
December 12, 2013 12:41 PSP Book - 9in x 6in 01-ch01

Chapter 1

Surprising Challenges

V. Adrian Parsegian
Department of Physics, University of Massachusetts, Amherst 01003, USA
parsegian@physics.umass.edu

I have been asked to write a scientific reminiscence of my

experiences for the book Electrostatics of Soft and Disordered Matter
The fashionable emphasis on “soft” is relatively new. We want to

think “new” although many of the important unsolved or avoided

questions are old. If anything, during the years since I random-

walked into this business in the early 1960s, there has been a

continuing tension between enduring theory that rests on dubious

assumptions and experiment that gives unpalatable information.

That tension probably goes back to the old joke that Debye–

Huckel theory works only for poorly distilled water. The worries

about theory are still part of proper training, but they have been

pushed aside in the rush to compute and to publish. I will not

dwell on this part, but it is a dominant feature of how people work.

Where the theory has been surprisingly correct—up to a point—is

in colloid and macromolecular systems where, surprisingly at first,

the theory is more reliable despite the greater number of variables

that come into simple salt solutions. When there is a massive amount

of fixed charge on a large surface, there is necessarily a comparably

massive amount of net countercharge nearby. The repulsion keeps
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the fluctuations down so mean-field thinking is okay—or at least we

hope that it is.

The big change has been, of course, the ability to solve equations

by computer. The shift has been from worrying whether the theory

works to learning how to solve its equations numerically or, better, to

simulate solutions with various simplifying assumptions suggested

by theory. It’s exciting and, if one ignores reasonable worries and

ignores conflicting data, it has become quite a respectable enterprise

in colloid science and biophysics Many of the old worries have

simply been forgotten.

I wish I could tell you that I had a serious purpose in working in

this subject, but the truth is that I was lucky to meet good people

who continually brought my attention to unexpected ideas, projects,

and collaborations.

Like most people I first heard of double layer theory in a

chemistry course, physical chemistry at Harvard in my particular

case. There was the derivation of the Debye–Huckel theory, and

that was it. A couple of years earlier, in college, I had heard a talk

by Aharon Katchalsky visiting from the Weizmann Institute. That’s

when I had my first glimpse of a polyelectrolyte. The talk struck me

for his ability to emphasize words in a way that made one think

about a concept. When he said of a polyelectrolyte that its ionic

movements could confer the property of an “electric quadrupole,”

the idea of ionic fluctuation stuck with me forever.

A few years later, when I was in graduate school at Harvard,

Katchalsky came to give a course on the thermodynamics of

irreversible processes. This time, like so many people, I was

entranced by the man and, given his powers of persuasion, by the

subject as well. I was not very happy at Harvard, but this subject

appealed to me. Wanting to do something more in thermodynamics,

I asked to do my PhD research with Irwin Oppenheim at MIT down

the street. There was no one at Harvard at that time doing much

on biophysics and thermodynamics. The PhD program chairman,

Arthur Solomon summarily denied my request with, “We are not a

prep school for MIT.” But then he surprised me by offering me the

chance to do my PhD work at the Weizmann Institute. Apparently a

visiting professor at Harvard was “Harvard and not-MIT” enough.
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I took the chance to leave for the Weizmann Institute, was treated

as a more advanced student than I really was, and found I could talk

with all kinds of people.

Going to Weizmann was the best thing that I ever did at Harvard.

But I digress.

I was “assigned” to work with the remarkable Shneior Lifson. He

had been on a kibbutz until his late twenties when he met Katchalsky

who offered him some work on polyelectrolytes at the Institute.

Shneior went on to be a stunning scientist and Scientific Manager

of the Institute. He told me that when Katchalsky made him the

offer, he had only two questions. “Will there be a job also for Hanna

[his kibbutz math-teacher wife]?” and “What is a polyelectrolyte?”

Between Aharon and Shneior and the large group with them in the

Institute’s Polymer Department, the romance with double layers and

electrostatics began.

My thesis using double layer theory was on the stability of fatty

acid soaps in the salt-free limit where, we tell ourselves, the theory

is more reliable. To get me going, I was told to read Verwey and

Overbeek’s “Theory of the stability of lyophobic colloids.” I started

to play with double layer theory, embarrassed myself once or twice

thinking I had discovered something that turned out to have been

known for decades, then managed to do some work that Katchalsky

announced in a lecture was a major step in double layer theory.

That was another unexpected connection. A physician at the Tel

Hashomer Hospital Moshe Wolman had asked a question about

charged surfaces. Aharon sent me to talk with him. I solved it as favor

for Moshe, showed the solution to Aharon and Shneior but I didn’t

even think to publish it until many years later when I was working

with Barry Ninham and we needed it for something or other. Barry

did some of his neat math to put it in more elegant form, and that

became our paper on “charge regulation” in double layers.

I finished my thesis, spent obligatory residence time at Harvard

in order to get my PhD in May 1965. Then, after a few months at

Stanford, I went to MIT in September to work with Irwin Oppenheim

as I had wanted to do before. It turned out that Irwin was soon going

on sabbatical in Amsterdam. Theo Overbeek was then a visiting

professor at MIT. I went to see him, told him of reading his work and

my possibly going to Holland. He immediately encouraged a visit to
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his Utrecht University lab, and said he would introduce me to people

at Utrecht as well as write to Verwey who was head of the Philips

lab, at the Gloeilampenfabriken (glow-lamp factory) in Eindhoven,

the Netherlands. Overbeek assured me that Verwey would invite

me. He also expressed the commonly held opinion that we did not

know enough of the absorption spectra to make good calculations

of fluctuation forces. Nevertheless, he encouraged me every way he

could, and sent letters to Verwey to receive me.

Life got crazy good. I was even invited to present my thesis work

at a meeting in Paris where I actually first met Verwey and several of

his colloidal confreres before the actual Eindhoven visit.

During this time in Amsterdam, Irwin told me that his friend in

Utrecht, Nico van Kampen had just done a simplified version of the

Lifshitz theory of van der Waals forces. I went to see Nico who sat

me down and showed me everything he had done. The new way

was so easy that it would be possible to generalize the original

Lifshitz result, a product of arduous argumentation. Van Kampen

and his two coauthors, Nijboer and Schram, not only walked me

through the derivation but also suggested how to generalize the

result. That conversation informed the next few years of the work

with Barry Ninham, who came to our NIH lab in 1968, as we worked

to compute forces as well as to create more appropriate formulae

that used the strengths for the Lifshitz approach to electrodynamic

charge-fluctuation forces. The paradox for me was that the Dutch

people studying colloidal systems were still using the earlier theory

in their own research. No matter. The big thing was their remarkable

generosity that for me became a lifetime benchmark of good

scientific behavior.

Barry describes our happy time together as our “high moment”

a best-of-times period. I described it as “mental leap frog” with each

of us jumping over the part he did better, thus adding our strengths,

compensating our weaknesses, and jumping over the hurdles in

math, physics, material properties, etc. in a liberating walk. I had

spent a year reading Landau and Lifshitz for an hour each morning.

Barry had been teaching math and he particularly loved transforms.

It added up because each of us understood enough of the other’s

expertise to learn and to build together.
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When one stops to think about “electrostatic”, it is used in many

ways. Charges in vacuum or in ideal dielectric materials set up fields

that mediate interactions. When those fields are so strong that they

reorganize the medium beyond the weak-field limit, the restructur-

ing of the medium becomes important. We think of charges being

hydrated in ways that reflect the structure of the medium and of

the source charges. Does “electrostatic” suffice then, or should we be

thinking of solvent structure in more specific ways than continuum

dielectric? Probably the biggest mistake I ever made, published in

a 1967 Science paper was to treat the repulsion between surfaces

covered with zwitterions as an electrostatic double layer interaction.

There was plenty of electrostatic interaction going on, but the

charges were not able to move as in a double layer of fixed charge

plus counterions, and the electric fields were far too strong to

let us think of the medium as a simple dielectric. A few years

later, Peter Rand and I measured the forces between zwitterionic

phosphatidylcholine bilayers in distilled distille, and we realized

that the interactions could not be simple double layer forces, and

that they were in fact connected with surface hydration, which can

mean many things and were a general feature of interactions at

distances less than the order of a nanometer. We can call these

“electrostatic” in the sense that charge is the initial cause, but

the perturbation of the solvent seems more the issue. Similar

forces are measured between surfaces of zwitterions as are seen if

these zwitterions are cut to create surface charge plus counterions.

Solvation forces are partly electrostatic, but the structure of the

solvent shows up as a theme in the exponential decay of forces

between many kinds of surfaces, charge-plus-counterion or net-

neutral with bound counterion. Huge differences in magnitude are

seen with different surface chemistry, but the decay of repulsive

solvation forces with distance is stubbornly exponential with decay

rates that do not resemble what is predicted by double layer theory.

Even the measurements with Peter Rand were a bit of an

accident. David Gingell and I had been thinking how a solution,

which would have different dielectric properties than a pure solvent,

would in fact be a different medium that would modify charge

fluctuation forces from those in water. We asked Peter if he could

measure separations between lipid bilayers, held in a multilayer
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stack by attractive van der Waals forces, when the water solution

included sugars. The spacings with added glucose or sucrose more

or less confirmed the expectation of measured forces, a progressive

weakening and then strengthening of attraction as sugar was

added. But Peter was on sabbatical in France. His graduate student

Denis Leneveu thought to add another sugar, Dextran, to see what

happened. The bilayers only moved together. This stumped us Why

would the multilayers not swell then shrink as they did with small

sugars? An NIH colleague, Bill Hagins, said disgustedly, “All you are

doing is putting osmotic pressure from excluded large molecules.”

It was a downer for me for about five minutes until I realized that

if we knew the osmotic pressure of Dextran we knew the force

pushing the bilayers together. We could then add spacings from X-ray

scattering and measure force–distance curves. I ran the rest the way

from Bill’s building to mine and called Peter, back from France, “Do

you have an osmometer?” The first papers on exponential hydration

forces came out not long after [1, 2].

Contrary to our formally good understanding of van der Waals

and electrostatic forces, we are still far short of good explanations

(or even correct language) for these “hydration forces” despite the

number of places they have been measured, even to the extent that

they are now understood to be the principal form of interaction

between closely approaching soft and at least partly disorderly

surfaces. The general ∼3Å exponential forms hold out to separations

of a couple of nanometers, but the measured coefficients of strength

of interaction vary widely. Geometry seems to be a secondary

factor. With simple correction for curvature, forces between double-

helical DNA molecules scale remarkably well with those between

phospholipids of similar ionic composition. Disorder must be

playing a role. Hard surfaces are different. Oscillatory forces are seen

there but not between soft surfaces. Melted chain phospholipids

show much stronger repulsion than those with frozen chains. The

apparent hydration plays on many features of the structure.

Not only are these forces hard to describe beyond the simplest

language of order-parameter theory [3], we do not bring in enough

of the personalities of the solvent-perturbing bodies. Ions are not

just charges: they have polarizabilities that likely act in the steep

gradients of molecules distributed near surfaces [Ninham ions].
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Ions are not just spherical bits of metallic charges as they were

imagined in the earliest theory of self-energies. A positive ion is

the result of emptying an electronic orbital. At close range the

negative lone electron pair of a water molecule has an affinity for

that empty orbital. It’s a real place and puts a real condition on

how the water can sit around the ion. There is all the more need to

look at structure closeup. What I mention here is very well known.

What is remarkable to me is that it is so conveniently ignored much

of the time, much as measured hydration forces are ignored when

discussing the interaction of charged surfaces.

Reading the early literature, I am struck by how much more

flexible the thinking was in the 1930s and 1940s when bold and

brilliant people were feeling their way, when the big ideas were

being doubted and developed. Part of this is normal science—

staying with old ideas as long as possible, a practice facilitated

by focus on computation. Part of this is that good reliable

measurements at short distance are relatively recent.

Many years ago I heard a story about Hamaker, that his kid came

in and asked if he were related to the 1937 Hamaker mentioned

in a lecture on colloids, to which the reportedly incredulous father

replied, “Are they still using that?”

Of course, the more heroic story and lesson is the good example

of taking time to think: Verwey and Overbeek working secretly

on their part of the Derjaguin–Landau–Verwey–Overbeek (DLVO)

theory during WWII. It was probably not as romantic as it sounds

decades later, they worked on what they wanted to understand and

pretended to do something else as the Nazi guards used to come

around to see what was going on. They were waiting for the war

to end, as they had no opportunity to write papers to share their

research. Fortunately, they were writing it out as a coherent book

[4]. (Verwey told me about it in 1967. It deserves a movie.)

Today, there seems to be the beginning of new optimism about

the ability to distinguish models. When do we include structure?

When do we ignore entire classes of interaction? Still, I am in search

of measurement strategies that will distinguish different models as

well as of models would bring in real experimental detail.

There are so many models, and still not enough measurements to

distinguish them. What I conclude from the good thinking presented
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in this book is that we are in a position to think more critically than

before. I hope we live up to the boldness of the people who started

this subject, taking the time to think about the models we reflexively

apply, and to look boldly at data that are frequently ignored.

The other big lesson for me is also personal, not scientific. I have

made many friends during these random walks and bumps against

unexpected reality. The good feelings that are evident through this

book here promise more good learning. I hope there will be more

happy stories a few years from now. I hope that we will understand

“electrostatics”, “hydration”, “steric”, “dispersion”, and so on much

better than we do now.
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Chapter 2
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2.1 Introduction

Field theoretic approaches have been particularly useful in studying

colloidal and biological systems, in which long-range electrostatic

interactions are important. For weakly coupled systems, the

field theoretic methods reduce to the commonly known Poisson-

Boltzmann (PB) theory [Chapman (1913); Gouy (1910)], which

has been shown to be very accurate for these systems and has

been used with great success to understand and solve numerous

problems in soft matter. However, in recent decades, focus has

turned toward strongly coupled systems, where highly charged

surfaces or multivalent counterions introduce strong correlations,

that cannot be treated by a mean field theory or approaches in which
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the fluctuations are assumed to be weak (e.g., loop expansions).

These correlations are important in many systems [Levin (2002);

Naji et al. (2005); Messina (2009)] and can lead to many effects that

cannot be explained by the PB theory, such as attraction between

like-charged surfaces.

This work reviews a general field theoretic method to describe

the behavior of systems interacting with electrostatics. This ap-

proach allows approximations that yield fairly accurate predictions,

from the weak coupling regime, in which mean field theories work

well, to the strong coupling regime, as well as in between. In

addition, these approximations can, in principle, be systematically

improved. The method provides a single, unified theoretical ap-

proach that is applicable to systems of arbitrary geometries and

particles with general shapes and charge distributions. The method

is, in general, in good agreement with Monte Carlo simulations, may

be systematically improved, and is mathematically similar to the

Poisson-Boltzmann theory.

In the next section, we present this general theoretical frame-

work, introducing physical motivation and mathematical details.

Then, in the Section 2.3, we discuss the application of the theory

to various systems. Finally, the main aspects of the theory are

summarized in Section 2.4.

2.2 Basic Formalism

In this work, we consider a system of mobile particles with an

extended charge distribution that are immersed in a spatially

varying continuum dielectric ε(r). The charge density of a particle

of type α that is located at the origin and is in an orientation � is

Qα(r, �). In addition, there may also be a fixed background charge

�(r).

The total electrostatic energy of the system is

Eelec = 1

2

∫
drdr′Q(r)G0(r, r′)Q(r′) (2.1)

where G0 is the Green’s function of the Poisson equation

− 1

4π
∇ · [ε(r)∇G0(r, r′)] = δd(r − r′), (2.2)
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and Q(r) is the total charge density of the system

Q(r) =
∑
α, k

Qα(Rα, k, �α, k) + �(r), (2.3)

where Rα, k and �α, k are the position and orientation, respectively,

of the kth particle of type α. Physically, G0(r, r′) is the electrostatic

potential at a position r due to a unit point charge located at r′; it

dictates how the electrostatic potential emanates from a charge.

Formally, the grand partition function of this system can be

written exactly as an integral over all the positions and orientations

of the particles in the system [Hansen and McDonald (2006)];

however, the direct evaluation of the resulting integral is intractable

for most systems. Liquid state approaches to evaluating the partition

function (e.g., hypernetted chain theory) focus on the particles in

the system and how to develop approximations for correlations

between them. These approaches work well in capturing the short-

range correlations and fluctuations that occur in the system.

Another perspective is to use a field theoretic approach. In this

case, the focus is no longer on the particles in the system but rather

on collective modes, such as the density or an effective one-body

interaction potential generated by the particles. Mathematically,

this is done by representing the grand partition function as a

functional integral over an interaction field through the use of

the Hubbard–Stratonovich transformation [Stratonovich (1957);

Hubbard (1959)]. In the case of our system of charged particles, the

grand partition function Z G becomes

Z G[γ , �] =
〈

Z ref
G [γ − qiψ] exp

[
−

∫
dr�(r)iψ(r)

]〉
0

(2.4)

where ψ(r) is a Gaussian random field with mean zero and a

spatial correlation of βG0(r, r′) (where β = 1/(kB T ), kB is the

Boltzmann constant, and T is the absolute temperature), the

angle brackets denote the average with respect to ψ , and Z ref
G is

the grand partition function of the system without electrostatic

interactions. The partition function of a system with electrostatic

interactions is the same as the partition function of the same system

without electrostatic interactions, but with the particles coupled to

a randomly fluctuating Gaussian field with a covariance given by the

Green’s function of the Poisson equation.
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This transformation is formally exact, but the resulting functional

integral is just as intractable as the original, particle-based partition

function. Several different approximation schemes have been

developed to evaluate this functional integral, including the mean-

field approximation, loop expansions, and variational methods.

These approximation schemes are better able to handle the long

wavelength correlations that occur in the system.

Neither the particle-based theories nor the functional integral

formulations lead to a theory that works well when the system

contains highly charged particles (e.g., colloidal particles). For these

systems, fluctuations at both short and long wavelengths become

important. At short length scales, oppositely charged particles

interact strongly with each other, forming bound objects, whereas

at large length scales, these composite objects screen and interact

through effective electrostatic forces. To describe these systems,

very successful ad hoc approaches have been developed, such as

the strong coupling expansion [Shklovskii (1999); Moreira and

Netz (2000)] and dressed colloid theories [Colla and Levin (2010);

Lu and Denton (2010)], in which the charge of the colloids is

renormalized due to counterion binding. However, we are interested

in developing an approach in which this binding arises naturally

from the theory, without explicitly putting it into the theory. This is

important when the electrostatic interaction leads to binding and

aggregation over multiple length scales (e.g., binding of counterions

onto charged rods that can themselves bundle to form larger objects

that organize).

2.2.1 Splitting

Particle-based approaches work well for describing short wave-

length correlations, whereas field theory based approaches work

well for long wavelength correlations. The idea behind our ap-

proximation scheme is to divide the fluctuations of the system

into short and long wavelength contributions and to treat each of

these contributions in an appropriate approximation [Hatlo and Lue

(2009, 2010)].

To achieve this, the Green’s function is divided as G0 = Gs + Gl,

where Gl = PG0, Gs = (1 − P)G0, and P is an operator that projects
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out the long wavelength components of a function. The precise form

of P is fairly arbitrary, but in most of our work, we use P = [1 −
σ 2∇2 + σ 4∇4]−1, where σ is the splitting parameter and is a length

that separates short and long wavelength phenomena.

The Hubbard–Stratonovich transformation is performed sepa-

rately for both Gs and Gl, which leads to functional integrals over the

associated random fields ψs (correlated at short wavelengths) and

ψl (correlated at long wavelengths). The averages over these fields

are performed using different approximations, which are described

in the next sections.

2.2.2 Short Wavelength Field

The short wavelength field ψs is strongly fluctuating, and we

approximate averages over it using a truncated cumulant expansion.

The resulting expression becomes equivalent to a virial series in

which the particles interact with an effective one-body potential

uα(R, �) =
∑

α

∫
dr Qα(r − R, �)�(r)

+
∑

α

β

2

∫
drdr′ Qα(r − R, �)�G0(r, r′)Qα(r′ − R, �)

−
∑

α

β

2

∫
drdr′ Qα(r − R, �)Gl(r, r′)Qα(r′ − R, �)

(2.5)

and a two-body potential, given by the short wavelength contribu-

tion of the electrostatics

vαα′ (R, �, R′, �′) =
∫

drdr′ Qα(r − R, �)Gs(r, r′)Qα′ (r′ − R′, �′),

as well as other nonelectrostatic interactions present in the system.

2.2.3 Long-wavelength Field

A single configuration of the long-wavelength field, which is slowly

varying in space, is expected to dominate the contributions to the

partition function. Configurations that deviate substantially from

this main configuration are not expected to make a significant

contribution. The contribution of fluctuations is weak.
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To approximate this, we use a variational perturbation approxi-

mation [Kleinert (1995); Curtis and Lue (2005)], where fluctuations

in ψl are evaluated with respect to a Gaussian distribution with mean

ψ̄l and a covariance βGK(r, r′), a renormalized Green’s function,

defined through G−1
K (r, r′) = G−1

0 (r, r′) + K(r, r′). Physically, K is

a screening function that describes the influence of mobile charges,

and GK describes the propagation of the electric potential under the

influence of these charges. A cumulant expansion is used to account

for deviations from this Gaussian distribution. The case K = 0

corresponds to the mean field approximation.

2.2.4 Free Energy

With a first-order variational perturbation approximation used

to evaluate the averages over ψl and a second-order cumulant

expansion for the averages over ψs, the free energy is given by

F [ρ , �] =
∑

α

∫
dRd�ρα(R, �)[ln ρα(R, �)�d

α − 1]

+
∑

α

∫
dRd�ρα(R, �)βuα(R, �)

+ 1

2

∑
α,α′

∫
dRd� dR′d�′ [e−βvαα′ (R,�, R′ ,�′) − 1]

− 1

2β

∫
drdr′iψ̄l(r)G−1

l (r, r′)iψ̄l(r′) +
∫

dr�(r)iψ̄l(r)

+
∫

dr
∑

α

∫
dRd�ρα(R, �)Qα(r − R, �)iψ̄l(r)

+ 1

2

∫ 1

0

dζTrK(GζK − Gl). (2.6)

The first two terms in the expression for the free energy functional

is the ideal gas contribution. The second term is the interaction of

the particles with a renormalized external potential uα(R, �). The

third term is second virial contribution of the short wavelength

electrostatic interaction between particles. The next three terms are

the long-wavelength electrostatic energy of the system. The final

term represents the contribution of long-wavelength fluctuations of

the electrostatic potential to the free energy.
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To complete the theory, we need to specify the forms of ψ̄l, K,

and σ . If we were able to exactly evaluate the averages over the

fluctuations of the fields ψs and ψl, then the free energy would

be independent of the choice of ψ̄l, K, and σ . However, because

of the approximations used, the free energy will depend on these

quantities; in order to minimize this dependence, we select these

quantities such that the free energy is stationary with respect to

small variations in their values.

