to a
spherical macroion in concentrated salt solutions ({/).

The two phase model in the previous chapter is, in a sense, a variation
of the latter method, although it was applied in a wide range of the
condition where the charge of the macroion was not necessarily assumed
to be mostly cancelled by counter ions in it.

The following section will treat two typical cases; one is a spherical
random coil macroion in which deviation from neutrality is small, and
the other is a rodlike macroion which can give an exact solution of the
Poisson-Boltzmann equation. In both cases the polyelectrolyte solution
will b assumed to contain no simple electrolyte ions other than macroions
and their counter ions. Polyelectrolytes in the presence of simple electro-
lytes are discussed in Chapter 6. :

II. SMALL DEVIATION FROM NEUTRALITY

Suppose that a random coil macroion occupies a spherical volume o
of radius a, as shown in Fig. 11a. The charge density arises from charged
groups of the macroions and counter ions. The former is assumed to
be expressed as a uniform density in the spherical volunie, v, namely,

Pm = —enfv  inyp
and

il

0 outside of v (35)

Prm
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If the macroion is placed at the center of the spherical free volume of
radius R, the potentialy is a function of the distance r from the center and
the Poisson-Boltzmann equation for this system is difficult to solve; A
method of approximation has been devised 6n the basis of the following
fact. When there are many charged groups in v, counter ions are strongly
attracted by them and most of the counter ions are retained in v. Conse-
quently, most of the charges in v are canceled and the remaining apparent
charge becomes much smaller than the original charge of the macroion

).

{a) (b)

FiG. 11. (a) A spherical macroion with the uniform d
spherical free volume. (b) Atmospheres of counter ions
on the chain of the macroion.

istribution of charged groups in a
around individual charged groups

According to the notations in the previous chapter, n* is considered to
be much smaller than n or the apparent degree of dissociation £ is much
smaller than unity. This kind of relation can be assumed everywhere in v.
If a new quantity 1 is defined as a function of r by

(n[0)d = (n[v)—(nN]V") exp (— e /K T) (36)

A4 is very much smaller than unity in o,

A<l (37)
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By neglecting the quadratic and higher-order terms of A, we have from
Egs. (35) and (1'%) '

AL =¥ inv (38)
where

1* = (dneo?[eckT)(nfv) (39)

This differential equation, which is of the same type as the Debye—Hﬂcl‘ccl
equation for simple electrolytes, can be easily solved. The charge density
or 4 and the electric potential  in v dre given as functions of distance r by

A = In (V'[NvC) sinh yr/(xr cosh xa) (40)
req/kT = In (V'/NvC)[sinh xr/(xr cosh xa)]—In (V’/Nv) @41

where the integration constant C is determined by the boﬂndary conditions,
that is, by the continuity of the potential and its derivative at the surface
of v (at r = a). Actually the term In C comes from the contribution to the
potential of counter ions outside of v. If this contribution is small, In C is
negligible. ™

The apparent charge of the macroion n* is approximately given by

n* = n{d) = (gokTajey?) ln_(V’/NvC){l —sinh xa/ya cosh ya) (42)
where LD = [Advfy

and the potential at the surface of v is given by
eoy(a)/kT = In (V’[NvC)(sinh xaf(xa cosh ya))—1In (V'/Nv)  (43)

With the above approximation the distribution of counter ions is not
uniform in v. As shown in Eq. (40), the deviation from complete neutrality
(A =0) is very small in the central part of v and relatively large in the
peripheral part. The maximum value of 4 is taken at the surface r =a.
This maximum is small if ya» 1. Under this condition, the potential
Y(r) is almost uniform in v.

The factor V'[N is determined by the integration of exp (~egW/kT) in
the.total free volume V/N. The previous two-phase approximation cor-
responds to the condition that

VIIN = [(n—n*)[n*)(¥ — Nv)|N (44)
If this relation is put into Eq. (42) and the term.In C is ne’élected, the

energy u, and the free energy f calculated according to Egs. (20) and (22)
are found to be given approximately by

u, = (1/2)n**ey%leqa , 45)
[ = =(/)n**e [eqa+kTn In ((n—n*)jvc) (46)
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and the activity coeflicient of counter ions is given by

v = ¥ m(VI(Y = Nv) = B/(1~¢)

which is the same result as obtained by the previous two-phase model
although the present calculation initially has taken into consideration the
nonuniform distribution of counter ions in v. As discussed in the previous
chapter, the above result agrees well with experimental data. (See also
Ref. 5). %

The quantity y, defined by Eq. (38), has the same meaning as the i
parameter which appears in the Debye-Hiickel theory for simple electro-
lytes and the quantity 1/y is the radius of the counter ion atmosphere
around each charged group in the macroion whose concentration is given
by afv. If this radius is very much smaller than the radius a of the volume
v, most of the charges of the macroion are screened by counter ions inside of
v. Only in the peripheral region, the thickness of which is of the order of

"1/, are the charges not expected to be séreened effectively, as shown in

Fig. 11b. This is the origin of relatively large values of 4 at the surface.
Therefore when

xa> 1

the “‘small deviation from neutrality” approximation is applicable.

As a numerical example, iff #= 1000 and a=230 A in water at room
temperature, 1/y becomes about 24' A, and is much smaller than a. The
thickness of the peripheral region where the deviation from neutrality
is appreciable is about 1/10 the radius a. Thus, the spherical macroion
appears 10 have a thinly charged layer at its surface.

A more detailed ‘mathematical treatment of the Poisson-Boltzmann
equation is necessary for accurate analysis of the ion distribution in and
around the macroion. A useful method may be to take into account the
higher-order terms of deviation from neutrality as perturbation for the
solution of Eq. (38). Such refinement, however, is not expected to bring a
large change of the result.

Thus, the approximate treatments in the earlier chapter and in this
section are very reasonable. The approximation *“‘small deviation from
neutrality” can be applied to any shape and size of macroion having a
diffuse but dense distribution of charged groups. When a flexible macroion
is extended from spherically coiled conformations to stretched ones
with the increase of charge, an ellipsoidal model may cover the whole
range,

\
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‘The other important assumption in the present method consisted of
representing the assembly of discrete charges of the macroion by a
continuous function p,(x) or ¢,(x). This assumption is valid if the atmos-
phere of counter ions around each charged group overlaps with each other;
in other words, it is valid if the average distance d between neighboring
charged groups in the macroion is smaller than or of the same order as the
diameter of the ionic atmosphere around each group, as shown in Fig.
115. This condition is expressed by

ds 1
or
GeXfeok D)6 1 @7)

In the Debye-Hiickel theory of simple electrolytes it was shown that the
average distance between neighboring ions of the same charge in the
solution is always smaller than or of the same order as the radius of the
ionic atmosphere, except in an extremely concentrated solution. Similarly,
the above condition is satisfied in the wide range of the number of charges
and the volume of the macroion. For instance, when n= 1000 and a =
230 A, the average distance d in the sphere is equal to 23 A which is of the
same order as 1/y. As shown in Eq. (47), the quantity xd is insensitive to
the change of the number n and the radius a. ,

If the atmospheres are overlapped, the discreteness of the charges in the
macroion has no great effect on the determination of the distribution
of counter ions in and around the macroion. As long as the domain
occupied by the macroion can be defined separately from the outside domain
in the sense that the average concentrations of charges in two domains
are considerably different, it is reasonable to represent the charge distri-
bution in the domain by a continuous function of the spatial coordinates.

. III. ANALYTICAL SOLUTION FOR A RODLIKE MACROION

In the previous sections the average electric potential in and around a
macroion was described by the Poisson-Boltzmann equation. As shown by
Fuoss, Lifson, and Katchalsky and by Alfrey and Morawetz in Ref. 12
and I3, respectively, this equation can be exactly solved for an infinitely
long rodlike macroion with counter ions in a cylindrical free volume,
This result is briefly described herein, special attention being given to the
“counter ion condensation’ phenomenon.

In this case, n discrete charged groups on the rodlike macroion of
length / and radius a are represented approximately by a uniform charge

-and
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density n/l=1/d, where d is the average distance between neighboring
groups on the rod. This representation is valid when the condition

(o /eokT)dla?) < | 48)

(instca.d of Eq. 47) is satisfied by a sufficiently high charge density on the
macroion. In water at room temperature, Eq. (48) is rewritten as
7(d/a*) S 1, where d and g are expressed in the angstrom unit. The equation

to determine the average potential and the ioh distribution outside of the
rod is then expressed as -

AY = —(dneofeo)c,(r) = —(4neyfeg)A exp (— e /kT) 49
where

A = (d*[dr?)+(1r)(d]dr)

R
A = nff exp (—egy/kT) 2nr dr

The potentialy must be a function of the distance r from the center of the
rod. The radius of the free volume R is chosen to satisfy the condition
NInR?* = V. Counter ions are assumed to be excluded from the rod itself,

and its radius a dgnotes the minimum distance of approach of counter
ions to the macroion.

The boundary conditions for the electric field at a and R are then given
by '

(@Yfor). = 2eofecad;  (O9[or)y = 0 (50)

respectively. The analytical solutions of the above Poisson-Boltzmann
equation were found to be (12, 13)

eo¥/kT = In {(2Q/B*)[r*/(R*— a%)] sinh? (B In br)) (51)
when the integration constant B is real, and
eW/kT = In{(2Q/[B|)[r*/(R*—a®)] sin? (|B] In br)) (52)

when it is imaginary. The integration constants B and b must satisfy the
relations;

Q = (1-8%/[1+ B coth (8 In (R/a))]
Blnb = —Bln R—tanh™! B (53)
for Eq. (51) and
0 = (1+|BI)/[1 +B] cot (|B] In (R/a)))]
|BlInb = —|B|In R~tan~*|B| _ (549

for Eq. (52).
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ary for high charge densities where Q =2 In (R/a)/{1 +1n (R/a)]. When a is

sufficiently small, or more exactly when the ratio a/R is sufficiently smaller
than unity, the solution has a mathematical abnormality at Q equal to
unity.

- The electric energy and the electric -free energy calculated from the
above solutions according to Eqgs. (20) and (24) are expressed as (/4)

= ("kT]Q){(1 + B*) h (Rfa)+In [((1 + Q)*— B})/(1 - B9+ 0}

, (55)
and.

fo = —u +nkT In {{(R* —a®)/a*][(1~ Q)2 B*]/2Q) (56)
for real B and

= (nkT/Q){(1—|B|*) In (R/a)+In [(1+ Q)* + |BI)/(1 +|B*)]+ Q)

57
and

fe = —u+nkT In{[(R*—a")/a*)[(1- 0)* +|8]*}/2Q) (58)

for i_maginary B. This free energy yields the following expression for the
osmitic coefficient or the activity coefficient of counter ions:

y=(1-B)20-¢/(1—¢) forreal B (59)

y = (1+Bz)/2Q o/(1—¢)  fori lmagmary B (60):

. Numerical examples of the value of Bas a funcuon of Q are given in
Fig. 12b (Ref. I4). It is found that at values of Q larger than unity, the
increase of B is very slow and the activity coefficient y is almost propor-
tional to 1/Q. With the ratio R/a increasing or with the concentration ¢

_decreasing, B tends to I~ Q at Q smaller than unity and approaches zero
at Q larger than unity. The activity coefficient thus tends to 1 Q/2 at O

smaller than unity and to 1/2Q at Q larger than unity; namely,
y-1-0Q/2 for0< Q<1

Y= 1/20 for1 < Q (61)
as is shown in Fig. 12¢. ' “

There results agree qualitatively with those obtained previously with the

more simple approach, Thus, the simple two-phase model provides a
reasonably meaningful path to the elucidation of a characteristic pheno-
menon of polyelectrolytes “‘counter ion condensation.”” The numerical
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cnent decreases with increasing Q even at Q smaller than unity and becomes
equal to 1/2Q instead of 1/Q at Q larger than unity. In the present cal-
culation that is based on the analytical solution of the Poisson-Bolizmann
equation, the concentration of counter ions outside of the macroion

1 i I T T ¥
.o~
{1
(2)
L R 1)
O.—
BN (3)
- a
! 1 1 | L
1o 70 20
A ¢
(b)
(a)
T | T
T | (
o6l
o 04l
>
0.2} .
' : :ls 4 1 | ]
! %0 ; 2 3
Q

(c)

FiG. 12. (@) A cylindrical macroion with the uniform distribution of charged groups in a
cylindrical free volume, (b) The value of the constant B as a function of the charge density

Q at various values of the volume concentration; (Ding=-2,(2)ln ¢ = -5, and
(3) In ¢ = —co. (¢) The relation between the activity coeflicient y and the charge
density ©Q in the limit of dilution, and the relation between the activity yQ or the
number of free counter jons and the charge density Q in the limit of dilution,
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continuously decreases with the distance from the macroion. The con-
centration of counter ions at the surface of the free volume is therefore
less than is estimated with the previous approximation of a uniform phase
outside of the macroion. A simpler method to derive this result, Eq. (61),
is described in Chapter 6, Section III.

Here we add an analysis of the Poisson—-Boltzmann equation for a rigid
spherical macroion in a spherical free volume, for comparison with the
case of the rigid rod. The Poisson-Bolizmann equation is written

Ay = —(4neofeo)d exp (—egW/kT) (62)
where '
, A = d*[dr? + (2/r)(d/dr) r
and
R
A = nf { exp (— ey /kT)4nrdr

and the boundary conditions are given by

(dldr), = neojeoa®;  (dyfdr), = 0 (63)

The differential equation (62) can not be solved analytically, but approxi-
mate solutions were derived by Imai (/5). For a highly charged sphere in a
very large spherical free volume, the potential energy le,y] is expected
to be very much larger than the kinetic energy kT in the neighborhood
of the sphere. Under such a condition, the approximate solution of
Eq. (62) was found to be written in the form

eo¥/kT % —In sinh? (+ B'[r+b') + const (64)
in the neighborhood of the sphere, and’in the form
eoUlkT = —2B'Jr (65)

in the region distant from the sphere. The apparent charge of the sphere
n*eg is related to the constant B’ by the equation_

2B'[a = n*ey*leckT a = fP

From the above equations it was shown that the apparent charge n*
increases logarithmically with dilution and is insensitive to the increase
of the total number of charges of the sphere. At extremely large values of
P, the value of P tends to the order of In (1/¢). (n—n*).counter ions are
condensed in a thin layer on the surface of the sphere, the thickness of
which is very much smaller than the radius a, that is, its ratio to the radjus
is of the order of 1/BP. These results are very similar to those obtained
from the spherical random coil macroion.

Chapter 4

VALENCE AND SIZE OF COUNTER IONS

L. EFFECT OF VALENCE OF COUNTER [ONS

The valence of counter jons strongly influences the counter ion con-
densation phenomenon. Let us consider 4 macroion having a total charge
~—neq and counter ions of charge +ze,. The number of counter ions must
be n/z. The equation of the distribution equilibrium between counter jons
in the simple two phase model is written:

In(1-B)/f = In ¢/1 ~ )= zeodyY/kT (66)
where £, as before, is the apparent degree ofdissocia(ion, i.e., the ratio of
the apparent charge n*e, 10 the total charge ne,. The number of free

counter ions is given by n*/z. The only difference from Eq. (2) comes from

introduction of valence z in the potential energy difference. If the cylindrical
model is applied,

In(1=B)JB = In (1 - )+ pz0 In (1/4) (67)

.lt is found that for values of Q smaller than 1/z, the degree of dissoci-
atnon} slowly decreases with decreasing concentration ¢, and then increases,
tending to unity at zero concentration. For values of Q larger than l/z,
however, the degree of dissociation slowly decreases with decreasing
Concentration, tending to 1/zQ at zero concentration. Infinite dilution
an not result in complete dissociation. With increase of the tota) charge of
the macioion, the number of free counter ions first increases but then
levels off at Q= 1/z. In the case of divalent counter jons, for example,
the critical value of @ corresponds to an average distance of about 14 A
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between (monovalent) charged groups on the.macroion in water at room
temperature. The number of free counter ions, n*/z, can not exce‘ed
n/z*Q, which is inversely proportional to the square of the valence. With
higher valence of counter ions their condensation takes _place at a lf)}ver
density of charges and a smaller number of free counter ions. The critical
value of the charge density is determined by the balanpe between the
entropy and energy difference of bound and freg counter ions. o

In the two-phase approximation, counter ion condensatnoq is not
influenced by the valence of each chaiged group on the macroion at a
given value of the charge density as long as charged groups can be repre-
sented by a uniform charge density along the cylinder., [Epshould be noth,
h‘owever, that the radius of the ionic atomosphere aroupd e.a.ch multi-
valent group is small so that reexamination of ?he applicability of the
approximation of uniform charge density is required.

II. MixTuURE OF COUNTER IONS OF DIFFERENT YALENCES

In a mixture of two kinds of counter ions which have different valence,
the characteristic phenomenon-is deduced from the 'requireme;}t that
equilibrium must be established separately for each of the two kinds of
counter ions (/). '

The number of counter ions of charge ze, per macroion is denoted by
m and that of charge z’e, by m’; the total charge of eagh macroion ’must be
equal to mzeq+m'z’ey = ney. The degree of dissociauon,-[f and f, of the
two kinds of counter ions, respectively, are given by the ratio of the number
of these ions inside and outside of v *The ratios q and g’ deﬁncq by mz/n
and m’z/n, respectively, are the proportions of the charge§ carried by the
two kinds of counter ions (¢g+¢'=1). For the cylindrical model-the
equilibrium conditions are then given by

In(I1-p)/p = In $/(1 —¢)+(ﬁq+ﬂ'q’)2é In(i/¢)
In(1=B)F = In ¢/(1—$)+(Bg+Fq)zQ In(1/) (68)

if the two-phase approximation is employed. For the spherical model, Q
is replaced by P and In (1/¢) is replaced by (1 —¢'/?),

When the value of @ is smaller than both 1/z and-1/z’, the degree of
dissociation of both counter ions tends to unity at'zero volume con-
centration. When, however, Q becomes larger than either l/z or l/z',
counter ion condensation takes place even at zero volume concentration,
and the condensation of two kinds of counter ions has correlation. Under
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the assumption that z' is larger than z, it is convenient to classify the value
of Q into the following four categories for analysis of the behavior of

B and p’ at infinite dilution. The degree of dissociation tends to different
values determined by the value of Q.

B -1 and f' - | for 0<Q <1z

B—-1 and p - (I/Q'QZ')*(II/CI')A for 1/ < 0 < 1/qz
B and f' =0 L for 14z < 0 < gz
B-1/gQz and p' -0 ‘ for ljgz < Q . {(69)

These results are obtained from the equations listed under (68).

Now, suppose that the charge of the macroion and the number of two
kinds of counter ions are increased at a constant ratio ¢ or ¢’. Such a
situation can be realized experimentally by the addition to a solution of
polyacid of a mixture of alkali having two cations of different valencies.
With increasing Q, the dissociation of counter ions of the larger valence
z' begins to be suppressed at Q = 1/z’. This critical value of Q is independ-
ent of the ratio g of the two kinds of counter ions present. With further
increase of Q, the degree of dissociation B’ of counter ions of higher
valence is decreased and is eventually fully suppressed at Q = lqz'. All
counter ions of higher valence are bound (o the macroion. At larger
values of Q all free counter ions are of lower valence. The dissociation of
counter ions of smaller valence begins to be suppressed at 0 = l/gz. With
further increase of Q, the degree of dissociation of these counter fons

decreases in proportion to 1/Q. These features of ion condensation are
1

shown in Figs, 134 and b,

The complete suppression of the dissociation of counter ions of higher
valence is a characteristic property of polyelectrolytes. The difference of the
valence is remarkably amplified.

Condensation of counter jons of higher valence begins to fake place
when the charge density Q exceeds the critical value 1/z’. The degree of
binding increases with increasing ‘Q as if all of the counter ions present in
the solution were of the same valence 2z, The apparent charge number n*
of the macroion is equal to n[! ~(1=8Y%1=n(g+p'q") when the degree
of dissociation of counter ions of valence z* is B and that of counter ions
of valence z is equal to unity. As long as the value of (n*/n)Q or (¢+f'¢")Q
is larger than 1/z’, the binding of counter ions of valence z* must continue,
Therefore, 8 must attain a value determined by (g+pq)YQ=1/z. The
condition of counter jon condensation s determined by the charge density
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FiG. 13. (a) Hlustration of binding of counter ions of different valences to a cylir.\drical
macroion. With the increase of the charge density from (1) to (2)., bound divalent
counter ions increase and only monovalent counter ions remain in: the free stale.
(b) Relations between the degrees of dissociation of coupter igns B B’-and the charge’
density Q in a mixture of two kinds of counter ions having dllﬁ?re{n valenccs z an‘d z
at infinite dilution. (¢) Relations between the degree of dissocnauon_ of counter ions
of the larger valence z* and the ratio of two kinds of counter ions at various values 0( the
charge density Q. (d) Relations between the osmotic pressure and the ratio of two quds
of counter ions of different valences (z’/z = 2) at various values of the charge density
(1) P=1/2,2 @=1,(3) Q=2,and (4) Q =4.
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of the macroion. It is independent of the number of free ions that are
present. When Q is larger than 1/42’, the value of (n*/n)Q can not be less
than 1/z" even at ' = 0. Therefore, the binding continues to increase until
all counter ions of valence z’ are lost from the outside of the macroion,
For this reason the degree of dissociation of counter ions of valence z’
must be equal to zero at Q larger than 1/gz’. During decrease of the
degree of dissociation of counter ions of higher valence from unity to
zero, all of the counter ions of lower valencé are in the free state. The
binding of these counter ions begins after Q. becomes larger than 1/gz.
Therefore, in the range of Q between 1/gz’ and 1/gz, all counter ions of
higher valence are bound and all counter ions of lower valence are free.
Such a range of Q exists independently of the magnitude of the difference
between the valence of the two kinds of counter ions,

Figure 13¢ shows the relation between the degree of dissociation and
the ratio of two kinds of counter ions at a constant value of the charge
density of the macroion. At the beginning of the addition of counter ions
of higher valence they are all bound to the macroion until the apparent
charge density is decreased to a critical value for their condensation.
At this critical value, further addition begins to produce free counter ions
of larger valence.

Consider a macroion of high charge density (Q > 1) with monovalent
counter ions preserving electroneutrality. Some of the counter ions are
condensed in the volume of the macroion. In this condition the charge
density is, of course, higher than the critical value for condensation of
counter ions of higher valence. If, therefore, divalent counter ions are added,
all of themrare bound. Bound monovalent counter ions must be freed and
the apparent charge is maintained at the critical value for condensation
of monovalent ions, thereby facilitating the exchange of bound counter
ions,

The activities of two kinds of counter ions are given by /(1 —¢) and
B'/(1—¢), respectively. The osmotic pressure of this solution is propor-
tional to the total concentration of free counter ions;

(mf+m'B)/(1 - ¢) = nl(gp/2) +@' 2N/~ ¢) (70

Figure 134 shows the dependence of the osmotic pressure on the ratio ¢
of two kinds of counter ions at various values of the charge density of the
macroion.

The above analysis was made in the limit of extreme dilution by employ-
ing the two-phase approximation. It is impossible to obtain an exact
solution of the Poisson-Boltzmann equation for the mixture of counter

\
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ions of diflerent valence. Results in the preceding chapters suggest that
the counter ion distribution derived from the solution of the Poisson-
Boltzmann equation is different from that of the two-phase approxi-
mation. The difference is in the distribution outside of the volume of the
macroion. Comparison between the results of Eqgs. (12) and (61) shows
that the réal distribution outside of the macroion is not uniform; that
is, the concentration of counter ions at the periphery of the free volume,
which is related to the activity or the osmotic pressure, is considerably
smaller than the average concentration outside of the macroion. The
ordinate of Fig. 13b gives the degree of dissociation of counter ions which
is related to the average concentration outside. The activity coeflicient of
_counter jons must be smaller than this ordinate.