Making the free energy stationary with respect to variations in

ψ̄l(r) leads to the Poisson equation:

− 1

4π
∇ · ε(r)∇φ(r) =

∑
α

∫
dRd�Qα(r − R, �)ρα(R, �) + �(r)

(2.7)

where φ(r) = β−1Pψl(r) is the mean electric potential in the

system.

The value of the screening function is determined by making

the free energy stationary with respect to variations in K(r, r′).

For systems in which electrostatics is the only mode of interaction

and neglecting the third term in Eq. (2.6), the screening function

becomes:

K(r, r′) = β
∑

α

∫
dRd� Qα(r − R, �)ρα(R, �)Qα(r′ − R, �) (2.8)

This is a simple generalization of the Debye-Hückel theory for

systems with extended charge distributions.

The value of the splitting parameter is determined from

∂ F /∂σ = 0. Simply setting σ = 0 corresponds to using the

variational approximation for all the fluctuations in the system. In

the limit where σ→∞, the theory reduces to a virial expansion or

other liquid state theory approximations. In this case, the theory

resembles the strong coupling expansions [Shklovskii (1999);

Moreira and Netz (2000)], which are able to accurately describe

systems in which electrostatic interactions dominate.

2.3 Applications

The theoretical approach developed in the previous section is quite

versatile and applicable to a wide variety of problems. In this section,
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we present its application to the one-component plasma (OCP),

counterions confined between two charged plates, and counterions

around a single charged dielectric sphere within the cell model.

2.3.1 One-component Plasma

In the OCP model, ions of charge q are contained within a rigid,

uniform charge density � = −qρ, where ρ is the ion number density,

so that the system is electrically neutral. Typically, these ions are

point charges, but here we generalize the model slightly, so that they

are linear charge distributions of length L, such as a uniform line

charge or a linear sequence of rigidly bonded point charges. The

key parameters that govern the properties of this OCP model are

the coupling parameter � = ρ1/3lB (the ratio of the mean spacing

between the counterions and the range of the interaction), and the

ratio L/lB.

In Fig. 2.1(a), we show the interaction energy of the OCP for

8-mer rods of various lengths. The lines are the predictions of

the splitting theory, and the symbols are from molecular dynamics

simulations [Hatlo et al. (2009)]. The dashed line is the prediction

of the Debye-Hückel theory for point charges, which corresponds to

the splitting theory with σ = 0.
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Figure 2.1 (a) Electrostatic interaction energy for 8-mer rods with: (i)

L/lB = 0 (black), (ii) L/lB = 0.025 (red), and (iii) L/lB = 0.05 (green), (iv)

L/lB = 0.1 (blue). The solid lines are the predictions of the splitting theory,

and the dashed line is the prediction of the Debye-Hückel theory (σ =
0). The symbols are from molecular dynamics simulations. (b) Splitting

parameter.
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The corresponding values of the splitting parameter σ are shown

in Fig. 2.1(b). The splitting parameter shrinks as the mean spacing

between particles decreases. We find that it corresponds to the

size of the “correlation hole,” [Nordholm (1984); Forsman and

Nordholm (2012)] which develops around each ion due to their

strong repulsion at short distances.

Interestingly, the rod-like counterion systems show an ordering

transition from an isotropic phase when the length of the counteri-

ons are much smaller than the Bjerrum length to a nematic phase at

sufficiently high values of L/lB, similar to that observed for long thin

rods with only excluded volume interactions [Onsager (1949)].

2.3.2 Planar Geometry

Now, we examine the case wherein ions of charge q are confined

between two plates with a uniform charge density � and separated

by a distance D. The two length scales that characterize this system

are [Moreira and Netz (2001)] the Bjerrum length lB = βq2 and the

Gouy-Chapman length μ = (2πβ�q)−1.

In Fig. 2.2, we plot the equilibrium curve of the two-plate

system. The symbols are from Monte Carlo simulations [Moreira and

Netz (2001)]. The solid line is the splitting theory with the mean

field approximation for the long wavelength fluctuations and the

cumulant expansion truncated at zeroth order. The dashed line is

the prediction of the same splitting theory but with the cumulant

expansion truncated at first order. As a comparison, we also present

the predictions of a theory developed by Šamaj and Trizac (2011),

based on a low temperature expansion around a two-dimensional

Wigner crystal condensed on both plates (dotted line in Fig. 2.2).

As in the case of the OCP discussed previously, the splitting

theory can be extended for two-plate system to the situation in

which the counterions consist of extended charge distributions.

In the case in which the counterions are a linear collection of

point charges, there are two mechanisms for an attraction between

the plates: correlations between counterions (similarly to the

point charge) and correlations within a counterion, which leads

to “bridging” of the counterion across the two plates. These two

mechanisms can lead to two separate regions of attraction between
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Figure 2.2 Equilibrium distance between two charged plates. The solid line

is the prediction of the splitting theory with the second virial correction, and

the dashed line is without the correction. The dotted line is the prediction

of the Šamaj and Trizac [Šamaj and Trizac (2011)]. The symbols are Monte

Carlo simulation data [Moreira and Netz (2001)].

the plates if the length of the counterions is sufficiently large [Hatlo

et al. (2010); Bohinc and Lue (2011); Bohinc et al. (2012)].

2.3.3 Spherical Cell Model

Finally, we examine systems of spherical macroions of radius RM and

total charge Q, which occupy a volume fraction 0.01, along with a

neutralizing number of point counterions of charge q. The interior of

the sphere has a dielectric constant ε′, whereas outside the sphere,

the dielectric constant is ε.

This system is studied [Lue and Linse (2011)] within the

cell model, wherein the environment around a single macroion

is examined. We focus on four systems, which span a range of

conditions: (I) Q/q = −10 and RM/lB = 2.81; (II) Q/q = −80

and RM/lB = 2.81; (III) Q/q = −40 and RM/lB = 0.703; and (IV)

Q/q = −80 and RM/lB = 22.5.

The counterion density profiles for each of the systems are

shown in Fig. 2.3(a). The predictions of PB theory (dotted lines)
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(a) (b)

Figure 2.3 (a) Normalized counterion number density as a function of

the distance from the center of the sphere for System I (black), II (red),

III (green), and IV (blue). The solid lines are predictions of the splitting

theory for ε′/ε = 1, the dashed lines are the predictions of the splitting

theory for ε′/ε = 1/78.4, and the dotted lines are predictions of PB theory.

The symbols are Monte Carlo simulation data for ε′/ε = 1 (filled) and

ε′/ε = 1/78.4 (open). (b) Reduced splitting parameter.

are only in good agreement with the simulation data (symbols) for

the weakly coupled systems. The predictions of the splitting theory

(given by the solid and dashed lines) are in fairly good agreement

with the simulation data, even for the strongly coupled system.

In Fig. 2.3(b), we show the variation of the splitting parameter

with the macroion charge. One interesting feature is that σ diverges

when the macroion charge becomes less than that of one counterion.

In this case, the splitting theory reduces exactly to that of a single ion.

The PB theory is unable to reproduce this limit, even in the region of

very low surface charge densities, because it does not account for

the discreteness of the counterions.

2.4 Conclusions

We have presented a general theoretical framework for treating

electrostatic interactions in soft matter, which can be particularly

useful in studying charged colloidal suspensions and electrolyte

solutions wherein long-range interactions are important. The key

physical motivation behind the theory is to treat the short and long

wavelength fluctuations in the system within different approxima-
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tion schemes. At short range, the systems are strongly coupled, and

at long range, the systems are weakly coupled. To describe both

these regimes within a single theory, we split the interaction into

a short and long-range contribution. The long-range behavior is

often well approximated by a mean field theory, or including first-

order fluctuation corrections, whereas the short-range behavior can

be captured by a virial expansion, or other liquid state methods

suitable to describe particles with short range pair interactions.

For weakly coupled systems, this theory approaches the Poisson-

Boltzmann theory, whereas for strongly coupled systems, the theory

resembles the strong coupling expansion. The theory also performs

well for intermediate couplings. In addition, the accuracy of the

theory can, in principle, be systematically improved. The theory

can be applied to a wide variety of problems, such as systems

with different geometries and conditions (e.g., dielectric interfaces)

and particles with different shapes and charge distributions. As

examples of how the theory may be used, we presented results for

systems involving charged objects with neutralizing counterions.

These fairly simple systems show a range of interesting phenomena,

such as electrostatically driven isotropic-nematic transition and

like-charge attraction, which cannot be captured with mean field

approximations.
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3.1 Introduction

Whenever a charged surface is immersed in a thermal solvent

with mobile co– and counterions (usually an aqueous electrolyte),

a screening layer of counterions will form in the vicinity of

the charged surface, giving rise to the so-called “double layer.”

Systematic investigations of the double-layer physics and chemistry

have been conducted for more than 100 years and have been

motivated by various practical questions such as the behavior of

battery electrodes or the stability of charged colloid solutions.
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Very often, surfaces can be highly charged (e.g., colloid surfaces

attain charge densities of about one elementary charge e per nm2)

such that the electrostatic potential ψ near the surface exceeds

the equivalent of the thermal energy kBT = 1/β by far (for room

temperature kBT /e corresponds to a potential of 25 mV). Thus, the

arrangements of water molecules and counterions near and at the

surface should display fairly strong correlations, resulting in, for

example, nontrivial potential and dielectric profiles.

Such correlations are neglected in the “work horse” model of

charges in solutions, the Poisson–Boltzmann theory. Here, Poisson’s

equation ∇(ε∇ψ(r)) = − e(c+(r) − c−(r)) is coupled with a strongly

simplifying assumption on the density distribution of positive

and negative ions, c± = cs exp(∓eβψ(r)), that is, a Boltzmann

distribution of charged point particles (having no correlations)

subject to the electrostatic potential (the ions are monovalent for

simplicity and ε is the dielectric constant of the solvent, cs is the

bulk number density of positive/negative ions in the solvent). The

resulting Poisson–Boltzmann equation for the electrostatic potential

∇ · (ε∇ψ) = 2cse sinh(βeψ) . (3.1)

still poses a formidable nonlinear problem, analytically solvable only

in special circumstances such as the geometry of a charged wall. For

ε = const., it is convenient to introduce the Debye–Hückel screening

length via κ−1 = (ε/(2csβe2))1/2 and the dimensionless potential

φ = βeψ . Using these quantities, the Poisson–Boltzmann equation

becomes ∇ · ∇φ = κ2 sinh φ, and the significance of the screen-

ing length becomes immediately obvious in its linearized form,

(∇ · ∇ − κ2)φ = 0, which entails an exponentially decaying

potential with characteristic length κ−1 around a localized charge

distribution.

Very often, charged particles in electrolytes are characterized

using properties of the linearized Poisson–Boltzmann equation.

The effective or renormalized charge or charge density is the one

appropriate for the charged particle immersed in a hypothetical

“linear Poisson–Boltzmann” medium, which exhibits the same

asypmptotic potential decay as the “real” charged particle in the

“real” (and complicated) electrolyte. If two particles immersed

in the electrolyte are sufficiently far apart, then their interaction
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energy is proportional to the product of their effective charges—this

illustrates that the charge renormalization concept is very useful in

characterizing charged colloid suspensions. However, the effective

charge density of particles in bulk electrolytes contains very little

information about the precise structure and potential profile in the

double layer. This is best illustrated by the well-known solution for

a charged wall immersed in an electrolyte in Poisson–Boltzmann

theory. Using dimensionless charge densities given by σ̃ = βe/(κε) σ

the effective charge density σ̃ eff of the wall is given in terms of the

bare charge density σ̃c by

σ̃ eff = 4

(√
1 + 4

σ̃ 2
c

− 2

σ̃ 2
c

)
. (3.2)

For colloidal matter, σc � 1 e/nm2 and except for situations where

κ−1 � 0.3 nm (or cs � 1 M), we are in the saturated regime where

σ̃ eff = 4. We can draw an important conclusion from this result:

Although we might expect the Poisson–Boltzmann description to

fail near the charged particles for typical colloid charge densities,

we must expect that the dimensionless effective charge density

is roughly constant for modest variations of σc and κ−1 and its

determination will not allow to discriminate between different

models of the double layer. Thus, by measuring pair interactions

between charged particles, we mostly learn which area A of the

particle’s surface is covered with charge (as qeff = Aσ eff) and we do

not have access to, say, the potential at the particle surface.

3.2 Charged Particles at Electrolyte Interfaces

The situation is different for charged particles at the interface

between an electrolyte and a nonpolar medium (air, oil), see Fig. 3.1.

If the dielectric constant of the nonpolar medium is low (ε/ε0 � 2, ε0

is the dielectric constant of vacuum) then surface charges can only

reside on the colloid surface exposed to the electrolyte. The double

layer screens the colloid charge only to the extent that no monopole

field is present along the interface. However, higher multipole fields

are present, and the leading multipole is a dipole with moment pz

oriented perpendicular to the interface (regardless of the charge
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water

nonpolar
medium

multipolar

field

screened   field

Figure 3.1 Sketch of electric field lines around a charged colloid located at

the interface between water and a nonpolar medium. The asymptotics of

the electrostatic potential and the associated electric field at the interface

is mainly determined by field lines originating from the colloid charges and

passing through the colloid and the nonpolar medium. Field lines through

the water (containing ions) are screened (indicated by the dashing of the

lines).

distribution on the colloid [Dominguez et al. (2008)]). Consequently,

the electrostatic interaction energy between two charged colloids at

the interface with mutual distance d is long-ranged and ∝ p2
z /d3. If

the local curvature at the colloid surface is smaller than κ , then the

double layer can be approximated by the double layer of a charged

wall in the vicinity of each point at the colloid–electrolyte interface.

The dipole moment pz = Aeff p′
wall can be calculated from the aerial

dipole moment density p′
wall and an effective area Aeff that depends

on the precise colloid geometry. The crucial observation is that

p′
wall = ε0ψwall is proportional to the contact potential at the wall.a

Thus, the interaction energy at large distances between two colloids

is proportional to the square of the wall contact potential, and such

a dependence is very much different from the dependence on the

effective (saturated) charges for the interaction between colloids

in bulk electrolyte [Frydel et al. (2007)]. The Poisson–Boltzmann

equation gives βep′
wall ≈ 2ε0 ln σ̃c for σ̃c � 1, so already here

is seen that the dipole moment will not saturate with increasing

charge density on the colloid and depends logarithmically on both

screening length and charge density, pz ∝ ln(κ−1σc) + const. (see

the definition of σ̃ ).

aLet the wall be located at z = 0 and the double layer be located in the half-space

z > 0. Then, p′
wall =

∫ ∞
0+ (zρ(z) + P (z))dz where ρ(z) is the charge density in the

double layer and P (z) = −(ε(z)−ε0)∂zψ(z) is the polarization density of the solvent.

As ∂z(ε∂zψ) = ρ, we have p′
wall =

∫ ∞
0+ ε0∂zψ = ε0ψwall.
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Experiments. The dipole moment can be calculated from the in-

teraction potential between charged colloids and this can be inferred

through laser tweezers on isolated pairs of colloids, from inversion

of measured pair correlations or from elasticity measurements on

2d crystals at the interface. Whereas the logarithmic dependence on

κ−1 has received much support from laser tweezer data [Park et al.
(2008)], the absolute magnitude of pz from the Poisson–Boltzmann

equation is too small by about a factor of 5 compared with results

of careful measurements using all three routes [Masschaele et al.
(2010)]. This points to a severe underestimation of the contact

potential at a charged wall in the Poisson–Boltzmann equation.

3.3 Modification Strategies for Improving the
Poisson–Boltzmann Description

The deficiencies of and possible amendments to the Poisson–

Boltzmann equation (3.1) have been discussed for a long time,

starting with the work of Bikerman [Bikerman (1942)]. Recently,

starting with Ref. [Borukhov et al. (1997)], the modified Poisson–

Boltzmann approach received renewed interest. We are interested

in modifications that preserve the type of equation as a differential

equation for the potential ψ . The electrostatic interactions thus

remain on the mean-field level, and the modifications introduce

contributions that do not stem from correlations. This approach is

suitable to investigate certain aspects of “ion specificity” in the weak-

coupling limit.

(1) Finite size effects. A finite size of the co– and counterions (e.g.,

through a hard–sphere volume v) will inevitably lead to layering

effects in the density profile of the ions near the charged

surface. In aqueous solution, the effective ion size is increased

as a result of hydration. Thus, in a strict sense, the finite ion

size contributions require nonlocal treatment, however, one

can capture these effects using local corrections, for example,

by taking into account a local change in the ion chemical

potential μ± (or ion osmotic pressure p) through local density

changes. In the Poisson–Boltzmann equation, ions are treated
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as ideal, thus βμ± = ln vc± (or βp = ρ). A popular modification

(MPB, modified Poisson–Boltzmann equation) [Borukhov et al.
(1997)] has been derived by lattice gas considerations, leading

to βμ± = ln vc± − ln(1 − vc+ − vc−) (or βp = − v−1 ln(1 −
vc+ − vc−)), where the excess chemical potential, v−1 ln(1 −
vc+ − vc−), accounts for the repulsive (excluded volume) ionic

interactions. Such a local correction places an upper bound on

the local density, leading to density “saturation” in the region of

high ionic concentration. Far from the concentrated region, the

density is merely shifted by some length d, cMPB(x) = cPB(x −d),

in relation to the Poisson–Boltzmann result. Thus, the screening

behavior far from the concentrated region is not exactly altered,

but rather the effective position of a charged surface is shifted

into the solution. Roughly, the changes associated with the finite

size effects can be quantified with an additional length scale vσc,

which is the size of a layer of counterions that would form if

all counterions were forced into a close-packed configuration.

The extent of the finite size effects is estimated as the ratio of

this length with other relevant lengths, such as the screening

or Gouy–Chapman length. Although the lattice gas modification

corresponds to a not very precise equation of state for hard

spheres, application of MPB to inhomogeneous ionic solutions

yields predictions that compare rather well with exact results.

This points to some internal cancellation of errors.

(2) Dielectric inhomogeneity of the solvent. The solvent medium,

made up of water molecules with permanent dipoles, acts

as a dielectric that is polarized in an external electrostatic

field and thus screens the electrostatic potential within the

medium. Thermal fluctuations favor isotropic orientation of

dipoles, and the electrostatic interactions favor alignment with

the field lines. As long as the thermal energy exceeds the

electrostatic counterpart, the polarization is proportional to an

external field and the dielectric constant is field independent.

But if the two energy scales become comparable, polarization

saturation takes place: the dipoles reach perfect alignment

with the field lines and no longer dissipate electrostatic

energy above a certain threshold. This behavior is described

through the Langevin function L(x) = coth x − 1/x , and the
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polarization with nonlinear dependence on the field strength

is P = p0cdL(βp0|∇ψ |), where p0 is the dipole moment of a

solvent molecule and cd is the dipole density. This amounts to

a change in dielectric constant according to

εeff → ε0 + p0cd

L(βp0|∇ψ |)
|∇ψ | . (3.3)

Here, it is assumed that the solvent is incompressible and the

modification leads to the Langevin Poisson–Boltzmann equa-

tion (LPB) [Frydel and Oettel (2011)]. For small electrostatic

field, ε 	 ε0 + βp2
0cd/3 and in the limit of large field ε → ε0.

Uniform external fields affect only the dipole orientation.

Nonuniform fields exert, in addition, a translational (dielec-

trophoretic) force, so that a dipole migrates toward regions

with stronger fields. If one treats the solvent as consisting of

point dipoles, as in Ref. [Abrashkin et al. (2007)] (DPB, dipolar

Poisson–Boltzmann equation), this force leads to the strong

dependence of the solvent density on the field, cd(βp0|∇ψ |),

with the functional form cd(x) = sinh x/x . However, due to

hydrogen bonds that lead to a high density of water at ambient

conditions, the assumption of incompressibility is more realistic

and the resulting ε qualitatively reproduces the drop with

increasing field strength as seen in the simulations [Yeh and

Berkowitz (1999)].

(3) Ionic polarizabilities. Ions can further be characterized by

including their polarizability α, so that they acquire an induced

dipole moment in an external field. Part of the electrostatic

energy is dissipated when it polarizes ions. This leads to a

dielectric constant with a term linear in the ion concentration,

εeff → ε + α(c+ + c−). (3.4)

The presence of induced dipoles, in turn, contributes to a

dielectrophoretic interaction of an ion with a field. Accordingly,

the density distribution of ions becomes [Frydel (2011)],

c± = cs exp(∓eβψ + βα|∇ψ |2/2). (3.5)

The above theoretical framework can be used to describe a

somewhat different but related situation. A dissolved charged

particle (for simplicity taken to be a point) is tightly bound to
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solvent dipoles forming its hydration shell so that the dipoles

become unresponsive to presumably a weaker external field.

This produces a dielectric cavity that reduces the dielectric

constant of a solvent, on the one hand, and leads to a migration

of a hydrated ion away from a strong field, on the other hand.

These trends are captured with a polarizable model in which

the “effective” polarizability is a negative valued quantity [Hatlo

et al. (2012)]. Interestingly enough, both negative and positive

α lead to a spreading out of a diffuse double layer.

(4) Stern layer. A layer of solvent in direct contact with an interface

has different properties from the bulk solvent. First of all, ions

cannot penetrate into it due to their finite size. Second of all,

the solvent within this layer tends to be more structured so that

its dielectric response is expected to be suppressed in relation

to that in the bulk. A frequent solution to incorporating this

contribution is to introduce the Stern layer adjacent to a sharp

interface with the width corresponding to a radius of a bare or

hydrated ion and the dielectric constant being the same as or

lower than the bulk value. The introduction of this layer does

not change anything far from an interface, but it increases the

contact potential, ψc → ψc + σc R/εstern, where R is the radius

of an ion and εstern is the dielectric constant with the Stern layer

[Frydel and Oettel (2011)]. Incorporation of the Stern layer at

an air–water interface was found to give an accurate predictions

for the excess surface tension of strong electrolytes [Levin and

Flores-Mena (2001)].

As an example, in Fig. 3.2, we present a comparison between

PB and MPB, LPB [routes (1) and (2) from above] for the contact

potential dependence at a charged wall on the charge density. Finite

ion size and dielectric saturation lead to a noticeable increase in

the contact potential, which is in line with the experimental results

(discussed above) for the dipole moment of charged colloids at

interfaces.

Figure 3.3 compares counterion density profiles for various

models. The “saturation” effect is clearly seen for the MPB model.

The mechanism behind the spreading-out of the diffuse layer for the

PPB model is connected with the dielectrophoretic repulsive force
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Figure 3.2 Contact potential (proportional to a colloid dipole moment at

an interface) for PB and LPB, with and without steric corrections due

to finite ion size (v = a3). The symbols correspond to numerical data

points and dashed lines correspond to analytical expressions derived in

reference Frydel and Oettel (2011). Clearly, the contact potential in PB is

noticeably smaller than in the modified theories for higher charge densities;

thus, dipole moments will be underestimated by PB alone.

of ions with negative polarizability. Only the LPB model causes a

stronger attraction toward the wall. This is caused by the lowering

of the dielectric constant close to a wall. The combination of effects

would require an appropriately combined model, an example is the

combination of LPB and MPB as seen in the thick green dot-dashed

curve in Fig. 3.2.

3.4 Outlook to Nonlocal Descriptions

In the models outlined above, the electrostatic interactions are

described on the mean-field level, and the repulsive–core interac-

tions among hydrated ions and solvent molecules are incorporated
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Figure 3.3 Counterion density near a charged wall for the models discussed

in Sec. 3.3. The common parameters are σc = 0.4 C/m2, cs = 0.1 M, and

λB = 0.7 nm. Specific parameters for each model are for MPB, the ion radius

is 0.35 nm, for LPB (point ions) the dipole concentration is cd = 55 M

(as in water) and the permanent dipole moment is p0 = 4.85 D, for PPB,

the polarizability is α/(4πε0) = − 8 M−1. Only LPB leads to an increased

concentration near a wall, whereas the other contributions tend to spread

out a diffuse layer.

as local contributions. These models, even if quantitatively not

precise, are able to capture correct trends. The drawback of the

local approximation for the excluded volume interactions is that the

“saturated” density profile is an unphysical artifact of the method

itself. This leads to a violation of the contact value theorem (the

relation between the density at the wall, solvent pressure and wall

potential). Despite this, the electrostatic properties at a charged

wall and far from the wall are captured with reasonable accuracy,

despite the unphysical details in-between. A possibly more accurate

treatment of the repulsive–core interactions can be achieved via

density functional theory. In the example of reference Frydel and

Levin (2012), ions are treated as charged hard spheres using

the accurate fundamental measure theory, but for simplicity in
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the background of a structureless solvent. This corresponds to a

nonlocal extension of the MPB modification discussed above. Finally,

the mean-field treatment of electrostatics neglects correlated

fluctuations, which not only correct, but, in the so-called strong-

coupling limit, also give rise to altogether new phenomena, such

as the attraction between the same-charged macroparticles [Naji

et al. (2005); Samaj and Trizac (2011)]. Although the applicability

of the mean-field treatment breaks down in the strong-coupling

limit, the correct theoretical treatment of correlations continues to

be a challenge. This challenge is increased if both the correlations

due to the short-range solvent and the long-range electrostatic

interactions are important. Currently, the solutions are looked for

using either the density functional theory approach or the field-

theoretical methods.
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4.1 Introduction

Field-theoretic functional integral methods can be used to study

exact solutions of models on the basis of a one-dimensional (1D)

Coulomb gas with charged boundaries. In 1D, exactly solvable

Coulomb gas models can be then used as a testbed for assessing the

accuracy of various approximations: the weak coupling expansion,

Poisson–Boltzmann (PB)/mean-field (MF) equations, and the strong

Electrostatics of Soft and Disordered Matter
Edited by David Dean, Jure Dobnikar, Ali Naji, and Rudolf Podgornik
Copyright c© 2014 Pan Stanford Publishing Pte. Ltd.
ISBN 978-981-4411-85-1 (Hardcover), 978-981-4411-86-8 (eBook)
www.panstanford.com



December 12, 2013 12:49 PSP Book - 9in x 6in 04-ch04

38 Aspects of One-Dimensional Coulomb Gases

coupling expansion [1]. We review these approximations in the

context of three 1D Coulomb gas systems and remark on whether

or not they fail to predict important effects present in the exact

solution.

Some physical properties of the 1D system can be applicable

at least qualitatively for dimensions d > 1 and can help us to

understand whether pertaining approximation methods are reliable

or not. In particular, our analysis gives insight into systems such as

an array of charged smectic layers or lipid multilayers, and ionic

liquids near charged interfaces, treated as effectively 1D systems.

An important aspect of these endeavors is that we can test and

develop the analysis and especially numerical methods that can then

be tentatively applied also for d > 1.

4.2 Theoretical Methods

The method of functional integrals applied to Coulomb gas systems

has been developed over many years [4, 7, 9, 10]. In any dimension,

this approach allows for both strong and weak coupling to be

studied explicitly, but specifically in 1D, the functional integral

representation can be applied using a variety of methods to

obtain exact solutions to a number of models. These are generally

characterized by a Coulomb gas of ions of possibly non-zero size

confined between boundaries with properties that allow their

potential or charge to be determined either dynamically or as an

external field condition. Three varieties of a 1D Coulomb gas model

discussed below are presented in Fig. 4.1.

The functional integral representation of the Coulomb gas

partition function allows us to formulate two effective solution

techniques. The Schrödinger kernel technique is applicable in all

dimensions and has been used to analyze a number of models [3].

In 1D, it corresponds to solving the Schrödinger equation [7], which

is in principle exact. In d > 1 the Schrödinger kernel field-theoretic

representation of the partition function is derived, often using a

Hubbard–Stratonovich transformation, and is analyzed by perturba-

tive and graphical methods. For d > 1, this approach does require

that a preferred coordinate can be designated as the Euclidean time
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Figure 4.1 Top: The 1D Coulomb fluid configuration in the case of the soap

film model (positively and negatively charged particles and adsorbing sur-

faces), middle: counterions between charged surfaces (positively charged

particles and oppositely charged bounding surfaces), and bottom: an ionic

liquid lattice capacitor (positively and negatively charged particles on a

lattice with one positive and one negative bounding surface). Positively

(negatively) charged particles are shown schematically as light (dark) gray

spheres.

and so the approach is limited to symmetrically layered systems [3].

The transfer matrix and Fourier methods technique is an alternative

to the Schrödinger kernel approach. Although it is more general, it

is only practical in 1D. Its implementation exploits periodicity in the

(imaginary) electrostatic potential φ, which also restricts its general

applicability. Examples of this technique in 1D are the counterion gas

and lattice ionic liquids.

The actual formulation of the functional integral method relies on

the action for the full QED of a general system that is then reduced to

the electrostatic action proper. The relevant electrostatic Lagrangian
is then

L(ψ) = 1

2
ε

∫
dx(∇ψ(x))2 − e

∑
i

qi ψ(xi ) −
∫

dxρe(x)ψ(x).

Here, qi is the charge of the i -th ion at position xi and ρe(x) is

the external charge distribution. The partition function is obtained

by tracing the Boltzmann weight of the above Lagrangian over

the electrostatic field [ψ]. Tracing furthermore over ion positions,

changing the axis of functional integration ψ = iφ, and introducing

fugacity μ− = μ+ ≡ μ by the Gibbs technique, the partition function

for monovalent ions (with qi = ±1) assumes the form

Z =
∫

d[φ] exp(S(φ)) , (4.1)
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with the “field action”

S(φ) = −β

2
ε

∫
dx(∇φ(x))2 + 2μ

∫
dx cos(eβφ(x)) , (4.2)

where β = 1/(kBT ). The charge density operator is then given by

ρ = μ
d

dμ
logZ(μ) ⇒ ρ = 2μ〈cos(eβφ)〉, (4.3)

where 〈· · · 〉 stands for the φ average.

4.3 Bilayer Soap Film in Ionic Solution

Because hydrophobic heads of the surfactant molecules prefer-

entially migrate to the surfaces charging them up dynamically,

the configuration of the bilayer soap film consists of two planar

(surfactant) surfaces separated by a distance L confining a solution

of a symmetric electrolyte.

We calculate the surface charge, the density profile of electrolyte

near the interfaces, and the disjoining pressure P as a function of the

thickness L of the soap film, defined as

P = Pfilm − Pbulk = − 1

β

(
∂ J film

∂L
− ∂ J bulk

∂L

)
.

i.e., the difference between the film and bulk pressures. Here, J
is the grand-canonical partition function/unit area. An important

phenomenon to predict is the first-order collapse transition of the

film to a Newton black film expected, as the electrostatic coupling in

the film is increased.

We model this system by a Coulomb gas confined to z ∈ [0, L],

schematically presented in Fig. 4.1 (top), with potentials on the

boundaries that account for the hydrophillic nature of the head

group of the surfactant molecule. The Debye length is given by lD =√
εkBT /2ρe2, and the Bjerrum length in 1D by lB = 2kBT ε/e2.

Perturbation theory is an expansion in the coupling parameter g =
lD/ lB.

We use the partition function described earlier but now include

surface free energy f (φ) to model the surface potentials, which are

attractive for the negatively charged hydrophillic surfactant head

groups whose surface density is denoted by ρ−(φ):

f (φ) = eλρ−(φ),
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where λ controls the potential strength. To simplify the notation,

we scale the variables: φ → eβφ, x → x lB. The charge density

operators for ± charges are then given by the Boltzmann weights

ρ±(φ) = e±iφ . The 1D partition function then becomes

Z = 1

2π

∫ 2π

0

dφ0dφL f (φ0)K(φ0, φL; L) f (φL) ,

where

K(φ0, φx ; x) =
∫

Dφ(x) exp

∫ x

0

dx ′ L(φ(x ′))

is the Schrödinger kernel for evolution in the “Euclidean time” x :


(φ , x) =
∫

dφ′ K(φ , φ′; x) f (φ′).

It satisfies the Schrödinger (Feynman-Kac) equation

H 
 = 2ε

βe2

∂

∂x

 , H = ∂2

∂φ2
+ Z (g)

2g2
cos(φ),

with Z (g) = 1/〈cos(φ)〉. The above equation is also known as the

Mathieu equation, and the harmonic term gives the Debye length

in units of lB. Z (g) = 2μ/ρ is the renormalization that relates the

fugacity to the observable charge density and is given by Eq. (4.3).

We now consider the solution in various limiting regimes.

4.3.1 Large L: Bulk Pressure

Strong coupling (SC) g → ∞: The Mathieu ground state dominates

in this regime, and so, we can use the Schrödinger perturbation

theory for the ground-state energy of H . The result, derived

originally in [7], is

Pbulk = 1

2
ρkBT

[
1 + 7

32

1

g2
− 23

4608

1

g4
− 4897

7826432

1

g6
+ . . .

]
.

The leading term is the free gas term but for density ρ/2, which

therefore signals the onset of the dimerization process, i.e., the

Bjerrum pair formation of positive and negative mobile charges.

Weak coupling (WC) g → 0: Feynman perturbation theory is

applicable in this case, and so we use the Feynman diagram

expansion to find

Pbulk = ρkBT
(

1 − 1

2
g + 1

128
g3 + . . .

)
.
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The leading term is the free gas term and the second-order term is

the familiar Debye-Hückel result in its 1D variant. Note that there is

no O(g2) term; this is cancelled by the counter term in Z (g).

The strong and weak coupling dependencies of the bulk pressure

Pbulk on g compare well with the exact solution of the problem. Both

approximations are accurate across a wide range of g in their regime

of validity. More details can be found in [4].

4.3.2 Finite L: Exact Methods

For finite L, we expand the kernel K(φ0, φL; L) over periodic

eigenfunctions of the Mathieu equation. We can then use a numerical

approach for eigenfunctions/eigenenergies, which will give an exact

solution for all L. This method is described fully in [4] and we do

not delve into details here. It gives the same answers as the Fourier

approach that we describe below.

The Fourier method for obtaining an exact solution to problems

in 1D is more general than the Schrödinger approach, as it works

also when the Hamiltonian is not hermitian, which is the case for

the counterion gas considered in the next section. It also forms the

basis for the transfer matrix method. The theory is periodic under

φ → φ + 2π and we can define


(φ , x) =
∫

K(φ , φ′; x) f (φ′) dφ′ = e x/2g2
n=∞∑

n=−∞
bn(x)einφ ,

where the coefficients bn(x) obey the evolution equation

dbn

dx
= −n2bn + 1

4g2
(bn+1 + bn−1 − 2bn).

This is the Fourier version of the Schrödinger equation but can be

derived generally from the convolution property of the Schrödinger

kernel. The partition function can then be obtained from

Z(T , L) =
∫ 2π

0

f (φ)
(φ , L) dφ = e L/2g2
n=∞∑
n=0

λn

n!
bn(L),

The exact solution for the disjoining pressure as a function of the

separation L for different values of the surface potential strength

parameter λ clearly predicts a collapse transition to a Newton black

film that cannot be accounted for by the MF theory, which we

address next.
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4.3.3 Classical or Mean-field Theory

Standard variational methods applied to the expression for the

partition function give the classical MF equation: the PB equation for

φcl(x) as the saddle point equation of the corresponding field theory.

In this case, the disjoining pressure P is given by the value of ion

density at the midpoint x = L/2 between the bounding surfaces.

The MF theory predicts that universally P > 0, contrary to our exact

result and also to experiment; it does not predict any collapse

transition, which is thus obviously a consequence of the non-MF

correlation effects and is intrinsically a fluctuation phenomenon.

4.4 Counterions Between Charged Surfaces

The 1D model here is a Coulomb gas of counterions confined

between two oppositely charged surfaces; the system is overall

neutral. We compare exact results with strong and weak coupling

calculations, which are the same as in a 3D system. More details can

be found in [5].

The system is shown in Fig. 4.1 (middle) and consists of N
counterions, each of valency q, with surface charges σ1 and σ2,

respectively. We define ζ = σ2/σ1, with −1 < ζ < 1, and define

α = 1/(1 + ζ ). The 1D Bjerrum length is lB = 2kBT ε/e2, and the

Gouy–Chapman length is μ ≡ μ1 = lBe/q|σ1|, where we have chosen

σ1 to be non-zero and have μ2 = μ/|ζ |. The electrostatic coupling

constant, g, is then given by

g ≡ q2μ

lB

= 1 + ζ

N
,

where N → ∞ corresponds to the MF/PB theory and N → 1 to the

SC theory. The partition function is derived as

ZN = 1

2π

∫ 2π

0

dφ(0)

∫ ∞

−∞
dφ(L) e

i σ1

qe φ(0)
(∫ φ(L)

φ(0)

dφ e−S(φ)
)

e
i σ2

qe φ(L)
,

with

S(φ) =
∫ L

0

dx

[
1

2q2e2β

(
dφ(x)

dx

)2

− eiφ(x)

]
.
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The integral over dφ(0) ensures charge neutrality: Nqe + σ1 + σ2 =
0. The corresponding Hamiltonian (Feynman-Kac) and the partition

function are then

H = −q2e2β2

2

d2

dφ2
− eiφ , ZN =

∫ 2π

0

dφ e
i σ1

qe φ
[
e−LH ]

e
i σ2

qe φ .

4.4.1 Exact Results

In this system, H is not hermitian because the counterions are, by

definition, of one charge only. We therefore analyze the model using

the Fourier method. We exploit periodicity in H of φ → φ + 2π in

order to write

f (φ; x) = e−x H f (φ; 0) with f (φ; x) =
∑

b(n, x)einφ .

By introducing σ1 = −M1qe, σ2 = −M2qe, M1 = Int(αN), M2 =
N − M1 − 1, η1 = αN − M1, and η2 = 1 − η1 and α = 1/(1 + ζ ), we

can derive the Fourier evolution equation from surface 2 to surface

1 in the form

db(n, M2, L)

dL
= − (n − η2)2

2
βq2e2b(n, M2, L) + b(n − 1, M2, L),

(4.4)

with b(n, M2, 0) = δn,−M2
. This Fourier evolution equation can be

integrated numerically and the corresponding partition function

Z (σ1, ζ , N, L) = b(M1 + 1, M2, L),

and disjoining pressure

P (L) = − (M1 + 1 − η2)2

2
q2e2 + b(M1, M2, L)

Z (σ1, ζ , N, L)

can be evaluated exactly. As the second term in the above equation

can be seen to be just the counterion density at the boundary of the

system, the above form of the pressure is thus a clear example of

the contact value theorem; it connects the pressure with the value of

the particle density at the confining wall of the system.

4.4.2 Weak Coupling

We consider the WC expansion g → 0, which is equivalent in the

lowest order to the MF/PB theory. In the d > 1 case, the MF theory
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treats the potential field φ(x) as constant in the directions transverse

to the normal to the bounding interfaces, and so the results are

independent of the dimensionality.

The leading contribution arises from the saddle-point configura-

tion φ0(x) = iψ0(x) with ψ0 real. The PB equation and the boundary

conditions have the form

d2ψ0(x)

dx2
= −q2e2β e−ψ0(x) ,

with

dψ0

dx

∣∣∣∣
0

= −σ1βqe,
dψ0

dx

∣∣∣∣
L
= σ2βqe.

The leading PB contribution to the disjoining pressure, P , is then

expressed as

β P = − 1

2q2e2β

(
dψ0

dx

)2

+ ρ0(x),

where ρ0(x) is the density of counterions between the boundaries,

given by the standard Boltzmann form ρ0(x) = C e−ψ0(x), where

C is a normalization constant. This furthermore implies that the

MF/PB disjoining pressure P is obtained as follows: When the

pressure is repulsive (P > 0), we have P = μ2σ 2
1 �2/2, where �

satisfies

tan(�L) = �(1 + ζ )μ

�2μ2 − ζ
,

and when the pressure is attractive (P < 0), which may be the case

within the MF/PB theory only for ζ < 0, we have P = −μ2σ 2
1 �2/2,

where � is now given as a solution of

coth(�L) = − ζ + μ2�2

μ�(1 + ζ )
.

4.4.3 Strong Coupling

The strong coupling limit is formally identical to the one-particle

limit [1]. In the present case, it is easily evaluated from the partition

function in the case of a single counterion in the system. The

partition function in an explicit one-particle form leads to the
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disjoining pressure

P (L) = σ 2
1

2

(
−1

2
(1 + ζ 2) + 1

2
(1 − ζ 2) coth

[
(1 − ζ )

L
2μ

])
.

The range of validity of this limiting expression is of course

defined by the number of counterions in the system. As this

number decreases toward one, N → 1, the above expression for the

disjoining pressure becomes exact.

4.4.4 Comparison

Both the weak and strong coupling approximations are independent

of dimension d and the comparison with the exact results can test

their validity. For symmetric surface charges (ζ = 1), the PB/MF

pressure is positive (repulsive) for all intersurface separations,

whereas the SC expansion and the exact result for N = 1 predict

attraction at large separations; this distinction holds for 0 < ζ ≤ 1.

For the asymmetric configuration with ζ < 0, there is little difference

between the different approaches; on trivial grounds, there is

attraction for large separations, but there is repulsion for sufficiently

small separations, see Fig. 4.2, wherein a comparison is made with

Monte-Carlo (MC) simulations at different numbers of counterions

N [5].
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Figure 4.2 Rescaled disjoining pressure, 2P/σ 2
1 , for a 1D counterion

gas between charged surfaces as function of the rescaled intersurface

separation L/μ. Thick (red) solid lines represent the PB result (Section

4.4.2), dashed lines are the SC results (Section 4.4.3) and thin solid lines

are the exact results (Section 4.4.1) compared with MC simulations data

(symbols) at different numbers of counterions N and for ζ = 0.5 (left pane)

and ζ = −0.5 (right pane).
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4.5 Ionic Liquid Lattice Capacitor

In the models above, the ions have been chosen to be point-like.

Here, we address the question of changes wrought by their finite

size. In this case, the system consists of a 1D lattice of M sites with

spacing a, with the i -th site, 0 ≤ i < M, occupied by ion with charge

qSi with Si ∈ [−q, 0, q], see Fig. 4.1 (bottom). Within this model, the

finite ion size is ∼ a, which is crucial to the phenomena observed in

experiments on confined ionic liquids.

The configuration described is one of the 1D ionic liquid capac-
itor. The external fields are imposed either by fixing the charges

of the boundaries at i = −1 and i = M to be ±q Q, respectively, or

by imposing a fixed voltage/potential difference, �v, across the

capacitor. More details can be found in [6].

The electrostatic Hamiltonian in this case is expressed through a

spin-like variable Si = 0, ±1

βH = −γ

4

M−1∑
i. j=0

|i − j |Si S j γ = βq2a
ε

.

After a Hubbard-Stratonovich transformation this yields the action

S(φ) =
M−2∑
j=0

(φ j+1 − φ j )
2

2γ
−

M−1∑
j=0

ln[1 + 2μ cos(φ)] + i Q(φ−1 − φM).

The system includes boundary charges ±q Q at sites −1, M. The

electrostatic potential is defined as V = −iφ/βq. In limit a → 0, q/a
fixed, the MF equations obtained from the saddle-point of the above

field action reduce to those of Kornyshev [8] and Borukhov et al. [2].