Many experimental data support the theoretical results obtained. It has
often been observed that polyvalent counter ions are strongly and com-
pletely bound by macroions in polyelectrolyte solutions (/6). The replace-

. ment of bound monovalent counter ions by polyvalent ones has been

frequently observed as well. Experimental results similar to the theoretical
predictions developed in Fig. 13d have been obtained in studies of the
osmotic pressure or the extensive force of polyelectrolyte gels (/7).
Previously such behaviors were apt to be attributed to a special interaction
between polyvalent counter ions and charged groups of the macroion,
for instance, the salt bridge. The present theory, however, indicates that
these phenomena can occur without such a special interaction. It is simply
due to the coulomb potentidl of the macroion in which the effect of the
valence of counter ions is greatly amphﬁed

111. EFrecT OF SI1ZE OF COUNTER IONS

Both the chain of the macroion and the counter ion have finite sizes
from which other molecules or ions are excluded. When their sizes are
large, the minimum distance between the counter ion and the chain must
be large, as shown in Fig. 14a. As a consequence, the average potential
difference between bound and free counter ions is small. Moreover, the
space around the chain of the macroion in which bound counter ions

* are mobile is also small. To analyze such effects of the size of counter
ions, Kagawa and Gregor applied the Poisson-Boltzmann equation
(49) with the boundary condition that counter ions can not enter into the

. cylindrical volume, the radius of which is given by the sum of the radius
of the cylindrical macroion and that of spherical counter ions (/8). The
dependence of the electric potential of bound counter ions on their sizes
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obtained by this method was found to agree well with experimental results.
Here, however, we apply the simpler two-phase approximation and extend
the analysis to the mixture of counter ions of different sizes.

Instead of Eq. (1), the equilibrium is given by
(n—n*)Jv* = n*NJ(V = Nv) exp (—eody/kT) 1)

where v¥* is the effective volume of the potential lrouéh or valley in which
bound counter ions are mobile. This volume must be distinguished from
the total volume v of the potential trough made by each macroion. In
other words, the effective volume v* is given by subtracting from v the
volume of the chain skeleton (including charged groups) from which
bound ions are excluded. (This excluded volume increases with i increasing
number of bound counter ions. ) The potential difference dy was previously
given by —eody/kT =20 In (R/a) for a cylindrical macroion in which the
quantity a was defined as the radius of the eylindrical volume apparently
occupied by the macroion. However, the quantity a in the above equation
must be modificd to give the correct value of the average potential of bound
counter ions. It can have different values for different chains and counter
ions. When the chain skeleton has a large average radius, the distribution
of charged groups in the cylinder is diluted and a larger value must be
used for @ in the above expression of the potential difference. The large
radius of counter ions has a similar effect. Thus, by introducing the
eflective radius a* in the average potential, the following equation is
obtained: '

In(1-B)/f = In $/(1—¢)+FQ In (1/$)+In (v*/v)+ O In (afa*)
' (72)
The new terms In (0*/v) and In (a/a*) are independent of the apparent
volume concentration ¢(= Nv/V) and the charge density Q, and are
determined by the radii of the chain skeleton and the counter ion, or by
the volumes excluded in their interaction,

In the case of spherical macroions, the same correction In (v*/v) must
be introduced, but there seems to be no reason for the above type of
correction in the potential difference.

. According to Eq. (72), the size has no influence at extreme dilution or
in the limit of ¢ —0. The degree of dissociation tends to unity for Q
smaller than unity and tends to 1/Q for @ larger than unity. The two
correction terms In (¢*/v) and In (a/a*) both become more negative for
larger radii of counter ions or of the chain skeleton and at finite con-

- centrations the degree of dissociation increases with increasing radii.
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Now, let us consider a mixture of two kinds of counter ions of the same
valence and different radii. The equations for the distribution equilibrium
of these counter ions are given by

In (1=-B)/B = In ¢/(1—¢)+In (v*/v)+(Bg+ B'q)QlIn (1/$) 4
’ + In (a/a¥)]
In (1=-8%f" = In ¢/(1—¢)+1n (v*[v)+(Bg+p'q)QlIn (1/¢)

+1In (a/a*")]
)

where g =1—4¢" is the fraction of one kind of counter ions. The correction

terms due to v*, a* and v*, a* must be distinguished for the two kinds.

of ions. In very dilute systems and for large values of Q
Ba+pq = Q7! (74
In(1-p)/f—In(1-p)/p = In 4 )

where In 4 is the difference in In (v*/v) +In (a/a*) between two kinds of
counter ions, being positive when the counter ion of fraction ¢ has a
smaller radius than that of fraction ¢’, (3+¢" = 1). As a consequence, the
degree of dissociation f§ for the smailer ion-radius is aiways less than '
for the larger ion-radius. The relation of the degree of dissociation § and

and

B’ to the charge density, Q and the fraction g has been calculated according

to Eqs. (74) and (75) and the results are shown in Fig, 14b.
For Q smaller than or equal to unity, both § and # are equal to unity
at ¢ —» 0 over the whole range of g. For Q larger than unity, counter ion

condensation takes place. Equation (74) shows that the apparent charge ;

density of the macroion is limited at Q = 1, independent of the ratio g and
the size or the size difference of counter ions, and that the total number of
two kinds of free counter ions or the osmotic coeflicient g at infinite
dilution is kept constant for Q2 1, independent of the size difference and
the ratio g. However, the number of each kind of free counter jons changes
with g and Q. The value of $Q which is proportional to the activity of
counter ions of the smaller radius increases slowly with increasing fraction

q, tending to Q7' at g=1. The initial gradient of the increase of the
activity is given by

[0B9)/0g)4e = Q7 /[A— Q7 (4-1)] (76)
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In the example presented, the constant A4
denominator of the right-hand side of the
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{ is larger than unity and the
equation is larger than unity.

The initial gradient (0(fq)/0g),-. o is thus larger.than Q™ ', which is the value
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Fi1G. 14. (¢) Wustrauon of binding of counter ions of different sizes to a cylindrical
macroion. (b) Relations between the degrees of dissociation of counter jons B, B and
the ratio ¢ of two kinds of counter ions in a mixture of counter ions of different sizes,
at various values of the charge density Q; and relations between the numbers of free
counter ions of different sizes SOy and B Q1 —¢) and the ratio of two kinds of counler
lons at various values of the charge density Q. The value of the constant In 4 which
fepresents the effect of the size difference was put equal to In 4,

of fig at ¢ = 1. When counter ions of smaller size are added to a solution
of macroions containing counter ions of larger size, the activity of the
added ions becomes lower than that expected il no correlation between the

1.0
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two kinds of counter ions is assumed. Bound counter ions of larger size are
preferentially replaced by counter ions of smaller size. This selective
replacement by smaller ions is enhanced by larger values of the charge
density (. The selective binding of counter ions, however, is not as sensi-
tive to counter ion size as it is to counter ion valence.

At finite concentrations the degree of dissociation of two kinds of counter

ions must be obtained directly f[rom Eq. (73). Although the calculation is
complicated, results are similar to those obtained for the infinite dilution
case described above. :
" Summarizing the above analysis, we have learned that the critical value
of the charge density for condensation does not depend: on the size, but
the composition of bound counter ions depends on the size. In other words,
the osmotic pressure is not affected by the size difference, while the activity
coeflicient of each kind of counter ions depends on the size. Such behavior
of counter ions of different sizes (for instance, the selective replacement by
counter ions of smaller size), has been observed in thermodynamic and
transference measurements (/9).

In the above treatment the effect of the size on the interaction between
counter ions was neglected. A limit to the mutual approach of counter ions
must be taken intoconsideration at high concentrations of counterionsin the
volume v. This effect seems to decrease the concentration of bound counter
lons, but it is to be noted also that when counter ions can not approach
very closely the coulomb repulsion between counter ions becomes smalléF,

Chapter 5

POLARIZABILITY OF POLYELECTROLYTES

I. FLUCTUATION OF 10N DISTRIBUTION

In the earlier chapters it was emphasized that counter jons bound to the
macroion can move in the apparent volume occupied by the macroion
where the electric potential forms a trough or a valley. This mobility of
bound counter. ions can not be proved directly by the analysis of purely
thermodynamic quantities which are determined mainly by the contribution
of free counter ions. Evidence for this mobility seems to lie in the kexperi-
mental fact that polyelectrolyte solutions show an extremely large
dielectric-constant (Fig. 15 (20, 21)).

Let us consider a spherical macroion in and around which counter ions
are distributed. At equilibrium, counter ions are distributed with a
spherical symmetry and the system has no net electric dipole moment.
If this system is placed in an external electric field, the distribution of
counter ions is shifted relative to the charged groups of the macroion
and an electric dipole is produced. The average dipole moment {y> of a

_ polyelectrolyte molecule (a macroion with counter ions) in a static

electric field E is given by the following averaging procedure,

G = _{ wexp [—f(u)/kT+ WEIKT] d,u/_[ cxﬁ [—/KT+ pEKTdp
(77)

“where f(41) is the frec encrgy of the system in a state with a dipole u. The

free energy has a minimum at #=0. Even in the absence of the field E,
howevcg the probability of a state with dipole is proportional to
exp [—f(u)/kT] as a result of thermal fluctuation. From the above

5t
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equation it is readily found that the polarizability « for a low field is given
by ' .

@ = (d{p)/dE)g-o = {p*Dg. o/kT (78)
The quantity {u*) is the average of p? resulting from thermal fluctuation
in the absence of the field. Therefore, the polarizability is large if the
fluetuation of the dipole is large. According to linear-response theory
(22), this expression of the polarizability (Eq. 78) is generally applicable,
In the present system all of the counter ions and the charged groups of the
macroion can make contributions to the fluctuating dipole, p.
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FiG. 15. Diclectric constant of polyelectrolyte solutions. (——): CMC (carboxy-
methylcellulose); (- -): DNA; and {-/-): serum albumin, in a salt free solvent. (--):
DNA in a MgCl; solution (20). .

A dipole moment is produced when the center of the distribution of

counter ions is displaced from the center of the distribution of charged
groups of the macroion. Therefore, let us define this displacement & between
two centers as one of the coordinates specifying the distribution. Then the

dipole moment is written as
(W) = n?ey*(8%) (79)

The free energy f(u) = f(8) is obtained by taking into account all possible
distributions at a given value of 6,

K = neyo and

9
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As a simplest approximation, let us suppose that all counter ions are
retained in the volume v with a uniform density nfv, and the fluctuation
of the counter ion distribution takes place, keeping the density uniform
in the spherical volume v as shown in Fig. 16a.

S = (1/2)(”/")2"02/80If(l/’lj) dvid”j (80)

This free energy must be proportional to 62 for sufficiently small values of

- & because it is an even function of 4. It is eaSily found by dimensional

analysis that the integral on the right-hand side is proportional to vo?.
Actually, ‘

J@) = @n/3)(n]v)*(eo?[eo)v6? @81

We know from statistical thermodynamics that the average value of the

free energy due to fluctuation s equal to (1/2)kT per degree of freedom.
Therefore ‘

O = (kT (82)

[The standard free energy at 6 =0 is omitted in the above derivation of

"3

(a). (b)

FiG. l§. (@) The displacement of the spherical cloud of counter jons bound to a sphericaj
macroion. (b) The displacement of the ellipsoidal cloud of counter ions bound to an -
ellipsoidal macroion,

f(é).] Thus, the average value of {u*) is found to be given by

{uty = (3/4n)kTve, (83)
and the polarizabilit){ is given by
o = (3/4n)ve, 84)

This result shows that the polarizability is determined by the volume of
the-macroion, independent of the charge or the charge density of the
macroton. More exactly, it ig determined by the volume in which bound
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counter ions are moving. The dipole moment increases with the charge
density at a constant value of the displacement of the counter ion distri-

bution. However, at high charge density the excess free energy due to .

a constant displacement becomes large, so that the average displacement
decreases. As a result, the average dipole moment is not changed by the
charge density. The above equation shows that in water at room tempera-
gture the root-mean-squaré of the fluctuating dipole moment is about
1000 Debye units for a sphere of radius 100 A and about 5000 Debye
units for a sphere of radius 300 A.

The dielectric constant ¢ of the solution is calculated from

¢E = E+4nP; P =Y NoE/» (85)
i

where the summation is carried out for all macroions and other molecules
in the solution, and E’ denotes the internal field acting on the macroions
and molecules. The increment of the dielectric constant (Ae=g—egg)
relative to g, of the solvent (water) is given by

(e—&o)/eo = I(E'[EY(Nv[V) = 3B¢ (86)

which results from combination of Egs. (84) and (85). The constant
B(= E'[E) corrects the’ internal field and is usually a little larger than
unity for a polar solvent. The relative increment is proportional to the
apparent volume concentration of macroions and the proportionality
constant is between 5 and 10. For example, when ¢ = 0.01, the relative
increment is about 0.1.

The above result is similar to the classical result derived by Wagner
for a sphere having electrical conductivity (g,) in a medium having a
different conductivity (o,) (23). Upon application of the electric field,
polarization appears at the surface of the sphere. The theory of electricity
for this system showed that the relative increment of the dielectric constant
at zero frequency is given by

(e—£0)feq = 3BP(o,—0a¢)? /(o) +20)* 87N

The dielectric increment is proportional to the volume of the sphere, and
in the limit of the nonconducting medium, Eq. (87) becomes equivalent to
Eq. (86), which was obtained under the assumption that all counter ions
are bound in the macroion. Some of the counter ions in real solutions
are outside the apparent volume of the random coil macroion and produce
the finite conductivity o 4. Equation (87) shows that the dielectric increment
is proportional to the square of the difference between conductivities in
and outside the macroion.

%
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However, it must also be remarked that the distribution of counter ions
outside the macroion is not uniform but forms the diffuse atmosphere
around the macroion. The displacement of, the diffuse atmosphere from
the average makes a contribution to the fluctuating dipole ut. The excess
free energy for the displacement may be small, The dielectric increment
is then expected to become larger than that given by Eq. (86). A theoretical
analysis in which the distribution of all counter ions in and outside the
macroion is taken into consideration can be developed by the combination
of the Poisson equation and the diffusion equation under the external field
(24). The contribution of counter ions outside the macroion may be fairly
large and then the dielectricincrement depends not only on the volume of the
macroion but also on the free volume per macroion,

11. POLARIZABILITY AND THE SHAPE OF M ACROIONS

In the preceding section it was shown that the polarizability or the

- dielectric constant of polyelectrolytes is determined by the volume of the

macroion in which counter ions are retained, but not by the charge
density of the macroion, as long as a domain of bound but mobile counter
tons is formed. Experimental results suggested that the dielectric increment
depends on the shape of the macroion; rodlike macroions give very much
larger increment than spherical macroions, as shown in Fig. 15 (21).
Moreover, the dielectric increment due to rodlike macroions was found to
increase rapidly with increasing length of the macroions (25). Therefore,

" we employ here an ellipsoidal model by which the wide range of con-

formations from spherical to cylindrical or rodlike can be represented with
the change of the axial ratio p from unity to infinity and analyze the
effect of the shape of macroions on the dielectric increment.

;Charged groups of the macroion are assumed to be uniformly distributed
in the ellipsoid and all counter ions are assumed to be retained there. The
long axis of the ellipsoid is placed in the x-direction. If the center of the
ellipsoid of counter ions is displaced by x, y, and z from the center of
charged groups, keeping the ellipsoidal distribution as shown in Fig.
16b, the {ree energy given by an integration similar to Eq. (80) is expressed
as the sum of independent contributions of displacements in three directions
(26);

S = f()+/ () +/(2)

J(x) = Q2u/3)(n[v)*(eo*[eo)v A (p)x*

J) = Quf3)fo)(eg? feqoo(ply? (88)
[@) = 22f(y)y?

—
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where

A () = G/2p(p* ~1)"**{In [p+(p? — 1)1~ (p* ~1)!3p}
(89)
up) = B/p(p* 1) {p(p* - 1)"/2 ~In [p+@*—1)'?]}

The average of the square of the fluctuating dipole moment of ellipsoidal
macroions uniformly distributed in all directions in the solution is given by

$H = 13120+, 2y + (D)

= (13) ’’ea*({x?) +y*) +(2%)) (90)
The average displacements are determined by the average free energy of
fluctuation
TG = SO» = @) = ()2) kT on
Therefore »
<) = 43/M4mkTeon( A (p) ™ +20(p) ™) %2)
and

o= (1/3)(as+2a,) = (1/3)(3/4n)60v(/\(9)"+2U(p)“’) 3)

The function A(p)~! and U(p)~! are both equal to unity for a sphere
(p=1). With increasing axial ratio p, A(p)™! increases to infinity and
U(p) ! decreases to 2/3 in the following way

AP) ' (2/3)p*/(In 2p—1)
u(p)T'-2B3)(1-1n2pp?) (94)

The average dipole is determined by the size and shape of the macroion.
The displacement of the counter ion distribution dlong the long axis of the
ellipsoid is much easier than that in the direction perpendicular to the
axis. For example, in an ellipsoid of axial ratio 10 with a volume equal to a
sphere of radius 300 A, the root-mean-square of the dipole moment
becomes about 10° Debye units in the direction of the long axis.

The relative dielectric increment of a solution of ellipsoidal macroions
is given by

(e—eo)feo = Bo(A(p)™' +20(p)™ ") (95)

For a very long ellipsoid the relative increment is ‘approximately pro-
portional to p*/In 2p at a constant volume concentration; namely

(e=20leg = B (@9)*/in (o 96)

I~
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where / is the length and a is the radius of the ellipsoidal macroion. For
example, for p =10 and ¢ = 0.01, the relative increment becomes about
2.5. ;

Equation (95) is ‘also equivalent to the classical result obtained for a
suspension of ellipsoids having the electrical conductivity in a non-
conducting medium (23).

Thus, the origin of the extremely large polarizability of polyelectrolytes
can be well understood. The polarizability becomes larger for a larger
volume and a longer shape of the region in which bound counter ions are
mobile. The uniform and continuous distribution ‘of charged groups and
the mobility of counter ions bound to them are essential for large polariza-
bility. If these groups were accumulated at a point or a few points in the
region, the average of the fluctuating dipole could not be large even when
the total charge was very large.

Figures 17a and b present the experimental dielectric increment
obtained at various degrees of neutralization of polyacids (27). With the
addition of alkali, the number of charged groups of macroions and their
counter ions increases and a domain of bound but mobile counter ions
begins to form. Then, a large dielectric constant is observed. With further
inc{gase of the degree of neutralization the diclectric increment increases
and fends to saturation.
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FIG. 17. (4) The relation between the dielectric increment and the degree of neutrali-
zation in polyacrylic acid solution neutralized by NaOH. (b) The relation between the
dielectric increment and the concentration of polyacrylic acid fully neutralized by
Bu,NOH (27),
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The absolute value of the dielectric increment observed, however, is
larger than that expected from the spherical model according to Eq.
(86). The macroion is elongated and it is better to apply a long ellip-

soidal model. Equation (96) predicts that in the case of rodlike or cylind-

rical macroions of different lengths, the dielectric increment at a constant
total (weiglit) concentration is approximately proportional to the square of

the length or the molecular weight of the macroion. Such dependence of the

‘dielectricincrement on the molecularweight wasactually found in neutralized

polyacids and also in DNA, as shown in Figs. 18aand b (27, 25). This means

that the neutralized polyacid molecules are in the stretched conformation.
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F1G. 18. (a) The plot of dielectric increment against the length of DNA; (1) salmon
sperm DNA; (2) calf thymus DNA; The abscissa is the 2.2 power of the length in
angstroms. Concentration is 0.1 mg/ml. (b) The plot of dielectric relaxation time against
the length of DNA; (1) Salmon sperm DNA; (2) calf thymus DNA; The abscissa is the
1.8 power of the length in angstroms. Concentration is 0.1 mg/ml (25).

I1I. FLucruatioN of COUNTER IONS IN VARIOUS MODES

In the above simple theory, we considered only the uniform displace-
ment of the counter ion cloud relative to the macroion. The fluctuation
of the counter ion distribution is not limited to the uniform displacement.
It takes place at random in various ranges along the macroion and some
of them contribute to the electric dipole. In the case of rodlike macroions
such situation can be analyzed theoretically by expanding the fluctuation
in a Fourier series (28).

20
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Let us consider a sufficiently long rod with uniform charge density and
counter ions bound to it. On the average these counter ions are assumed to
be distributed with the uniform concentration ¢, o(= 1, o//) along the rod.
When the concentration deviates from the average by dc,(x) at the
position x ~ x+dx, the excess interaction energy 6%u can be given by

o = 12 g g 8¢, (x)8¢ 4 (x)(Ix — x'Ddxdx’

2,
}

)
where ¢@(Jx—x’|) is the interaction energy between counter ions at x and
x" and can be assumed to be a function of the distance |x— x’|. The excess
entropywe fluctuatio is given approximately by
1
T8%s = ——-}kT(l/c,,o)bf [6c 4 (x))dx (98)

where the domain along the rod in which counter ions are bound but

" mobile was regarded as a phase of a solution of counter ions with the average

conccntgaliqn €40 Itisto be noted that in the excess energy and the excess
entropy the terms of the first order of fluctuation dc,(x) must vanish
since the average distribution is an equilibrium one. The electric dipole
pg(;duccd by the fluctuation dc,(x) is given by

1
U= eg !) (x—1j2)de , (xX)dx (99)

Here, as shown in Fig. 19, the fluctuation is expanded in a Fourier
series as

de(x) = ; [ex cos 2nkx[l)+ ¢, sin (2nkx/l)] (100)
where B / )
. \(Of?l) - @b j 5¢., (x) cos @@(mkxﬂ)dx (101)

Fx? 19. Various modes of fluctuation of counter ion concentration along a rodlike
polyion,
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Namely, ¢, is the amplitude of the fluctuation with the wave mfmber k
or the wavelength 1/k. Then from Eq. (97) the excess energy 8%u is found .
to be expressed as

8u = (11212 T (e® + i)y (102)

k
where g, is the Fourier component of the interaction energy ¢(r) defined by

P = (2/1)} @(r) cos 2nkr/ldr (103)
)

In the derivation of Eq. (102) under Eq. (103), the l‘ength‘ ! was qssumed
to be sufficiently longer than the effective range of the interaction o(r)
(28). From Eq. (98) the excess entropy is expressed as -

T8%s = —(1/2)kT([2)(1/cs o) Zk (e’ +ch) (104)
Since the probaﬁility of the fluctuation (5c+ﬂ(x) is proportional to the
factor exp [—(8%u—T8%s)/kTY, it is found from Egs. (102) and (104) that

the mean square of the fluctuation of each component ¢, Or ¢; is given by
<a> = &> = 1IU/2)(1 /ey o)+ U[2)*(u/KT)] (105)

On the other hand, from Eq. (99) the mean square of the fluctuating
dipole is found to be '

U = eg’I* I (1/2mK)*<ci?) (106)

k

Thus, the polarizability along the rod is obtained from Eqgs. (105) and
(106) as the sum of contributions of fluctuations of different modes or
different wavelengths; '

Ca=Ya
k
= (14080 [KTNP@RM)KD)(1 +n 4 o0, /2kT) (107)

The dielectric increment due to such dipoles can be derived by a pro-
cedure similar to the previous case. After simple calculation, the final
result.is obtained as

(c=20leo = B 200, ¥ (1+Q,m) (108)

where ’
wy = [ w(r) cos 2nkr(l)dr

0

w(r) = (eofeo?)e(r) (109)
Q4 =n, oeoz/ﬂolle
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In the case of sufficiently long rods, w, is independent of k for small values
of k. Then, approximately

L

(e=2ieo = B (51900, )01+ 0, (110)
where
w o= } w(r)dr
0

and the relation Y ,(1/k?) = 72/6 was used. If a long cylindrical free
volume model is applied, /2 may be replaced by In (R/a).

The expression (110) is very similar to equation (96). The dielectric
increment at a constant total concentration is proportional to the square
of the length. With the increase of the charge of the rod, the dielectric
increment first increases. in proportion to the number of bound counter
ions and then tends to saturation for large values of Q, or nye. Such
behaviors of the increment are actually observed. Equation (1 10) is nearly
€quivalent to Eq. (96) at saturation. For example, in the case of neutralized
DNA oflength 10,000 A and concentration 0.0] 7a» the value of NI is about
35and the dielectric increment (e —¢&¢) calculated becomes several hundreds
to a thousand, which is of the same order as the experimental values (25).