For non-zero a, the action is not positive definite for μ ≥ 0.5

and so we seem to have a sign problem and certainly cannot use

the Schrödinger approach a priori. Nevertheless, in the case of 1D,

the partition function can be computed exactly by using the transfer

matrix approach, with the Fourier method described earlier. This

can be seen as follows:

Write yi = φi and define

p1/2(y, y′) = 1√
πγ

e−(y−y′)2/γ ,

with

K(y, y′) =
∫

dz p1/2(y, z)[1 + μ cos(z)] p1/2(z, y′) (4.5)



December 12, 2013 12:49 PSP Book - 9in x 6in 04-ch04

48 Aspects of One-Dimensional Coulomb Gases

with K f (y) = ∫ ∞
−∞ dy′ K(y, y′) f (y′). The free energy for the fixed Q

ensemble, �Q, then follows as

e−β�Q =
∫ π

−π

dx ei Qx [
p1/2 K M p1/2

]
e−i Qx ≡ 〈ψQ|K M|ψQ〉

with

〈ψQ|y〉 = ei Qy , 〈y|K |y′〉 = K(y, y′)

The conjugate free energy for the fixed �v ensemble, ��v , then

follows from a Legendre transform,

e−β��v =
∫

d Q e−�vQ−β�Q ,

while the capacitance C�v is obtained from the first derivative

of ∂〈Q〉�v w.r.t. �v. and can thus be calculated directly from the

partition function.

4.5.1 Results

The transfer matrix and Fourier approach can be formulated

in order to evaluate the free energy explicitly. Details of this

procedure can be found in Ref. [6]. Enthalpy GM = �M + M Pbulk, the

disjoining pressure P =GM −GM+1, and the capacitance C�v can all

be calculated as a function of μ, Q, �v.

We show explicitly only the capacitance results, C�v , as a function

of �v in Fig. 4.3, both for large μ and small μ. For large μ, the curve

shows the typical “bell” shape in contrast to the curve for smaller
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Figure 4.3 (Left) Bell-shaped C�v as a function of �v for large μ = 0.5.

(Right) Camel-shaped C�v as a function of �v for small μ = 0.03. In both

cases, we have γ = 1. The dashed line is the MF result.
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μ, which shows the nonmonotonic “camel” shape, and so, C�v has

a minimum at the point of zero charge confirming the Fermi MF

results of Kornyshev [8].

For smaller γ (increasing T ), the periodic nonmonotonicity both

for large μ and small μ disappears and the solution approaches

the Fermi MF result of Kornyshev [8]. It is interesting that the

exact solution dances around the Kornyshev solution with an

ever-increasing amplitude, but the system nevertheless always

remains thermodynamically stable, as can be straightforwardly

ascertained.

4.6 Conclusion

We have demonstrated that in 1D, one can use the Schrödinger

approach for continuum models of Coulomb fluids, but that for

discrete models, a more general approach is needed that exploits

the transfer matrix and the periodicity of the field to use Fourier

methods. We tested the PB/MF and the strong coupling limiting

expressions and demonstrated that they need correcting, although

the exact analytic result clearly supports the two limiting analyses.

We also confirmed that the MF theory does not capture the

important effects that are due to correlations, either the attractive

intersurface forces in the case of a counterion-only system or

nonmonotonic periodic variation of the capacitance in the confined

ionic liquid case.
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5.1 Poisson–Boltzmann Approximation in Perspective

Consider a particle in a bulk electrolyte solution. It can be one

of the ions, a solvent molecule or some other particle that may

be charged or not. The distribution of other particles in the

neighborhood of the particle is affected by the interactions with the

latter; one may say that the particles are correlated with each other.

The concentration there is increased or decreased depending on

whether the interaction is attractive or repulsive. For non-spherical

molecules the distribution of orientations is also affected by the

interactions.

It is common to say that the particle has an “ion cloud” around it,

that is, a region in the neighborhood where the ion concentrations
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deviate from the average bulk values. Since, for example, anions and

cations have opposite electrostatic interactions with a charged parti-

cle, the enhanced concentration of one ionic species and the reduced

concentration of the other implies that there is a nonzero charge

density in the cloud. Sufficiently far away from the particle, where

the concentrations are equal to the average bulk values, the charge

density is zero. Since the density and the orientation distribution of

solvent molecules also deviate due the interactions with the particle,

one may say that the particle in fact has an “ion and solvent cloud”

around it where the values deviate from the bulk. The charge density

distribution in the cloud has contributions from both the ion and

solvent distributions. This charge distribution is the polarization
response of the surrounding solution to the interactions with the

particle. The presence of the cloud affects the electrostatic field due

to the particle; the total field is equal to the sum of the field from the

particle itself and that from the charge density of the surrounding

cloud. The interaction felt by some charge near the particle is with

the total field, not only the field from the particle itself.

When the electrostatic interaction between two particles in

an electrolyte solution is calculated, one must consider that the

distributions of ions and solvent molecules are affected by both
particles. The field at one of the particles due to the other is

the total field including the contributions from the “shared” cloud

around them. In the Poisson–Boltzmann (PB) approximation this

is, however, not considered. It is based on a so-called mean field
approximation where the interaction force on an ion due to a charged

particle (“particle A”) is calculated without considering that the

former has a cloud “of its own”. Only the cloud of the charged particle

A is considered, which will be explained shortly. Furthermore, in the

PB approximation the solvent is modeled as a dielectric continuum

so the only effect of the solvent is that the electrostatic interactions

between the particles are reduced compared to vacuum with a factor

1/εr, where εr is the dielectric constant of the pure solvent.

Generally, this treatment of the solvent is also used in the

primitive model of electrolytes, where the ions are charged hard

spheres and the solvent is a dielectric continuum. The PB theory is

hence obtained when the mean field approximation is applied to this

model.
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To calculate the ion distributions around a charged particle A,

that is, the ion concentrations as functions of distance from the

particle, one needs to know the total potential energy wA j (r) of an

ion of species j at various positions r = (x , y, z) near A (we here

assume for simplicity that the origin of the coordinate system is

placed at a fixed point inside particle A and the coordinate axes are

fixed relative to this particle). The mean force fA j that acts on the ion

when its center is located at the point r is the negative gradient of

this potential, fA j (r) = −∇wA j (r). The potential energy wA j (r) is a

free energy quantity that is called the potential of mean force. Like

for any other potential energy, the variation of wA j (r) is related to

work. The (reversible) work one has to do to move the ion from r1

to r2 near A equals wA j (r2) − wA j (r1).

The ion concentration of species j at a point r2 in the

neighborhood of particle A is most conveniently expressed as

the number density nA j (r2), where index A j indicates that we

are considering the density of species j around particle A. The

interpretation of nA j (r2) is that inside an infinitesimal volume

element dr2 = dx2dy2dz2 that surrounds the point r2 there are on

average nA j (r2)dr2 ion centers (a time average). The density nA j (r2)

can be expressed in terms of the potential of mean force wA j (r2) as

a simple Boltzmann distribution. We have

nA j (r2) = nbulk
j e−βwA j (r2), (5.1)

where nbulk
j is the number density in bulk for species j , β = 1/(kBT ),

kB is Boltzmann’s constant, T is the absolute temperature and wA j

is set equal to zero in the bulk far away from particle A. The

relationship (5.1) is exact and holds in general.

The PB mean field approximation is now done in the following

way. As mentioned above the electrostatic field felt by an ion at

position r2 is the total field, that is, the field from particle A and the

cloud that surrounds particle A and the ion. The charge distribution

of this cloud is in reality affected by the interaction both with particle

A and the ion at r2, see Fig. 5.1a. The ion density distribution is

not equal to nA j (r) since this is the density when all ions around

A are free to move and no ion is placed at r2. However, when one

calculates the force on an ion placed at r2 in the PB approximation,

one assumes that the charge distribution is only affected by particle
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Figure 5.1 (a) Sketch of the charge density around two particles, particle A

to the left and another particle to the right. In this case the particles are ions

of the same species. (b) The charge density used in the PB approximation

when calculating the potential felt by the right ion, which is located at r2.

Then the density is assumed to be affected by particle A only.

A, that is, the density is equal to nA j (r), see Fig 5.1b. It is as if the ion

at r2 is a “ghost” that the other ions do not “see”. This ion interacts

electrostatically with all other ions, but they do not interact with

it. One does this approximation for all ions around particle A, so

when wA j (r2) is calculated for any ion of species j we include its

interaction with particle A and with the ion cloud around A.

At any point r3 the cloud around A has the charge density

ρcloud
A (r3), which can be obtained from the ion densities nA j for all

species j as

ρcloud
A (r3) =

∑
j

q j nA j (r3), (5.2)

where q j is the charge of an ion of species j and the sum is over

all j .

Let ρA(r3) denote the interior charge density of particle A itself

(ρA is zero outside the particle). The total charge density of particle

A and its surrounding cloud is ρtot
A (r3) = ρA(r3) + ρcloud

A (r3). The

electrostatic potential ψA(r2) from this charge density is given by

Coulomb’s law

ψA(r2) =
∫

dr3ρ
tot
A (r3)φCoul(r32) =

∫
dr3

ρtot
A (r3)

4παr32

, (5.3)

where φCoul(r) = 1/(4παr) is the unit Coulomb potential, α = εrε0,

ε0 is the permittivity of vacuum, r32 = |r32|, r32 = r2 − r3 and
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the integral is taken over the whole space. Equivalently, ψA can be

obtained as the solution to Poisson’s equation

−α∇2ψA(r) = ρtot
A (r) (5.4)

with the boundary condition ψA(r) → 0 infinitely far away from

particle A. This solution is given explicitly by Eq. (5.3).

In the PB approximation, an ion at r2 feels only the electrostatic

potential ψA and the non-electrostatic short-ranged interactions

with particle A, which we denote ushort
A j . Thus we have

wA j (r2) = ushort
A j (r2) + ψA(r2)q j (PB) (5.5)

(the notation (PB) after an equation means that it is valid only

in the PB approximation). Equations (5.1–5.4) together with the

PB approximation, Eq. (5.5), constitute a set of equations for the

unknown functions nA j (r), ρcloud
A (r) and ψA(r) that can be solved.

By eliminating all unknowns except ψA(r) from these equations one

obtains the PB equation

−α∇2ψA(r) = ρA(r) +
∑

j

q j nbulk
j e−β[ushort

A j (r)+ψA(r)q j ]. (PB) (5.6)

For a particle A with a hard core, the usual case, both ushort
A j (r) = 0

and ρA(r) = 0 for all r outside the particle. Then this equation takes

on the commonly used form of the PB equation for such r values:

−α∇2ψA(r) = ∑
j q j nbulk

j exp(−βψA(r)q j ). For r inside the hard

core ushort
A j (r) = ∞ so the exponential function in Eq. (5.6) becomes

zero and the PB equation becomes −α∇2ψA(r) = ρA(r).

The PB approximation implies that the correlations between the

ions in the surroundings of the particle A are entirely neglected. Both

correlations due to electrostatic and short range interactions, for

example ion size effects, are thereby ignored. The surrounding ions

are thus modeled as non-correlating point ions in their interaction

between themselves. The only correlations that are included are

those between particle A and each surrounding ion, whereby effects

of the finite size of particle A and electrostatic interactions with it

are included.

Particle A can be any kind of particle including an ion of

the electrolyte solution. Consider, for example, a pure electrolyte
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solution of simple ions, which we assume are spherical. Then, if

particle A is an ion of species i we have nA j (r) ≡ ni j (r) =
nbulk

j gi j (r), where r = |r| and gi j (r) is, by definition, the radial

distribution function of the electrolyte. The latter satisfies gi j (r) =
exp(−βwi j (r)).

Note that the quantity ψi (r)/qi is in general not the same as

ψ j (r)/q j . This implies that ψi (r)q j �= ψ j (r)qi and hence wi j (r) �=
w j i (r) in the PB approximation and therefore gi j (r) �= gji (r), a well-

known fact. For a correct theory one must have wi j (r) = w j i (r)

and gi j (r) = gji (r). Furthermore, particle A is treated in the PB

approximation entirely differently than the surrounding particles of

the same kind. In a correct treatment all particles should in principle

be handled on an equal basis and those of the same kind must be

treated in the same manner.

The main task of this treatise is to show how these shortcomings

of the PB approximation can be eliminated without loosing too much

of the rather simple structure of this theory. Before we do this we

will write the PB approximation in a different manner which is

simpler to generalize.

5.2 Relationships with Screened Coulomb Potential

The right hand side (RHS) of the PB equation (5.6), which is equal

to ρA(r) + ρcloud
A (r), is nonlinear in ψA. For simplicity, we consider

particles with hard cores. The exponential function in ρcloud
A can be

expanded in a Taylor series. For positions r outside particle A we

have

ρcloud
A (r) =

∑
j

q j nbulk
j [1 − βψA(r)q j + (βψA(r)q j )

2/2 − . . .]

= −β
∑

j

q2
j nbulk

j ψA(r) + nonlinear terms, (PB)

where we have used that
∑

j q j nbulk
j = 0 due to electroneutrality.

The term that is linear in ψA is the linear polarization response of the

electrolyte to the total electrostatic field due to particle A (or rather

the linear part of the response), while ρcloud
A is the entire polarization

response which is nonlinear. This linear term is equal to −ακ2
DψA,



December 12, 2013 12:50 PSP Book - 9in x 6in 05-ch05

Relationships with Screened Coulomb Potential 57

where κD is the Debye parameter defined by

κ2
D = β

α

∑
j

q2
j nbulk

j (5.7)

and 1/κD is the usual Debye length. By subtracting the linear

response term from both sides of Poisson’s equation (5.4) we can

write this equation for all r values as

−α[∇2ψA(r) − κ2
DψA(r)] = ρ∗

A(r) (PB) (5.8)

where ρ∗
A = ρtot

A + ακ2
DψA = ρA + ρcloud

A + ακ2
DψA. Note that the

function ρ∗
A is equal to the nonlinear terms of ρcloud

A outside particle

A, while it is equal to ρA + ακ2
DψA inside.

Now, consider the function φ∗
Coul(r) that is the solution of

−α[∇2φ∗
Coul(r) − κ2

Dφ∗
Coul(r)] = δ(3)(r), (PB) (5.9)

where δ(3)(r) is the three-dimensional Dirac delta function, and that

satisfies the boundary condition φ∗
Coul(r) → 0 when r → ∞. This

function is the screened Coulomb potential in the PB approximation,

φ∗
Coul(r) = e−κDr

4παr
. (PB) (5.10)

It is the so-called Green’s function for Eq. (5.8) and gives the spatial

propagation of electrostatic interactions in the electrolyte in the PB

approximation. The concept of a Green’s function means that the

solution ψA of Eq. (5.8) for a given ρ∗
A is given by

ψA(r2) =
∫

dr3ρ
∗
A(r3)φ∗

Coul(r32) (5.11)

i.e., ψA(r2) =
∫

dr3ρ
∗
A(r3)

e−κDr32

4παr32

(PB) (5.12)

for all r2. One can easily show this by inserting Eq. (5.11) in Eq. (5.8)

and using Eq. (5.9).

Note that the potential ψA(r2) in Eqs. (5.3) and (5.11) is

exactly the same. In the latter equation we have written ψA(r2)

in terms of the screened Coulomb potential φ∗
Coul(r) instead of

the ordinary (unscreened) Coulomb potential φCoul(r). The source

charge distribution ρtot
A in Coulomb’s law (5.3) has thereby been



December 12, 2013 12:50 PSP Book - 9in x 6in 05-ch05

58 Electrostatics in Electrolytes Expressed

replaced by another source charge distribution ρ∗
A in Eq. (5.11).

The mathematical form of Coulomb’s law is, however, maintained

for the screened case. The distribution ρ∗
A(r3) has the role of an

“effective” charge distribution of A to be used in conjunction with the

screened Coulomb potential. It is more short-ranged than ρcloud
A (r3)

of the ion cloud; the latter decays for large r like ψA(r3) while ρ∗
A(r3)

decays like ψ2
A(r3). The linear response of the electrolyte due to the

electrostatic interactions with particle A is in Eq. (5.11) taken care

of by φ∗
Coul(r) while all nonlinear effects are contained in ρ∗

A. We will

say that ρ∗
A is the charge distribution of the dressed particle A, where

ρ∗
A − ρA constitutes the “dress”. Note that the dress is different from

the cloud since these two entities differ by the linear response term.

A general formula for the decay of ψA(r2) for large r2 can easily

be obtained from Eq. (5.12). To the leading order we have

e−κ|r2−r3|

|r2 − r3| ∼ e−κ(r2−r̂2·r3)

r2

= e−κr2

r2

eκ r̂2·r3 when r3 	 r2 → ∞,

where r̂2 = r2/r2. Since ρ∗
A(r3) decays fast we obtain from Eq. (5.12)

to the leading order

ψA(r2) ∼ φ∗
Coul(r2)

∫
dr3ρ

∗
A(r3)eκ r̂2·r3 when r2 → ∞, (5.13)

where κ = κD in the present PB case. The distance dependence of

the potential is accordingly the same as for the screened Coulomb

potential φ∗
Coul(r), that is, decays as exp(−κDr)/r . Note, however,

that the value of the integral is dependent on the direction of the

vector r2. The electrostatic potential from a non-spherical particle in

an electrolyte accordingly has a complicated direction dependence

even at large distances (cf. Refs. [1–4]).

For the special case when particle A is spherically symmetric, for

example, when it is a simple ion, ρ∗
A(r3) depends only on the distance

r3 therefore in Eq. (5.13) one can perform the angular integration in

spherical polar coordinates for r3. One then obtains

ψA(r2) ∼ φ∗
Coul(r2)

∫ ∞

0

dr34πr2
3 ρ∗

A(r3)
sinh(κr3)

κr3

when r2 → ∞,

where κ = κD presently. By analogy to the expression for the

potential from a charge q in vacuum ψ(r2) = φCoul(r2)q, we can
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write this as (cf. Refs. [5, 6])

ψA(r2) ∼ φ∗
Coul(r2)q∗

A when r2 → ∞ (5.14)

where

q∗
A =

∫
dr3ρ

∗
A(r3)

sinh(κr3)

κr3

(5.15)

is the effective charge of particle A, which gives the magnitude of the

potential when the particle is seen from a large distance. Thus, the

effective charge q∗
A of particle A in an electrolyte is different from its

charge qA, which is given by qA = ∫
dr3ρA(r3). However, in the limit

of infinite dilution of the electrolyte we have q∗
A → qA. (Incidentally,

it can be mentioned that q∗
A is the Fourier transform ρ̃ ∗

A (k) of ρ∗
A(r)

evaluated at k = iκ with i = the imaginary unit.)

For a particle that is not spherical φ∗
Coul(r2)q∗

A gives the direction

independent part of the potential ψA(r2) (the average of ψA(r2)

over all directions of r̂2), but as we have seen there is also a

direction dependent part that decays with distance in exactly the

same manner. One can, in fact, define effective dipole, quadrupole

contributions etc. to ψA(r2) that all decay with distance as

exp(−κDr2)/r2, for details see Refs. [7, 8].

Now, let us look at the potential of mean force in Eq. (5.5). The

electrostatic part of it is wel
A j (r2) = ψA(r2)q j . By inserting Eq. (5.11)

we obtain

wel
A j (r2) =

∫
dr3ρ

∗
A(r3)φ∗

Coul(r32)q j . (PB) (5.16)

When particle A is a simple ion of species i we have from Eq. (5.14)

wel
i j (r2) ∼ φ∗

Coul(r2)q∗
i q j when r2 → ∞. (PB) (5.17)

If particle A instead would be an ion of species j and we were

looking at its interaction with an ion of species i in its ion cloud, we

would instead have wel
j i (r2) ∼ φ∗

Coul(r2)q∗
j qi . This vividly illustrates

the asymmetry wel
i j �= wel

j i of the PB approximation that is incorrect.

A reasonable behavior of a correct theory where all particles are

treated on the same basis would rather be wel
i j (r2) ∼ φ∗

Coul(r2)q∗
i q∗

j ,

where effective charges appear for both ions. Since Eq. (5.10) follows

from the PB approximation, one would furthermore expect that the

function φ∗
Coul(r) is different in such a theory. However, since the

PB approximation approaches the correct behavior in the limit of
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infinite dilution, the correct φ∗
Coul(r) is expected to approach Eq.

(5.10) in this limit, at least for large r .

Consider the more general case where the i ion is located at

r1 (rather than at the origin) and the j ion is at r2. In the PB

expression wel
i j (r12) = ψi (r12)q j = ∫

ρ∗
i (r13)φ∗

Coul(r32)q j dr3, the

dressed particle charge distribution ρ∗
i appears for one ion and the

bare charge q j for the other. In a symmetrical expression the dressed

particle charge distribution ρ∗
j rather than the bare charge q j would

appear and thus interact with the potential ψi , that is

wel
i j (r12) =

∫
dr3dr4ρ

∗
i (r13)φ∗

Coul(r34)ρ∗
j (r24) (5.18)

=
∫

dr4ψi (r14)ρ∗
j (r24) =

∫
dr3ρ

∗
i (r13)ψ j (r23),

where we have used Eq. (5.11) for species i and j , respectively, to

obtain the last two equalities from the first one. The first integral

gives the electrostatic energy between ρ∗
i and ρ∗

j interacting via

the screened Coulomb potential. In the second line of the equation

the first integral expresses the interaction energy for ρ∗
j with the

electrostatic potential from the i ion, while the second integral

expresses the interaction energy for ρ∗
i with the potential from the

j ion. Eq. (5.18) gives, as we shall see, the correct expression for the
screened Coulomb interaction between two ions in exact theory. The

replacement of the bare charge q j by the dressed particle charge

distribution ρ∗
j is a simple, but important correction to the PB

approximation. As we shall also see, in exact theory there are other

contributions to wi j in addition to wel
i j and ushort

i j . They constitute the

remaining corrections.

5.3 The General Exact Case

All equations above that are not marked (PB) are, in fact, valid

in general, so we need only to complement them with equations

that replace the PB relationships. First, we will define the screened

Coulomb potential φ∗
Coul and the charge distributions ρ∗

l , l = i, j ,

that appear in Eq. (5.18). In the PB approximation we considered the

linear (part of the) polarization response to the total electrostatic

field due to particle A. We obtained Eq. (5.8) by subtracting
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this response from Poisson’s equation (5.4). In the PB case the

polarization charge density at a point is proportional to the potential

at the same point; the response is entirely local. In the general case

the response is, however, nonlocal: the potential at one point affects

the polarization charge density in a whole region around that point.

This is due to the intermolecular correlations in the liquid.

Let us first consider the linear polarization response of a bulk

liquid to a weak electrostatic field from some charge external to the

system. The polarization charge density is then given by

ρpol(r2) =
∫

dr3�
ext(r3)χ(r32) =

∫
dr3�(r3)χ∗(r32) (5.19)

where �ext is the electrostatic potential from the external charge

itself and � is the total electrostatic potential due to the charge

including the contributions from ρpol. The function χ(r) is the

polarization response function for the external potential and χ∗(r)

is that for the total potential (these two functions can be expressed

in terms of the pair distribution functions of the solution, see Refs.

[9, 10]). In our case χ∗(r) is of most interest since we will deal with

the total potential.

Let us now consider the polarization response ρcloud
A due to

particle A in an electrolyte. The total electrostatic potential ψA due to

A is, as before, given by Eq. (5.3). It is not weak in general. The linear
part of the polarization response to ψA is

∫
dr3ψA(r3)χ∗(r32) ≡

ρ lin
A (r2). If we subtract ρ lin

A from both sides of Poisson’s equation

(5.4) we obtain

−α∇2
2ψA(r2) −

∫
dr3ψA(r3)χ∗(r32) = ρ∗

A(r2) (5.20)

where ∇2
2 is the Laplacian with respect to r2 and ρ∗

A = ρtot
A − ρ lin

A =
ρA+ρcloud

A −ρ lin
A . As before ρ∗

A contains the nonlinear contributions to

ρcloud
A outside particle A, while it is equal to ρA − ρ lin

A inside. The part

of ρ lin
A inside the particle is not a real charge density; it is the charge

density that linear response “would like to put there” if it could.

Now, the screened Coulomb potential φ∗
Coul can be defined from

−α∇2
2φ∗

Coul(r2) −
∫

dr3φ
∗
Coul(r3)χ∗(r32) = δ(3)(r2). (5.21)

It is the Green’s function for Eq. (5.20) and gives the spatial

propagation of electrostatic interactions in the electrolyte. Thus, for
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a given ρ∗
A the potential ψA is the solution of Eq. (5.20) and is, as

before, given by Eq. (5.11), which is the generalized Coulomb’s law

for the screened potential.

A physical way to interpret Eq. (5.21) is to consider the potential

ψ[q] from a point charge q placed at the origin. In the limit when

q → 0 the nonlinear terms vanish and ρ∗
[q](r) → qδ(3)(r). Then,

Eq. (5.20) goes over to Eq. (5.21) multiplied by q, so it follows that

ψ[q](r) → qφ∗
Coul(r) and accordingly

φ∗
Coul(r) = lim

q→0

ψ[q](r)

q
. (5.22)

This is an alternative definition of the screened Coulomb potential.

An important point is now that if we take the polarization

response function equal to that for an electrolyte with explicit

molecular solvent, the response contains the appropriate effects of

the polarization of the solvent. Then ρcloud
A is the charge density of

the “ion and solvent cloud” that we mentioned in the beginning.

Thereby Eqs. (5.20–5.21) yield the screened Coulomb potential and

the generalized Coulomb’s law (5.11), which then includes solvent
effects in a correct manner. In this case α = ε0 in the formulas above

since the background for all particles is vacuum. If we instead model

the solvent as a dielectric continuum, as done in the primitive model,

α = εrε0 as before.

For a simple ion of species i , the charge density ρtot
i (r) =

qi δ
(3)(r) + ρcloud

i (r) associated with it can be written in terms

of the pair distribution functions gi j as ρtot
i (r) = qi δ

(3)(r) +∑
j q j nbulk

j gi j (r) + similar contributions from the solvent. Likewise,

one can write ρ∗
i (r) = qi δ

(3)(r) + ∑
j q j nbulk

j g∗
i j (r) + similar solvent

contributions, where g∗
i j contains the nonlinear contributions to

gi j (this is analogous to the fact that ρ∗
i contains the nonlinear

contributions in ρtot
i ). One can show that [6, 10]

gi j (r12) = g∗
i j (r12) − β

∫
dr3ψi (r13)ρ∗

j (r23), (5.23)

where the last term is the contribution that is linear in ψi and that

corresponds to the term ρ lin
i in ρcloud

i . This is a key result in the exact

theory.

Next we turn to the potential of mean force wi j and start with

spherical particles. As will be shown below we have

wi j (r) = ushort
i j (r) + wel

i j (r) + w∗
i j (r) (5.24)
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where wel
i j , as defined in Eq. (5.18), constitutes the screened

electrostatic interaction between the particles (with φ∗
Coul and ρ∗

l , l =
i, j , from the definitions above) and where w∗

i j contains complicated

effects of the short range interactions and indirect effects of the

electrostatic ones. In many cases electrostatic interactions dominate

the long range behavior of the potential of mean force and then

wi j (r) ∼ wel
i j (r) when r → ∞. (5.25)

Exceptions occur, for example, at high electrolyte concentration

when the strong screening makes the electrostatic interactions more

short ranged than effects of other kinds of interactions.

For two non-spherical particles A and B with centers located at

r1 and r2 respectively and with fixed orientations relative to the

coordinate frame we have instead

wel
A B (r12) =

∫
dr3dr4ρ

∗
A(r13)φ∗

Coul(r34)ρ∗
B(r24), (5.26)

which is the obvious generalization of Eq. (5.18). The screened

Coulomb interaction of the two particles accordingly takes place

between their dressed particle charge distributions ρ∗
A and ρ∗

B.

[We will for completeness show how Eq. (5.24) can be obtained,

but the current paragraph may be skipped in a first reading. A well-

known exact formula from liquid state theory [9] is that wi j =
ui j − β−1(hi j − ci j + bi j ), where ui j = uel

i j + ushort
i j is the pair

interaction potential, uel
i j is the electrostatic interaction (i.e., qi q j φCoul

for simple ions), hi j ≡ gi j −1, and ci j and bi j are the, so called, direct

correlation and bridge functions, respectively. The latter is a short

range function that contains complicated effects of correlations

between the particles in a fluid. (The hyper-netted chain (HNC)

approximation is obtained if bi j is set equal to zero.) The functions

hi j and ci j are related to each other via the Ornstein–Zernike (OZ)

equation [9], a subject we do not need to enter in this treatise. The

direct correlation function is a long-ranged function that decays for

large distances like ci j ∼ −βuel
i j , while the “non-electrostatic part” of

it c∗
i j ≡ ci j + βuel

i j is short-ranged. Now, by introducing h∗
i j ≡ g∗

i j − 1

and using Eq. (5.18) we can write Eq. (5.23) as hi j = h∗
i j − βwel

i j

and we obtain wi j = ushort
i j + wel

i j − β−1(h∗
i j − c∗

i j + bi j ), which is

Eq. (5.24) with w∗
i j = −β−1(h∗

i j − c∗
i j + bi j ). In this manner we have

separated out the “simple” screened electrostatic interaction wel
i j (r)
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from the rest for all separations r between the i and j particles. The

function w∗
i j (r) contains the entangled, nonlinear correlation effects

in the surroundings of the two particles at close range, including

contributions from overlaps of the particle dresses. (Incidentally, it

can be mentioned that h∗
i j and c∗

i j are related to each other via the OZ

equation, exactly like hi j and ci j , see Refs. [6, 10])]

Finally, we shall show how φ∗
Coul(r) and wel

i j (r) decay for large

r in many cases of interest, namely electrolyte solutions at low to

medium salt concentrations for systems where the ions and solvent

molecules have ushort
i j of sufficiently short range, for example, hard

cores. (Note, however, that the formalism in the current section is

general up to this point in the text and is not limited to these cases.)

One can show that φ∗
Coul defined in Eq. (5.21) or, equivalently,

(5.22) decays like (see Refs. [6, 10])

φ∗
Coul(r) ∼ e−κr

4πα∗r
when r → ∞, (5.27)

where κ �= κD and α∗ �= α. The differences from the PB case, Eq.

(5.10), are that the exp(κr)/r decay occurs for large r only and that

the amplitude and decay length 1/κ are not the same. The parameter

α∗ can be denoted as an effective permittivity of the electrolyte

solution. Both κ and α∗ are entirely determined by the response

function χ∗ of the solution. For small r the function φ∗
Coul(r) is more

complicated than Eq. (5.27) and depends on the discrete nature of

the ions and the solvent molecules.

Now, since Eq. (5.11) holds in general, the analysis leading up to

Eq. (5.13) shows that the latter equation is valid in the current case

too. For spherical particles we accordingly have Eq. (5.14) with an

effective charge defined by Eq. (5.15), but now with the correct ρ∗
A of

course. Thus the potential from a particle behaves at large distances

like in the PB approximation, but with a different amplitude and

decay length. However, in contrast to the PB case, the potential of

mean force is now completely symmetrical and we have from Eqs.

(5.18) and (5.25)

wi j (r12) ∼ φ∗
Coul(r12)q∗

i q∗
j when r12 → ∞ (5.28)

for spherical particles as anticipated above. For two non-spherical

particles A and B with fixed orientations we have from Eq. (5.26)

wA B (r12) ∼
∫

dr3dr4ρ
∗
A(r13)

e−κr34

4πα∗r34

ρ∗
B(r24) (5.29)
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for large r12. For the interaction between particle A at r1 and a simple

ion at r2 we have

wA j (r12) ∼ ψA(r12)q∗
j when r12 → ∞ (5.30)

in contrast to the PB approximation ψAq j in Eq. (5.5).

Let us consider a primitive model electrolyte of simple ions. The

charge distribution of the ion cloud around an ion of species i is

given by Eq. (5.2) with A = i . From Eqs. (5.1) and (5.30) it follows

that ρcloud
i (r) ∼ ∑

j q j nbulk
j exp(−βψi (r)q∗

j ) for large r . Since ψA goes

to zero for large r we can linearize the RHS and obtain ρcloud
i (r) ∼

−β
∑

j q j q∗
j nbulk

j ψi (r).

We shall now investigate Poisson’s equation (5.4), which in

spherical geometry is −αr−1d2[rψA(r)]/dr2 = ρtot
A (r). Now, since

ψi (r) is proportional to exp(−κr)/r for large r it follows that the

left hand side (LHS) of Poisson’s equation decays like −ακ2ψi (r).

The RHS decays like ρcloud
i which goes like −β

∑
j q j q∗

j nbulk
j ψi (r). By

equating the prefactors in the LHS and RHS we see that

κ2 = β

α

∑
j

q j q∗
j nbulk

j , (5.31)

which is the exact version of Eq. (5.7) for κ in the primitive model.

Since the effective charge q∗
j of an ion is different from its bare charge

q j , it follows that κ �= κD as anticipated above.

For an electrolyte with discrete solvent molecules each particle is

surrounded by an ion and solvent cloud and ρcloud
i has a contribution

from the polarization of the solvent that is linear in ψi for large

r . Then, there is also a term
〈
ρ̃s ρ̃

∗
s

〉∣∣∣
iκ

nbulk
s for solvent species s

in the sum of Eq. (5.31), where 〈·〉 is an average over orientations,

underline indicates complex conjugation and the term is evaluated

at k = iκ in Fourier space, see Refs. [7, 10]. (Any nonspherical

particle species present in the solution would contribute with such

a term.)

5.4 Summary and Concluding Remarks

In the PB approximation for electrolyte systems one assumes that

the solvent behaves like a dielectric continuum and that the charge
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of each ion interacts with the average electrostatic potential from

other ions in the system, neglecting the correlations. In reality an

ion does not “feel” the mean potential since the ions and the solvent

molecules in its neighborhood correlate with it—each ion has a local

“ion and solvent cloud” of its own where the ion distribution deviate

from the average one and where the locations and orientations of

solvent molecules are affected. This cloud affects the interactions

felt by the ion. In this treatise it is shown how it is possible to

include such effects in an exact manner for the screened electrostatic

interactions. Thereby, the exact theory of electrolyte solutions with

discrete solvent molecules is reformulated in a manner that has

a similar structure as the PB approximation theory. The screened

electrostatic interaction between any two particles in the system

is then written in terms of the average electrostatic potential due

to one of them interacting with an effective charge distribution of

the other (rather than with the bare charges as assumed in the

PB approximation). This effective charge distribution also has the

role as the source of the average electrostatic potential when the

latter is expressed in terms of the screened rather than the ordinary

(unscreened) Coulomb potential. The resulting exact formalism

maintains a large part of the physical transparency of the PB theory.

The primary advantage is conceptual since the formalism separates

out the screened electrostatics among complex consequences of

the various interactions. Since the theory is exact, the task to

obtain numerical results is the same as earlier. To do any numerical

work one needs to do computer simulations or use some other

approximate analytical or numerical method. One can take such

results as input to analyze the behavior of electrolytes using the

present formalism. The theory can also be used as a guide to invent

new approximations.
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We review the use of Legendre transforms in the formulation

of electrostatic energies in condensed matter. We show how to

render standard functionals expressed in terms of the electrostatic

potential, φ, convex—at the cost of expressing them in terms of the

vector field D. This leads to great simplification in the formulation

of numerical minimization of electrostatic energies coupled to other

physical degrees of freedom. We also demonstrate the equivalence of

recent functionals for dielectrics derived using field theory methods

to classical formulations in terms of the electric polarization.

6.1 Introduction

The Legendre transform is a powerful tool with multiple applica-

tions in physics [Zia et al. (2009)]. In classical mechanics it allows

one to interchange the Lagrangian and Hamiltonian viewpoints; in

thermodynamics one regularly transforms ensembles to simplify
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calculations, choosing the ensemble which most closely idealizes

a given experimental setup. In this article we will demonstrate

the utility of Legendre transforms in reformulating energies and

free energies in electrostatics, with a particular eye for numerical

applications and mean field theory.

Our principle motivation for a deeper study of this trans-

formation applied to electrostatic problems is quite practical.

Many formulations of (free) energy functions in condensed matter

physics involve the electrostatic potential, an important example

is the Poisson–Boltzmann energy functional in the theory of ionic

solutions. However when we examine closely these functionals we

see that they are concave functions of the potential. While the

stationary value of the functional is indeed the correct value of the

energy that we wish to study, the concavity leads to complications

in many situations. In particular we cannot perform a simultaneous

minimization of both electrostatic and configurational energies in

a simulation. One is generally obliged to fully solve by iterative

methods the electrostatic problem at each time step of the iteration

over the configurational degrees of freedom—such as densities or

polymer configuration. This leads to codes which are complicated to

write, and sometimes slow to run.

We remind the reader that for a convex function f (x), its

Legendre transform is defined [Zia et al. (2009)] from the expression

L [ f ] (s) = g(s) = sx − f (x) (6.1)

where on the right hand side (RHS) of Eq. (6.1) we express x as a

function of s from the equation s = d f
dx . This transformation is an

involution: L [g] (x) = f (x). The simplest example is an Hookian

spring for which f (x) = kx2/2 ; then the transformation of Eq. (6.1)

gives g(s) = s2/(2k). We will also use the notation L( f ) = f̃ . In

this article we show that by introducing new variational parameters

in a free energy with the help of Lagrange multipliers and then

performing a Legendre transform of the resulting free energy we

can find functionals that are convex in all degrees of freedom; we

will illustrate this with a mean field formulation of phase separation

coupled to electrostatic interactions.

We will now illustrate the approach with the simplest possible

electrostatic problem, interaction between free charges, ρf, in a
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heterogeneous dielectric medium: Consider the energy functional

expressed in terms of the electric potential φ.

U =
∫ {

−ε(r)(∇φ)2

2
+ ρfφ

}
d3r (6.2)

The variational equation for the field is then the Poisson equation:

div ε(r)grad φ = −ρf(r) (6.3)

Substituting the solution of the Poisson equation in the electrostatic

energy we find

U = 1

2

∫
φ(r)ρf(r) d3r (6.4)

We convert the variational problem for the potential by introducing

the new variable E = −∇φ. To do this we introduce the (vector)

Lagrange multiplier D. The stationary point of Eq. (6.2) is identical

to that of the following expression [Courant and Hilbert (1989)]:

U =
∫ {

−ε(r)E2

2
+ ρfφ + D · (E + ∇φ)

}
d3r (6.5)

It is at this point that we recognize that the variational equations

for E correspond to a Legendre transform with dual variable D. We

also integrate by parts the product D ·∇φ to find −φ div D, dropping

boundary terms assumed to be zero. Thus the stationary point of

Eq. (6.2) is identical to the stationary point of

U =
∫ {

D2

2ε(r)
+ φ(ρ − div D)

}
d3r (6.6)

Variations in φ now impose Gauss’ law, div D − ρf = 0, while

the energy has been rendered convex by the transformations

introduced, [Maggs (2002, 2004)].

We now illustrate applications of this transformation to two

problems: (i) in phase separation of immiscible fluids in the

presence of electrostatic interactions due to ions and (ii) in

translation between two very different visions of the theory of

dielectrics. Recent formulations of implicit dielectrics pass by

elaborate field-theory mappings and find a generalized Poisson–

Boltzmann equation with a Langevin correction. We will show how

to map this description onto a free energy expressed in terms

of a polarization field with long-ranged dipolar interactions. We
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believe that these equivalent descriptions can lead to a deeper

understanding of the underlying physics.

In the following section we will work with free energy densities,

rather than the integrated energies and we (silently) integrate by

parts when needed.

6.2 Phase Separation Coupled to Electrostatics

A mixture of two solvents (A and B) near their miscibility limit and

in the presence of salt displays interesting properties which have

been explored in recent experiments [Bonn et al. (2009)]. Density

fluctuations couple to the dielectric properties of the medium, and

in turn influence the partition of ions in the fluctuating solvent field.

The experimental system has turned out to be very rich, and allows

one to adjust the effective interaction between colloidal particles

using temperature as a control parameter.

A simplified theoretical description of such systems is given

in [Tsori and Leibler (2007); Onuki (2006)] who propose the

following free energy density expressed in terms of the densities and

potentials:

f (φ ,�, c+, c−) = fm(�) − 1

2
ε(�)(∇φ)2 + (c+ − c−)eφ−

(
�u+c+ + �u−c−

)
� + kBT

∑
j

(c j ln (c j /c j0) − c j ) (6.7)

� describes the composition fluctuations of the fluid mixture. c+
and c− are the concentration of positive and negative monovalent

ions, with �u+ and �u− their relative preferences between liquid-

A environment and liquid-B environment. As above φ is the

electrostatic potential. We see that fluctuation in fluid concentration

� couple through the electrostatic field φ via ε(�) with the

concentration fluctuations of the ions.

fm(�) includes all the terms that are only dependent on �:

fm(�) = f0(�) + c
2

(∇�)2 − μ�; with f0(�) the free energy due

to mixing of the two solvents. It can, for example, be written as

a binary mixture free energy density: f0(�) ∝ � log(�) + (1 −
�) log(1 − �) + χ�(1 − �), with χ the Flory parameter [Marcus

et al. (2008); Samin et al. (2013)], or as a Landau expansion f0(�) ∝



December 12, 2013 12:50 PSP Book - 9in x 6in 06-ch06

Phase Separation Coupled to Electrostatics 73

α (� − �c)2 +γ (� − �c)4 , with α being temperature dependent, γ

positive, and 
c the critical composition [Tsori and Leibler (2007)].

Optimising Eq. (6.7) over c+ and c−, the density becomes

f (�, φ) = fm(�)−1

2
ε(�)(∇φ)2 − kBT c0+ exp(β�u+� − βeφ)

−kBT c0− exp(β�u−� + βeφ) (6.8)

With a symmetric electrolyte: c0+ = c0−, and if we assume the

ions are similar in their interaction with the solvents: �u+ = �u−,

f (�, φ) simplifies into

f (�, φ) = fm(�) − 1

2
ε(�)(∇φ)2 − 2kBT c0 exp(β�u�) cosh(βeφ)

(6.9)

We recognize here a generalization of the well known Poisson–

Boltzmann functional for a symmetric electrolyte. The description

is adapted to analytical solutions but in the monophase region

of the phase diagram f (�, φ) is convex in � but concave in φ.

In complicated geometries if one wishes to minimize this free

energy numerically one has to solve saddle point equations, simple

minimization will not give the correct answer. We now implement

the transformation introduced above from the potential φ to the

electric displacement D and use the fact that the Legendre transform

of cosh is

L[A cosh(Bφ)](ξ) = A
[
ξ/(A B)asinh (ξ/A B) −

√
(ξ/A B)2 + 1

]

= Ag (ξ/A B)

(6.10)

After some calculation we find

f (�, D) = fm(�) + D2

2ε(�)
+ 2kBT c0eβ�u� g

(
div (D)e−β�u�

2c0e

)

(6.11)

We have thus reached our objective: we have built an equivalent

description of the system with the stationary conditions conserved

and a local and convex function. The disadvantage is that there are

more degrees of freedom in the vector field D than in the scalar field

φ, but the advantage is that a global minimizing principle can be used

and the functional can be directly programmed for the solution of the

coupled electrostatic-phase separation problem.
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We note that mean field description of the packing of DNA

in a virus [Šiber and Podgornik (2008)] contains many similar

theoretical features and is also amenable to similar transformations.

In this problem the field � corresponds to the square root of the

monomer density.

6.3 From Poisson–Langevin to Polarization

We now consider theories of explicit Langevin dipoles and how

these can be incorporated into the formulation of the free energy

in terms of convex free energy functions. Recent work on improving

the description of solvation of proteins [Azuara et al. (2008)] has

considered an explicit model for the solvent in terms of Langevin

dipoles. If we neglect the volume of ions and dipoles we find the free

energy density for a mixture of symmetric ions and neutral dipoles

as

f = ρfφ− ε0(∇φ)2

2
−2λion cosh (βqφ)−λdip

sinh(βp0|∇φ|)
βp0|∇φ| (6.12)

where to simplify the presentation we have neglected effects of finite

ion size. The parameters λ are related to the chemical activities of the

ions and the dipoles.