Thus, the counter ion distribution was analyzed in the form of the
Fourier series. The magnitude of the fluctuation in different modes is
given by Eq. (105). The magnitude increases slowly with decrease of the
wavelength of fluctuation because the component of the repulsive inter-
action ¢, must decrease with k at large values of k. However, the con-
tribution of the fluctuation to the dielectric increment is proportional
to the square of the wavelength as shown in Eqs. (106) and (108). The
fluctuation of the short wavelengths makes only a small contribution to the
dielectric increment. Therefore, the value of the total dielectric increment
Eq. (110) was not very different from that derived under the assumption
of the uniform displacement of the counter ion cloud. However, it must .
be remarked that fluctuations of different modes have different relaxation
times. As will be shown in the next section, the above method of the
Fouricer expansion is most useful for understanding the whole feature of
the dispersion of the dielectric constant,

It is easy to extend the above theory to the case of polyvalent counter
ions. For counter jons of valence z it is found that the quantity Q, in
Eqs. (108) or (110) must be replaced by z%n, jeo?/egkTl = 22Q,, where
49, as before, is the number of bound counter ions of the valence z.
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Real rodlike macroions have discrete charged groups instead of the

uniform charge density. The electric potential along the rod is not uniform
but consists of many holes, some of which are occupied by counter ions.
The number of counter jons in these holes fluctuates. The above method
can be modified to be applicable to such a model. The main effect of the
presence of the discrete potential holes is that when almost all holes are
occupied by counter ions, the fluctuation becomes small. This effect
bfings, for example, the difference in the dielectric increment between
polyacids having hydrogen ions and sodium ions as counter ions, as
shown in Fig. 17a. (28).
" As shown in the experiment of Fig. 20, in polyacids neutralized by the
mixture of monovalent and divalent counter ions the diglectric increment
was found to become highest in the intermediate value of the mixing ratio.
For understanding this interesting phenomenon, also, it is necessary to
refine the theory by taking into consideration the short range exclusion
effect between bound counter ions.
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FiG. 20. Low frequency dielectric increment as a function of counter ion ratio in poly-
acrylic acid solution neutralized by NaOH andfor Ca(OH),; the polymer concentration
¢, =1 mN,; and the degree of neutralization a = I,
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For the polarizability of rodlike macroions, another theoretical approach
was made on the basis of the discrete binding site model by Mandel (30).
In his case interactions among charged groups and counter ions were
treated as being of short range. A refined théory along this same line was
developed by the use of the matrix method (29). This kind of approach is
useful in the system where the short range interaction is more important
than the long range interaction.

2y

IV. RELAXATION OF THE COUNTER ION DISTRIBUTION

In the previous sections, the large polarizability and dielectric constant
of polyelectrolytes in a static field were shown to be attributable to the
distribution and the mobility of bound counter ions. In an alternating
field, the cloud of counter ions oscillates and at high frequency it can not

- follow the field. This brings about dielectric dispersion, that is, the

decrease of polarizability or dielectric constant at high frequency.
Additional electric conductivity appears in the range of frequency where
such dispersion occurs. Experiments show that this frequency is signifi-
cantly lower in polyelectrolyte solutions than in simple electrolytes, as
shown in Figs. 21a and ¢ (25, 27). The relaxation time of counter ion dis-
tribution is considerably longer in polyelectrolytes. Here, it is instructive
to analyze first the relaxation of the uniform counter ion cloud displaced
relative to the macroion.

The equation of motion for each counter ion distributed in the macroion
may be written as '

{0x,/01+ du,[dx; = 0 (111

where x; is the spatial coordinate of the ith counter jon and { is the
frictional constant, usually given by 6mnb, where b is the effective radius
of the counter ion and y is the viscosity of the solvent. The second term
of the above equation describes the force exerted by the coulomb potential
arising from all other ions and charged groups. If the above equation is
summed for all counter ions, the kinetic equation for the motion of the
center of distribution of counter ion results. The force due to the inter-
action between counter ions cancels and only the force due to the inter-
action of counter ions with charged groups remains; )

nLos[ot+3f(8)[06 = 0 (112)
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_FiG. 21. (a) Dielectric dispersion of DNA solutions [with added NaCl; (@) 103

mole/liter, and (Q) 2 x 10~ 3 mole/liter]. Coordinates for each curve are indi?ated by

arrows. (b) The Cole-Cole plot of DNA solutions {with added NaCl; (1) 10“ * mole/

liter; (2) 10~ 4 mole/liter, and (3) 1073 mole/liter]. The abscissa is the real part of

dielectric constant and the ordinate is the dielectric loss (25). (¢) Dielectric dispersion of F1a. 21 (cont.)
polyacrylic acid solutions neutralized by Bu,NOH at various: concentrations of

polyelectrolytes; (1) concentration & =5mN, (2) 25 mN, (3) 1.25 mN, (4) 0.5 mN,

(5 0.2 mN, and (6) 0.1 mN. (d) The relation between the dielectric loss and the frequency i

in polyacrylic acid solutions neutralized by Bu,NOH under the same condition as in

Fig. 21(c) (27); (1) concentration =5my, (2) 25mN, (3) 1.25mN, (4) 0.5mN,

(5) 0.2 mN, and (6) 0.1 mN.
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where & =Y x;/n is the displacement of the center of gravity in a certain
direction and the second term is the derivative of the free energy f(5) defined
in the previous section. Thus the collective motion of the counter i_on cloud
is described by the equation

n{d8/8t+ (KT/{6%>) 6 = 0 (113)
Accordinély, the relaxation time of this motion is given by Y,
T = n{(6*/kT (114

For an ellipsoidal distribution, the displacement is considered in three
directions, and the two kinds of relaxation time 1, and 1,(=1,), corre-
sponding to two directions of motion, are given by

Ty = (Cao/”eoz)(3/4n)”' Alp)!
T, = (Leo/neo®)(3/4m)- L(p)~! ('l 15)
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These results indicate that the relaxation time 7 is proportional to the
volume v of the macroion and to the function "A (»)™' and U(P)~!in the
case of ellipsoids. It is inversely proportional to the number of charged
groups n. If p is constant and n is proportional to the length of the ellipsoid,
the relaxation time 7, is proportional to the square of the length.

In the comparison of Eq. (115) with Eq. (95).it is remarkable that the
relaxation time, as a function of the size and shape of macroions, is
proportional to the dielectric increment. The displacement of counter ions
along the long axis of the ellipsoid makes a large contribution to the
dielectric increment only in a field of very low frequency.

When {=3x10"° (reasonable for small ions) and n=10% the
relaxation time t estimated from Eq. (115) is 3% 1077 sec for a sphere of
P =1 and radius 300 A, and it is about 5x 10~ * sec for the long axis of an
ellipsoid of p = 10 having a volume equal to the sphere of radius 300 A.
The dispersion frequencies corresponding to these values of the relaxation
timeareequalto S x 10%4nd 10*cycles, respectively. Thus, the large dielectric
dispersion of polyelectrolytes observed at low frequencies can be well
understood.

Rodlike polyelectrolytes such as linear polyacids or DNA, however,
show broad dispersion curves of dielectric constant at low frequencies
which can not be explained by a single relaxation time (Figs. 2la and ¢).
Such a situation can be clarified by employing the same method as in the
previous section. Consider a rodlike macroion along which counter ions
are bound but mobile. The fluctuation of the counter jon concentration

e, (x) changes with time ¢. The diffusion equation of this éc., (x,f) can be
written as:

(08¢, (x, 1)1 = (B/x)[kTdSe, (x,1)/0x
+40(0)0x)  de (ot — D] (116)
[1]

where the first term of the right-hand side comes from the simple diffusion
force or the entropy force and the second: term comes from the electric
force exerted by fluctuating counter ions. This equation is almost equivalent
to that proposed by Schwarz for the relaxation of the counter ion atmos-
phere on a charged spherical particle (3/). By operating the integral
/1) Jo sin or cos(2nkx/ldx for both sides of the above equation, we
obtain the equation for the Fourier components ¢, or ¢ of the fluctuating
concentration in the form:

Oc(D)for = —(kTIDQak [ +n, 0@:/2kT)c, (117)

“
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Therefore, the relaxation time 7, of the fluctuation of the mode & is given
by ‘

T = ({TYU[2nK) (1 + Q4 w) ‘ (118)

For sufficiently long rods, w, can be replaced by w of Eq. (109). Then,
the relaxation time 1, is proportional to the square of the wavelength of the
fluctuation. It is also proportional to the square of the total length of the
rod at a constant density of bound counter ions or Q. . This agrees with
experimental results (25),

For small values of the charge density or Q, the above equation gives
the relaxation time which is equal to the time necessary for the diffusion
of small ions with the diffusion constant (kT/{) by the distance //2nk. The
relaxation time decreases with increasing charge density and under the

condition that Q,w>» 1, Eq. (118) becomes almost equivalent to )

Eq. (115), derived without considering the diffusion force.

Now, the static polarizability «, of fluctuation of the mode k is given by
Eq. (107) and its relaxation time 7, is given by Eq. (118). Then, the complex
polarizability a,(v) of fluctuation of the mode k at frequency v is expressed
as:

(M) = a /(1 +iQ2nv)T) (119)

Therefore, the real part of the dielectric constant at frequency v, £'(v), is
given by ‘

[V —2ol/eo = B(N/V)(2/3ﬂ)13{Q+/_k2(l + Qw1 +Quv)* ]

) (120)
and its imaginary part, £"(v), is given by

e"(v)eq = B(N/V )(2/3n)13{Q+(2nv)Tk/k2(l + Qw1 +(Q2nv)? 1,2}
(121)

In Fig. 22a, ¢'(v) and £"(v) calculated from the above equations are shown
as functions of the frequency v. Figure 225 gives the Cole-Cole plot. The
plot deviates from the semisphere and the shape of the curve does not
depend on the absolute value of the dielectric constant. The Cole-Cole

plots experimentally obtained in linear polyacids and DNA are very '

similar to the calculated one, Fig. 22b. (See Fig. 21 and Ref. 25). The
plots observed at different degrees of neutralization had the same shape.
Thus, the broad dispersion of the dielectric constant of polyelectrolytes
at low frequencies is attributable to the presence of different modes of
fluctuation of the counter ion distribution along the rodlike macroions.

€

(b)
. 22._ () The dielectric dispersion curves. ¢ and ¢” are real and imaginary parts of the
dielectric constant. The dotted lines show contributions of each mode (k = 1, 2, and 3)

to e'. a}nd &”. (b) The Cole-Cole plot obtained from Fig. 22(a). The dotted line shows a
semicircle due to the first mode of fluctuation (28),

FiG.
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The numerical value of the lowest relaxation time 1, expected from
Eq. (118) is of the same order as or a little smaller than that observed
experimentally. For example, DNA of 7,800 A length had a relaxation time
of 1072 sec (25), while the above equation gives the time' 1, of the order
of 107* sec for the same length if the frictional constant { of bound
counter ions is assumed to be the same as in the normal solution.

Besides the large dispersion at low .frequencies discussed above, the
dielectric constant of polyelectrolytes usually shows the other smaller
dispersion at high frequencies of the order of 10°~10° cycles. The dispersion
curve in this frequency range does not depend on the molecular weight of
polyelectrolytes but shifts to the high frequency with increasing concen-
tration of polyelectrolytes. The origin of the dielectric dispersion in this
range is not clear. However, one possibility may be that it comes from the
polarization of the counter ion distribution perpendicular to the chain of
the macroion, and the dependence of the dispersion on the concentration
suggests the importance of counter ions outside of the macroion.

Chapter 6

STATE OF BINDING OF COUNTER IONS

I. THE 10N PAIR AND LOCALIZED BINDING

In earlier chapters most of the bound counter ions were assumed to be

mobile in the potential trough or valley of the macroion. Many character-
istic properties of polyelectrolytes, for instance, counter jon condensation,
the complete condensation of polyvalent counter ions, and the large
diclectric constant, were explained under this assumption. Actually,
however, some of the bound counter ions may be localized at the potential
holes formed by individual charged groups. The extent of such binding
(focalized binding) is examined below, _
“4As already mentioned in Chapter 2, the relation between mobile
counter ions and localized ones in the apparent volume of the macroion
is analogous to- that between free ions and ion pairs in simple electrolyte
solutions (5). In the case of strong electrolytes the ion pair does not
originate as a result of covalent or chemical binding but is a consequence
of localization induced by strong short range coulomb interaction. In
weak polyelectrolytes the ion pair is partly due to covalent bonding. A
similar situation must be considered to exist in polyelectrolytes.

Let us classify the counter jons into three categories; free, bound but
mobile, and localized. The number of each kind is denoted by n*, n’ and
n” per macroion, respectively. The total number » is given by the sum
n*+n'+n". The relation between free counter ions and bound but mobile
counter ions can be given by an equation similar to (4) or (10) where n
in the quantities P and Q must be replaced by n—n" = n'+n* and the

1
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degree of dissociation f must be replaced by the ratio n*/(n’ +n*) or
n*{(n—n"). The average concentration of bound but mobile counter ions
in v is given by n'/v. The degree of localized binding (the ratio of the
number of localized counter ions to the total number of counter ions)
is given by n"/n. If localized binding can take place on charged groups of
the macroion at random, the equilibrium condition between localized and
bound but mobile ions is given by the mass action law:

(1=2)y" = K(n'[v) (122)

where y' is equal to (n—n")/n and K is the equilibrium constant determined
by the short range interaction between a counter ion and a charged group.
If K is written as exp (—df/kT), f denotes the depth of the (free) energy
drop at the potential hole of a charged group relative to the potential
trough or valley in ».

The apparent degree of dissociation of counter jons n*/n is equal to
Y'n*/(n—n"). The activity coefficient y* of counter ions bound in v, which
was introduced in Chapter 2, is expressed as n{(n—n*y=n'{(n'+n").
The equilibrium values of n*, ', and n” are determined as functions of n
and v by Eq. (122) and modified equations corresponding to (4) or (10).
In the case of strongly dissociative pairs of counter ions and charged
groups, the value of X can be estimated according to the Bjerrum theory
(32). The result obtained in simple electrolytes can be applied. For
monovalent ions the degree of localized binding is small if the concen-
tration n’/v is less than 0.1 mole/liter and the distance between the counter
ion and the charged group at mutual contact is larger than 1 A. If the
concentration in v becomes larger than.the above value, an appreciable
number of ceunter jons is localized. However, in spherical macroions
such a high concentration of counter ions can be realized only with
an extremely large number of charged groups in the macroion unless
simple electrolyte is added.

In cylindrical macroions of high charge density, the concentration of
bound counter ions in the potential valiey is much larger. It must be noted,
however, that the potential drop at each charged group is small relative to
the potential valley. Localized binding is expected to be significantly large
only in the case of polyvalent counter ions,

In the case of weakly dissociative groups the binding constant K becomes
large and y’ and y* become appreciably smaller than unity. The effect of
7y’ on the activity of counter ions in spherical macroions was examined in
(). In cylindrical macroions, as shown in Fig. 9, the effect of y* on
thermodynamic quantities is not important at low concentrations of
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macroions. The measurement of thermodynamic quantities, which are
determined mainly by the concentration of free counter ions, is not
sufficiently sensitive to estimate the degree of localized binding.

. HyproGEN lon EQuiLiBRIUM

Localized binding of hydrogen ions is a controlling factor in'the relation
between the degree of neutralization of weaks polyacids and pH during
alkali addition, In this case there are two kinds of counter ions, alkali and
hydrogen. The situation, however, is rather simple (Fig. 23a). In the usual
experiment the concentration of free hydrogen ions is very much smaller
than that of alkali ions. The number of localized hydrogen ions or the
number of acid groups is much larger than the number of mobile hydrogen
ions except at very low concentrations of polyacids; while the number of
alkali ions in the localized binding state is much smaller than those jons
in the mobile binding or free state.

The addition of alkali to a pure polyacid causes approximately an
equimolar decrease of the number of locally bound hydrogen ions. For
instance, in the case of polyacrylic acid neutralized by sodium hydroxide,
the decrease of localized binding of hydrogen ions is given by the reaction

—COOH + NaOH — ~CO0™ +Na* +H,0 (123)

Although the concentration of free H* and OH™ ions in the solution is
slightly changed during this reaction, the number of these ions needed for
this change is so small that the number of COO~ groups produced may be
put equal to the number of alkali or OH ions added, except at very low
concentrations of polyacids. The number of localized hydrogens that is in
equilibrium with bound but mobile hydrogen ions in the volume of the
macroion is then given by Eq. (122), the quantity y’ being replaced by the
degree of neutralization (the molar ratio of added alkali to acidic groups)
a. The concentration of bound but mobile hydrogen ions in this equation
is related to the concentration of free hydrogen ions by an equation
corresyonding to (2). The concentration of free hydrogen ions gives the
pH of“the solution and the following relation is obtained:

log (1~ a)/a = log K— PH+0.43e,0y/kT - (129)
where 6y is the potential difference defined in (2) and €ody is the change of
the electric free energy of a macroion due to the dissociation of an acidic
group. Thus, the potential difference & is determined from the relation
observed between pH and the degree of neutralization, if the dissociation
constant K can be assumed to be independent of the charge density.
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Fi1G. 23. (a) The hydrogen ion equilibrium in polyacid ions partially neutralized by
NaOH. (b) The electric potential difference between bound and free hydrogen ions at
various degrees of neutralization and various concentrations of polyelectrolytes (poly-
methaerylic acid neutralized. by NaOH) (33). (c) The relation between pH and the
logarithm of dissociation constant pK’ defined as pH +log (I —a)fa in polyacrylic acid
solutions neutralized by NaOH. The degree of polymerization (x) 50, and (@) 340. The

linear relation between pH and pK"’is equivalent to the relation (125) (34).
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As compared with the case of simple weak gcids, the dissociation of
charged groups in the macroion is depressed by the repulsive interaction
among charged groups. The (free) energy e,0y gives the extent of such
depression. With increasing degree of neutralization it increases slowly
and is almost saturated at large numbers of charged groups, as shown in
Fig. 236 (33). Such behaviors can be understood according to the
theoretical treatment presented in Chapters 2 and 3. The simple two-phase
model in Chapter 2 predicted that for cylindrical macroions at infinite
dilution the potential difference first increases with increasing charge
density and is then completely saturated at the critical value of the charge
density Q = 1. At finite concentration or for macroions of finite thickness,
the potential difference continues to increase very slowly with the charge
density even for the density higher than the critical value, as shown in
Chapter 3, Section 1. A similar situation was also found for spherical
macroions in Chapters 2 and 3.

The observed relation between pH and the degree of neutralization
was often found to fit the equation

PH = pK+mlog a/(1—«) (125)

(unless « is near unity or.zero), where m is a constant larger than unity.
As shown in Fig. 23¢ (34, 335), the change of pH js nearly proportional to

- log af(1 —«). The case of m = | corresponds to the titration of simple weak

acids. The value of m— 1 gives the magnitude of the effect of repulsive inter-
action among charged groups. The empirical refation (125) means that the
potential difference is approximately proportional to the factor log a/(l —a);
namclfiﬁ it-shows logarithmic increase with the charge density. Such log-
arithmic increase is expected from calculation in Chapters 2 and 3.

It is to be noted that since hydrogen ions are much smaller than other
counter ions, the potential difference of (124) is not necessarily equal to,
but a little larger than, the potential difference expected for alkali ions.

This dependence can be explained on the basis of calculations developed
in Chalpler 4.

III. HYDRATION OF TiiE MAcCRoION

Counter jons bound to macroions have been classified into two types;
nonlocalized (bound but mobile) and localized. The number of the latter
was estimated to be small in strongly dissocijative polyelectrolytes, It is
not simple, however, to analyze experimentally the microscopic state of
bound counter ions. If the localized binding introduces some change in the




electronic or vibrational state of the ion, measurement of the optical

absorption spectrum, for example, is one useful method that may be
employed to provide direct information on the state of binding. Magnetic
resonance study may be also useful, for example, in the case of hydrogen
ions. This kind of study actually gave valuable information (36). The
applicability of such methods, however, is limited to special cases, and the
use of a more general probing method is of advantage. For this purpose it
may be convenient to investigate the effect of charged groups and counter
ions on the structure of the solvent (water).

Charged groups of macroions are expected to form layers with a
special structure of water around them. This structure may be changed by
the binding of counter ions. If counter ions are tightly bound to individual
groups, the water molecules around them must be wholly rearranged. If
counter ions are not localized but mobile around the macroion, the influ-
ence on the water structure around charged groups may be small. Thus,
the state of binding should be closely related to the change of the water
structure associated with the binding. The change of the water structure
can be estimated by the measurement of the density or the refractive index.
The refractive index is determined by the numbers of various kinds of
atoms (molecules) and ions in a unit volume (density) and their polariz-
abilities. Since the polarizability of atoms or ions is not much affected by
the state of interaction between them, the density in the solution can be
related simply to the refractive index. In the present case, the water
structure made by the charged groups is expected to have a density larger
than the structure in normal water. Therefore, the average density or the
average refractive index of the solution should increase on account of
this special structure. The destruction of this structure to the normal one
should decrease the density or the refractive index,

The measurement of ultrasonic velocity, which is determined by the
density and the compressibility of a solution, is also useful for the exami-
nation of the water structure. The compressibility of the special water
structure around charged groups is expected to be smaller than that of
normal water, and small compressibility is related to high ultrasonic
velocity. Here, the resuits of refractive index measurement carried out by
Ikegami (37) are described and their utility for investigating the state
of counter ion binding is discussed. The ultrasonic measurement also
gave similar results (38). -

Let us consider first the case of simple ions. When a simple monovalent
acid is neutralized by a simple monovalent base, the refractive index of the
solution is smalller than the mean of the refractive indices of the two

76

6. STATE OF BINDING OF COUNTER 10NS - 11

separate solutions of acid and base before neutralization. The difference
of the refractive index between the solution and the weighed mean of com-
ponents is proportional to the degree of neutralization, i.e., to the amount
of the base added at a constant concentration of the acid, as shown in Fig.

24a. In the case of the neutralization of strong acid this decrement of the
index is associated with the reaction

HY+OH™ - H,0 o (i26)
and in the case of weak acid (for example, aceti;:!acid) it is associated with
CH,COOH+OH™ - CH,CO0™ +H,0 a2n

By combining these two reactions the change of the refractive index or the
density associated with dissociation of the carboxyl group is obtained. The
decrease of the volume due to the dissociation,

CH;COOH — CH,COO™ +H" - (128)

was estimated to be 15.5 ml/mole at 25°C (37).

If in the process of neutralization of a polyacid by alkali, the counter
ions are bound to the macroion and change the water structure around it,
it is difficult to isolate the effect due to the formation of the water structure
by ionization of the macroion alone. It is desirable, therefore, to use alkali
with cations that will have no influence on the water structure around the
macroion, even if they are bound. Alkali with cations of a very large
volume were chosen on account of their ineft property. If the special water
structure is limited to the close neighborhood of the chain of the macroion,
such catjons are not expected to have large effects on this water structure.

~ When this kind of alkali is added to a weak polyacid, at low degree of

neutralization the decremcnt of the refractive index due to mixing is found
to increase in proporuon to the amount of alkali added, as in the case of
simple acids. The result is shown in Fig. 2454 for polyacrylic acid neutralized
with tetrabutylammonium hydroxide. At high degrees of neutralization,
howgver, this decrement is not increased further but rather is decreased by
the addition of alkali.

By subfracting the effect of reaction (126) from the observed result
corresponding to (127), the change of the refractive index due to the
dissociation of carboxyl groups is obtained over the whole range of
neutralization. The change of refractive index can be translated to the change
in the volume. Figure 24¢ gives the relation between the volume change due
to the dissociation of a carboxyl group and the degree of neutralization or
the number of charged groups. At low degrees of neutralization, each
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FiG. 24. (@) The relation between the decrement of the refractive index An of acid
solutions and the degree of neutralization a. Solutions of 0.05'N HCI were neutralized
by (O) Bu,NOH and (@) NaOH; solutions of 0.05 N CH;COOH were neutralized by
() Buy,NOH and (©) NaOH. (b) The relation between the decrement of the refractive
index An of polyacid solutions and the degree of neutralization «. Solutions of
0.05 N polyacrylic acid were neutralized by (O) BuyNOH and (@) NaOH. (¢) Tl‘le
volume decrease accompanying the dissociation of carboxyl groups of polyacrylic acid
at various degrees of neutralization by Buy,NOH (37).
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charged group forms an independent small region of special water
structure around it. The probability of qverlap or interaction between two
regions belonging to different groups is small. If each region is assumed to

be a sphere of average density 1.1, its radius is estimated to be about
3.1 A from the experimental data in Fig. 24c. ’

At high degrees of neutralization, in excess of the individual spherical
regions around charged groups, special, water structure is formed in
proportion to the square of the degree of neutralization. This aspect is

fullyillustrated in Fig.25. At low degrees of neutralization individual spheri- .-

cal regions of the special water structure are formed at charged grou ps. The
spherical regions begin to overlap when the density of charged groups on the
macroion exceeds a certain limit. In the case of polyacrylicacid, if the charged
groupsare uniformlydistributed and the radius ofasphereisabout 3. ] A this
I mitcorresponds toa degreeof neutralization ofabout0.3. Above this degree
of neutralization the individual regions must fuse into cylindrical regions
along the chain of the macroion. At full neutralization, if this cylindrical
region is assumed to have the sane radius as the sphere initially formed,
the whole volume of the cylinder is too small to explain the magnitude of
the total volume change observed. The radius of this cylinder of the special
water structure is estimated to be about 5.6 A for polyacrylic acid.

Ifa cylindrical model having uniform charge density is employed for the
macroion, the electric field around the cylinder is given by

2oney/eqr (129)

at the degree of neutralization « and the distance r. The electric field must
be larger than a certain limit to reorient water molecules. Therefore, the
above expression of the field suggests that the radius of the cylindrical
region of the special water structure increases in proportion to the degree
of neutralization; its volume increases in proportion to the square of the
degree of neutralization. Thus, the model of Fig. 25 is reasonable in
comparison with experimental data,

If the macroion is in a stretched conformation, the above region of the
special water structure is essentially a straight cylinder. If it s coiled, the
cylinder is curved and overlapping of cylinders may occur in the macroion,
In the region of overlap the electric field must be weak and the special water
structure disappears. Therefore, from the standpoint of the water structure,
We must also distinguish the three regions in and around the macrojon;
potential holes at individual charged groups, cylindrical regions along the
chain where the electric field is strong, and a residual region where the
electric field is weak as a result of the summed effect of surrounding
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charged chains. In the former two regions two kinds of special water
structure are formed. In the third region water has the normal structure,
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Fia. 25, Hlustration of spherical and cylindrical hydration regions argund a cy]ind.rical
macroion at various charge densities, and the state of binding of various counter ions.

IV. HYDRATION AND BINDING OF COUNTER [ONS

What kind of effects on the water structure is found when counter ions

are bound to the macroion? In the previous section, inert cations of la.rge
volume were employed to prevent their entry into the hydration region
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around the macroion. If counter jons of smaller size are used, the change of
water structure due to their binding can Jbe estimated. In Fig. 244, the
change of the refractive index in the process of neutralization is compared
for two kinds of counter jons, In the case of sodium ions, the decrease of
the refractive index or the increase of the volume due to mixing with
polyacids is larger than in the case of tetrabutylammonium jons, Tetra-
butylammonium ions are supposed to be bound but have little effect onthe
hydration region along the macroion, while sodium ions are bound in the
hydration region and break the special water structure to bring the increase
of the volume of water. The difference in the value of the ordinate between
two curves in Fig. 24b gives the total change of the refractive index due

to binding of sodium ions. The relation between the total change and the

degree of neutralization « js given in Fig. 26a4.

In the next experiment, sodium ions are added to solutions of polyacid
neutralized by tetrabutylammonium hydroxide to various degrees. Upon
the addition of sodium salt, the refractive index decreases or the volume
increases in comparison with the sum of indices or volumes of individual
solutions of polyacids and salt. This increase of the volume continues up
to a critical concentration of sodium salt which depends on the degree of
neutralization, asg{shown in Fig. 26b. Above this critical concentiation
the further addition of sodium ion produces only a small increase of
volume which’ js indepéndent of the degree of neutralization. The first
steep increase of volume is due to the binding of sodium ions in the
hydration region around the macroion, and saturation of binding occurs
at the critical concentration. Beyond this concentration the slow increase
of volume is due (o a simple salt effect. This interpretation is supported
by the fact that the value of the change of the refractive index at critical
points dependent on the degree of neutralization is in good agreement
with the value estimated by the previous method in Fig. 264. '

On account of the great difference in the size the binding of sodium jons
is very predominant over that of tetrabutylammonium ions. By assuming
that all sodium ions added are bound up 1o the critical concentration,
the number of bound ions at saturation can be compared with the total
number of charged groups in the macroion. Figure 26¢ gives the relation
between the amount of bound sodium ions at saturation and the degree of
neutralization or the charge number on the macroion. The relation obtained
is the same as was previously predicted in the counter ion condensation
theory for the cylindrical macroion model in Chapters 2 and 3. With
polyacrylic acid the value of « at which condensation just begins corre-
sponds to the condition that Q= 1. Above this critical value of a, the
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gradient of the straight line in Fig. 26¢ is almost equal to unity. That is,
the excess amount of counter ions is bound to the macroion until the
apparent charge of the macroion is reduced to the limit corresponding to
the critical « or fQ = 1. :

(a)

0.8~ 1

041

Q.21

{c)

F1G. 26. (a) The decrement of the refractive index accompanying the binding of sodium
ions to polyacrylic acid ions neutralized at various degrees, obtained by the comparison
between two curves in Fig. 24(b). (b) The decrement of the refractive index accompanying
the binding of sodium ions when NaCl was added to solutions of polyacrylic acid
partially neutralized by BuyNOH; (O) the degree of neutralization o = 1.0, ((p) 0.69,
(©) 0.40, and (@) 1.0 neutralized by NaOH. (¢) The relation between the fraction of
bounid sodium ions at saturation and the degree of neutralization estimated from the
data in Fig. 26(b). :
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Thus, the counter ion condensation phenomenon has also been con-
firmed by the measurement of refractive index. The agreement of the
present analysis with the previous thermodynamic analysis on the amount
of bound counter jons suggests that all bound counter ions (of small size
such as sodium ions) are in the hydration region.

In Fig. 27 the magnitude of the volume change associated with the
binding of sodium ions is compared with that associated with the dis-
sociation of carboxyl groups or the binding of hydrogen ions. The former
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FiG. 27. The volume decrease accompanying the binding of various counter ions to
macroions at various degrees of neutralization o. Polyacrylic acid neutralized by

Bu,NOH was used as the standard. ((, ©) H*, (A) Na*, (x) Mg?*, (O) Ba**, and
(@) La®~,

is considerably smaller than the latter. The bound hydrogen ions are
evidently localized to individual charged groups and the water structure

“around them is therefore completely rearranged. The change of the water

structure by bound sodium ions is much smaller. It is very likely that sodium
ions are not localized at individual charged groups but are mobile in the
second cylindrical region of the water structure as illustrated in Fig. 2§,

L




This idea is supported by the fact that the magnitude of the volume change
by sodium ions is of the same order as the difference that is observed
between the volume changes by hydrogen ions at high and low degrees of
neutralization (Fig. 27). Bound sodium ions have an effect only on the
excess volume of the special water structure made by the cooperation of
charged groups in the macroion. Therefore, as shown in-Fig. 27, the effect
on the water structure slightly decreases with decreasing degree of neu-
tralization.

Similar analyses have been carried out to examine the effect of polyvalent

‘counter ions on the water structure. As shown in Fig. 27, in the case of
divalent counter ions, the magnitude of the volume “thange associated
with the binding is between that observed for hydrogen ions and sodium
ions. The bound divalent cations are partially localized and partially
mobile. The former destroy the water structure around individual charged
groups and the latter are retained in the second cylindrical hydration region.
Trivalent cation produces a volume change of the same order as hydrogen
ion. The water structure around the macroion is largely destroyed by the
binding of trivalent counter ions.

Thus, the binding state of counter ions depends on their size and
valence. The property of the resultant polyelectrolytes therefore depends
on the size and valence of counter ions. For example, polyacrylic acid
neutralized by sodium hydroxide is easily precipitated by the addition of
polyvalent counter ions. At full neutralization the amount of counter ions
needed for precipitation of polyanions is almost the same for all kinds of
polyvalent counterions, as shown in Fig. 28a. This may be related to the
loss of the hydration region due to the binding of these counter ions (/7).

It must be noted here that at low degrees of neutralization there is a
great difference in the critical amount of different polyvalent counter ions
for precipitation of polyanions. This phenomenon is an interesting example
of the relationship between properties common to all polyelectrolytes and
properties specific to the species of macroions and counter ions. Among
various divalent counter ions, barium lons in a very small amount can
precipitate half neutralized polyacrylic acid, while magnesium ion can
not at all, as shown in Fig. 285.

It was confirmed that such a difference in the ability for precipitation
is not due to the difference in the amount of bound counter ions (39).
As predicted by the counter ion condensation theory in Chapter 4, all
kinds of divalent counter ions are bound to polyanions to the same extent.
That is, when divalent cations are added to polyacrylic acid neutralized
by sodium hydroxide to the degree of neutralization of 0.3, all divalent
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F1G. 28. (a) The relation between the critical salt concentration for precipitation and the
pplymer concentration in polyacrylic acid solutions fully neutralized by NaOH in
different kinds of divalent cations; (x ) MgCl,, and (O) CaCl;, (39). (b) The relation
belween the critical salt concentration for precipitation and the degree of neutralization
in polyacrylic acid-solutions neutralized by NaOH; (O) MgCl,, () CaCl,, and (@)
BaCl,. (¢) The relation between the amount of bound divalent cations ceouna and the
copccn(ration of added salts ¢, at various degrees of neutralization a in polyacrylic
acid solutions of concentration 60 mN/l; (O) MgCl,, a= 1.0, ([} BaCly, a= 1.0,
(@) MgCly, «=0.7, ([]) BaCly, a=0.7, (@) MgCl;, « = 0.25, (W)BaCl;, a=0.25,
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cations added are bound to polyanions up to a certain limit. Figure 28¢

gives the amount of bound divalent cations estimated from the measure-
ment of electrical conductivity of polyacrylic acid solutions (39). Both
barium and magnesium ions are fully bound to polyanions until the
apparent charge of the polyanion is depressed to a common critical value
for condensation of divalent counter ions. Therefore, it must be concluded
that polyanions having the same number of bound divalent counter i‘ons
show different solubilities depending on the species of the counter ion.
That is, at low degrees of neutralization barium polyacrylate has a very

low solubility, while magnesium polyacrylate is highly soluble.

This difference is consistent with the result of the refractive index
measurements. Among various divalent cations, the volume change
associated with the binding of barium ions is larger than that associated
with the binding of magnesium ions, as shown.in Fig. 27. Barium pf)ly-
acrylate has the hydration region of a smaller volume than magnesium
polyacrylate. It is likely that the structure COO—Mg™ is more stable and
soluble than the structure COO—Ba*. The latter has a higher tendency

to make a linkage of the form COO—Me—OOC than the former. Such a’

difference is expected to be amplified when the density of charged groups
COO~ in the polyanion is not too large. Thus, the species specificity of
counter ions manifests itself in the intermediate range of the degree of
neutralization. This interpretation is also supported by the resuit of
titration experiments in the presence of divalent cations 40).

THE EFFECT OF LOW MOLECULAR SALTS

1. THE ApDITIVITY LAW

In the earlier chapters only salt-free polyelectrolytes were considered
for an analysis of characteristic properties. In this chapter the effect of the
addition of simple salts to polyelectrolytes is examined. The number of
small ions becomes larger than the number of charged groups in macro-
ions on the addition of salts. All small ions of charge opposite to that.of the
macroions (counter ions) come from polyelectrolytes and the simple salts
added, and all ions of the same charge (co-ions) come from the salts.

If a large charge is fixed in a solution of simple salt, the effect of the
coulomb potential from this charge is screened by the ionic atmosphere
due to the small ions. This screening becomes more effective with an
increase in/the salt concentration. It may therefore be expected that the
apparent charge of a macroion in polyelectrolytes decreases with the
addition of simple salt. For instance, let us consider that sodium chloride
is added to a solution of polyacrylic acid neutralized by sodium hydroxide,
In the absence of sodium chloride, some sodium ions are already retained
in the macroion. The activity of sodium ion is given by the concentration
of free ions outside the macroion. The charge of the macroion is not

completely canceled by bound counter jons and a sizable potential drop

between the inside and the outside of the macroion continues to exist
according to Eq. (2). When sodium chloride is added to this solution,
sodium ions added are attracted by this potential drop and chloride ions
are repelled. As a consequence, the apparent charge of the macroion is

81
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decreased. The activity of sodium ions may then be expected to be smaller
than the sum of the contribution from the sodium ions of the poly-
electrolyte (in the absence of sodium chloride) and sodium chloride (in
the absence of the polyelectrolyte).

However, experiments give the following characteristic results. The
activity of counter ions is best expressed as a sum of the independent
contributions of counter ions from the polyelectrolyte and the added salt;
i.e., the activity is )

PoCpt¥ste, =at (130)

where ¢, and ¢, are concentrations of counter ions from the polyelectrolyte
and the added salt, respectively, y, is the activity coefficientof counter ions
of pure polyelectrolyte in the absence of added salt, and y,* is the activity
coefficient. of counter ions of added salt in the absence of polyelectrolyte.

The osmotic pressure (against the pure solvent) of polyelectrolyte
solutions containing simple salt is also given by the sum of the osmotic
pressure of the polyelectrolyte solution without salt and of the salt. The
electric conductivity is found to be the sum of the conductivities of the
pure polyelectrolyte and the pure salt as well.

The experimental results of Mock and Marshall (4/), and Nagasawa
et al. (42) and Alexandrowicz (43) for neutralized polyacids, and those to
lida and Imai (44) for proteins are presented in Fig. 29a, b and ¢ to
demonstrate this unique behavior of polyelectrolyte-salt mixtures.

The thermodynamic and transference properties of salt-containing
polyelectrolytes are thus described as a superposition of the individual
properties of the pure tomponents by an additivity law. The counter ions
from added salt seem not to be bound to macroions. This apparent
capability of a macroion to distinguish counter ions originating from itself
and from added salt is at first glance a most surprising result. The secret
to this riddle appears to reside in the long range coulomb potential of the
highly charged macroion. The examination of this feature which follows
shows the additivity law to be an essential rather than accidental property
of polyelectrolytes. ‘

II. THEORETICAL DERIVATION OF THE ADDITIVITY Law

We have seen that the most characteristic property of-polyelectrolytes,
counter ion condensation, was well explained by applying a two-phase
approximation to a cylindrical model of the macroion. The logarithmic
form of the potential that resulted from the use of this model provided
good insight with respect to this property. Here, the additivity law is
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F1G. 29. (a) The relation between the activity of counter ions and the concentration of
macroions. The activity of hydrogen ions was measured in solutions of vinyltoluene-
styrene copolymer sulfonic acid in the presence of various concentrations of HCl. The
ordinate represents the value of H* when the activity of hydrogen ions or pH of the
solutions is expressed as pH = — log (H*+ H°), where H? is the activity of hydrogen
jons in solutions of HCI at the same concentrations in the absence of macroions. The

fact that ali data. at various concentrations of HCl are on a line supports the

additivity law (42). (b) The relations between the activity coefficient of counter ions
(sodium jons) and the concentration of macroions (polyvinylsulfonate) in the presence
of various concentrations of salts (NaCl). The NaCl concentrations are: (A) 0.1 N;
(B) 0.05 N; (C) 0.02 N; (D) 0.01 N; (E) 0.005 N; (F) 0.001 N; (G) 0. Solid lines are
calculated from the additivity law at these concentrations of salts (43). (¢) Sodium ion
activity aéainst added NaCl concentration at three pH's in tropomyosin solutions. The
ordinate represents the difference between sodium ion activity in tropomyosin solutions
and in simple salt solutions at the same salt concentration, (@) pH 9.98, (O) pH
8.14, and () pH 7.06 (49).

derived by use of the cylindrical model once again and the logarithmic

potential is found to play an important role as before. The following

treatment is based on (45). o
Let us employ the Poisson-Boltzmann equation for a cylindrical or
rodlike macroion.in a cylindrical free volume (Fig. 12a);"

Ay = —(4n/fe,) ; 2 (131

where, in the presence of simple salt, the charge density on the right-hand
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side is composed of charged groups, counter ions, and co-ions; i denotes
the ionic species. If the spatial coordinate, the distance from the center of
the rod, is represented by the relative distance, rfa = x, the ratio of the
distance to the radius of the rod, the above equation is transformed into:

d* ldx? + (1/xNdpdx) = Z A;exp (—z;¢) (132)
where '
¢ = eoy/kT
and
A; = (dneg?[eckT)(n;z,/1)] R_[/uexp (—z;¢) 2nx dx (133)
i

The boundary conditions are written as

X(@pld)]ys = O, [x(dpldx)l; = —(2es}feohTd)  (134)

where d = I/n is the average distance between neighboring charges on the
macroion and n; is the total number of small jons of the ith species per
macroion. The electroneutrality condition is satisfied in the cylindrical
volume of radius R. i e

The above set of equations shows that the potential energy-kinetic
energy ratio (= eqy/kT) can be expressed as a function of the ratio r/a
and the ratio R/a. Consequently, it is easily found from Eq. (32) that the
electric energy u, and the electric free energy f, can both be expressed as
functions of the ratio R/a. They do not contain R or g separately. (This
situation is found also in the previous result in Chapter 3, Section 111.)
The total free energy per macroion is thus always of the form

S =S Rja)+fo(VIN) \ (135)

where the stanciard free energy f, is a function of VIN or (R*—d?).

The additivity law expressed in osmotic pressure terms can be derived
from the fact that the electric free encrgy is a function of the ratio Rla.
The osmotic pressure T1 of the solution (against pure solvent) is given by

= —=N@OS[OV )yma = — (120 R*D[R@S]IR)] (136)

because the addition of a solvent molecule simply leads to an increase of
the free volume, i.c., the radius R, Since the free energy /, is a function of

Rla,

R(OS/OR)+a(0f,]0a) = 0 (137

. The derivative of the clectric free energy with respect to the radius of the



equation is obtained: e
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free volume is related to its derivative with respect to the radlus of the
macroion. Therefore,

R(f/OR) = —a(df/0a)+a(@fo/da)+ R(Dfy[OR)
= —a(df/0a)+2V(3f,/0V) (138)
or
2nRAIT = 2(VIN)T o +a(df/da)

where n(R?*—a*)!=(V/N) and H(; is the osmotic pressure of a hypo-

thetical solution of counter ions and co-ions in the absence of macroions.
If the osmotic pressure of two solutions is compared, the following

M=, = (Myo~;0)+(N/2V)a(0f[2a), —a(0f }0a);] ~ (139)

where (V/N) is nearly equal to aR?/. Subscripts in the equation denote the
kind of solution. If solution 1 denotes polyelectrolyte without simple salt
and solution 2 denotes polyelectrolyte with simple salt, the difference
in the osmotic pressure of two hypothetical solutions (Il,,—11,,) can be
approximated by the osmotic pressure I1, of a solution of salt without
polyelectrolytes

Myo—Ilyo =1, ‘ (140)

The term (3f/0a) denotes the free energy variation due to the change of the
radius of the macroion. In the absence of simple salt, it consists of the
variation of the electric energy of the macroion and bound counter ions
and of the entropy of bound counter ions. In other words, (d//da), is
related to the pressure AP, acting on the surface of the rod by the equation

X
(0f[0a), = 21t7APl (141)
\ .
and this pressure is expressed as:
AP = —(go/8m)E*(@)~kTc, (a) (142)

where the first term comes from the energy of the electric field E(= —dy/dr)
at the surface and the second term comes from the osmotic préssure
of the solution of counter ions at the surface (46). Equation (142) can be
derived by differentiation of energy u, and entropy s given in Chapter 3,
Section I with respect to the radius a. -

If the charge density on the macroion is low, the concentration of
counter ions c,(a) at the surface is finite when radius a becomes
infinitely small. On the other hand, the electric field E increases infinitely
in proportion to 1/a, Therefore, when a is sufficiently small and the charge

Then,
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density is lower than a certain critical value, the term (9//0a), consists
only of the energy of the electric field, i.e.,

(eo/8MEX (@) = (n*eyR2neqa’l?) ¢

and
a(0f]da), = ——nzeoz/aol = ~nQkT (143)

This situation is not changed by the addition of simple salt because the
concentration of ions at the surface still remains finite. Therefore, the
same expression as the above can be applied to (8f/da), of a solution of
the same macroion in the presence of simple salt. That is,

(0//0a), = (3f]0a),

M, =TI, +11, | (144)

The osmotic pressure of a polyelectrolyte in the presence of simple salt

. is given by the sum of the osmotic pressure of the polyelectrolyte solution

without salt and that of the salt solution without the polyelectrolyte.
When the charge density of the macroion exceeds the critical value
given by Q = I, the condensation of counter ions begins at the surface of
the macroion. Even if the radius a of the macroion becomes infinitely
small, the number of condensed counter ions n—n* is not decreased but
remains constant. Therefore, the two terms of Eq. (142) are given by

(eo/8m)E*(a) = (n*?ey?[2neya?l?) (145)
and
kTc,(a) = kT(n—n*)/na®l

Since bothh terms are of the same order as functions of a,
a(gf‘/éa)l = —n*2e}egl—2kT(n—n*)
= en*kT—2nkT
((n/ @)~ 20 kT (146)

This expression of a(df/0a) can be shown to be insensitive to the addition
of simple salt. By resorting to the two-phase equilibrium concept developed
in the previous chapter, equations corresponding to (10) can be assumed
to describe the distributions of counter ions and co-ions. Then, at high
values of Q the equation for counter ions requires the existence of a limit
to the apparent charge density of the macroion at iifinite dilution. This
limit is given by the condition that fQ — 1 = 0, where f is the ratio of the

il

apparent charge n*e, to the total charge ne, of the macroion. Therefore,
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the value of n* at the limit is independent of the presence of simple salt.
Since co-ions are repelled from the small region v, the same value of n*
means that approximately the same number of counter ions are condensed
in v. The change in the number of counter ions bound in v by the addition
of salt is sufficiently smaller than the total number of counter ions bound
in v. (The change is not exactly zero.) Consequently, the tetm a(df/da) in
the presence of salt has approximately the same value as that given by
Eq. (146) in the absence of salt. The additivity of the osmotic pressure is
thus satisfied even when the charge density of the macroion becomes
large.
By use of the expressions

I /kT = £,C, (147)
and .
Hs/kT = gCs

where g, and g, are the osmotic coefficients, the additivity law (143) is
rewritten as

IL/KT = g,c,+g,c, (148)

In this treatment the osmotic pressure is nearly proportional to the sum
of the concentration of counter ions and co-ions at the periphery of the
free volume R. The additivity of the osmotic pressure is directly related

-to the additivity of the total ion concentration at the periphery and the

additivity of electrical conductivity is satisfactorily explained.

The additivity of the osmotic pressure does not always mean the addi-
tivity of the concentration of each kind of ion, for instance, counter ions
alone at the periphery. By assuming, however, that the concentration of
co-ions at the periphery in the presence of the macroion is approximately
equal to that in the absence of the macroion, the concentration of counter
1ons is expected to be given by the sum of the concentration in the absence
of salt and in the absence of the macroion. The additivity of the activity
of counter ions is then approximately established. Actually the activity
coefficient of co-ions is not very much smaller than unity. Even if it
changes with the concentration of salt, the change is small.

The expressions of a(df/da) in Eqs. (143) and (146) were approximate.
1f at a constant concentration of simple salt, the radius a of the macroion
or the concentration of the macroion is made infinitely small, they are
exact. In actual cases, however, the radius of the macroion and the con-
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to spherical, depending on the charge density and the concentration. For
spherical macroions, the Poisson—Boltzmann equation must contain
a spatial coordinate besides the relative distance r/a; then the additivity
law can not be readily derived for this conformation.

Experimentally, however, the additivity law is found to be satisfied
over a wide range of concentrations of macroion and added salt. One
reason for this may be that the macroion retains its cylindrical character
even when the macroion as a whole is coiled. It has also been theoretically
shown that in the cylindrical model of finite thickness, or even in the spheri-
cal model, the additivity law is approximately satisfied if the charge

“density of the macroion is sufficiently large. Katchalsky proved the

additivity law of the activity coefficient of counter ions under the assump-
tion that the activity coefficient of co-ions is always equal to unity,
independent of the shape of the macroion (47). Alexandrowicz (48)
derived the additivity law from the approximate solution of the Poisson— -
Boltzmann equation for the mixture of simple salt and macroions of high
charge density. By applying the cluster integral method to a rodlike macroion
having discrete charged groups in simple salt, Manning and Zimm found
that the additivity law is approximately satisfied (49, 50).

Thus, it is concluded that the additivity law which describes one of the
most characteristic properties of polyelectrolytes is a result of the special
feature of the intcgreted coulomb potential due to the macroion.

HI. MIXTURE OF SALTS

The additivity law was derived with counter ions of the same species.
It can be applied to counter ions of any valence and size, as long as they are
of the same species. It is of interest to examine its applicability in a mixture
of different salts. It has already been shown that in a mixture counterion
condensation depends on the valence and the size of counter jons. The
valence changes the critical value of the charge density for condensation.
The size changes the amount of condensation at finite concentrations of
macroions.

Let us consider a macroion with monovalent counter jons. When salts
having polyvalent counter ions are added to the solution, these poly-
valent ions are selectively bound to the macroion and the effective charge

of the macroion is changed. The derivative (0f/0a) can not be kept
constant as is reanired for the additivive e sa o 0 0o ,
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macroion until the effective charge is reduced to the critical value given by
n*eytle kTl = 1/z or zfQ = 1, where z is the valence.