As in previous work [Maggs (2012)] we start by using a

Lagrangian multiplier, D to replace (∇φ) by its electrostatic

equivalent −E. We find

f = ρfφ − ε0E2

2
− g(φ) − h(E) + D · (∇φ + E) (6.13)

where h(E) is the free energy density due to the dipoles and g(φ)

the free energy due to free ions. We now diverge from our previous

treatment and introduce a new variable P which we will show is the

physical polarization variable. We do this by performing a Legendre

transform on h(E) to find h̃(P); we then find

f = φ(ρf − div D) − ε0E2

2
− g(φ) + h̃(P) + E · (D − P) (6.14)

Clearly by definition of the Legendre transform performing varia-

tions with respect to P on Eq. (6.14) gives Eq. (6.13).
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We now perform two more transforms, first to eliminate the

potential and second to eliminate the electric field E. We find

f = (D − P)2

2ε0

+ h̃(P) + g̃(ρf − div D) (6.15)

In the absence of free ions the function g̃ reduces to the constraint

of Gauss’ law. This is exactly the form postulated in [Maggs and

Everaers (2006)]. It is particularly transparent for understanding

the physical limits on response functions [Dolgov et al. (1981);

Kornyshev and Sutmann (1997)] and the origin of the negative

dielectric constant observed in structured fluids.

We will now work on Eq. (6.15) to demonstrate its equivalence to

other formulations of electrostatic interactions expressed in terms

of the polarization P. To do this we will eliminate the variable

D, which will bring us back to other more familiar forms for

the electrostatic energy at the cost of re-introducing long-ranged

dipole–dipole interactions between the polarization variables.

Eliminating the Displacement field

Let us work in the limit where linear response is valid. Expanding h̃
to quadratic order, we get

h̃(P) = P 2

2ε0χ
(6.16)

where χ is a material parameter. Taking variations of Eq. (6.14) with

respect to P and then E we find that

P = ε0χE, ε0E = D − P (6.17)

Thus the parameter χ is the electric susceptibility of the medium.

The polarization variable is indeed playing the role we expect from

standard treatments of Maxwell’s equations. The free energy of the

fluctuating dipoles (in the absence of free ions) can then be found

from the functional

f = (D − P)2

2ε0

+ P2

2ε0χ(r)
− φ(div D − ρf) (6.18)

where the last term is a Lagrange multiplier for the constraint of

Gauss’ law. On taking variations of Eq. (6.18) with respect to D we

find that

D − P = −ε0∇φ (6.19)
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Thus the free energy density can be written as

f = ε0

(∇φ)2

2
+ P2

2ε0χ
(6.20)

where

ε0∇2φ = −ρf + div P

φ(r) =
∫

1

4πε0|r − r′|
(
ρ(r′) − div P(r′)

)
d3r

′
(6.21)

We now substitute Eq. (6.21) in Eq. (6.20) and introduce the bare

electric field E0 as follows: E0 = −∇φ0 with ε0∇2φ0 = −ρf. The free

energy density can then be expressed in terms of the polarization as

U = 1

2

∫
div P(r)div P(r′)

4πε0|r − r′| d3r d3r
′

+
∫ {

ε0E2
0

2
− E0 · P + P2

2ε0χ(r)

}
d3r (6.22)

This formulation of the free energy is widely used in theoretical

chemistry and is that used by [Marcus (1956)].

The energy Eq. (6.22) can be expressed in an even more

physically transparent manner by integrating by parts the first

double integral to transfer the derivatives from the polarization to

the function 1/|r − r′|. If we do this we find that the double integral

is transformed to
1

2

∫
P(r)T (r − r′)P(r′) d3r d3r

′
(6.23)

where the dipole operator is

T (r) =
[

1 − 3|r〉〈r|
4πr3ε0

+ δ(r)

3ε0

]
(6.24)

We now proceed in a more abstract manner, considering that the

polarization variables are assembled into a vector and the dipolar

interactions form a matrix, T̄ . Eq. (6.22) is simply a quadratic form

in P, so that

U = P(K̄ + T̄ )P
2

− E0 · P + ε0

E2
0

2
(6.25)

with the diagonal matrix ε0 Kr, r = χ−1
r . If we now calculate the

response of the polarization field to an external perturbation E0 we

find

P = 1

K̄ + T̄
E0 (6.26)
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The total electric field is then given by two contributions, the original

imposed field E0 and that due to the dipole density P

E = E0 − T̄ P (6.27)

= K̄
K̄ + T̄

E0 (6.28)

We also use

D − P = ε0E (6.29)

to find

D = I + ε0 K̄
K̄ + T̄

E0 (6.30)

Again all these equations are non-local—since they involve the long-

ranged operator T̄ —but we find that

D = (1 + χr)ε0E = εE (6.31)

a purely local constitutive equation between the electric field and

the electric displacement.

We conclude that by careful study of the mean field equations

arising from the formulation of the dielectric properties of a medium

in Eq. (6.12) we have been able to derive the equivalence to

the standard continuum formulation of electrostatic arising from

Maxwell’s equations.

6.4 Conclusions

We have shown that the Legendre transform can be used to translate

between multiple forms of the energy in mean field theories. All the

formulations are numerically equivalent but different forms put the

emphasis on different degrees of freedom in electromagnetism. For

numerical work it is advantageous to work with a formulation which

is both convex and local. This is achieved in Poisson–Boltzmann

theory by choosing the electric displacement D as the fundamental

thermodynamic field. In this way all physical degrees of freedom

can be treated in an equivalent manner in numerical solvers. It is

no longer necessary to completely solve the electrostatic problem

for each iteration of other external degrees of freedom. Very similar
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conclusions have also been found in quantum chemistry [Stengel

et al. (2009)].

We have also demonstrated that energy functionals for di-

electrics can be translated into equivalent forms by introducing

the physical polarization. We then mapped a linearized form of the

theory to the Marcus energy function, widely used in the theoretical

chemistry literature.
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Chapter 7

Ionic Liquids and Ionic Liquid+Solvent
Mixtures, Studied by Classical Density
Functional Theory
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7.1 Introduction

Ionic liquids (ILs) have been known to scientists for close to a

century [Walden (1914)]. However, the area has recently attracted

a flurry of activity. Their applications include: specific solvents

for heterogeneous as well as homogeneous catalysis, selective

solvents for removal of heavy metal contaminants, electrolytes in

various electrochemical processes, and as dispersive agents for

the stabilization of nanoparticles. In all of these applications, the

behavior of ILs and IL solutions at interfaces is crucial to their

performance [Maier et al. (2010)].

The strongly coupled conditions that are found in typical ILs

would normally cause a simple salt to crystallize. The size and

Electrostatics of Soft and Disordered Matter
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Copyright c© 2014 Pan Stanford Publishing Pte. Ltd.
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complex molecular architecture of ionic liquids, however, can lower

the freezing point considerably below room temperature. In other

words, in ILs steric interactions are generally of crucial importance,

contrary to the case in most aqueous salt solutions. Thus, the

convenient Poisson–Boltzmann approximation (PBA), which is

commonly used to describe the latter systems, will normally fail

for IL systems. Given these problems, many theoretical studies have

instead resorted to detailed all-atom simulations. Unfortunately,

these simulations require large computational resources and are

not practical for rapid, exploratory calculations. Furthermore, the

number of poorly known force field parameters is a major concern,

and tends to thwart straightforward interpretations in terms of

simple physical mechanisms. Here, we shall describe an alternative

theoretical approach that aims to play a similar role for ILs as

the PBA does for aqueous electrolytes. We will use rather coarse-

grained models of ILs and IL+solvent mixtures. The inevitable loss

of information, associated with an approximate theory, and a coarse-

grained model, is outweighed by computational speed as well as

a “complete” knowledge of the model system, including phase

diagrams etc. The latter are very hard, if not practically impossible,

to obtain by simulation methods.

7.2 Model and Theory

The polymer density functional theory (DFT) is designed to treat

flexible [Woodward (1991)] as well as semi-flexible (Forsman and

Woodward, 2003) chains, and has the added advantage that solvent

molecules can be included explicitly. These can in turn be modeled

as simple particles, but polymeric or star-like structures can also be

accounted for. We shall here limit ourselves to neat ILs or IL+solvent

mixtures wherein the latter are implicit, that is, the solvent enters

via an incompressibility constraint. Specifically, the total local

volume fraction, which is the sum of the IL and solvent components,

is constant. This assumption removes the explicit dependence on the

solvent density, and the free energy is effectively only a functional

of the densities of the ionic liquid components. In other words, we

use McMillan–Mayer arguments [McMillan and Mayer (1945)] to
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Figure 7.1 A schematic picture, illustrating our coarse-grained IL model,

and its crude relation to a “real” IL.

integrate out the solvent degrees of freedom, wherein the osmotic

pressure is directly related to the solvent chemical potential. We

emphasize that our main findings in this study, with emphasis on

a fluctuation-enhanced differential capacitance, are robust in the

sense that they rely on well-established thermodynamic relations,

which are independent of model details. Specifically, analogous

behaviors can be established in a model comprising an explicit

solvent representation.

With an oligomeric/simple particle model for the IL constituents,

as illustrated in Fig. 7.1, the semi-grand free energya, G, can be

written as

βG = βF id
cat[N(R)] +

∫
na(r)(ln[na(r)] − 1)dr

+βFhs [n̄m(r), n̄a(r)] + β

∫
wLJ (r)(nm(r) + na(r))dr

+ β

2

∫ ∫ ′ ∑
g

∑
d

ng(r)nd(r′)φLJ (|r − r′|)drdr′

+ β

2

∫ ∫ ∑
γ

∑
δ

nγ (r)nδ(r′)�γδ
el (|r − r′|)drdr′

+
∫ ∑

γ

(βVel (r) + fDH H [n̄γ (r)] − βμγ )nγ (r)dr (7.1)

The sums extend over all particle types, except where Greek

subscripts are used, whereby the sums only include the charged

monomers.

aWe use the notation “semi-grand” as the density is allowed to fluctuate, though

subject to the constraint of overall electroneutrality.
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The first two terms on the RHS of Eq. 7.1 represent the exact
ideal contributions to the free energy, βGid , due to cations and anion.

We define the (approximate) excess free energy, Gex , as: βGex =
βG−βF id

cat[N(R)]+∫
na(r)(ln[na(r)]−1)dr. As the cations are made

up of chain like molecules, their ideal free energy, F id
cat[N(R], must

reflect this. It can be exactly expressed as a functional of the density

distribution N(R), where R = (r1, . . . , r5), with ri the coordinate of

the i th cationic monomer, [Woodward (1991)].

βF id
cat[N(R)] =

∫
N(R) (ln[N(R)] − 1) dR

+β

∫
N(R)VB (R)dR, (7.2)

where VB(R) is the “bonding potential” that maintains the

oligomeric structure. This is assumed to be a freely jointed chain

in our model. The third term in Eq. (7.1) is the steric contribu-

tion, Fhs [n̄m(r), n̄a(r)], which describes the hard core interactions

between the fluid species. As in other treatments [Forsman et al.
(2011b)] it is assumed to be a functional only of the total monomer

densities of the cationic oligomer, nm(r) and the anion density,

na(r). Note that these appear as weighted densities in the functional

(denoted by the bar over densities). We choose the simple weighting

scheme originally used by Nordholm, [Nordholm et al. (1980)]

which gives a simple and reasonably accurate representation of

excluded volume effects. For example, the weighted monomer

density, n̄m(r), is given by,

n̄m(r) = 3

4πσ 3

∫
|r−r′|<σ

nm(r′)dr′ (7.3)

The explicit form for Fhs is obtained by integrating a suitably

modified generalized Flory-dimer equation of state [Wichert et al.
(1996); Forsman and Woodward (2004)]. In this work, we have set

σ = 5 Å.

The fourth and fifth terms represent the non-electrostatic,

solvent-mediated Hamaker contributions to the free energy. The

prime above the L–J pair interaction integral, indicates that regions

where |r − r′| ≤ σ should be excluded. Specifically, we have used

an effective L–J interaction, φLJ (r) = 4εLJ ((σ/r)12 − (σ/r)6), with

εLJ = 120kB K . The effective L–J wall potential, wLJ (acting on
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monomers and counterions), is modeled by the same LJ parameters,

assuming cubic close packing within the electrode.

The sixth term gives the Coulombic interaction between fluid

particles, while the quantity Vel represents the electrostatic interac-

tion between particles and the electrodes. These two terms describe

a mean field treatment for the electrostatics, and would be the

only contributions in a conventional Poisson–Boltzmann treatment

of charged fluids. In dense ionic liquids, and other highly-coupled

charged fluids, the neglect of electrostatic correlations constitutes

a significant error. While we are considering solutions of ILs, the

electrostatic coupling is large, due to the relatively low dielectric

constant, εr = 18, that we have used for the IL+solvent mixture.

We shall estimate electrostatic correlations using concepts derived

from the “hole corrected Debye–Hückel” theory [Nordholm (1984);

Penfold and Nordholm (1991)] for the one-component plasma.

fDH H is the electrostatic correlation free energy per charged particle

and is given by

4β fDH H [n̄α(r)] = 1 + 2π

3
√

3
− ln[3] + ln[ω2 + ω + 1]

−ω2 − 2√
3

tan−1[
2ω + 1√

3
] (7.4)

where ω = [1 + cn̄1/2
α ]1/3 and c = | qα

e |3(3lB )3/2
√

4π
3

. The Bjerrum

length is, lB = e2β/(4πε0εr ).

Finally, μα is the electrochemical potential of the charged species

α and the terms containing these quantities maintain chemical

equilibrium with the bulk solution and electroneutrality via the

Donnan equilibrium.

We will in this work focus on an IL+solvent mixture in narrow

electrode capillaries. An electrode pore is modeled by two charged

flat surfaces, separated a distance h. The direction normal to the

surfaces is defined as z, while the x , y directions are integrated

out, using standard mean field arguments. Since the cation has an

oligomeric structure, we have utilized polymer density functional

methods to work out monomer density profiles [Woodward (1991)].

For each monomer, i , along the chain, an auxiliary “end monomer

field”, c(i, z) is constructed from a series of integrations of

Boltzmann-weighted distributions, across spherical surfaces, each
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with a diameter σ (one bond length). Such an integral represents a

sum of Boltzmann-weighted probabilities, for the (i − 1)-mer that is

connected to end i . The final probability for monomer i to be located

at z is obtained as a product of the two end probability fields, c(i, z)

and c(6 − i, z). This means that the total monomer density profile is

given by the following sum (ρb
p is the bulk polymer density):

nm(z) = ρb
p

5∑
i=1

c(i, z)c(6 − i, z) (7.5)

c(i, z) fulfills a recursive relation, c(1, z) = 1 and for i ∈ [2, 5]:

c(i, z) = eλi, b

∫
c(i − 1, z′)Ti, i−1(z′, z)dz′ (7.6)

where the connectivity matrix Ti, i−1(z′, z) is defined in terms of the

excess monomer free energies λi (z) (λi, b is the bulk value):

T (z′, z) = 1

2σ
e−λi (z)/2�(|z − z′| − σ )e−λi−1(z′)/2 (7.7)

λi (z) = δGex [n(z)]

δni (z)
(7.8)

We note that the second monomer requires special consideration

(different local field, λ), as it is charged.

The semi-grand free energy describes an electrode with a fixed

surface charge density. The electrode potential is then determined

by the response of the fluid, which minimizes the free energy.

The total density of the fluid ions can fluctuate, while their total

excess charge is constrained to be equal in magnitude, but opposite

in sign to that of the electrode. However, many experiments are

performed under constant surface potential. In this case the surface

charge density is allowed to fluctuate, while the surface potential

remains constant. This corresponds to a Grand Ensemble, with

the appropriate thermodynamic potential given by the following

Legendre transform of the semi-grand free energy,

� = G − σsψs . (7.9)

where the surface potential, ψs , is fixed. � denotes the Grand

potential per unit electrode area.
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Figure 7.2 An illustration of how the surface charge density might vary

between concentrated and dilute phases in an electrode pore. The lower

graph highlights the fact that the applied (surface) potential is identical, for

both phases.

The differential capacitance, CD, is a thermodynamic response

function, defined as,

CD = ∂σs/∂�s

= ∂2G/∂�2
s

= {
∂2�/∂σ 2

s

}−1
(7.10)

Experimentally, this quantity is often measured as a function of the

surface potential, �s. If the electrolyte undergoes a phase change,

finite fluctuations in the surface charge density occur for a very

small potential change (ideally zero), with a corresponding spike

in the differential capacitance. This is because the surface charge

density, at a given surface potential, generally is different for the

two different phases. This is illustrated in Fig. 7.2, for the case of

a capillary-induced phase separation (CIPS) where a dilute phase

in a narrow pore of an electrode, may undergo a transition to a

concentrated phase (or vice versa).

Here, we see that while the surface potential is identical for the

dilute and concentrated phases, the surface charge density, σs, is not.

In Fig. 7.3, we exemplify how the grand potential, �, might

vary with “density”. This is just a cartoon, illustrating qualitatively
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density

Ω

ΨΑ

ΨΒ

dilute concentrated

Figure 7.3 A cartoon of how the grand potential, �, might vary with density

(average IL density in pore, and/or surface charge density). In these cases,

the high density phase is more stable, and the dilute phase spinodal is

reached for a potential �B.

relevant features, so “density” could in this case either mean

“average IL pore density”, or “surface charge density”.

7.3 Results

Numerous direct comparisons with simulation results have demon-

strated that the DFT is able to predict differential capacitance

as well as detailed structural properties, with a remarkably high

accuracy [Forsman et al. (2011b,a)]. Here, we will instead focus on

some interesting predictions obtained via our DFT of IL+solvent

mixtures. First, in Fig. 7.4, we give an example of monomer density

distributions of a dilute and a concentrated phase, in the vicinity

of a CIPS. The surface charge density is actually the same for both

systems, but it should be noted that the surface potential (“applied

potential”) is not.

A specific example of fluctuation-enhanced differential capaci-

tance, is given in Fig. 7.5.

Upon increasing the surface potential from zero to positive

values, the dilute phase becomes metastable, and as the spinodal

is approached, CD will display a dramatic increase, as the system

undergoes CIPS. At higher potentials, there is only the concentrated

phase. If we instead make the surface potential increasingly
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Figure 7.4 Monomer density distributions for the dilute and the concen-

trated phase, at a relatively high positive surface charge density, σs =
152e/Å2. Note that the surface potential is different for these two phases.

nb is the bulk monomer density.

more negative, starting from a zero level, the corresponding CD-

peak is finite and reversible. This is because the system actually

never undergoes a first-order transition, although CIPS-proximity

is implied by the height of the peak. The peak established at a
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D
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m
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Figure 7.5 Fluctuation-enhanced differential capacitance.
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Figure 7.6 (a) Second-order (reversible) transitions, with concomitant

finite CD peaks, for two different pore sizes, at constant bulk conditions.

(b) Here we see, for a given pore width, how a first-order CIPS may

disappear at a lower bulk IL concentration. Nevertheless, it does show some

reflection of the nearby critical point, that is, although the capacitance no

longer diverges, it does display a rather distinct peak. Note the considerable

hysteresis effect of the differential capacitance, that is typically obtained for

first-order transitions.

positive potential, however, does correspond to a first-order CIPS,

and is thus diverging. In this case, there are inevitable hysteresis

effects. Specifically, the spinodal for the dilute → concentrated

transition is reached at a different (larger) surface potential than the

corresponding concentrated → dilute spinodal. This mechanism is

illustrated in
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Figure 7.6, where we also exemplify how a first-order irreversible

CIPS may vanish for narrow pores and/or lower bulk densities. Such

a response is not unexpected, but it does serve to illustrate the

complexities one might encounter in an experimental setup, where

pores generally are polydisperse. Nevertheless, such complexities

also suggest interesting possibilities, and for a system with a range of

pore sizes, one might observe a broad peak, which in turn could be of

significant practical interest. Note that one of the major drawbacks

of supercapacitors, as compared with batteries, is that the former

displays a strongly varying potential upon discharging, which is a

major problem for many applications.
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8.1 Model

Two equivalent charges in vacuum repel each other. Let the two

charges, say macro-ions, be immersed in an electrolyte of mobile

micro-ions which is in thermal equilibrium at some inverse tem-

perature β = 1/(kBT ). Since the micro-ions are repelled/attracted

by the macro-ions, the Coulomb interaction between macro-ions

is modified by tracing out microscopic degrees of freedom. An

important question is whether the ensuing effective interaction can

become attractive in some distance range between macro-ions. This

question is essential in various fields of colloid science from physics

(1) to biochemistry (2). It was first answered from numerical

investigations (3) showing that the effective interaction, which is

always repulsive in the high-temperature (weak-coupling) region

described adequately by the Poisson–Boltzmann mean field theory

(4), can become attractive at low temperatures (strong-coupling

regime).

Electrostatics of Soft and Disordered Matter
Edited by David Dean, Jure Dobnikar, Ali Naji, and Rudolf Podgornik
Copyright c© 2014 Pan Stanford Publishing Pte. Ltd.
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(a) (b)

− q e
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− q e

eσ                                                                                         σσ e
1                                                       2

e

z=0 z=0 z=d

ε ε’

Figure 8.1 The two geometries considered: (a) one plate and (b) two

parallel plates at distance d.

A simplified model system may be proposed, for the sake of

analytical understanding. Firstly, spherical macro-ions are usually

big colloids of several thousand elementary charges e, and we

represent their boundaries as plates with the fixed surface charge

density σe � electron/(nm)2. Secondly, we shall consider the no-

salt regime, with only one type of mobile micro-ions (counterions)

having charge −qe (valence q = 1, 2, . . .), under the requirement of

global electroneutrality.

The considered 3D geometries are shown in Fig. 8.1.

• In the one-plate geometry (a), the charged (x , y)-surface

is located at z = 0. The mobile counterions, confined

to the half-space z > 0, are immersed in a solvent of

dielectric permittivity ε. In realistic biological systems, the

permittivity of the polarizable colloid z < 0 (ε′ ≤ 10) is

much smaller than that of the solvent (ε � 80 for water).

• In the geometry of two parallel plates (b), the counterions

are confined to the region 0 < z < d. Global electroneu-

trality requires that the surface charge densities of the

plates are constrained by σ1 + σ2 > 0. Only the homoge-

neous dielectric case ε = ε′ will be worked out for this

geometry.