If the total number of polyvalent counter ions in the solution is smaller

than that necessary for this reduction of the effective charge, all of them are
condensed and no free polyvalent ions remain, as mentioned in Chapter 4.
Such a phenomenon is expected to occur independent of the amount of
monovalent counter ions coexisting. Then the equilibrium between the
macroion and monovalent counter ions is established at the charge density

‘to which the macroion was reduced by the binding of polyvalent counter

ions. It is not necessary to take into consideration the direct correlation
between two kinds of counter ions.

In general, when the total number of polyvalent cdiinter ions is smaller
than that corresponding to the total charge of the macroion, it is conven-
ient to define solution 1 to contain macroions, all of the polyvalent counter
ions, and sufficient monovalent counter ions to equal to the total charge
of the macroion. Solution 2 is obtained by the addition of the remaining
monovalent salt. This addition of monovalent salt to solution 1 does not
change the effective charge or the number of condensed counter ions on
the macroion. The additivity law can be satisfied by the osmotic pressure
of solution 1 and 2 defined above. If solution 1 is defined as containing
macroions and monovalent counter ions and solution 2 as containing
polyvalent salt in addition, the additivity law can not be satisfied.

When the total number of polyvalent counter ions is larger than that
corresponding to the total charge of the macroion, these ions are bound
until the effective charge of the macroion is reduced to the critical value
and no monovalent counter ions are bound. Therefore, the addition of
monovalent salts does not change the effective charge or number of
condensed ions.

. Let us next consider a mixture of two kinds of monovalent counter
tons of different size. At sufficiently low concentrations of macroions, the
effective charge of the macroion can not exceed a critical value common to
monovalent counter ions, If the charge density of the macroion is larger
than the critical value, i.e., if Q is larger than unity, some of the mono-
valent counter ions must be bound. The ratio of the numbers of two kinds
of bound counter ions is determined by their size and the charge density
of the macroion. (See the analysis in Chapter 4.) However, the total
number of bound ions is determined by the charge density alone, since
the remaining charge of the macroion must always be equal to the critical
vatue. Therefore, the value of (8f/0a) is approximately independent of the
ratio of two kinds of bound counter ions. Solution 1 is then supposed to
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contain macroions with two kinds of monovalent counter ions and
solution 2 also contains a mixture of monovalent salts in addition to the
macroions and the counter ions. The values.of (2f/da) for the two solutions
are equal and the additivity law is expected to be satisfied when applied °
to the osmotic pressure of the mixture.

As mentioned in the previous section, however, counter ions of smaller
size are bound more than those of larger size. Therefore, the additivity
law can not be expected to describe the acfivity of each kind of counter

“ion in the mixture. If salt of counter ions.of smaller size is added to a

solution of macroions with counter ions of larger size, bound counter
1ons must be exchanged. .

" 1V. OSMOTIC PRESSURE AGAINST SALT SOLUTIONS

Equation (138) is rewritten as

I = [y+(N/2V)a(df[da) (149)
For a salt-free polyelectrolyte »
My = aNAT|V (150)

If the expressions of a(df/da) in Eqs. (142) and (145) are put into Eq.
(149), the same result as Eq. (61) is obtained for the osmotic pressure at
extreme dilution. In the presence of simple salt the osmotic pressure is
obtained by adding the osmotic pressure of the salt solution. Then we have

M= @NKTIVY(1-0/)+0, 0<Q<I
M = (INKTIVY(1)20) + 11, 1< Q (151)

This procedure of calculation to derive Eq. (151) indicates that the
expression (61) or (151) of the osmotic pressure as a function of the charge
density Q results from the fundamental property of the Poisson—Boltzmann
equation for a cylindrical system which led us to the additivity law.

It must be remarked, however, that the above osmotic pressure T1 refers
to the pure solvent. In the presence of salt the osmotic pressure that is
measured experimentally refers to the salt solution since the semiper-
meable membrane for measurement is impermeable only to macroions.

The activity of counter ions and that of co-ions in a solution &f macro-
ions is written as

oot Vs C
and

B . . Ys G (152)
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respectively, according to the additivity law. If this solution is in osmotic
equilibrium-with a salt solution of concentration c,q, the relation

(PpCat s €)(P:7€) = Va0t V50 Ca0° (153)

must be established. This is the equilibrium condition for transfer of simple
salt across the membrane. Thus, the concentration of salt ¢, in the solution
of macroions is given as a function. of the concentration of macroions
and of the salt outside.

The osmotic pressure IT" of the solution of macroions against the salt
solution is given from Eq. (148) by

IV/kT = gyc,+ 8,6, 850050 T (154)

This is the equilibrium condition for transfer-of a solvent (water) molecuile
across the membrane. From Eqgs. (153) and (154) the osmotic pressure can
be solved as a function of concentrations ¢, and ¢,q. In the present method
of approxnmatlon it is meaningless to dlstmguxsh osmotic coefficients and
activity coefficients, as described in Chapter 3. Therefore, here we put
Yp=8p 27,=g, and 27,4 = g,o. Then we have

VKT = y,¢,[(1+x*)2~x] (155)
where ' .

X = 2Ys0650/ypcp

The quantity y,c, gives the osmotic pressure IT in the absence of salt and
the additivity law indicates that this y, is independent of the salt con-
centration. Therefore, the ratio of the osmotic pressure in the presence of
sait to_that in the absence of salt is a function only of the ratio x. The
relation of this osmotic pressure 1’ to the macroion concentration at
a constant value of the salt concentration is shown in Fig. 30a.

Figure 30b shows the relation of the osmotic pressure to the concen-
tration of salt at a constant concentration of macroion. The pressure
decreases with the addition of salt, At low concentrations of salt, i.e., for
small values of the ratio of the salt concentration to the counter ion
concentration originating in the macroion x, the pressure is approximately
given by

n’/kT = }’pcp”2Yxocso+2)’:020;«02/?,:% (156)

The osmotic pressure of a polyelectrolyte against a salt solution of low
concentration is approximately given by the difference betwéen the osmotic
pressure of the polyelectrolyte against the pure solvent and that of the salt
solution against the pure solvent. The correction term in Eq. (156) is the

/ZXSO_CSD kT
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product of the ratio x and the osmotic pressure of the salt solution divided
by 2.

According to Eq. (155), at high concentrations of salts or low con-
centrations of macroions the osmotic pressure I1’ is given by

n'/kT = ypch2/4)’xoc.\'0 (] 57)

”

(a) (b}

F16. 30. (a) The relation between the osmotic pressure and the concentration of macro-
ions at a constant concentration of the salt solution outside. x = 2y,0C50/7p¢s. (b) The
refation between the osmotic pressure and the concentration of salts outside at a con-
stant concentration of the macroions.

Thermodynamically, however, in the limit of low concentrations of
macroions the osmotic pressure against a salt solution must be given by
the number concentration of macroions. The contribution of the mixing
entropy of macroions was not taken into account in the expression of the
osmotic pressure (154). Therefore, Eq. (157) must be rewritten

HI/kT = cp/"+}’p2cp2/4‘))socs0 (158)

which is regarded as a series expansion of the osmotic pressure with respect
to the concentration of macroions. The second term gives the second virial
coefficient of the osmotic pressure 4, against the salt solution;

AZ = yﬂsz/“)’:OcaO (159)

The positive value of the second virial coeflicient is a consequence of the
repulsive force betweeg macroions. The repulsive force is decreased by the
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Fig. 31. (o) The relation between the osmotic pressure and the concentratiop.of sodium
pectinate solutions in equilibrium with various concentrations of NaCl. The gumbers on
the lines denote the NaCl concentrations (V). (b) The relation between the second virial
coefficient A4, and the concentration of low molecular salls obtained from the data in

Fig. 31a. (51).




CHEMICAL POTENTIALS AND THE
SALT CONCENTRATION

I. THE CHEMICAL POTENTIAL OF MACROIONS

The effect of simple salt on the chemical potential, #,, of macroions
with counter ions is analyzed below by employing the additivity law
derived in the previous chapter. In the absence of salt the free energy f
of polyelectrolyte solution per macroion with its counter ions is given by
expression (22). The total free energy of the solution containing N macro-
ions is then N/f. (The mixing entropy of macroions in the solution must be
added to this free enérgy, but this entropy term has no influence on the
discussion in this chapter.) The chemical potential of the macroion with
counter ions can be obtained by differentiation of this total free energy
F= Nf with respect to the number, N, of macroions. In the differentiation
it must be remembered that the free energy fis a function of N through the
size of the free volume of the macroion. The chemical potential, g, of the
solvent molecule is obtained by the differentiation of F = Nf with respect
to the number of solvent molecules nyN (= Ny). In this differentiation the
free volume also changes. The total volume of the solution V is written as

V= Ngvg+(w* +v,)N (160)

where v is the volume of the solvent molecule, v* is the volume of the
: counter ion, and v, is the volume of the macroion. Therefore, we have
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Hp = (OFJON) = f+ N[of]o( V] N)][o( V/N\)/GN]

= [+[0/10(VI N[~ (n000)] (i61)

Ho = (OF[0ON,) = N[of[o(V/N)I[O(V]N)[ON,]
= [0710(VIN)]v, (162)

From these relations it is found that

F=Nf= N(l‘p’i“”o/‘o) (163)

_This is a thermodynamic relation which must be generally satisfied

between the free energy and chemical potentials. -~
In the presence of simple salt

" F=Nf= N(u,+nopo+ngu) (164)
where n, is the total number of salt molecules per macroion and g, is the

chemical potential of the salt (including both counter ions and co-ions).

The chemical potential of the salt y,, if we consider the additivity law
to be valid, may be expressed as

B = kTIn (ppep+9, e )y, c)) (165)
where c, is, as in the previous section, the concentration of counter ions
from the macroion and , is the concentration of counter ions and co-ions
from the salt. The additivity law, theoretically derived for the casc of
rodlike or cylindrical macroions in the previous-chapter, has been experi-
mentally established over a very wide range of macroion and salt con-
centrations, and the assumption that it provides a general relationship
between the chemical potential of salt and its concentration is felt to. be
appropriate.

When the free energy is written in the form of Eq. (164), the thermo-
dynamic relation
op;fon; = duylon; (166)

must be satisfied in the arbitrary combination of two components / and j.
As a special case, we have

Op,foe, = n(du,fdc,) \ (167)
The right-hand side can be calculated from Eq. (165) to be

n(0ufoc,) = nkTy (140 1ny,/0 In ¢ ,)/(y,¢,+7,* ¢}
(168)
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The difference between the chemical potential of macroions (with
counter ions) in the absence and in the presence of salts can be calculated
as follows, by the use of Eqs. (167) and (168)

e~ 10) = § @nyloc) de,

= nkT(y,/7,") In (1 49,7 ¢,/1,¢,) (169)

In the integration it was assumed that the derivative d1In y,/0In ¢, is very
much smaller than unity and the activity coefficient of salt ions is replaced
by its average over the entire range of the salt concentration. This simplifi-
cation is reasonable because the activity coefficient of counter ions in the
absence of salt is insensitive to the concentration of the macroion, as shown
in Chapter 3. The chemical potential of macroions with counter ions is
thus obtained as a function of the salt concentration. Since the above
derivation is based on the assumption that the additivity law is obeyed
over the whole range of salt concentration, the relation is only as applic-
able as the additivity law,

Expression (169) can be interpreted as follows. Let us suppose that small
molecules are added to a solution of macromolecules. Small molecules
are assumed to have different affinities for macromolecules in different
states. The chemical potential of macromolecules in a state having a strong
aflinity for small molecules is decreased to a large extent by addition of
such small molecules (54). If a repulsive force acts between small molecules
and macromolecules, their addition increases the chemical potential of
macromolecules. In expression (169) the addition of simple salt to macro-
tons (with their counter ions) increases the chemical potential of macroions.
This result corresponds to the case of repulsive interaction, the repulsion
between macroions and salt being stronger the larger the value of y,.
Thus, in the conformation having a larger apparent charge or a larger
concentration of {ree counter ions, salt ions as a whole are repelled more
strongly by macroions, Since the concentration of free counter ions is
larger in the extended conformation than in the coiled one, the repulsion
is weaker in the latter, and consequently, the addition of salt increases the
concentration of macroions in the coiled conformation.

This situation can be understood from the osmotic equilibrium of a
solution of macroions with a salt solution, where the concentration of salt
ions in the solution of macroions is lower than that in the salt solution
outside. (See the concentration of co-ions.) The difference is larger for
macroions having the larger apparent charge.
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If small molecules are bound to a macromolecule in state j with the
binding constant K; at m, binding sites, the chemical potential of macro-

molecules in state j is decreased by the addition of these small molecules.

by
—mkTIn(1+Kc) (170)

where ¢ is the concentration of free small molecules. This expression is
analogous to Eq. (169) except for the negative sign. That is, according to
Eq. (169) the influence of salt ions on the chemical potential of macroions
is as if they have a stronger affinity for macroions in the state having a

- smaller activity coefficient of counter ions, although actually the inter-

action between macroions and salts is repulsive. o

II. HYDROGEN ION EQUILIBRIUM IN THE PRESENCE OF SALTS

Another example of the application of the additivity law is given below
to describe the effect of salt on the titration behavior of polyacids or
polybases (55). In the case of partially neutralized weak polyacids or
polybases the solution can be regarded as being composed 'of four com-
ponents; solvent molecules (e.g., H,0), polyacid or polybase molecules
(e-g., polyacrylic acid), alkali or acid (e.g., NaOH), and neutral salt
molecules (e.g., NaCl). The total number of these molecules in the solution
are denoted by ngN, N, n,N, and n,N, respectively. The chemical potentials
are denoted by ug, p,, p,, and y,, respectively. All small ions and charged
groups on the macroions are assumed to be of the same valence and,
moreover, counter-ions from alkali or acid and those from neutral salts
are assumed to be of the same species. Each macroion has approximately
n, charged groups on the average. The degree of neutralization of macro-
ions a is given by the ratio n,/n.

The total free energy of the system must be written as

F=Nf = (nopo+p,+n.p,+np)N (171

It should be noted that instead of taking the partially neutralized macroion
as an independent component, we define the polyacid (polybase) and the
alkali (acid) as two independent components. Then, derivatives of the
chemical potentials with respect to the number of component molecules
yield thermodynamic relations of the type introduced in Eq. (166). One of
them may be written as

opfoc, = du,loc, (172)
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where ¢, is the number concentration of alkali (acid) added. In the
present case application 9( the additivity law for expression of the activity
of counter ions gives the relation

-

py = kTIn (y,c,+ 7. )3, 7€) a73)’

the concentration of counter ions from macroions being equal to c,.
Here, y, designates the activity coefficient of these counter ions in the
absence of salt. ",

By the use of Eqgs. (172) and (173), the difference between the chemical
potential of alkali (acid) in the absence and in the presence of salt can be
calculated as was done previously for the macroion with counter ions.

The result is

Hale) = 1a(0)

T @uyocy) de,
[1}

KT(O(v,e)/0¢)]7,7) In (17, efvpe)  (174)

On the other hand, the chemical potential of counter ion is given by the
additivity law and the difference between the potential in the absence and
in the presence of salt is given by 8y

KTIn (ypea+ 9 c)—kTInye, = kTIn (1 +y, ¢fycl)  (175)

Since alkali-is composed of counter ions and hydroxyl ions, the chemical
potential of hydroxyl ions is obtained by subtracting Eq. (175) from
Eq. (174). The chemical potential of hydrogen ion is then given by

#H(Cs)—‘ ”H(O) = _kT{[a()’pca)/aca]/y’+ - l} In (l + ‘Ys+cs/)’p0a) (176)

We learn from this result that at a constant value of the degree of neutra-
lization, «, the pH of the solution is changed by the addition of neutral
salts in accordance with

pH(c)—pH(0) = {[0(y,c)/0c,)/y,* — 1} logyo (147, efy,c)  (177)

The derivative [d(y,c,)/d¢c,], which corresponds to the increase of free
counter ions with increase of the degree of neutralization in the absence of
sait, is usually positive but smaller than unity. Therefore, the coefficient
on the right-hand side of Eq. (177) is negative. That is, the pH decreases
with increasing concentration of simple salt in proportion to the term
log,o (147, ¢/y,c.). The ratio y,%¢,/y,c, defines the number of free
counter ions from added salt relative to that from alkali. When this ratio
is small, the pH change is proportional to the salt concentration c,; when
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where ¢, is the number concentration of alkali (acid) added. In the
present case application of the additivity law for expression of the activity
of counter ions gives the relation

ps = kT In (y,c,+ 7, ¢ )y, c) - (73

the concentration of counter ions from macroions being equal to c,.
Here, y, designates the activity coefficient of these counter ions in the
absence of salt. ‘

By the use of Eqs. (172) and (173), the difference between the chemical
potential of alkali (acid) in the absence and in the presence of salt can be
calculated as was done previously for the macroion with counter ions.
The result is

H a(cs) —H n(O)

]

T @ujocy) de,

kT(@(vpca(0c)fy ") In (L4, efy,c)  (174)

On the other hand, the chemical potential of counter ion is given by the
additivity law and the difference between the potential in the absence and
in the presence of salt is given by

KTIn (7,047, ¢)—kTIn p,e, = kTIn (149, ¢fy,c) (179

Since alkali is composed of counter ions and hydroxyl ions, the chemical
potential of hydroxyl ions is obtained by subtracting Eq. (175) from
Eq. (174). The chemical potential of hydrogen ion is then given by

#u(e) = 1u(0) = —KkT{[0(r,c.)/0c,}/ps™ — 1} In (147, ¢/ 7,¢0) (176)

We learn from this result that at a constant value of the degree of neutra-
lization, «, the pH of the solution is changed by the addition of neutral
salts in accordance with

pH (CS) - pH (0) = {[O(chn)/aca]/y:+ - 1} logl o (l + Y:+ Cs/}’pca) (177)

The derivative [d(y,c,)/0c,], which corresponds to the increase of free
counter ions with increase of the degree of neutralization in the absence of
salt, is usually positive but smaller than unity. Therefore, the coefficient
on the right-hand side of Eq. (177) is negative. That is, the pH decreases
with increasing concentration of simple salt in proportion to the term
log,o (1+7,"¢,/y,¢,). The ratio y,%¢,[y,c, defines the number of free
counter ions from added salt relative to that from alkali. When this ratio
is small, the pH change is proportional to the salt concentration ¢,; when
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it is large, the pH change is proportional to the logarithm of the salt
concentration.

In Fig. 32a the pH of partially neutralized polyacrylic acid solutions is
plotted against the salt concentration at various degrees ol neutralization
(56). A logarithmic decrease of pH is found at high sait concentrations,
The gradient of the straight line in this figure is plotted against the degree
of neutralization in Fig. 326. The value of the derivative [0(y,c.)/dc,) or
[0(y,2)/0a] estimated from the gradient by the use of Eq. (177) is aiso
given in the same figure. At high degrees of neutralization the derivative
becomes very small, so that y,« becomes almost constant.

This result is consistent with the earlier experimental and theoretical
analyses on activity of counter ions described in preceding’Chapters.

In Fig. 32a the value of the salt concentration at which the extra-
polated straight line (the pH vs. log ¢, line) reaches the horizontal line
corresponding to the pH observed at zero salt concentration must satisly
the condition y,c, = y,*c,. The relation between 70¢4 and the degree of
neutralization obtained by this method is shown in Fig. 32¢. The value of
7,C. increases with increasing degree of neutralization and is almost
saturated at high degrees of neutralization. Such behaviors of ¥pCq aBree
well with previous experimental and theoretical results.

The other experimental example is concerned with a rodlike protein,
tropomyosin. The relation obtained between the pH and the salt con-
centration at constant concentrations of tropomyosin and alkali in the
neutral pH region is shown in Fig. 33a (57). At high salt concentrations
the pH decreases in proportion to the logarithm of the salt concentration.
Inthe wholerange of salt’concentration the relation observed is in very good
agreement with Eq. (177), as shown in Fig. 335. In this case independent
measurements of the activity of counter ions were carried out in the same
solution. The value of the activity directly measured coincides with the
activity estimated from the intercept of the extrapolated straight line (the
pH vs. log ¢, line) with the horizontal line corresponding to the pH at

zero salt concentration in Fig. 33a. In Fig. 335 the value of 5, Obtained

by this method was used to determine the value of the abscissa.
Tropomyosin molecules exist as long fibrous polymer strands in the
absence of salt and they are depolymerized into monomer with the
addition of salt. In spite of this sizable change in the state of polymerization
the relation between the pH and the salt concentration js well explained by
the present theory. This success of theory is due to the fact that the activity
of counter ions is determined mainly by the charge density along the rodlike
molecule, which is not significantly changed by polymerization.
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Fi. 3. (a) The relation between pH and the logarithm of the salt (NaCl) concentration
log ¢, at constant degrees of péutralization a in 7.1 mAN polyacrylic acid solutions
neutralized by NaOH. (@) Observed in the absence of salts, and (()) intercepis obtained
by extrapolation of straight lines at high salt concentrations (sec text) (36). (b) The
relations between (x ) the gradient of the pH vs log ¢, (straight lines in Fig. 32()) and
the degree of neutralization «, and (¢*) the derivative (“(ypca)fe,) and « (55). () Values
of y,¢, obtained from the intercept of the pH vs log ¢, straight lines with the horizontal
lines of pH at ¢; = 0 in Fig. 324 at different degrees of neutralization « (53).
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III. THE ELECTRIC POTENTIAL AT THE MACROION

In Eq. (124), which gives the relation between the pH and the degree of
neutralization, the effect of simple salt must come from the change of the
electric potential difference 8y with the salt concentration. By comparing
Eqgs. (177) and (124) we have

~'(e()/kT)[5'!/((".:)"—54/(0)] = {[a()’pca)/aca]/ys+ - ]} In (1 + ‘)’s+cs/')’pca)
: (178)
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FiG. 33. (a) The relation between pH and the logarithm of the salt (NaCl) concentration
log ¢, at a constant degree of neutralization in a tropomyosin solution neutralized by

NaOH. (b) The relation between pH and log (1 + 76/ ypca) where y,c, in the absence
of salts was independently measured to be 1.27 x 103 mole (44).

The potential diﬂerencg&// decreases in proportion to the logarithm of the
salt concentration at high salt concentrations. At low salt concentrations
the potential decrease is proportional to the salt concentration,

It has often been stated that the coulomb potential of highly charged
macroions is screened by the addition of a small amount of simple salt,
The above result indicates, however, that this screening effect is not very
large. Appreciable screening takes place only after the amount of salt ions
added is comparable to the amount of free counter ions from ‘macroions
in the absence of salt.

The depression of the potential takes place in a logarithmic way and the
effect of the integrated coulomb potential from the highly charged macroion
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is still sizable in the presence of a large amount of salt. In other words,
even at high salt concentrations the further addition of salt can continue
to depress the potential. The extensive force of the flexible macroion due
to the electric free energy, for example, is not completely eliminated even
at high salt concentrations. This is discussed in some detail in a later
chapter. . .

The concentration of counter ions ¢’ in the vicinity of the macroion,
i.e., in the potential valley, is given by the product of the concentration of
free counter ions outside the macroion and the factor exp (—egdy/kT).
The concentration of free counter ions is equal to the activity and it is
easily shown with Eq. (178) that the change of concentration of counter
ions in the potential valley due to the addition®of salt can be given by

Inc'(e)=In¢'(0) = {[0(v,e)/de, 7, Y In (L4 7, e fy,e)  (179)

As previously mentioned, the derivative [d(y,c,)/0c,] is very much smaller

than unity, so that the change of the counter ion concentration in the
potential valley is small. In the ideal case of counter ion condensation the
apparent charge density of the macroion can not exceed a certain limit and
the derivative [0(y,¢,)/d¢,] should become zero above this limit. Then, the
counter ion concentration in the potential valley should not be changed by
the addition of salt. Such constancy of the counter ion concentration was
anticipated by the theoretical derivation of the additivity law in the
previous chapter. Experimentally, the derivative [d(y,c,)/dc,) is not zero
but takes a small positive value. The number of counter ions condensed
on the macroion is increased slightly by salt. »

The decrease of the absolute value of the potential at the macroion due
to the addition of salt denotes the change of the charge density around the
macroion. The charge density near the macroion must increase with
increasing concentration of salt. The increase of the number of counter
ions must exceed the increase of the number of co-ions. The additivity
law does not imply that the ion distribution is additive everywhere in the
solution. '

Finally, the relation between pH and the salt concentration at various
degrees of neutralization must satisfy Eq. (177) in the polyelectrolyte
solution in which the activity of counter ions satisfies the additivity law. It
is not always true, however, that when the pH is expressed by a relation
of the type of Eq. (177) as a function of the salt concentration, the addi-
tivity law is found for the activity. It must be noted here that a relation

apparently similar to Eqs. (177) or (178) has been derived from a quite
different theoretical foundation (58).