Here, we shall concentrate on the strong-coupling (SC) regime,

defined as the limit where the appropriately defined coupling
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parameter � [see Eq. (8.3)] is large. Based on a field-theoretical

representation, Netz and his collaborators (5) proposed a virial

strong-coupling (VSC) approach. A comparison with Monte–Carlo

(MC) simulations confirms the adequacy of the leading SC behavior

which is a single-particle theory in the potential of the charged

wall(s). However, the VSC method fails to describe the subleading

SC corrections. The leading order of the VSC theory was generalized

to asymmetrically charged plates, image charge effects, presence of

salt and curved (spherical and cylindrical) geometries (6).

Recently, we put forward a different SC approach (7; 8) based on

a large coupling expansion in particle deviations around the ground

state formed by the 2D Wigner crystal of counterions at the plate(s).

It was hence coined Wigner–SC (WSC). It will be shown that in

doing so, one can address situations where the VSC approach is

invalid, such as the one plate problem with dielectric mismatch. In

cases where the VSC provides the correct dominant SC behavior, the

WSC yields the exact subsequent correction, a task where VSC is

unsuccessful. The reason is, in both cases and even if the dominant

SC behavior stems from a single-particle picture, that the problem

should be envisioned as an N-body one, and does not comply by the

virial idea that two-body interactions are a perturbative correction

to one-body results. In this respect, the failure of the virial route is

here reminiscent of its breakdown for critical property studies of

electrolytes (9).

8.2 One-Plate Geometry

8.2.1 Homogeneous Dielectric Case

First we consider the one-plate geometry in Fig. 8.1 (a) with

no image charges, ε′ = ε. There are two relevant length scales

describing counterion interactions. The potential energy of an

isolated counterion at distance z from the wall is given, in Gauss

units, by the dimensionless relation

βE1(z) = 2πqβe2σ

ε
z ≡ z

μ
≡ z̃, (8.1)



December 12, 2013 12:51 PSP Book - 9in x 6in 08-ch08

96 The Wigner Strong-Coupling Approach

where μ is the Gouy–Chapman length. The interaction energy of two

counterions at distance r is given by

βE2(r) = β
(qe)2

ε

1

r
≡ q2�B

r
, (8.2)

where �B = βe2/ε is the Bjerrum length. This defines another length

scale q2�B. The dimensionless coupling parameter �, quantifying the

strength of electrostatic correlations, is defined as the ratio

� = q2�B

μ
= 2πq3�2

Bσ. (8.3)

The SC regime � � 1 can be realized in a number of ways,

for example, low temperatures or large valence q/surface charge

density σe.

We are interested in the counterion density profile defined by

ρ(r) ≡ ρ(z) = 〈∑N
j=1 δ(r − r j )〉, where j runs over N counterions

at spatial positions {r j } and 〈· · · 〉 means thermal equilibrium

average. The profile will be considered in the rescaled form ρ̃(z̃) ≡
ρ(μz̃)/(2π�Bσ 2). The electroneutrality condition q

∫ ∞
0

dz ρ(z) = σ

can be rewritten as follows:
∫ ∞

0
dz̃ ρ̃(z̃) = 1. The contact theorem

(10) reads as β P = ρ(0) − 2π�Bσ 2 and since the fluid pressure P
vanishes for a single isolated double layer, we have ρ̃(0) = 1.

According to the VSC method (5), the density profile of

counterions can be formally expanded in the SC regime as a power

series in 1/�:

ρ̃(z̃, �) = ρ̃0(z̃) + 1

�
ρ̃1(z̃) + O

(
1

�2

)
, (8.4)

where

ρ̃0(z̃) = e−z̃, ρ̃1(z̃) = e−z̃
(

z̃2

2
− z̃

)
. (8.5)

The leading single-particle term ρ̃0(z̃) is in agreement with MC

simulations, the subleading ρ̃1(z̃) has the expected functional form,

butthe prefactor 1/� is incorrect. In particular, the MC data (5)

were treated by using ρ̃(z̃, �) − ρ̃0(z̃) = ρ̃1(z̃)/θ with θ as a fitting

parameter. As seen in the log–log plot of Fig. 8.2, the MC numerical

values of θ (filled circles) are much smaller than the VSC prediction

θ = � (dashed line). Note that the difference even grows with

increasing �.
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Figure 8.2 The fitting parameter θ versus the coupling constant �.

The WSC approach (7) is based on the fact that in the

asymptotic ground-state limit � → ∞ all counterions collapse on

the oppositely charged surface z = 0, forming a 2D hexagonal

(equilateral triangular) Wigner lattice (11). The lattice points are

indexed by j = ( j1, j2), j1 and j2 being any two integers: R j ≡
(Rx

j , R y
j ) = j1a1 + j2a2, where a1 = a(1, 0) and a2 = (a/2)(1,

√
3)

are the primitive translation vectors of the Bravais lattice. The lattice

spacing a is fixed by the condition of global electroneutrality, q =√
3a2σ/2. Note that in the large-� limit, the lateral distance between

nearest-neighbor counterions in the Wigner crystal a is much larger

than the characteristic length μ in the perpendicular z-direction,

a/μ ∝ √
� � 1.

We denote the ground-state energy of counterions on the Wigner

lattice plus the fixed surface charge by E0. For � large but not

infinite, the vibrations of counterions around their lattice positions

play a role. Let us first shift one of the particles, say j = 1, from its

Wigner lattice position (R1, z1 = 0) by a small vector δr = (x , y, z >

0) (|δr| 
 a) and look for the corresponding change in the total

energy δE = E − E0 ≥ 0. The first contribution to δE comes from

the one-body interaction of the shifted counterion with the fixed

surface charge density,

δE1(z) = 2πqe2σ

ε
z. (8.6)
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The second contribution comes from the two-body interactions of

the shifted counterion 1 with all other particles j �= 1 on the 2D

hexagonal lattice:

δE2(x , y, z) = (qe)2

ε

∑
j �=1

⎡
⎣ 1√

(Rx
1 j + x)2 + (R y

1 j + y)2 + z2
− 1

R1 j

⎤
⎦

∼ (qe)2

2εa3
C3

[
1

2
(x2 + y2) − z2

]
, (8.7)

where R1 j ≡ R1 − R j and the dimensionless lattice sum C3 =∑
j �=1(R1 j /a)−3 = 11.034 . . . . It can be shown (7) that harmonic

deviations in the (x , y) plane and higher-order deviation terms do

not contribute to the first SC correction and we can write

−βδE = −z̃ + 33/4C3

2(4π)3/2

1√
�

z̃2 + · · · . (8.8)

The generalization to shifts of all j = 1, 2, . . . counterions from their

lattice positions (R j , z j = 0) by a small vector δr j = (x j , yj , z j > 0)

(|δr j | 
 a) is straightforward and leads to

−βδE ∼ −
∑

j

z̃ j + 33/4

2(4π)3/2

1√
�

∑
j<k

(z̃ j − z̃k)2

(|R j − Rk|/a)3
+ · · · . (8.9)

Two-body interactions are only a perturbation with respect to

the one-body terms, which explains why a single-particle picture

provides the leading SC behavior. Introducing a generating field (7),

the cumulant perturbation expansion yields the density profile

ρ̃(z̃) = e−z̃︸︷︷︸
ρ̃0(̃z)

+ 33/4

(4π)3/2

C3√
�︸ ︷︷ ︸

1/θ

e−z̃
(

z̃2

2
− z̃

)
︸ ︷︷ ︸

ρ̃1(̃z)

+ · · · . (8.10)

Comparing with the VSC result (8.4) we see that the first corrections

have the same functional dependence on z̃, but different prefactors.

In terms of the fitting parameter θ , the VSC estimate θ = � is

compared with the present value

θ = (4π)3/2

33/4

1

C3

√
� = 1.771 . . .

√
�. (8.11)

As seen from Fig. 8.2, this formula (solid curve) is in full agreement

with MC data (filled circles).
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8.2.2 Dielectric Inhomogeneity

In the inhomogeneous dielectric case, we define the dielectric jump

between the solvent and the wall as � = (ε − ε′)/(ε + ε′). The image

of a charge e at position r = (x , y, z > 0) has the charge of strength

e∗ = e� and is localized at r∗ = (x , y, −z < 0). Counterions interact

via the Coulomb interaction potential u(r, r′) = u0(r, r′)+uim(r, r′),

where

u0(r, r′) = 1

ε|r − r′| , uim(r, r′) = �

ε|r∗ − r′| (8.12)

are the direct and image Coulomb potentials, respectively. The total

interaction energy of the counterions at positions {r j }N
j=1 in the half-

space z > 0 reads

E =
N∑

j=1

[
2πqe2σ

ε
(1 + �)z j + (qe)2

4ε

�

z j

]
+ (qe)2

2

N∑
j, k=1
( j �=k)

u(r j , rk).

(8.13)

Here, the two one-body terms in the square brackets originate in

the interaction of the particle with the surface charge plus its image

(therefore the factor 1 + �) and with its own charge image.

We shall restrict ourselves to the case of repulsive � > 0 image

charges which is of special interest. The counterions on the one hand

are attracted to the wall by the fixed surface charge σe and on the

other hand repelled from the wall by their images. It is natural to

assume that the ground state of the system is formed by the standard

2D hexagonal Wigner crystal of counterions with lattice spacing a,

localized at some nonzero distance l from the wall. This distance

is determined by balancing the attractive and repulsive forces. The

energy per particle for the Wigner crystal at distance z from the wall

is given by

βE0(z)

N
= (1 + �)

z
μ

+ q2�B

2

∑
j �=1

1

R1 j

+q2�B

2
�

⎡
⎣ 1

2z
+

∑
j �=1

1√
R2

1 j + (2z)2

⎤
⎦ . (8.14)

On the RHS, the first term describes the interaction of the particle

with the surface charge, the second (z-independent) one the direct
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interaction with all other particles, and the last two terms the

interaction of the particle with its own self-image and with images of

all other particles. The distance of the Wigner crystal from the wall

l is determined by the stationarity condition ∂z[βE0(z)/N]|z=l = 0.

Introducing the variable t = 2l/a, this requirement can be written

as
∞∑

j, k=−∞

1

[t2 + ( j 2 + jk + k2)]3/2
= 4π√

3

1 + �

�

1

t
, (8.15)

where the hexagonal structure was used. The lattice sum appearing

here can be represented as an integral over Jacobi theta functions

(8), which can be evaluated with a high precision. The numerical

solution of Eq. (8.15) for the extreme case � = 1 is t � 0.295. In the

limit of small �, we have t ∼ 31/4
√

�/(4π). To examine the ground-

state stability of the Wigner crystal along the z direction, we shift one

particle (say j = 1) from its lattice position by a small deviation z−l .

The corresponding change in the energy βδE = (z−l)2/ξ2 turns out

to be positive. The Wigner lattice is therefore thermodynamically

stable, for all � ∈ [0, 1] (8).

The distance of the Wigner crystal from the wall l is of the order

of the Wigner lattice spacing a. Shifting a particle from its lattice

position along the z-axis, its pair interactions with all counterions

is of the same relevance as its one-body interaction with the

charged wall. We thus anticipate the failure of the VSC route. In the

leading WSC order, we consider the particle potential induced by the

charged wall plus the frozen hexagonal Wigner crystal (excluding

the particle under consideration) at distance l from the wall:

βu(z) = (1 + �)
z
μ

+ q2�B

∑
j �=1

1√
R2

1 j + (z − l)2

+q2�B�

⎡
⎣ 1

4z
+

∑
j �=1

1√
R2

1 j + (z + l)2

⎤
⎦ . (8.16)

We have at our disposal MC results of the density profile only

for the dielectric jump � = 0.95 and the relatively small coupling

� = 10 (12), see filled circles in Fig. 8.3. The VSC density profile is

represented by the dashed curve, in disagreement with MC. On the

other hand, the WSC density profile (solid curve) is calculated by
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Figure 8.3 The density profile in various approaches, for the dielectric

jump � = 0.95 and the coupling constant � = 10. The value q = 1 was

used in (12) for the MC simulations.

using the potential (8.16) and shows good agreement with MC data

up to z ∼ 0.2q2�B = 2μ, even for such a small value of �.

8.3 Two-Plate Geometry

We next consider symmetric like-charged plates σ1 = σ2 ≡ σ . The

electric field between the plates vanishes for this case. At T = 0,

the classical system is defined furthermore by the dimensionless

separation

η = d
√

σ

q
= 1√

2π

d̃√
�

. (8.17)

A minor complication comes from the fact that counterions form,

on the opposite plate surfaces, a bilayer Wigner crystal whose

structure depends on η (13). Here, we aim at performing expansions

of thermodynamic quantities in powers of η ∝ d̃/
√

� 
 1 since

we fix the scale d̃ while � becomes large. At the smallest separation

η = 0, a single hexagonal Wigner crystal is formed. Its lattice spacing

b is determined by global neutrality as q = √
3b2σ . Since η 
 1 is

equivalent to d/b 
 1, we shift particles along the z-axis around this
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structure. The corresponding energy change is

δE = cst. − (qe)2

4ε

N∑
j, k=1
j �=k

(z j − zk)2

|R j − Rk|3
. (8.18)

The cumulant technique (7) then implies the density profile

ρ̃(z̃) = 2

d̃
+ 1

θ

2

d̃

⎡
⎣

(
z̃ − d̃

2

)2

− d̃2

12

⎤
⎦ + O

(
d̃2

θ 3/2

)
, (8.19)

where the θ -parameter is now obtained in the form

θ = (4π)3/2

33/4

1

C3

1√
2

√
� = 1.252 . . .

√
�. (8.20)

The previous VSC result was θ = � (5). Defining the rescaled

(temperature-independent) pressure P̃ ≡ β P/(2π�Bσ 2), the

contact-value theorem P̃ = ρ̃(0) − 1 = ρ̃(d̃) − 1 implies

P̃ = −1 + 2

d̃
+ d̃

3θ
+ O

(
d̃2

θ 3/2

)
. (8.21)

The phase diagram in the (�, d̃) plane, following from this

WSC equation, is shown in Fig. 8.4. The shape of the isobaric

phase boundary P = 0 (solid curve), which divides the plane into

its attractive (P < 0) and repulsive (P > 0) parts, shows striking

1 10 100 1000 10000
Ξ

1

10

d
~

WSC
Monte Carlo
VSC

Repulsion

Repulsion

Attraction

?

Figure 8.4 Phase diagram in the (�, d̃) plane for symmetric like-charged

plates.
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similarity with its counterpart obtained numerically (5) (filled

circles). The question mark is a reminder that the upper branch

where d̃ ∝ √
� exceeds the validity domain of Eq. (8.21), which is

d̃ ∝ �1/4. The dashed line is the inaccurate VSC prediction.

The WSC formalism can be readily generalized to plates with the

asymmetry parameter ζ = σ2/σ1 ∈ [−1, 1]. The final result for the

rescaled pressure reads P̃ = P̃0 + P̃1/
√

� + O(1/�), where

P̃0 = −1

2
(1 + ζ 2) + 1

2
(1 − ζ 2) coth

(
1 − ζ

2
d̃
)

(8.22)

is the leading SC contribution, already obtained within the VSC

method (6), and the coefficient of the first 1/
√

� correction

P̃1 = 33/4(1 + ζ )5/2C3

4(4π)3/2

d̃

sinh2
(

1−ζ

2
d̃
)

×
[(

1 − ζ

2
d̃
)

coth

(
1 − ζ

2
d̃
)

− 1

]
. (8.23)

For the coupling constant � = 103, the phase diagram in the

whole range of the asymmetry parameter ζ is shown in Fig. 8.5. The

dashed line corresponds to the leading-order (common to VSC and

WSC) result of the phase boundary P̃0 = 0, which is equivalent to

d̃∗ = −2 ln |ζ |/(1 − ζ ). The solid line corresponds to the full WSC

phase boundary P̃ = P̃0+ P̃1/
√

� = 0. For oppositely charged plates

−1 < ζ ≤ 0, the difference between the solid and dashed curves is

-1 -0.5 0 0.5 1
ζ

0.1

1

10

100

d~

repulsion

attraction attraction

Ξ = 103

Figure 8.5 Phase diagram of asymmetrically charged plates.
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invisible. On the other hand, the first correction affects significantly

the positive ζ part of the phase diagram: no like-charge attraction is

found in the range 0 < ζ < 0.29, whereas the leading-order result

(dashed line) predicts an attraction region for all ζ .

8.4 Conclusion

Although the Wigner crystal becomes thermodynamically unstable

for relatively large coupling constants � ∼ 105 − 106, it can serve as

the starting point for WSC expansions valid for much smaller values

of � ∼ 10−100. This is remarkable but not exceptional in statistical

mechanics, for example, a low-temperature expansion of an Ising

model around its ground state can be interpolated into the critical

region.

Here are the main advantages of our WSC approach comparing to

the original VSC method.

• The WSC approach is technically simple, the treatment of

harmonic and higher vibrations requires an elementary

technique of cumulants. On the other hand, there were

no attempts to go beyond the leading term in nontrivial

applications of the technically complicated VSC method

such as for asymmetric plates.

• In contrast to the VSC method, the WSC theory also implies

accurately the first correction to the leading SC behavior,

see Fig. 8.2. As was shown for two asymmetrically charged

plates in Fig. 8.5, this correction can significantly modify the

phase diagram.

• More importantly, the WSC method applies also to the

physical situations when the leading SC description is not

of single-particle type. We documented this on the one-

plate geometry with repulsive image charges, where the

Wigner structure formed at a finite distance from the plate

contributes to the leading order (Fig. 8.3). There, the VSC

approach fails severely. Other problems of this kind include

curved surfaces, and will be the focus of future work.
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112, 49; Kékicheff, P., Marčelja, S., Senden, T. J., and Shubin, V. E. (1993)

J. Chem. Phys. 99, 6098.

4. Andelman, D. (2006) in Soft Condensed Matter Physics in Molecular and
Cell Biology, edited by Poon, W. C. K. and Andelman, D. (Taylor & Francis,

New York, 2006).

5. Moreira, A. G. and Netz, R. R. (2000) Europhys. Lett. 52, 705; (2001) Phys.
Rev. Lett. 87, 078301; (2002) Eur. Phys. J. E 8, 33; Netz, R. R. (2001) Eur.
Phys. J. E 5, 557.
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Chapter 9
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9.1 Summary

An overview of classic theories is presented that describes the

structural and thermodynamic properties of fluids of charged

particles, such as (poly-)electrolyte solutions, ionic liquids, plasmas,

and charged colloids, and their relevance is discussed for current

challenges, both in materials design and in fundamental research on

soft and biological matter. The chapter is illustrated with examples

of novel applications, and complemented with recent improvements

on theoretical and numerical methods. Initially, the structural

properties of homogeneous fluids of charged hard spheres are

studied by means of Debye–Hückel (DH) and Ornstein–Zernike (OZ)

theory. A recently derived closure for the OZ equation is highlighted

that approximates the accuracy of the hyper-netted chain (HNC),

but with a superior numerical efficiency and stability. The results
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shed light on charge ordering and clustering behavior in charged

fluids. Classical density functional theory (DFT) is then addressed

as a powerful framework to study fluids that are inhomogeneous,

whether due to a wall, a membrane, or an ensemble of nanoparticles,

using the information obtained for bulk fluids to estimate the

position-dependent excess chemical potential, which accounts for

the correlations between the particles. In the special case of

planar symmetry, the rigorous method proposed by Kjellander and

Marčelja can be applied, known as the anisotropic hyper-netted

chain (AHNC), in which the excess chemical potential is actually

calculated instead of heuristically estimated, using a mathematical

mapping of the inhomogeneous system to a more polydisperse, yet

homogeneous system of lower dimension. The AHNC reveals how

walls and dielectric interfaces deform the screening cloud around

charged particles, and how the average force between the particles

is modified. The chapter is concluded by a perspective on different

origins for like-charge attractions.

9.2 Introduction

Systems of inorganic ions and charged macromolecules near

dielectric interfaces are omnipresent on Earth. In fact, they host the

vital processes of life, govern the atmospheric chemistry, and form

the main subject for the petrochemical, food, and pharmaceutical

industry. Interfaces can enable and accelerate chemical processes

by attracting reactive components, by allowing components in

two different phases to meet, and by confining components to

a lower dimension, which drastically increases the likelihood of

collisions. These catalytic properties determine the reaction rates

between sea salt and air on water droplets and snow, by which the

entire atmospheric composition is regulated (Jungwirth and Tobias,

2002). Interfaces are also heavily exploited by organisms. Each life

form is highly compartmentalized by specialized subunits such as

organs and vessels, and by the elementary units, cells, bounded

by walls or membranes that coordinate the processes with the

environment. It is even conjectured that life itself originated on

an interface, for example, inside a porous rock or a lipid vesicle
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(Kuhn, 2008; Sowerby et al., 2001; Luisi et al., 1999), rather than a

bulky ocean. Also for industrial applications, understanding of the

microscopic behavior near interfaces is of prime importance, for

example, for catalysis in chemical processing, cleaning waste, metal

extraction, emulsion (de-)stabilization, colloids, encapsulation and

drug delivery. From a more fundamental scientific point of view,

these systems pose several open challenges in physics, which will

be the focus of this chapter. The solutions may lead to a better

understanding of interfacial processes in general, and an increased

potential and control in industrial applications.

9.3 New Physics in Between

From the perspective of a physicist, the energy scales in biology are

somewhere in between two well-explored regimes. Organic systems

display more structure than an ideal gas, but are not necessarily as

rigid as a metal, and do evolve by thermal motion over timescales

that span the complete gap between the atomic and galactic ones.

In more physical terms, the kinetic and potential energy are on

an equal footing, which appears to be a characteristic, or even a

necessity for the vastly complex, adaptive structures that represent

life. The consequence is that high-temperature expansions and mean

field theories that proved so useful for weakly-coupled fluids, and

zero-temperature approaches that provided insight in the physical

aspects of frozen systems, all fall short by underestimating either

the energetic or the entropic aspects. Although some models seek

(and find) answers in linear combinations of the results of high

and low-temperature approaches, their predictions do not cover

the complete experimental complexity, demonstrating that a more

rigorous approach is required for charged fluids at intermediate

temperatures, in order to get more insight in such aspects as the

local structure near interfaces, and to understand the different

mechanisms behind the observed attractions between like-charged

objects. Although we may aim for transparency and simplicity, the

biological conditions force us to go beyond the theories that were

developed for simpler, inorganic fluids and solids. As discussed

here, even relatively simple systems of charged hard spheres near
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dielectric boundaries may show a complex behavior that is missed

by mean field theories, zero-temperature analyses or combinations

thereof, although the usefulness of these methods has been proven

for a plethora of soft condensed matter systems. Many biological

processes are not even ergodic, are chemically driven, and far from

equilibrium. We turn our eyes away from those facts, into the

direction of the (sub-)systems where statistical thermodynamics

is applicable. We run through a history of research, and take a

theoretical path that gradually leads deeper into the moderately

coupled domain.