Chapter 9

INTERACTION BETWEEN MACROIdNS

1. INTERACTION BETWEEN PARALLEL RODLIKE MACROIONS

Repulsion is expected between macroions of the same charge. It is
depressed by counter ions accumulated in the neighborhood of these
macroions. Such depression of the force by the ionic atmosphere was first
analyzed on the basis of the Debye-Hiickel approximation by Verwey
and Overbeek (59). However, their analysis is not readily applicable to the |
case of highly charged macroions, because of large electric potential
around macroions. In this chapter a more appropriate method is presented
and the force between parallel rodlike macroions is obtained as a function
of the charge density of ‘macroions and the distance between them (60).

As shown in Fig. 34, two rodlike macroions of charge —ney, length [,
and radijus g are placed in parallel at distance X in a large cylindrical free
volume of radius R, where electroneutrality is satisfied. The middle point
of X is assumed to coincide with the center of the free volume. In the
absence of simple salt, 21 counter ions of charge e, are distributed in the
free volume. The Poisson-Boltzmann equation for this system was solved
analytically without approximation by Imai (6/) and the force between
the rods was calculated by the use of this solution (62). Here, however,
this system is treated by a simple theoretical method which is the same as
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In the cylindrical coordinates (r 0) with the origin at the center of the
free volume,, the Poisson-Boltzmann equation can be written as

(92 9/0x)+(1/x)(0¢/0x) + (1/x*)(0%$/06%) = A exp (—¢)  (180)
A = (4nfney®[eolkT)] | | exp (— ¢)x dx db

where the relative spatial coordinate x = rfa was used instead of r and the
ratio of the potential energy to the kinetic energy ¢ was used instead of
Y. The boundary conditions are given by

fx(@¢/ox)d0 =0  atx = Rja

[ ¥(@/ay)dp = —2ne?[e kT ( (181)
- 3 - 3
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F1G. 34. Two parallel rodlike macroions in a free volume where the cleclroneﬁlralily is
satisfied.

at the surface of each rod (y =1), where (y, @) are the cylindrical co-
ordinates with the center at the center of the rod, and y? = x2 442 —2xb
cos O, where b= X/2a. Therefore, the solution of the above Poisson—
Boltzmann equation ¢ must be expressed as a function of the relative
coordinates x, 6 and the constants R/a and X/2a. Then, the electric
energy and the electric free energy contain only the ratios among R, q,
and X as quantities specifying the geometry of the system. They do not

contain R, a, or X separately. Thus, the total free energy f per macroion
must be expressed as:

4
S= foi(R* =20 +f(Rla, X |20) (182

. :0(6@/1 . .
where f, is the standard free energy of the non-charged system, which is a

function of the volume 7 R*—2g%),andJ, is the electric free energy.
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Now, the force between two rods is given by the derivative (3f/8 X). From
Eq. (182) the derivative is transformed into:

X(0f]0X)ap = X(0f)0X)a = —a(0f.]0a)g x— R(IJOR), x
= —a(0f/0a)g x— R(If]OR), x+a(dfo/0a)g x
= —a(dffda)g,x +2(VIN)[e(R)—c,] (183)

where c(R) is the concentration of counter ions at the periphery of the
free volume R, and ¢, is the average concentration of counter ions in the

whole volume, that is, ¢, = 2aN/V. The first term a(df/0a), x is the self-
extensive force of the rods.

For sufficiently thin rods, this extensive force has been calculated as a
function of the charge density in Chapter 7. Since the present system is
composed of twoTods, it is found from Egs. (143) and (146) that

a(ofjoay = —2nQkT for 0<Q<l

= —22n—n/O)T for 1< Q (184)

where Q = ney?[e kTl
The concentration of counter ions at the periphery R can be easily
calculated if the radius of the free volume R is very much larger than the
distance X. Under this condition ¢(R) can be approximated by the
concentration of counter ions at the periphery for the single rod system
having the charge density 20 placed at the center of the free volume. Then,

a(dffca)g = 2 VINKkT[c(R)—c,] (185)

which is equivalent to Eq. (138), is available and ¢( R) is obtained from the
value of a(df/0da) for the single rod having 2. The result is

~ o(R)=c(1-Q) for 0SQ<12
= ¢,/4Q for 1/2<0Q (186)
From Eqs‘. (183), (184), and (186) we have ‘
~X(f)0X)yr = QnkT)Q for 0< Q<12
* = (kT)2-0-120) for 12< Q<1
= (2nkTY(1/2Q) for 1 <Q (187)

Figure 35a shows the relation between the force and the charge n or the
charge density Q. Since Q is proportional to n, the force (9f/0X) is pro-
portional to n*-for small values of » and it becomes constant for large

%
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values of n ot for Q larger than unity. The ratio of the force to the charge
is nearly constant for Q between 1/2 and |, having a maximum at an
intermediate value of Q(="1/4/2). Such behavior of the force as a function
of the charge n is a characteristic property of macroions resulting from the
counter ion condensation. The force is proportional to 1/ X for small values
of distance X.

It is necessary to compare this result with the result expected from the
pure coulomb repulsion between two- infinitely thin rods with no counter
ions. The coulomb repulsion s proportional to the square of the charge,
being given by 2n’eo*/I X = 2nQkT|X. As shown in Fig. 354, for Q smaller
than 1/2, the force between two rods that approach closely in a solution

of counter ions coincides with the force due to pure coulomb' repulsion;
in the limit of X — 0 or R — o0, no counter ions are condensed on or

between two rods. For Q larger than 1/2, however, even in the limit of

X -+ 0 or R- o, the force between two rods becomes considerably
smaller than the pure coulomb repulsion; the two rods come into contact,
keeping some of the counter ions in their close vicinity. This is reasonable
because when two rods ceme into contact, the total charge of two rods,
20, exceeds the critical value, unity, for the counter ion condensation.
At O =1, the force between two rods is just half the pure coulomb
repulsion. The repulsion is equal to the extensive force of a single thin rod
having the charge density Q = 1. This reduction of the force is due to
counter ions condensed on the two approaching macroions. For Q larger
than unity, the repulsion is kept constant at the value for Q= 1. Such
saturation is understood from the fact that the apparent charge of cach
macroion can not exceed the critical value corresponding to Q= |
because of the counter ion condensation. In the case of monovalent
charged groups and counter ions, the condition Q = 1 corresponds to an
average distance of about 7 A between neighboring charges on the rods
at room temperature in.water, and the condmon 0 =1/2 to an average
distance of about 14 A,

When the valence of counter ions is z, a similar calculation shows that
the force between two parallel thin rods of the uniform charge density
in a large free volume is given, instead of by Eq. (187), by

— X(fJ0X), 5 = QukT)Q for 0< Q<22
= (nkT)(2/z—

0—1/2z2 Q) for 12z < Q< 1}z

(2nkT)(1/22% Q) for (188)

Iz < Q

=]

k7

24

ox
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The repulsive force becomes weaker for counter ions of the larger valence.
The force, however, is always repulsive. For Q = 1/z, the force is 1/22*
of the direct coulomb repulsion between two rods of the charge density
QO = 1/z. The force for the case of z= 2 is compared with that for z = |
in Fig. 35a.

Since the concentration of counter ions at the periphery ¢(R) must
increase with increasing distance X, for large distance the force between
two rods decreases more rapidly than in proportion to 1/X. The force is
expected to become zero when the distance X is of the same order as R.
Thau is, the equidistant arrangement of parallel rods must be most stable
in the solution. Figure 356 shows the relation between the force and the
distance obtained from the analytical solution of the Poisson-Boltzmann
equation for this system (62).
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Fic. 35. (a) The relation of the repulsive force between two parallel rods and their
charge density. The broken line gives the direct coulomb force. (6) The relation of the
repulsive force between two parallel rods and the distance between them at two different
charge densities (62).

I, EXTeNsIVE FORCE OF AN ASSEMBLY OF RODLIKE MACROIONS

The above method of calculation can be extended to an assembly
of parallel charged rods. Let us suppose there are m rods in the central
region of the free volume; the position of each rod is given by the
cylindrical coordinates (r;, 0;), i=1,2,..., m. Consider only the pro-
portional extension of the assembly to (ar;, 8;) with a common value of
a for cach rod. Then, the coordinates of the assembly can be represented
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by only one variable, the extension of the assembly which is denoted by X
as in the previous case. The free energy of this system is found, as before,
to be a function of the relative coordinates R/a and X/a. Therefore;
Eq. (183) is applicable to the present case. The sum of the self-extensive
force of m rods, each of which has the charge density Q, is given by

a(dffoa)g x = —mnQkT for 05Q0xg1
= —mQ2n—n[Q)T  for 1< Q - (189)

" which is obtained by multiplying m/2 by a(0f/da) for the two rod system.

If the extension X is very much smaller than R, the concentration ¢(R)
can be approximated by the concentration at R when a single rod of
charge density mQ is placed at the center of the free volume. The second
term of Eq. (183) can be obtained with this approximation. The final
result for the extensive force of the assembly is found to be

—~X(0f]0X)p = nm(m—1) QkT for 0<0<1i/m
nm(2—-Q—1/mQYT for Im< Q<1

nm{(m—1)imQ)kT for 1< 0 (190)

]

For Q smaller than 1/m, the extensive force is equal to the direct coulomb
repulsion due to m rods. For Q larger than I/m, the force is suppressed
by the accumulation of counter ions among the rods, as shown in Fig. 36,
In the limit of fusion of m rods into a single rod of the charge mQ, the
apparent total charge density can not exceed the critical value mQ =1
At Q equalto unity, the extensive force of the assembly is 1/m of the direct
coulomb repulsion. For Q larger than unity, the increase of the charge
density does not increase the extensive force.

When the number of rods is very large, namely, when m is sufficiently
larger than unity, Eq. (190) is rewritten as

— X(f/3X)un

]

nm(2— QT for 0< Q<1
(nm/ QYT for 150 (191)

Since the apparent volume of the assembly of m rods is proportional to .

X%, the extensive force of the volume v is given by
—(0ffov) = (nmfv)(1—- Q[T  for 0 < <1
= (mp)(120KT  for 1< 0 (192)
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In the derivation of this result it was assumed that the extension of the
assembly, X, is very much smaller than the free volume and that the
number of rods is very large. In such a case, the system can be regarded
to be composed of two phases; the assembly phase and the outside phase.
Most of the counter ions are condensed among the rods and the charge
of the rods is almost completely neutralized in the assembly phase. Then,

1
LR | !

{o) (b)

F1G. 36. (a) lustration of the extensive force of an assembly of m rods. (b) The extensive
force of the assembly as funétions of the charge density. When m tends to infinity, the
force becomes equivalent to the osmotic pressure of the phase of many parallel rods.

e

the extensive force (df/dv) means the osmotic pressure of this phase. The
quantity am/p, in the right-hand side of Eq. (192), means the average
concentration of counter ions. in_ this phase. Therefore, the remaining
factor (1 Q/2) or 1/2Q corresponds to the osmotic coefficient (or activity
coeflicient of counter jons). It is quite remarkable that these expressions
of the coefficient are just the same as those obtained for a simple solution
of charged rods in previous chapters. (See Eqs. (61) and (151)

As long as the proportional extension of the assembly as a whole is
concerned, Eq. (192) is always applicable for any arrangement of m rods,
This corresponds to the situation that the osmotic coefficient is almost
independent of the concentration of charged rods in the solution, as
discussed previously. )
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III. INTERACTION IN THE PRESENCE OF SALTS

The interaction between macroions having many charges is expected
to be screened by the addition of simple salt. At high concentration of salt
the repulsion between macroions of the same charge may be greatly
suppressed. Such an effect of salts on the interaction was now analyzed
by a method similar to that used in the above sections. The result showed
that the current understanding on the screening effect of salts must be
corrected (60). : _ :

Let us consider once again parallel rods in a large free volume. Even in
the presence of simple salt the electric free energy of this system must be a
function of the relative coordinates R/a and X/2a, because in this case also
the Poisson-Boltzmann equation can be expressed in the form of Eq. (180)
where 4 exp (— ¢) must be replaced by the summation X; 4, exp (—z;¢)
including counter ions and co-ions. Therefore, Eq. (183) is applicable.
The concentration ¢(R) denotes the total concentration of small ions
at the periphery R of the free volume. If the distance X is very much smaller
than R, it can be replaced by the concentration at R in a single rod system
of the same total charge. For the single rod system, the additivity law was
proved in Chapter 7. That is, the concentration of small ions at R in the
presence of simple salt is nearly equal to the sum of the counter ion con-
centration in the absence of simple salt and the average concentration
of added salt ions. In other words, the concentration difference ¢(R)~—
(c,+c,) is almost independent of the concentration of added salt. If the
rods are sufficiently thin and long, the extensive force of each rod is also
independent of the salt concentration as proved in Chapter 7. Conse-
quently, the repulsive force between rods given by Eq. (183) is not changed
by the addition of salt. Thus, it is concluded that under the restrictive
condition that if (a) the rods are sufficiently thin, (b) the ratios a/R and
X/R are sufficiently smaller than unity, and (c) the salt concentration is
not too high, the repulsive force between charged rods is not depressed
by the-addition of salt.

This strange resiilt, which is contrary to the current concept of the
screening effect of salt ions, is due to the special character of the integrated
coulomb potential around rodlike macroions that was essential for the
additivity law.

1t is instructive to_consider again the assembly of many charged rods
to understand the above result. The extensive force of the assembly in u
large free volume is just the osmotic pressure of the assembly phase. When
simple salts are added, the osmotic pressure against the salt solution can be
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calculated by employing the additivity law, as shown in Chapter 7,
Section IV. If the salt concentration is low, the decrease of the osmotic
pressure by the addition of salts is proportional to the salt concentration,
and _ .

(Offovy = — (nmfv)pkT+2c,kT ‘ - (193)

where v is the osmotic coefficient in the absence of salts given by the same
formula as Eq. (192). The quantity (nm/v)y is the concentration of counter
ions retained but mobile in the assembly’ phase and ¢, is the salt con-
centration in the outside phase. For a dense assembly of many rods,
(nmfv)y is large. From Eq. (193) we see that if the condition

nmyfn, » (X/R)* (194)

is satisfied, the effect of salt on the extensive force of the assembly is
negligible.

In the case of two rods, an analogous criterion can be stated as follows:
As long as the concentration of counter ions at the middle point of the
distance X between two rods is sufficiently larger than the average con-
centration of salt in the whole free volume, the depression of the repulsive
force by salt is negligibie.

When the salt concentration is high or when the distance X is large, the
extensive force is depressed by salt to an appreciable extent. In this case,
however, it is difficult to obtain an cxact expression of the force. For a
large distance X the concentration of small ions at the periphery can not
be approximated by that for the single rod system. The deviation becomes
appreciable when the ratio X/R becomes larger than 0.01 (62). Then, the
additivity of the concentration of small ions at the periphery or the
constancy. of ‘¢(R)—(c,+¢,) is not guaranteed in the presence of added
salts.

Another way to estimate the effect of salt an the interaction between
macroions may be achieved in the following manner. When macroions
in a solution arc uniformly distributed at an equal distance from neigh-
boring macroions, no repulsive or attractive forces act between them. If
(wo macroions approach, repulsion begins to appear. If this repulsion is
small, the fluctuation of the macroion concentration in the solution
becomes farge. The concentration fluctuation thus provides a measure of
the magnitude of the repulsive force between macroions.

Now, the concentration fluctuation is in general determined by the
derivative of the osmoltic pressure with respect to the concentration (63).
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For the fluctuation of the free volume per macroion, it is found that
o= <o) o> = (1m)(1/o(IV [kT)/0c,) (195)

In this formula the free volume per macroion is denoted by v, and the
average of v,, (v, is equal to V/N. In the presence of salt the osmotic
pressure IT” must be the pressure against the salt solution. By the use of the

result in Chapter 7, Section IV, the right-hand side of Eq. (195) can be
calculated. In the absence of sait -

<(”f"<!’f>)2>/<”f>2 = lfny (156)
The fluctuation of the macroion concentration is much smaller by the
factor 1/ny than that expected in the case of nonelectrolytic macromole-
cules, but it is’ larger than that expected in macroions interacting through
pure coulomb force without counter ions. The repulsion between macroions

is much stronger than that between noncharged macromolecules but is
weaker than direct cou/lomb force.

At low salt concentrations, from Eq. (156)

AT [kT)foc, = y,(1 —27;0% 0" /7, 7¢p") (197
The derivative decreases with the addition of salt and the fluctuation
consequently increases. The ratio y,oc,0/7,¢, determines the effect of salt
on the fluctuation and the increase of the fluctuation occurs according to
the square of this ratio. Therefore in the range of y,¢,/7,0¢50> 1, the fluctu-
ation is not greatly affected by the addition of salt. In other words, the
repulsion between macroions is not much depressed.

At sufficiently high salt concentrations the electric potential must be
small everywhere in the solution, so that the Debye~Hiicke! approximation
is available to solve the Poisson-Boltzmann equation. In this case the
interaction was analyzed. in details by Verwey and Overbeek (59). By the
use of the potential derived by them, the radial distribution function for
two macroions was also. calculated (64). At the infinitely high salt concen-
tration, the interaction 'vanishes and the right-hand side of Eq. (195)
tends to unity; a result corresponding to the case of non-electrolytic
macromolecules.

Finally it must be noticed that all of the above analyses were made
under the condition that the number of charged groups on the macroions
is kept constant, independently of the distance between them. However,
this is not always true in actual systems. For example, in the case of weak
polyacids at the intermediate degree of neutralization, the number of

charged groups may be decreased when two macroions approach at a
fixed value of pH.

—-— e e
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1V. ATTRACTIVE FORCE DUE TO THE COUNTER ToN FLUCTUATION

In the above theory the force between two macroions was calculated
for the average equilibrium distribution of counter ions. The counter ions,
however, are not fixed at the average distribution. On account of thermal
fluctuation, the distribution deviates from the average one. This fluctuation
gives rise to the transient dipole moment of the macroion as described in
Chapter 5. The cloud of counter ions around a rodlike macroion is momen-
tarily concentrated in some places and diluted in others, although on the
average it is uniform along the rod. When two macroions approach each
other, the fluctuation of the counter ion distribution around them is inter-
related. The fluctuation giving the lower interaction energy takes place
more frequently. This correlative behavior results in an attractive force
between the macroions, just as in the case of van-der Waals interaction
between atoms and molecules. The large polarizability of macroions
that was proved in the previous chapter suggests the existence of the large
attractive force as a consequence of the counter ion fluctuation.

For example, let us consider two rodlike macroions placed in parallel
at a distance X from cach other which is very much smaller than the length
| of the macroion, as shown in Fig. 37a. The average (equilibrium) density
of counter ions condensed on each macroion is denoted by n'/l. At a
certain time ¢ and position x along the rod, the density deviates from the
average by éc,(x). For the sake of simplicity, the charged groups on the
macroion are represented by a fixed uniform density »/l.

The additional interaction energy between two macroions due to the
counter jon fluctuation can be expressed approximately as

8 = (e02eo) § § 04 (x,) 3¢ (¥2)[Xy2 dXy dx, (198)

where x,, = [ X2 +(x, — x,)?]"/? is the distance between two points x; and
x, on the two macroions, respectively. The average of the product
S (x) dc .(x;)is not zero if the fluctuations on two macroions correlated
with each other. When e, (x,) is positive, ¢, (x;) becomes negative with
higher probability because of the lower energy. Calculation of the above
energy u, and its average may be performed by the same method as that
employed for calculation of polarizability in Chapter 5, Section 1l
where the fluctuation dc, was expanded in a Fourier series. Such calcu-
lation, however, is complicated and moreover, contrary to the: case of
spontaneous polarization of the macroion, in the case of interaction
between two macroions approaching closely, the fluctuation of counter
jons with the short wavelength is expected to make a large contribution.




Therefore, we try to estimate the average of 8*u by assuming that the
.+ higher-order correlation of fluctuations at three or more different points
" on two macroions can be neglected (60).

Under this assumption, the average of the interaction energy between

two points x; and x, is gdiven by A
. X' 2 N
—[Ben () By (xa) Dl et oo, T (199)

and the average of the total interaction energy is given’by the integration
of this energy with respect to the two points x, and x, along the two
macroions. ‘The average of dc.(x)* in (199) must be taken under the
“condition that there is no correlation between two macroions. When the
fluctuation dc,.(x) takes place at x ~x+dx, the excess interaction energy
among these counter ions is approximately given by

[(5c .+ (x) dx)2z%e 4 [eq dx)

where z is the valence of counter jons, if the fluctuation of counter ions

in different places has no correlation. The excess entropy is approximately
given by

k{bc, (x) dx)*/(n’ dx|l)
Therefore, by the same procedure as in Chapter 5, the mean square of
the fluctuation is
([8es(x) dx ) = n'(dx/Dj(1+n'z%e o [eok T1) (200)
Putting this into (199) and performing the integration, it is found that.
Oy = —=[(0'[m2 QP /(1 +(n'[m)z QY (I X kT (201)
The attractive force between two macroions due to this additional encrgy,
(0¢8%)[aX), is given by
’ X(@¢*up[0X) = [(n'Im2Z QI[N +(n' [ Q PUIXIKT  (202)
This expression gives only a rough estimation of the attractive force due to
the counter ion fluctuation, since the higher order correlation of fluctu-

ations which was neglécted in the above derivation may have appreciable

influences. However, some interesting facts can be deduced from
Eq. (202).

It was shown in the previous section that for sufficiently large values of

the charge density Q, the repulsive force between the macroions with the
average distribution of counter ions is given by

— X(3f]0X) = 2nkT[22*Q
= (l|22d")kT ()
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where d* =ey2/e,kT corresponds to an average distance between
charged groups at the critical condition for monovalent counter ion
condensation (about 7 A at room temperature in water). On the other hand,
the attractive force from Eq. (202) tends to (//X*)kT for sufficiently large
values of Q. Therefore, if X is smaller than z%d*, the attractive force
becomes predominant over the repulsive force, as shown in Fig. 376
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Fia. 37. (a) " Two parallel rodlike macroions along which bound counter ions fluctuate
with some correlation. (b) Comparison between the attractive force due 1o the counter
jon fluctuation af'/3.X(= ¢8%uf¢ X ) and the repulsive force between charges 2f/e X,

For monovalent counter ions z2d* is about 7 A and for divalent counter
jons it is about 28 A, and twe rods approaching closer than this distance
attract each other. Practically, it may be conctuded that attraction appears
between two rodlike macroions before their direct cantact only in the case of
polyvalent counter ions. it is to be noted also that with increasing charge
density the repulsive force ceases to increase, while the attractive
force continues to increase. That is, the effect of the attractive force
becomes important at high charge densities.
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The insolubilization of polyelectrolytes caused by the addition of a
small amount of polyvalent counter ions at high charge densities which was
-described in Chapter 6, Section 1V may be understood on the basis of the
above theoretical result. Under ordinary conditions strong repulsion acts
between macroions in solutior. The solution is characterized by a large
osmotic pressure and a small light-scattering intensity. The second virial
coefficient of the osmotic pressure is positive, owing to this repulsion. As a
consequence of this repulsion, macroions are highly soluble. However, they
can be precipitated by polyvalent salts. Binding of polyvalent counter ions
decreases the repulsion and introduces the attraction between macroions.
This attraction can be regarded as a result of the fluctuation of the counter
ion distribution, although microscopically this may be equivalent to the
formation of a kind of bridge formed by polyvalent counter ions locating
between charged groups of two macroions.

Anisotropic phases of tactoid or paracrystal formed by rodhkc macro-
ions can be treated from the viewpoint presented above (65). One of the
principal causes for the formation of such anisotropic phases is the
entropic effect of long rodlike macromolecules arranged in parallel (66).
However, the electric repulsion and attraction analyzed here both play
important roles, as suggested by the fact that the stability of the tactoid
phase of tobacco mosaic virus, for example, is changed by the pH and the

salt concentration (67). The ordinary van der Waals interaction may also

be important. It may be that parallel arrangement of actin and myosin
filaments in muscle is maintained as a result of a combination .of all
these interactions (68). Actually, it was found that long actin filaments
make paracrystals in the presence of divalent cations (69). The present
theory is also applicable to the effect of the ionic circumstances on the
separation of two strands of DNA (70).

H

Chapter 10

EXTENSIVE FORCE OF MACROIONS

I. EXTENSIVE FORCE OF SPHERICAL MACROIONS

If the macroion is a flexible chain in the random coil conformation,
the force to extend the macroion appears as a result of the electrical
interaction among charged groups and counter ions. As an example, let
us consider a macroion occupying a spherical volume v of radius a on the
average, Charged groups are assumed to be distributed uniformly in this
volume. Counter ions are distributed in and around this volume. The
equilibrium distribution is well described by the two-phase approximation,
Among n counter ions from each macroion, n’=n—n* counter ions are
bound in the“potential trough made by the macroion, and the apparent
charge of the macroion is equal to —n*e,. Most of the bound counter
ions are assumed to be mobile in the volume v. Other counter ions, the
number of which is n* per macroion, move outside the volume v.

The force to extend the macroion can be calculated by differentiating
the free energy of the system with respect to the volume v at constant
values of the charge or the number of counter ions n and the concentration
of macroions N/V in the solution. Although the number of bound counter
ions changes with the change of v, this need not be taken into considera-
tion in the differentiation because the number of bound ions is determined
by the minimum condition of the free energy. Then, with the two-phase
approximation, it. is found that the extensive force is composed of two

parts: One is equal to the extensive force of a sphere having charge
—n*e, and the other comes fram the asmatic nraccnrs af canntar inne
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The macroion tends to extend due to coulomb repulsion between
charged groups. This extensive force, expected to increase with increasing
number of charged groups, is decreased, however, by the binding of
counter ions. The origin of coulomb repulsion is the effective charge
remaining on the macroion. Since the energy of a sphere having an effective

charge —n*e, is given by (1/2)n*?e,?/eqa, the extensive force Fy due to the '

decrease of this electric energy is given by
FyJkT = (1]2)(n*?eo?[eokTa®)(daldv)

= (1/6)(n*?eq?[eok Ta)(1/v) (204)

Now, most of the bound counter ions are assumed to move freely in v.
These counter ions are the origin of an extensive force to increase the space
in which they can move (see Fig. 38a). This force F, resembles the osmotic
pressure of a solution. In other words, it is due to the pressure caused by
the solvent molecules forced to enter into the solution of counter ions in
the potential trough of v, where the concentration of counter ions is larger
than the outside of v. In the absence of simple salt, the pressure is given by
the differentiation of the entropy k(n—n*) In v+kn* In (¥V—~ANv) and is
proportional to the difference between the concentration of counter ions
inside and outside.

F/kT = (n—n*)fv—n*N[(V — Nv)
= [(1= P~ /(1= $)l(n/v)
= (1=7)(/o) |

The total extensive force is given by the sum of the two kinds of force:

F = Fy+F, = kT{(1/6)*P +(1—)}{(n/v)

(205)

(206)

The relation of these twa kinds of force to the concentration and the charge
of macroions is shown in Fig. 38b.

It was shown previously that in the spherical macroion the apparent
charge n* decreases with increasing concentration ¢. Therefore, the
electrical force, F,, decreases with increasing ¢. On the other hand, the
osmotic force, F,, is very small in extremely dilute solutions because the
counter ion concentrations both inside and outside of v are very small.
With increasing concentration, force F, increases because counter jons
begin to be bound in v. For very high concentrations, however, the counter
jon concentration outside increases and the concentration difference
decreases. Force F, consequently reaches a maximum value at an inter-
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Fia. 38. (@) The extensive force of a coiled macroion and a cylindrical macroion. {b)
The extensive force of spherical macroions with uniform charge densities, Fz(---) is
the osmotic force and F,+ Fy(—) is the total extensive force, (1): the charge density
P=7;(2): P=4;(3): P=2.5.(c) The extensive force of cylindrical macroions at various
charge densities Q, F, is the coulomb force of the effective charge and F; is the osmotic
force. The forces paraliel and perpendicular to the cylinder change with the charge
density in a similar way.
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mediate concentration of the macroion. This maximum is found at an
apparent volume concentration of about 0.4 (Fig. 38b). It corresponds to

the minimum in the osmotic coefficient described previously and graphic-

ally illustrated in Fig. 5a.
The ratio of the two kinds of force is given by

F\[F, = (1/6)p*P[(1~7) (207)

At extreme dilution this ratio is very large. With increasing concentration
the ratio decreases. At a constant concentration ¢, the value of f decreases
with increasing numbers of charged groups or increasing value of P and the
value of the above ratio is found to decrease. Summarizing these analysis,
the contribution of the osmotic pressure of counter ions bound in v exceeds
the contribution due to coulomb repulsion of the apparent charge when the

concentration or the charge of the macroion increases. Such situation has

been pointed out in several theories (71-73). ;

When the number of charged groups increases with v in such a way that
n is proportional to v or @, the value of P increases. Then the contribution
due to the osmotic pressure of counter ions becomes more predominant
for larger volumes of the macroion. In the limit, when a very large macroion

is in a solution of counter ions, its extensive force is wholly due to the
‘osmotic pressure.

The distinction between the coulomb force and the osmotic force has no’

absolute meaning. The osmotic force may be interpreted as being due to
the attractive forceexerted on charge groups by counter ions which are going
to escape to the outside of the macroion because of the entropy effect.

In the above derivation all bound counter ions are assumed to be
mobile. If some of them are localized at charged groups, the osmotic force
is decreased by the apparent activity coefficient y* of the bound counter
ions. The quantity (1—y) in F, must be replaced by y*(1—7)—y(1 —y*)¢.

Expression (206) is appficable only when extension of the macroion
occurs, keeping a spherical shape in which bound counter ions are uniformly
mobile. However, even when the macroion is in a more or less coiled
conformation, most of the counter ions are bound and mobile in the
cylindrical potential valley along the chain and the cylindrical or rodlike
model is more suitable than the spherical model, as has been repeatedly
emphasized. Then, the effective volume in which bound counter ions are
mobile does not increase very much with the extension of the coiled
macroion. Even in the coiled conformation the osmotic force estimated
from Eq. (205) is too large. This problem is discussed again in the next
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chapter. The above treatment, however, is useful for understanding the
origin of the extensive force of flexible macroions. :

‘II. EXTENSIVE FORCE OF CYLINDRICAL MACROIONS

In the cylindrical case, the extensive forces are diﬂ'efent along the long
axis, F and perpendicular to this axis, ;. Each forceixs composed of two
parts as before. One is due to the electrical repulsion of the effective
charge on the cylinder and the other is due to the osmotic pressure of
counter ions bound in the cylindrical volume of the macroions. The
former is given by the differentiation of the energy np*QIn (R_/a) by aor l,
and the latter by the differentiation of the entropy. The differentiation
is performed, keeping the free volume nlR? constant. .

In the absence of simple salt, the two parts of each force in the two
directions are given by, respectively,

Fyy = (n*%eo?[eokT)(1/akT = nB* Q(1/a)kT

Fyy = (n—n*)Q2Ja)kT = n(l—B)2/akT (208)
d _
" Fyy = nf* Q(1/D)(In (Rja)+ DKT
Fyy = n(1=B)(1/DKT

The force in the perpendicular direction, F, is equivalent to that derived
in the previous chapter, Egs. (143) and (146). For Q21,p0Qcanbe pgt
equal to unity at low concentrations of macroion. The sum and the ratio
of the two forces are given by

Fy=Fy+F
Fy = Fyy+Fy
Fiy[F3 = ﬂz or1-p -
FyylFay = B2 Q(=(1/2) In ¢ +2)/(1-P)

One of the important differences between the spherical l'nachion and .the
cylindrical one is in the force at extreme dilution. The cylindrical macroion
of high charges has counter ions condensed in its volume even at extreme
dilution. The contribution to the osmotic pressure of these ions must.bc
taken into account over the whole range of concentration. With increasing
number of charged groups on the macroion, the contribution of the osmotic
pressure becomes more important and the ratio of F, to F, decreases. The
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contribution of coulomb repulsion is predominant only when both the
charge density-and the concentration are low, as shown in Fig. 38c.

If the extension of the cylindrical macroion is performed at a constant
(apparent) volume nla?, the osmotic pressure does not contribute. In this
case, the force F* due to the repulsion of the effective charge is given by

F* = (1/2)np? Q1/I)(~In $kT = —u,/l (210)
For large values of Q at low concentrations of macroions -
F* = (1/2np( /) In ({/$KT 1)

If the concentration of macroions is very low and the length / is smaller
than the radius R of the free volume, the extensive force is given by

F* = (1/)np2 Q(1/D) In (J[a)kT - (212)

A more exact expression of the extensive force of rodlike macroions can
be obtained from analytical solution of the Poisson-Boltzmann equation
for this system. It should be noted that the final relation between the
stretching force at a constant volume F* and the electric internal energy
u, (Eq. 210) can be derived directly from the Poisson—Boltzmann equation
without resort to any approximations. From this equation and the
boundary conditions for the rodlike macroion, it is found that the
ratio eo@/kT is a function of r/a and R/a as spatial coordinates and of
n,eq>[eokT1 as charge densities, where n; denotes the number of charged
groups and small ions per macroion. The electric free energy f, has the form

f. = I(kT/eo)*G(R/a, neq*[eokT1) Q13)

As a function of the length / and the charge e,
J. = gle’ 1) (214)

By use of this expression forif, and relation (22) to relate f, and u,, it is
readily shown that the stretching force at constant volume is given by

F* = (9f[a1) = (8ffo]) = —u./l (215)

This relation is valid even when simple salt is added. Since for sufficiently
thin rods the effective charge n* is not changed by the addition of salt, the
stretching force at a constant volume is not appreciably changed by salt.

According to Egs. (208) and (210), the extensive force of cylindrical
macroions is proportional to n/{ or the energy per unit length. The force
is thus independent of the absolute length if the charge density is given.
The extensive force of local linear parts is equal to that of the total chain
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for the same total extension. In a fong chain the uniform extension of the
whole chain and the local extension of a part, the length of the other parts
remaining constant, give rise to approximately the same resistance if the
two extension modes result in an equivalent change of the total length.

[11. FORCE IN THE PRESENCE OF SALTS

Analysis of the effect of simple salt on the extensive force of macroions
is most easily achieved by applying the formula of the chemical potential
of macroions at different salt concentrations derived in Chapter 8 on the
basis of the additivity law. The extensive force is obtained by differ-
entiation of the chemical potential with respect to the conformation. By
introducing a parameter / to designate the conformation, the difference
of the chemical potential of the macroion at / is approximately given by

py(l, €)= (1, 0) = nkT(y,(D/y) In (1 + P5€s/75Cp) (216)

where the activity coefficient of counter ions y,(/) in the absence of salt is
a function of the conformation parameter /. The additivity law was assumed
to be applicable for a solution of macroions in which the conformation
fixed at /is presumed to be independent of the salt concentration. Thus, the
difference between the extensive forces in the absence and the presence of .
salt is given by :

i

F, = F(¢)-F(0)

nKT(@p,()fOD 7. (14 3,6507565) @

(Here, the activity coeflicient 7, contained in the logarithmic term must be
interpreted to be the average in the whole solution.) This result (Eq. 217)
can also be derived by direct differentiation of the total free energy
given by Eq. (164). )

The concentration of free counter ions usually increases with increasing
size or length of the macroion at a constant total number of charges,
Accordingly, the derivative (9y,/0/) is positive if the parameter / is taken
as a quanlity”that increases with size or length. The force given by Eq.
(217) is thus a contractile force. That is, the extensive force in the presence
of salt is smaller than it is in the absence of salt.

The magnitude of the eflcct of salt on the extensive force is determined
by the sensitivity of the activity coefficient of counter ions to the con-
formation (9y,/0l), and the ratio of the concentration of added salt to
the concentration of free counter ions from the macroion, y¢,/Y ¢,

]
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If the concentration of free counter jons is not sensitively changed by
the change of the conformation, the magnitude of the depression of the
extensive force by salt is also small. When the ratio VsCs/ V¢, is small, the
extensive force of the macroion decreases in proportion to the concen-
tration of added salt. When it is large, the extensive force decays logarith-
mically with the addition of salt. Even at fairly high concentrations of salt,
further addition of salt continues to have sizable effect on the extensive
force,

For example, let us consider a very thin rod of high charge density.
In this case Q =1 and (9y,/01) = B/I. Therefore, combining the result in
the previous section, we have the total extensive force

F=F1+F2+Fs ) \

= —nkT(B[DlIn (Rla)+ (1= BY/F~(1/3) In (1 +p,c7,¢)]
(218)

The total force is determined by the charge density n// and is independent
of the total length or the total charge. The first term comes from the resul-
tant coulomb repulsion and the second term comes from the osmotic
pressure of bound counter ions. When ¥, =0.25and y, = 1, the last term
is half of the second term at VsCs/Yp€p = 12. When ¢ = 1073 and P = l; the
last term is half of the first term at 756,756, = 10. The extensive force is
reduced by half at a salt concentration about ten times higher than the
original concentration of free counter jons. In this range of salt con-
centration the last term can be approximated by In yely,c,. .

Detailed analyses on the relation between the conformation and the
salt concentration will be made in the next chapter with the comparison
with experimental data on the viscosity.

IV. CONTRACTILE FORCE AND FLEx1BILITY

Linefir flexible macroions can take numerous different shapes or con-
formations on account of the freedom of internal rotation of bonds in the
chain. Each of these conformations has a different free energy, energy,
and entropy. Each microscopic conformation can be specified by a
sequence of the values of internal rotation angles of successive bonds in the
main chain and by the geometry of side chains. If the sequence has any
regular repetition, the conformation is helical, and if not, it is random coil.
The free energy of each microscopic conformation is the sum of the free
energies from various sources.
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The probability of each microscopic conformation i is proportional
to the factor exp(—f(i)/kT) where f(i) is the free energy of conformation i.
Let us define a conformation parameter / such as the end-to-end distance,
the radius of gyration, the apparent volume, and the axial ratio. A large
number of microscopic conformations i’s correspond to the same value of

(this parameter /. The probability of the conformation specified by assigning

a definite value to parameter / is proportional to

;‘)exp(-f(i)/kT) = exp (—/(D/KT) (219)

where all i states in the summation have the same value of ! and f(/)
denotes the free energy of ¢onformation /. The free energy due to the
variety of microscopic conformations belonging to / is called the con-
formational free energy f.(/). The standard free enegy f, and the electric
free energy f,(I) defined in the previous chapters are also contained in
J{) of Eq. (219).

It must be cautioned that separation of the total free energy into the
above parts is not always reasonable. For example, let us make the end-
to-end distance conformation parameter /. There are many extended and
contracted conformations along the chain that belong in this confor-
mational category /. An extended conformation has a lower electric free
energy than a contracted one. At high charge densities the macroion takes
the former conformation more frequently than the latter with the fixed
end-to-end distance. As.a consequence, each microscopic conformation
must have different statistical weights dependent on the electric free energy.
Therefore, the conformational free energy can not be calculated separately
from the electric free energy. Usually, however, such correlation between
the two free energies is not taken into consideration and the total free
energy is expressed as the sum of free energies separately obtained.

The most probable value of the conformation parameter /is determined
by the maximum of the factor (219) or the minimum of the free energy
JU). When the free energy f(I) is expressed as the sum Setfo+/f,, the
minimum is given by the condition

@fJohy+(af Joly = 0 (220)

which denotes the equality between the conformational contractile force
and -the electric extensive force.

Now, the contractile force can be estimated in the following way.
When bonds between monomers in the macroion can rotate freely, the
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contractile force F_ = df,/dl is easily calculated. If the end-to-end dlstance
his taken as the parameter, we have

himb = L(bF./kT) (221)

where L(x) is the Langevin function (coth x—1/x), m is the number of
monomers, and b is the length of the monomer; mb is consequently the
length of the fully stretched macroion. If the rotation of monomers in the
macroion is restricted to a certain extent, it is convenient to choose the
quantities m and b to represent the real chain as an equivalent chain
composed of freely rotatable monomers. At a fixed value of the product
mb, a small value of m and a large value of b mean the low local flexibility
of the chain, The inverse relation of Eq. (221) is written

bF[KT = L™"(hjmb) ()

When the end-to-end vector can take all directions three-dimensionally,
the term —2b/h must be added to the right-hand side of the above equation.
For small values of A :

F.JkT = 3h/mb*—2/h (223)

The most probable value of the square of the end-to-end distance of a
free chain, g, at F,=0is given by

= QPmb? (224)

The flexibility or the extensibility of the chain can be defined by the
derivative (0h/F,) which is calculable with the above equation. Statistical
thermodynamics shows that the mean end-to-end distance under thc
-external force F is given by

f hexp{~fAn)}kT+ F-h/kT)dh
§ exp{—/fAn)/kT+ F-hjkT} dh
Therefore, the magnitude Qf spontaneous thermal fluctuation of the end-to-

" end distance h is connected with the flexibility or extensibility by the
formula

<hy =

(225)

(8% = ((h—<h))?) = KT(3h/3F,) (226)

When the end-to-end distance 4 is not very much larger than the distance
hq in the free state, application of Eq. (223) shows that the mean square
of the relative fluctuation of 4 is given by

CORY[CHY? = (1/2)][(<hy/ho)? +1) (227)
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For example, in the free state (h = hg) the fluctuation is of the same order
of magnitude as the end-to-end distance itself. (See Fig. 39.) Such large

Q_

F16. 39. Fluctuation of the end-to-end distance of a linear chain-like macromolecule.

fluctuation is a characteristic property of linear macromolecules in the
random cotl conformation.

The above equation shows that the fluctuation of the end-to-end
distance under a constant external force is determined by the ratio
{h)[hy which compares the extension with the extension in the free state.
The relative fluctuation is independent of the total length and of the local
flexibility of the chain (specified by quantities m and b in Eq. (223)) which
determines the absolute value of the extension hy. It decreases with in-
creasing relative extension h/hy. For large values of A, fluctuation ¢(5h%)
is proportional to h,? as long as the chain is not stretched much. Notice
that Eq. (227) can be appllcd to estimate the relatlve fluctuation of the
end-to-end distance of a part of a long chain.

In the case of linear macroions the conformation fluctuation must also
be large. The endto-end distance of macroions is increased by the extensive
force arising from the electric interaction among ionized groups and small
ions. The wide applicability of the cylindrical model for ionic balance
described in the previous chapters suggests that this electric interaction
does not control the overall conformation of the macroion directly but
through the change in the flexibility or the local curvature of chain seg-
ments composed of a number of monomers. The extended conformation of
linear chainlike macroions with many ionized groups may be approxi-
mately equivalent to the conformation of macromolecules having small
local curvature or flexibility. They are extended but still in the random coil
conformation in the sense that the mean square of the end-to-end distance
is approximately . proportional to the total number of monomers (at
sufficiently large values of this number). If this model is an appropriate
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one, the conformation fluctuation of the extended macroions is expected
to be of the same order as its average conformation, according to Eq. (227).

Let us compare the magnitude of the contractive force derived above
with the extensive force (3f,/01). According to Eqs. (204) or (209), the ratio

FI/KT or Fa[kT is of the order of nf In (Rfa) or n(1—y). On the other hand,

the ratio F.-h/kT is of the order of h*/mb?. In the case of a contracted
random coil, the value of A2/mb? is of the order of unity. Therefore, if / or
a is taken as the same order as 4, the ratio of the extensive force to the
contractive force becomes of the order of nf. That is, the extensive force
becomes very much larger than the contractile force. Only in the almost
fully stretched conformation can the contractile force become comparable
to the extensive force. This comparison, however, is based on the cylindrical
model or the uniform spherical model being applied to the whole macro-
ion directly. For actual coiled macroions the cylindrical model must be
applied to their local parts and the extensive force of the whole macroion

becomes much smaller than estimated. This situation is discussed further
in the next chapter.

Chapter 11

CONFORMATIONAL CHANGE OF MACROIONS

1. EFFECT OF CONCENTRATIONS OF M ACROIONS AND SALTS ON
CONFORMATION

Linear flexible macroions extend with increase of the number of charged
groups and contract with increase of the concentration of macroions and
simple salts. The most probable conformation of macroions is determined
by the minimum condition of the free energy as a function of the con-
formation, or by a balance between the contractile force due to the con-
formational free energy and the extensive force due to the electric free
energy. Since the electric free energy is a function of the concentration of
macroions and salts, the extensive force changes with the change of these
concentrations. On the other hand, the differentiation of free energy with
respect to the concentration gives the chemical potential of the com-
ponent. Therefore, the change of the extensive force with concentration
must be related to the change of the chemical potential with confor-
mation. It is intended in this section to discover relationships between the
thermodynamic and conformational properties of macroions and to draw
a consistent picture of macroion behaviors in solution (74).

As in the previous chapters, let us consider a solution composed of
N macroions, n,N counter ions from macroions, n,N counter and co-ions
from salt, and nyN solvent molecules. The free energy of the solution is a
function of the number concentration of these components. When one
concentration changes, the most probable conformation /, changes in
accordance with the minimum condition for the free energy, i.e,

(@roly = 0. -
139
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Therefore, the relation between the change of concentration and
conformation is given by:

Ol fOx = '-(5/0X)(0f/51)/(52f/012)
= —(9/a1)(ofjox)|(@*fo1%) (228)

. where x designates the concentration or number of one of the four
components and the derivative (9f/dx) is the chemical potential of that
component. As discussed in the previous chapter, the second derivative
(0%f/01?) is related to the flexibility of the macroion or the mean square
of the thermal fluctuation of the conformation by

0101 = kT)KU—1,)*)) = KT[<81%) (229)

By applying Eq. (228) to the solvent and salt componéms, |
Olfong = —{81*Y(B(uo/kT)[0!l) (230)
OlnfOn, = —{8I*Y(0(u/kTHOl)y (231)

The eﬁ‘ect of macroion and salt concentration on ¢onformation can be
analyzed by these equations.

We assume the additivity law to be applicable for the solution of
macroions and salt; the chemical potentials ug and p, are expressed as

Ho = -kT(gpcp +gscs) (232)
Hy kTIn ())pcp+ ))s+cs)())s—cs) (233)

where ¢, =n,/ny.and ¢, =n,/ny. The first equation represents the addi-
tivity of the'osmotic pressure and the second represents that of the activity
of counter ions. The coefficients g, and y, are for the pure components,
being independent of the salt concentration. These coefficients are thus
considered to be functions only of the conformation of the macroion.
Consequently, when these expressions are combined with Eqs. (230) and
(231)

al, Joc,*
alJoc,

—<81*)(n,fe,)(g,/01) (234)
=B ) (1] (1,¢,+ 1:))(0Y,/01) (233)

The first equation gives the change of conformation associated with
increase of the concentration of macroions and counter jons from macro-
ions. Designation of the derivative (d/,/0n,) with an asterisk denotes that
the concentration of macroions is changed by the removal or the addition
of solvent; therefore, the concentration of simple salt, if present, is also

Hi
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changed by this procedure. The second equation gives the change of the
conformation associated with increase of the concentration of simple salt
at a constant concentration of macroions. Equation (235) can also be
derived directly from Eq. (209), which gives the extensive force in the
presence of salt.

The above equations show that the conformational change of macro-
ions is determined by three factors. One is the magnitude of the fluctuation
of the conformation or the flexibility of the macroion ({/?)). A large
fluctuation means that the conformation is easily changed by a change of
the medium condition. The second is the concentration of macroions (or
counter ions from macroions) and salt ions. At low concentrations the
conformational change is large. At the same total concentration of counter
ions a macroion having a large number of charged groups shows a large
conformational change. The third factor is the derivative of the activity
cozflicient of counter ions or the osmotic coeflicient with respect to the
conformation. If the activity coefficient change is sensitive to the con-
formation, the conformational change due to the concentration change of
macroions and salt ions becomes large. It must be remembered that
(9g,/¢l) and (0y,/0l) are derivatives obtained. in the absence of salt.

If parameter / represents extension of the macroion, the values of these
derivalives are positive because the number of free counter ions is usually
increased by extension of the macroion. Accordingly, Eqs. (234) and (235)
indicate that the macroion extends with decrease of the concentration of
macroion or salt.