9.4 Primitive Model

From this point, ions are modeled as charged, hard spheres with

diameter σ± and charge ±qe, and the solvent is modeled as a

homogeneous structureless background medium with permittivity

ε; known as the primitive model (PM). Effects due to solvent

structure and solvent-ion interactions are not explicitly considered,

nor the softness, polarizability or anisotropy that may characterize

real ions (Levin, 2009), or effects due to the zoo of impurities

that are so common in real solutions (Ninham, 1999). One hopes

to correct for these mostly short-ranged effects by choosing an

appropriate hard core diameter, for example, one that includes the

hydration shells of an ion in water. On the other hand, further

refinement of the model may only lead to better results if the

Coulomb interactions are properly treated in the first place. So

we focus on the PM, and use the words ‘ions’ and ‘solvent’ here

and there, being aware that we simplify their aspects, which could

nuance our results (Ninham, 1999).

9.5 Debye–Hückel

In 1923, Debye and Hückel developed a theory, which still stands

as the principal method to grasp the thermodynamic properties of

electrolyte solutions (Debye and Hückel, 1923). Simple expressions

for the typical correlation length and the equations of state appeared
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useful to estimate both structural and thermodynamic aspects such

as the double layer (Kornyshev, 2007) and the critical behavior

(Fisher and Levin, 1993; Levin and Fisher, 1996), and opened

the door for an initial understanding of charged fluids. Kirkwood

demonstrated in statistical terminology (Kirkwood, 1934) that the

sole approximation of DH theory consists of a replacement of

the potential of mean force by the mean electrostatic potential,

nowadays referred to as a mean field approximation, or, using

a modern field-theoretical formalism (Podgornik and Žekš, 1988;

Attard, 1996; Netz and Orland, 2000), a saddle point approximation.

The mean electric potential is obtained by solving the Poisson–

Boltzmann equation, either analytically after linearization, or just

numerically (with a hard sphere cut-off), which is no effort for

modern computers (Zwanikken and de La Cruz, 2010; Zwanikken

et al., 2011c). The consequences of the linearization are obvious in

Fig. 9.1. Figure 9.1 shows the radial distribution function g(r) for

0 1 2 3 4 5 6 7 8        9
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g
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Figure 9.1 Radial distribution functions between oppositely charged

spheres (upper curves) and like-charged spheres (lower curves) with an

electrostatic potential at contact of 6 kBT at a concentration of 5 mM,

according to non-linearized DH theory (nlDH, black lines), linearized DH

theory (DHLL, red lines), and MD simulations (orange dots). The results of

nlDH and MD show close agreement. The results of DHLL lie far off.
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a homogeneous system of hard, charged spheres. The electrostatic

pair potential at contact is 6 kBT (∼ divalent ions in water), and

the density is 5 mM. It is clear from the picture that the results

of DH theory are very close to those of a molecular dynamics

(MD) simulation, whereas the results of the linearized DH theory

(DHLL) are far off. DH theory agrees closely with MD as long

as the density is sufficiently but not unreasonably low, especially

regarding the macroscopic properties of the fluid such as the

pressure or compressibility, which are calculated from (integrals

of) the radial distribution function. Also for charged molecular

fluids, DH theory has predicted accurate phase diagrams, for

example, polyelectrolytes (González-Mozuelos and De la Cruz, 1995;

González-Mozuelos and de la Cruz, 2003; Ermoshkin and Olvera de

La Cruz, 2003; Kudlay et al., 2004).

The commonly used statement that ‘mean field theory ignores

correlations’ can be nuanced. In Gouy-Chapman theory (Gouy,

1910), the global concentration of ions is calculated near a fixed

planar wall, which ‘ignores all correlations’ by presuming g(r, r′) =
1. In DH theory, the local concentration of ions is calculated around

a mobile ion, calculating g(|r − r′|) at a mean field level, and

ignoring higher order correlations. Although DH theory seems less

crude, it is applicable only for bulk fluids. These results speak

for Poisson-Boltzmann cell models (Zwanikken et al., 2011a,b;

Von Grünberg et al., 2007; Deserno and von Grünberg, 2002), and

were an inspiration to formulate a new closure for the OZ equation

(Zwanikken et al., 2011c).

9.6 Ornstein–Zernike Theory

Almost a century ago, Ornstein and Zernike (Ornstein and Zernike,

1914) formulated the equation

h(r, r′) = c(r, r′) +
∫

r′′c(r, r′′)ρ(r′′)h(r′′, r′) (9.1)

with the total correlation function h(r, r′) = g(r, r′) − 1 and density

of particles ρ, which for a long time was considered as the definition

of the direct correlation function c. Alternatively, one can define

the correlation functions as functional derivatives of the (grand)
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partition function and derive the OZ equation (9.1) (Hansen and

McDonald, 2006), which has the bonus that one can derive a second

relation between h and c (Van Leeuwen et al., 1959), and the pair

potential u:

c(r, r′) = −βu(r, r′) + h(r, r′) − ln(h(r, r′) + 1) + d(r, r′). (9.2)

by comparing the diagrammatic expansions of c and h in terms

of Mayer cluster diagrams (Mayer, 1950). The function d, known

as the bridge function (thanks to the topology of the diagrams

of its expansion), is practically as hard to calculate as the initial

partition function, but in practice often negligible compared to the

other terms. Equation (9.2) without d is an approximate closure

known as the HNC, which is particularly accurate for fluids with

soft, long-range potentials such as plasmas, electrolyte solutions,

and all fluids where the Coulomb force is dominantly present. For

homogeneous systems, equations (9.1) and (9.2) can be solved

iteratively, by making use of a Fourier transformation of (9.1) to

get rid of the convolution. When ρ has an explicit r-dependence,

the equations become intractable, unless one can make clever

use of symmetries, discussed in the last section (Kjellander and

Marcělja, 1984). Some improvements on the HNC have been made

by estimating the contribution of d, borrowing it from a reference

system of hard spheres (RHNC). In a personal attempt to improve

the numerical stability of the HNC (Zwanikken et al., 2011c), the

right hand side of (9.2) was estimated ab initio by DH theory and

the Percus-Yevick closure for hard spheres (Verlet and Weis, 1972),

which simplifies the iteration procedure, and has better convergence

properties than the HNC. This closure was called the Debye–Hückel

extended mean spherical approximation (DHEMSA). Although from

a rigorous point of view, one would expect the DHEMSA to be strictly

worse than the HNC, the distribution functions are generally almost

indistinguishable, and at least very close, as shown in Fig. 9.2.

9.7 Oscillations in the Potential of Mean Force

In Fig. 9.2, the radial distributions are plotted for a moderately

coupled system. The electrostatic pair-potential at contact is 16.7
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Figure 9.2 Radial distribution functions between oppositely charged

spheres (upper curves) and like-charged spheres (lower curves), using DH

theory, two closures for the OZ equations, and MD. The electrostatic pair-

potential at contact is 16.7 kBT . A pronounced layering of charge is visible.

kBT (∼ ions with a valency of 4 in water), and the density is

0.5 M and 1 M (inset). Both the HNC and the DHEMSA are close

to the MD results, and for 1 M the DHEMSA performs excellently,

whereas we could not let the HNC converge. DH theory is not useful

under these conditions. The oscillatory behavior of the distribution

functions tells us that the mean force between two positive ions can

be attractive, depending on their separation. On average the ions are

enveloped by layers of positive and negative charge, a qualitative

feature already predicted by Kirkwood and Poirier (Kirkwood and

Poirier, 1954) by means of a charging procedure. Kirkwood and

Stillinger (Stillinger Jr and Kirkwood, 1960) predicted a similar

stratification near a rigid wall.

Any number n = 1, 2, 3 . . . of layers can be found by variation

of the parameters, and the additional possibilities in three- or

multicomponent fluids are hard to oversee. Features such as charge

reversal (when the first layer of counterions overcompensates the

charge of the central object) or like-charge attractions may appear

in many different ways, and for different reasons, even within the
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PM. At intermediate densities (0.1–10 mM), all the above methods

break down and simulations cope with long relaxation times,

except for specialized routines (Caillol et al., 2002; Orkoulas and

Panagiotopoulos, 1999; Yan and De Pablo, 1999; Luijten et al., 2002)

such as the Monte-Carlo algorithm developed by Valeriani (Valeriani

et al., 2010a,b) that revealed a dilute phase of small clusters. In the

next sections we shall describe fluids that are inhomogeneous due to

an external field or by confinement, and sketch how external fields

can induce like-charge attractions.

9.8 Density Functional Theory

DFT offers convenient calculation rules and notations to describe

inhomogeneous fluids, avoiding partition functions with many

degrees of freedom, and in quantum mechanics, cumbersome

N−body wave functions. Once the intrinsic properties of the system

have been formulated, one can calculate the density distributions

for any external potential as exerted by a rigid wall, a molecule, a

lattice of fixed charges, a laser beam, or other source, making DFT a

highly effective theory to calculate the electronic structure in metals

and molecules, and ion and particle distributions in soft matter. The

greater challenge rests in the formulation of the intrinsic properties;

to find a form for the excess chemical potential μexc as a functional

of ρ, or a form for a free energy functional from which μexc can be

derived. For more information about DFT we refer to a rich literature

(Parr and Weitao, 1994; Evans, 1979; Hansen and McDonald, 2006),

and jump to the Boltzmann distribution

ρ(r) = exp(μ − Vext(r) − βμexc[ρ; r]). (9.3)

with the equilibrium density ρ depending on the position r (can

also be another degree of freedom, such as angle, spin, . . . ), μ

the chemical potential and Vext the external potential. One can

assume that μexc[ρ; r] is locally equal to the chemical potential of a

homogeneous system with density ρ(r),

μexc[ρ; r] = μexc(ρ)|ρ=ρ(r), (9.4)

which corresponds to a local density approximation (LDA). The LDA

is particularly suitable for systems where the density varies weakly
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over a typical correlation length (and if the correlation functions

vary weakly with the density). A more advanced approach makes

a similar assumption as (9.4), but then with μexc(ρ̄) evaluated for

a ρ̄ averaged around r, which is known as a Weighted Density

Approach. The approach introduces a weight function, to define the

weighted density, in a semi-empiric (Tarazona, 1985) or in a self-

consistent (Curtin and Ashcroft, 1985; Denton and Ashcroft, 1989)

way, based on what is known about bulk fluids. A very accurate

functional for inhomogeneous hard sphere fluids was formulated by

Rosenfeld (Rosenfeld et al., 1997), based on fundamental measures.

There is no expression for charged systems with an equivalent

success, and the challenge is still open to find accurate functional

forms for the chemical potential and free energy functional in

terms of ρ. The theory of the next chapter actually calculates the

position-dependent μexc(r) in inhomogeneous systems with planar

symmetry, using OZ theory with the HNC, and also yields the

anisotropic correlation functions.

9.9 The Anisotropic HNC

As remarked earlier, the OZ equation cannot be solved for inhomoge-

neous systems, because of computational limitations. Typically one

would need N9 grid points, with N the number of grid points in one

dimension, such that for N = 1000 one shoots beyond Avogadro’s

number. However, by a smart mathematical mapping (involving

no additional assumptions) Kjellander and Marčelja (Kjellander

and Marcělja, 1984; Kjellander and Marčelja, 1985; Kjellander,

1988) were able to solve the OZ equation for systems with planar

symmetry, using the HNC as the only assumption, and called it

the AHNC. Carefully and completely explained in their works, the

procedure is illustrated here in Fig. 9.3.

An inhomogeneous system with translational symmetry in the

x–y plane appears homogeneous, if considered in the z-direction

(see Fig. 9.3). One can map the 3D inhomogeneous system to a

2D homogeneous one without loss of information about the z-

coordinate, if the particles are ‘colored’ in parallel layers, and

considered as a distinct species. The number of layers correspond to
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Figure 9.3 Just by a different angle of inspection, the inhomogeneous

system (left) appears homogeneous (right). Ergo, one can map the 3D

inhomogeneous system to a 2D homogeneous one. Particles in parallel

layers have to be ‘colored’ first, and considered a distinct species in order

to retain information about the coordinate that is lost by projection. One

trades inhomogeneity for polydispersity.

a discretization of the z-axis. One trades inhomogeneity for polydis-

persity, and the latter is easily accounted for in OZ theory. Instead of

a single equation (9.1), one needs M2 equations, with M the number

of layers (i.e., z-coordinates). The correlation functions are labeled to

denote the species, so ci j (r) denotes the direct correlation between

particles of species i and j separated by the in-plane distance r , and

ρi is the density of particles in layer i . The OZ equation can be written

as a matrix equation, and solved with the HNC closure, which is the

only approximation in the theory. The set of equations is closed by

the Boltzmann distributions for the densities ρi , Eq. (9.3), where

the excess chemical potential has an explicit expression in terms

of the correlation functions within the HNC (Hansen et al., 1977).

The final solution for the 2D system can be mapped back onto the

original 3D system, yielding density profiles, anisotropic correlation

functions, and an accurate thermodynamics of moderately coupled

charged fluids near flat interfaces. These interfaces can be neutral,

hard, soft, attractive, (discretely) charged, ionizable (Ninham and

Parsegian, 1971), or polarizable (Kjellander, 1988; Jadhao et al.,
2012), and the same procedure is also applicable to dense neutral

fluids, with other closures than the HNC (Kjellander and Sarman,

1990; Lang et al., 2010; Boţan et al., 2009). Some results for the PM,

and interpretations, are given in the next section. Only a small part

of the phenomenology is presented here.
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9.10 Double Layer Deformation and
Like-Charge Attraction

A few test systems are considered using the AHNC, to highlight a

few characteristic effects in charged fluids under external fields.

Figure 9.4 (left) shows the distribution of divalent ions between

two neutral walls, with an external potential that follows a step

function with a jump of 1 kBT at z = 0. We leave the origin of the

external field unspecified, but it could model the solubility of the

ions, in two different phases that meet at z = 0 (two immiscible

liquids (Luo et al., 2006), a gel and a solvent (Jha et al., 2011),

a polymer brush . . . ). There is no external influence that induces

charge separation and the ions are of equal size, so one can expect

in advance that ρ+ = ρ− = ρ. A mean field theory would predict the

density to be a step function, like the external potential. Electrostatic

correlations, though, cause a depletion near the walls and near the

right side of the phase boundary, and an accumulation near the

left side of the boundary, due to cohesion of the ion cloud, taken

into account by the AHNC. The screening cloud around the ions

becomes highly anisotropic as shown in the right figure, where

the colors correspond to the total charge density Q given that

there is a negative ion at the interface z = 0, and the vertical axis

corresponds to the coordinate x perpendicular to z. The ions have

a spherical double layer structure in bulk, which gets deformed

near the phase boundary (alluded to in (Zwanikken and van Roij,

2007; Leunissen et al., 2007) without knowledge of the correlation

functions). Another example of an anisotropic double layer is shown

in Fig. 9.5, around an ion between two sticky walls, and around

an ion adsorbed at one of the sticky walls (right). The attractive

potential of the wall is such that positive ions adsorb equally well

as negative ions. The density of counterions is much higher in the

adsorbed layers than in between the walls. Entropically it is more

favorable to polarize the dense layer near the walls, rather than

attracting counterions in the dilute phase in between. A simple

illustration how two walls that are neutral on average still correlate

electrostatically, by modifying the local environment around the

confined ions. Not unlike (critical) Casimir forces, that arise by
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Figure 9.4 Equilibrium distributions of divalent ions between two neutral

walls (left) with an the external potential that makes a jump of 1 kBT at

z = 0, predicted by the AHNC (red line) revealing typical effects due to the

cohesion of the ion cloud that are missed by a mean field theory (black

line). The right figure shows the anisotropic distribution of countercharge Q
around a negative ion situated at the interface, causing a mean electrostatic

force to the right.

constraining the fluctuation spectrum of the electromagnetic field

(Casimir, 1948) or in a critical solvent mixture (Hertlein et al., 2008;

Bier et al., 2011). The sign and magnitude of the correlation-induced

interaction between the walls depend strongly on the coupling

strength between the ions, the density in the solvent, the density

near the walls, and the area of the walls. A more detailed overview

is presented in Zwanikken and Olvera de la Cruz (2013). Also the

question how confinement can induce like-charge attractions, or the

opposite, how interfaces can locally destroy a stratification of charge

around the ions is not addressed here. Several effects have been

revealed by Greberg, Kjellander and Åkesson (Greberg et al., 1997).

9.11 Conclusion

Several classical theories for charged structured fluids are discussed,

with recent adaptations and applications. The moderately coupled

regime has a rich phenomenology that is incompletely explored,

even for simplified model systems as the PM. With the modern

computational potential, we are able to evaluate classical theories

numerically without additional (traditional) approximations, and
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Figure 9.5 The net charge concentration around a negative ion, placed

between two sticky walls (left), and in the adsorbed layer of the right wall

(right), calculated by the AHNC. The majority of countercharge is located in

the adsorbed layers. It is entropically favorable for ions to be screened by a

dense rather than a dilute phase, causing effective interactions between the

plates.

can develop and learn from new quantitative predictive algorithms.

From the rigorous AHNC it may be possible to learn more about

the anisotropic correlations in charged fluids near (dielectric)

boundaries, and formulate an effective DFT for more general

geometries. A few examples showed the screening cloud around

a charged sphere being deformed in the presence of an interface,

affecting the interactions between spheres near the interface, and

the excess pressure between two nearby walls. After a long history

of research, we seem closer to a clear categorization of the structure

in moderately coupled Coulomb fluids, and manifestations of like-

charge attractions, with expectable consequences for industrial

applications involving catalysis, emulsion stabilization, charged

colloids, and biomaterials.
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Dielectric Profiles and Ion-Specific
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10.1 Introduction

Unlike bulk water, water at aqueous interfaces exhibits a pro-

nounced anisotropic molecular ordering. The water density shows

a depletion in the interfacial region, to an extent depending on

ambient pressure and temperature [Mamatkulov et al. (2004)]

and on the hydrophobicity of the surface [Sendner et al. (2009)].

Moreover, at soft surfaces, such as air–water interfaces, the density

increases monotonically, whereas at most solid surfaces, the water

molecules arrange in distinct layers, leading to an oscillating density

profile [Sedlmeier et al. (2008)]. Finally, vibrational spectroscopy

experiments show that the water molecules in the interfacial region

are preferentially oriented with their dipole moments pointing

roughly along the surface plane at both air–water interfaces [Du
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et al. (1993)] and quartz–water interfaces [Du et al. (1994a,b)].

For macroscopic solutes, this molecular structure strongly affects

both their static properties, such as double-layer capacitance, and

their dynamic behavior, such as electro-osmotic mobility and surface

conductance.

In this chapter, we present a modeling approach by which

we calculate the molecular properties, in particular the dielectric

profile, from molecular dynamics (MD) simulations and incorporate

the results into a modified Poisson–Boltzmann equation. Our MD

simulations show that the aqueous interface can be characterized by

two largely independent characteristic length scales: the dielectric-

dividing surface, based on the dielectric profile, and the Gibbs-

dividing surface, based on the water density profile. Using these two

interface characteristics, we estimate two of the main contributions

to the interaction between a surface and a single ion.

10.2 Calculation of the Dielectric Profile

If the electric field is independent of the spatial coordinates r,

E (r) = E , a change in the global electric field �E is related to a

change in the local displacement field �D (r) by the tensorial local

response function ε (r),

�D (r) = ε0ε (r) · �E , (10.1)

with ε0 being the permittivity of vacuum and ε (r) being the integral

over one argument of the nonlocal dielectric response function

[Bonthuis et al. (2012)]. Similarly, a change in the homogeneous

displacement field, �D , is related to a change in the local electric

field �E (r) by the inverse dielectric response function ε−1 (r),

�E (r) = ε−1
0 ε−1 (r) · �D . (10.2)

To calculate the dielectric function from the polarization of the

medium, the electric field E (r) is separated into the displacement

field D (r), associated with the monopole density P0(r), and

the polarization m(r), generated by all higher order multipole

moments, ε0 E (r) = D (r) − m(r). We consider water at a planar

surface, having translational invariance in the x and y directions
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and a dielectric discontinuity in the z direction. In this planar

geometry, the dielectric tensor is diagonal with only two unique

components, one parallel and one perpendicular to the surface,

and the electric field and the polarization density depend on the z
direction only. Maxwell’s equation ∇ × E (z) = 0 implies that E‖,

corresponding to E x or E y , is independent of z everywhere. With the

symmetry condition �E‖ = E‖, the parallel component of Eq. 10.1

becomes

ε‖ (z) = 1 + �m‖ (z)

ε0 E‖
. (10.3)

When the monopole density P0 (z) = 0, Maxwell’s equation for the

displacement field, ∇ · D (z) = P0 (z), shows that the displacement

field is constant in space. Using the boundary condition �D⊥ (z) =
D⊥, the perpendicular component of the inverse dielectric function

given in Eq. 10.2 becomes

ε−1
⊥ (z) = 1 − �m⊥ (z)

D⊥
. (10.4)

Applying an external electric field, the dielectric tensor can be

calculated directly from Eqs. 10.3 and 10.4. To estimate the dielectric

response from the fluctuations of the polarization in absence of an

external field, we use a statistical mechanical expression for the

excess polarization �m(r) upon application of an external field. For

small applied field F , the linearized ensemble average of the excess

polarization vector is given by [Kirkwood (1939); Fröhlich (1949);

Ballenegger and Hansen (2005)]

�m(r) ≈ β [〈m(r) M〉0 − 〈m(r)〉0〈M〉0] · F , (10.5)

where 