The approximate integration of Eq. (234) and (235) can be carried out
in the following way. Exb’crimemally, it was found that in the absence of
simple salt, the osmotic coefficient and the activity coefficient of counter
ions are both almost constant over a wide range of macroion concen-
tration. The derivatives (Jg,/0l) and (9y,/01) are thus almost indepcndLht
of ¢,. The relative magnitude of the conformational fluctuation (Ketdy)
1, )1> also insensitive to ¢, and ¢,, Then, the variables / and ¢, Or cgin
Eqs. (234) and (235) can be separated and the integration gives the
relation between the conformation /, and the concentration ¢, Or ¢,
Moreover, if the derivatives (dIn g,/2nl) and (@Iny,/¢Inl) and the
relative fluctuation (<8/%)/1,?) are all independent of the conformation /,
the final result can be written as

Inly(c)*~=Inl(c,)* = —A4,(In c,—lIne,)* (236)

Ay = g, )/1?)(0 In g /0 In[) (237
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4; = n,,(vp/)’s)«t)”z>/12)(a Iny,/d1nl) (239)

The change of In /,, due to dilution by the addition of solvent is expected
to be proportional to the change of In ¢,. The change of In I, due to the
" addition of salt is expected to be proportional to the change of In ¢, at
high salt concentration.
If I is a parameter representing the overall extension of the macroion,
for example, the end-to-end distance and the radius of gyration, the change

of In/, should be approximately proportional to the change of the \O\M
logarithm of the viscosity per macroion. Experimental data on viscosity " ﬂﬁj‘::
obtained at different concentrations of macroion and salt are shown in S ~ O
Figs. 40a and b. The particular data that are presented were chosen because }ﬁ;

the discovery of the additivity law on the counter ion activity was made o 2 DN — — O

with the same solution (42). In the absence of simple salt, the logarithm o o3 o' 5.9
of the reduced viscosity is found to decrease in proportion to the logarithm ' 2 :

of the macroion concentration (Fig. 40c). Even in the presence of salt  {9/mi) x10

if the salt concentration is decreased in paralle! with the macroion con- {a)

centration, the same proportionality is found between In (reduced vis- as | : :

cosity) and In (macroion concentration). The proportionality constants ‘ ’

are equal in the absence and in the presence of salt (Fig. 40c), as is expected

from the theoretical result Eqs. (236) and (237). ‘
The relation between the reduced viscosity and the salt concentration ' 3.5+

is also found to be represented very well by Eq. (238) for a wide range of

10-9.970 x 1072 N HCI

o 11-5.394 x 107" ' .
macroion and salt concentration. In each curve of Fig. 404 the macroion 2 1249 ..
concentration was kept constant. At high salt concentrations, In (reduced &2 14-3.55 v ]
viscosity) decreases in proportion to In ¢;. Such a proportionality between &

viscosity and salt concentration was pointed out several years ago (75, 76), ‘ M
and the above analysis shows that this proportionality is observed at finite

concentrations of macroions. Its origin is the additivity behavior of thermo- "9 — o :i — —: — —
dynamic properties. The meaning of the gradient of the straight line in OO a o

Fig. 404 is made clear by Eq. (239). In this figure, when the straight line . sroo——c . o— 1

is extrapolated to low concentrations of salt, it crosses with the horizontal ) ) 0.25 0.50 0.75 1.00
line for the viscosity at zero salt concentration at the condition that ¢, tg/mi) x10?

¥:€5 = ¥,¢,. That is, the value of y,c, can be determined from the value of
the abscissa at this intercept. The value obtained in Fig. 40d is in very good
agreement with the result of independent measurements of the activity
of counter ions y,, in the same solutions, given in Fig. 29a (42).

(b)
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FiG. 40. (a) and (b) The relation between the reduced viscosity (4.,/c,) and the poly-
electrolyte (polysulfonic acid) concentration ¢, in the presence of various concentrations
of small ions (HC) (42). (¢) The relation between the logarithm of the reduced viscosity
llog (4;,/c,)] and“the logarithm of the polyelecirolyte concentration (log ¢,); (A) in the
absence of salts; (B) the polymer concentration was decreased by the addition of solvent
to the salt solution of the polymer in which the polymer concentration was 6.0 x 10~ * g/ml
and the salt concentration was 2.0 x 10?2 mole;liter. Theexperimental data were iranslated
from Figs. 40a and b (74). (d) The relation beiween the logarithm of the reduced viscosity
[log (nsp/c,)) and the logarithm of the salt conceniration (logc,)at constant concentrations
of polyelectrolytes. Experimental data expressed by O and @ werc translated from

"Figs. 40a and b. Polymer concentration; () 2.5x 10~ g/ml, and (@) 5x1072 g/ml.

The values of y,c, determined from intercepts A and B are about | x 10-3 mole and
5% 10™ * mole, in good agreement with the activity of hydrogen ions in Fig. 294 measured
separately at the above concentrations of polyelectrolytes (74).

The gradients of the straight lines in” Figs. 40c and « that illustrate
the relation between In (reduced viscosity) and In ¢, or In ¢, are found to be
comparable. That is, when we write

In ("’sp(cp)/cp *)

In (ng(edfe,) = —Ay" In ¢+ const (241)

—A,"lone,* +const (240)

the constants A4," and A4,’, which are determined from data of Fig. 40¢
and d, have almost the same value, 4, being a little smaller than
A" (4," =041 and 4,'=0.44). The expressions of 4, and A4, given in
Eqs. (237) and (239) indicate that 4,” and A," must be of the same order,

Such agreement between theory and experiment strongly suggests that
the approxin{é“tions employed in the derivation of Eqs. (236)-(239) are all
reasonable. '

Equation (238) can not be readily applied to the limit of zero concen-
tration of polyelectrolytes, However, since the additivity taw has been
experimentally found to be satisfied even at very low concentrations of
polyclectrolytes, it may be expected from Eq. (238) that the intrinsic
viscosity [n] also is approximately proportional to the —~A," power of the
concentration of simple salts: ‘

[n] o ¢ 4, (242)

Such expectation was realized in experimental data of Fig. 41 (75) where
4,=04 ~ 0,5, .
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FiG. 41, The relation between the intrinsic viscosity and the salt concentration in a
solution of sodium polyacrylate in the presence of various concentrations of NaBr;
translated from the original data in (75). ’

IL. EFFeCT OF THE CHARGE DENSITY ON THE CONFORMATION

The above method can be applied to analysis of the effect of the charge
density on the conformation of macroions. The number of charged groups
is changed by the addition of alkali or acid in the case of weak polyacids
or polybases, and the number of alkali or acid molecules added is taken as
the variable x in Eq. (219). Then

OlnfOny = —{81*Y(@(u,/kT)[01) (243)

In the case of a polyacid, the chemical potential 1, is composed of the
-chemical potential of alkali ion and that of hydroxyl ion. Hence the above
equation is rewritten as

0ln [ [0a = —(8I*)/I 2)n{ya[(lbf = 1)/kTYd Inl} (244)

The derivative in the right-hand side is approximately equal to the
derivative (01n(n'/v)/0In{), where n'/v denotes the concentration of
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usually decreases with extension of the macroion. Consequently, the
derivative is negative and the macroion extends with the addition of
alkali or with increase of the charge density, as shown in Fig. 42. The
magnitude of the conformational change is determined by the change
of the concentration of bound counter ions along the macroion with
extension. If the volume v for bound counter ions does not change
with the change of the overail conformation, the right-hand side of Eq.
(244) can be rewritten as —(<6/2)/1*)n(d In /3 In 1). From the two-phase
approximation we haye the approximate relation:

01In 1, /00 = ({OI*D/1*)n(y,/(I—-y,))0 In ¥,/0 Inl) (245)

This result can also be obtained from calculation of (0/ca)(of./o) by
using the expression for (9/,/d]) derived in Chapter 10.

By comparing Eq. (245) with Eq. (238) it is found that at low degrees
of neutralization the effect of alkali on the conformational change is
greater than that of neutral salts but that at high degrees of neutralization
the alkali effect is smaller than the salt effect.

The previous analysis showed that the activity coeflicient is a function of
the charge density Q along the chain of the macroion. The “length” |
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which appeared in Q is not always identical with the conformational
parameter [ that is used to designate the overall conformation in the
case of linear flexible macroions. However, the two /’s are closely related to
each other.

I11. CONFORMATION AND INTERACTION WITH COUNTER IONS -

It was shown in the previous sections of this chapter that the change
of counter ion activity or osmotic pressure with the conformational change
of macroions is the most important factor for determining the sensitivity
of conformation to the concentration of simple salt or macroion. If small
molecules having different affinities for macromolecules in different
conformations are added to the solution, the conformation exhibiting
the strongest affinity is made favourable. If the interaction is repulsive,
the conformation is shifted to accommodate weaker repulsion. As pointed
out before, the interaction. between macroions (with counter ions) and
simple salts as a whole is repulsive. The repulsion is stronger for macroions
having a higher concentration of free counter ions. Therefore, the increase
of the number of free counter jons with extension of the macroions
determines the magnitude of the conformational change by simple salts.

The experimental data in Fig. 37 show that the value of (0 In (reduced
viscosity)/d In ¢,)* or (9 In (reduced viscosity)/d In ¢) is about 0.4;
therefore, (2 1n 1,,/0 In ¢,)* or (9 In /,/d In ¢;) must be of the same order of
magnitude if /, is defined as the apparent overall volume of the macroion.
As mentioned in the preceding chapter, the fluctuation of the confor-
mation (3/2)/I? is not very much smaller than unity for macroions ina
random coil conformation. Thus it is deduced that the derivatives
(@lng,/oInl) and (Olny,/0In 1) are approximately equal to or not
very much larger than 1/n,g, and 1n,y,, respectively. In the case of lincar
macroions having many charges, n, is very much larger than unity and
g,and y, are of the ordeér of 0.1. Therefore, the above derivatives are very
much smaller than unity. The osmotic coefficient and the activity
coefficient must be insensitive to the overall conformation.

If the simple rod model or the uniform sphere model is directly applied
to the macroion, the aboye derivatives are approximately equal to unity.
Therefore, these models produce too large a conformational change with
the change of concentrations of macroions or salts, as discussed at the end
of Chapter 10. This is the reason why most theories on the conformational

“change of polyelectrolytes have failed to obtain quantitative agreement
with experimental data,
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Actually, the osmotic coefficient and the activity coefficient are found
to be almost constant over a wide range of the concentration of macroions
in spite of ‘the large conformational change indicated by the viscosity
change in this concentration range. This fact suggests again that thermo-
dynamic quantities such as the osmotic coefficient and the activity coeffi-
cient are determined by the interaction between small ions and parts of the
linear chain, while the viscosity is determined by the overall conformation
of the chain. This idea is also supported by the earlier result that the
vatue of these coefficients are well explained by applying the cylindrical
model to parts of the linear chain, even when the chain is in the coiled
conformation.

Apparently the conformation of these local parts of the chain does not
change markedly with the change of the overall conformation. For example,
the charge density along the chain remains almost constant. Consequently,
the equilibrium between bound and free counter ions is not strongly
influenced.

The above discussion does not mean that the osmotic coeflicient and the
activity coeficient are completely independent of the overall conformation.
If these coefficients were not changed at all with the overall conformation,
the conformational change with-the change of the concentrations of
macroions and salts could not take place. Actually the derivatives
(@Ing,/olnl) and (0In y,/01n{) can not be zero but must have small
positive values. The number of free counter ions must increase slowly with
extension of the conformation. A purely theoretical derivation of the value
of these derivatives is too difficult because of the complexity of this
problem. It is likely; however, that the electrical interaction determines
the local curvature of parts of macroions composed of many monomers,
the numbar of which is very much larger than unity but much smaller than
the total number of monomers in the macroion. Stretching of parts of the
macroion results in the extension of the overall conformation. Even when
each part is greatly stretched, the macroion as a whole is in the random
coil conformation and conformational fluctuation is still large. .

Now, the fact that overall conformation of macroions is changed by the
change of the charge density indicates coupling between fluctuations of
conformation and charge. This coupling may influence the property of
macroions. Such a situation can be understood in the following example.

Let us first consider a copolymer formed by the alternative arrangement
of two kinds of monomers, one of which has an acidic group and the other
no ionizable group. When fully neutralized by alkali, this copolymer has a
definite alternative arrangement of ionized and nonionized groups; that
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is, all of the solute macroions have the same structure. On the other hand,
consider a homopolymer which s composed of monomers with acidic
groups. When alkali is added to neutralize Just half of these groups, the
macroion formed can be regarded as a kind of copolymer with a varied
arrangement of ionized and nonionized groups. On the average, the number
of ionized groups is equal to the number of nonionized groups. At a fixed
uniform conformation, the electrical energy may be a minimum for the
alternative arrangement of these groups. However, the distribution of
ionized groups on each macroion s not fixed and the solution is a mixture
of copolymers having a fluctuating arrangement of ionized groups.

In the case of the first macroion, the distribution of jonized groups does
not change with the conformation. The extended macroion and the con-

tracted one have the same number of ionized groups, although the inter-
action of the groups with counter ions may depend on the conformation
so that the apparent charge changes with the conformation.

In the case of the second macroion, the distribution of jonized groups
" depends on the conformation. The extended macroion has a larger number
of ionized groups than the contracted one, as shown in Fig. 43. When an
extended macroion contracts to a certain extent, the electrical free energy
usually becomes higher. If the .number of ionized groups is allowed to
decrease with the contraction, this free energy increase is smaller than that
expected from the fixed number of jonized groups. Therefore, the con-
formational fluctuation is made larger by coupling with the charge
fluctuation. : :

Thus, the two kinds of macroion in the above example exhibit con-
formational fluctuation of different magnitude, even when the most
probable value of the conformation parameter is equal. Under the
condition that these macroions have the same total length and the same
intrinsic local flexibility, the half-neutralized homopolymer has a wider
variety of conformations than the fully neutralized copolymer. Therefore,
it is expected that the solution of the homopolymer shows a higher
viscosity than the solution of the copolymer.

1V. TRANSITION BETWEEN DISCRETE CONFORMATIONS

The transition between discrete conformations of macroions can be
treated by a method similar to the one described in the previous section.
Let us suppose a macroion can take two kinds of conformation, for
example, the helical and the random coil conformation. In these con-
formations the macroion has different free energies which depend on the
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charge density, the concentrations of salt and macroion, the tempa?rature,
the nature of the solvent, as well as on a number of other experimental
conditions. The macroion takes the conformation of the lower free energy.
Consider the case where the macroion undergoes the transition between
the two conformations with a change of the.solvent condition. At the
transition point the chemical potential of the macroion (with its counter
ions) in the two conformations a and b must be equal.

ﬂpa = I"pb (246)

Since the chemical potential is a function of the solvent condition, this
equation gives the solvent condition at the transition point. For example,

(b)

FI1G. 43. (4) The conformational fluctuation of a copolymer with a fixed allcrna}ing
arrangement of ionized groups. (b) The conformational fluctuation of a half-neutralized
homopolymer with variable arrangements of ionized groups.
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the relation between the transition temperature and the salt concentration
can be explored.

Le't us denote the transition temperature in the absence of salt as Tomo
and in the presence of salt of concentration ¢sas T,,. Then

ﬂpa(TmO: 0) = llpb(TmO ,0)

Hpo(Tys c)) = Tos ¢,
If we put polTms €) = (T, €) (247)
. and A”pj(cs) = Hpj(Tm) c:)—'”pj(Tm’ 0) (.l' aor b) (248)
Lab = _Tm[(a#pn/aT)_(a/‘pb/aT)] (249)
we have .
Akle) = Atp(e) = LAT,T, s

where the shift of the transition temperature by the addition of salt

{&T,,, =T y— T o is assumed to be small, and L,y denotes the heat absorbed

in the Fransition from conformation b to a. If the change of the chemical

potential of _the macroion with the addition of salt can be calculated, the

- above equation gives the relation between T,, and the salt concentration
5. '

A sx_mllar equation can be derived for the relation between T, and the
macroion concentration c,; namely,

Ap,e)—Ap,(c,) = L AT /T : ‘

wherc pa\tp pb p) ab m/ m (25])

Appf(ep) = p(Tms e) =, (Trs e,y (j:aorb) (252)

No»y, the addig’vity law is assumed to describe the activity and“lhe

osmotic pressure in a solution of macroions in conformation a and b.

The tr.ansxtxon‘poimt is defined as the region in which equal amounts of

macroion coexist in the two conformations. Then, the modified additivity
law can be employed in the following way:

and Hy = kT In (‘Ypacpa + ?pbcpb + )’scs)(Y.scs) (253)

Ho = _'kT(gpacpa +gpbcpb+gscs) (254)

where Vej and g,,(j: a or_b) are, respectively, the activity coefficient of
counter ions and the osmotic coefficient in the solution of macroions in
conformau‘on Jin the absence of salt and ¢, (J: a or b) is the concentration
of csn.m.tcr ions from macroions in conformation J. Such an extension of the
addu'wnty law to a mixture of macroions in different conformations is
considered to be reasonable, although it has not been directly confirmed
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by experiment. The chemical potential changes Ap,(c)) and Ap,(c,),
obtained according to the procedure used in the previous sections where
thermodynamiic relations expressed between derivatives of the chemical
potentials were employed, are given by

AI‘PI(CS) = ”ka()’“/)’s) ln (l + Yscs/)’pcp) (255)
and , _
A“PJ'(CP)* = anpgpj In (cp/cpl)* (256)

where y, is the mean of two activity coefficients y,; (at the transition point

Vpi = (Ypa+ 7ps)/2) and the asterisk denotes that if salt coexists, the con-

centration of macroion and salt is changed in the same way by the removal
or addition of solvent; in the derivation of Eq. (255) the derivative
(0 In y,;/0 In ¢,) was assumed to be very much smaller than unity.

Thus, we have the following relations to describe the shift of the
transition temperature with change of the salt or the macroion concen-
tration:

ATm = kTm2(np/Lab)[('an~ )’pb)/)’s] In (l + YSCS/)’FCP) (257)
and
A71m = kTmz(np/Lab)(gpa_gpb) In (Cp/cpl)* (258)

If L, is positive, in other words, if heat is absorbed in the transition from
b to a, the transition temperature T,, increases with increasing concen-
tration of salt ¢; when y,, is larger than y,, or when the number of free
counter ions is larger for the macroion in conformation a than in b. At
sufliciently high concentrations of salt the transition temperature is
expected to change in proportion to the logarithm of the salt concentration.

When-L s positive and g,, is larger than g, the transition tempera-
ture is decreased by the addition of solvent in proportion to the logarithm
of the macroion concentration.

A typical example of the transition of macroions between two discrete
conformations is the melting of deoxyribonucleic acid molecules (DNA).
With rising temperature they are transformed from the two-stranded helix
to the random coil. The transition temperature increases with the addition
of neutral salt. Even though dissociation of molecules is associated with the
transition in this case, the above theoretical treatment can be applied.

Experiments show that the transition temperature of DNA increases
approximately in proportion to the logarithm of the salt concentration
and that the gradient of the temperature increase defined by (dAT,/d
log, o ¢,) is about 20°C as shown in Fig. 44 (77, 78). The charge density
along the chain is larger in the helical conformation than in the random
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coil, so that the activity coefficient of counter.ions is lower in the helix
than in the random coil. Actually it is found experimentally that the
activity coefficient difference between the two conformations, y,,—7v,,,
where a denotes the random coil and b the helix, is between 0.25 and 0.30
(80). Theoretical estimates based on the two-phase approximation also
give approximately the same value for y,,—7v,,. The heat L, is positive
because the high temperature favors the random coil conformation. The
heat per monomer (L,/n,) is found experimentally to be of the order of
several kilocalories per mole. If we put y,,~7,,=025 and L,/n,=
5 kcal/mole, the gradient (dAT, /d log, , c,) that is calculated with Eq. (257)
is equal to about 20°C, a value which agrees well with the experimental
results. This agreement between experiment and theory is gratifying and
provides support for the assumption that the additivity law is applicable
for the expression of the activity of DNA molecules in the helical and
random coil conformation.

LIST OF SYMBOLS

a The (apparent) radius of a macroion.

b - The length of freely rotatable monomers.

cp = nN/V, the total number concentration of charged groups or counter ions.
Ca The number concentration of alkali.

c, The nustber concentration of the simple salt added.

c® The number concentration. of solvent molecules.

Cm The number concentration of charged groups of a macroion.

c, The number concentration of counter ions.

d ={[n, the average distance between neighboring ionized groups.

eo The electronic charge. ’ .
f The free energy of the solution per macroion.

fe Electric free energy of the solution per macroion.

& The osmotic coefficient.

£ The osmotic cocfficient of simple salt solutions.

& The osmotic coefficient of solutions of macroions with counter ions.
h The end-to-end distance of a macroion.

k The Boltzmann constant.

1 The length of a cylindrical macroion (or the conformation parameter).
m The number of freely rotatable monomers,

n The number of ionized groups on a macroion.

n = n—n*, the number of bound counler ions in a macroion.

n* = n—n’, the apparent number of charges of a macroion.

n Tha avial catin Al e a¥ A Al
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The internal energy of the solution per macroion.

The electric energy of the solution per macroion,

The (apparent) volume of a macroion.

Spatial coordinates.

‘The valence of counter ions.

= nN{V’, the normalization factor for the counter ion distribution.
‘The external electric field,

"The total free energy of the solution or the exfensive force of the macroion.
The association constant for localized binding of counter jons.

The latent heat at the conformation transition,

The total number of macroions.

=neyleckTa, a nondimensional quantity giving a measure of the electric
potential energy in a spherical macroion.

=eo*/2ok Td, a nondimensional quantity giving a measure of the electrical poten-
tial energy at a cylindrical macroion, '
The radius of the free volume for a macroion,

The absolute temperature.

‘The total volume of the solution.

=N{ynexp (—eow/kT)dv, the normalized volume.

The degree of neutralization (or the bolarizabilily in Chapier 5)
n*/n, the (apparent) degree of dissociation of counter ions.

The activity coefficient of counter ions.

The activity coefficient of simple salt jons added.

The activity coefficient of counter ions from macroions.

The displacement of the counter ion atmosphere of a macroion,
The dielectric constant of the solution.

The dielectric constant of the solvent (water).

Specific viscosity. .

Intrinsic viscosity,

The frictional constant for a counter jon.

The frequency of alternating electric field.

The refaxation time of the polarization of counter ions,

The electrical conductivity,

Dipole moment of a macroion with counter ions,

The chemical potential of counter jons.

The standard chemical potential of counter jons.

The chemical potential of the simple salt added.

The chemical potential of macroions with counter jons,

The charge density of counter jons.

The charge density of charged groups of a macroion.

= Nv/V, the (apparent) volume concentration of macroions, (or = eoy/kT).
The electric potential,

The electric potential difference between bound counter ions and free counter
ions, .

= {(4neo*/eokT) (n/)}¥2, the radius of ionic atmospheres around ionized -

groups in a macroion,

The degree of deviation from neutralization,
Laplacian,

1.
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SUBJECT INDEX

Additivity law, salts, low molecular,
87-95

Binding, of counter ions, 71-86
localized, 71-73

Characterization, 1-2
Charge density, conformational change of
macroions, 143-147
Chemical potential, macroions, 103-106
Concentration, conformational change of
macroions, 139-143
Condensation, of counter-iens, 23-25
Conformation, charge density, effect,
143-147
concentrations, effect, 139-143
counter ions, interaction with, 147-150
discrete, transitions, 150-155
Contractile force, of macroions, 134-138
Counter ions, binding, 7t ff.
bound and free, equilibrium between,
13-14
condensation, 23-25
conformation of macroions and inter-
action with, 147-150
distribution, 51-55, 58-62
fluctuation, attractive force due to,
123-126
size, 46-50
valence, 41-46

159

Electrical potential, fundamental equa-
tions, 27 f.
macroions, 9-12, 110-111
macroions, cylindrical, 3640
Equilibrium, counter ions, bound and free,
13-14
hydrogen ion, 75, 106-109
Fxtensive force, macroions, cylindrical,
131-133
macroions, spherical, 127-131
salts, effect, 133~164

Flexibility, 134
Free energy, 27 ff.

Hydration, counter ions, 80
macroions, 75-80
Hydrogen ion, equilibrium in, 75, 106-109

Macroions, chemical potential, 103-106
conformational change, 139 ff,
contractile force, 134-138
cylindrical, 17-23, 36-40, 113-126, 131-
133

electrical potential around, 9-12, 27 ff,
110-111

extensive force, 127-138

hydration, 75-80

interaction between, 113 ff,



Macroions—continued
model, 5-8
shape and polarizability, 55-58
spherical, 14-17, 127-131

Osmotic pressure, against sali solutions,
97-101

Polarizability, 31 f.
ion distribution, 51-55
macroion shape, 55-58
Potential, chemical. See Chemical poten-
tial
Potential, electrical, See Electrical poten-
“tial

160

Relaxation, of counter ion distribution,
62-70

Salts, conformational change of macro-
ions, eflcct, 139 1T,
extensive force of macroions, eflect,
133-134
interaction between macroions, effect,
120122
low molecular, additivity law, 87-88,
95-97
Size, of counter jons, 46-50
Structure, chemical, 3-5

Valence, of counter ions, 41-46




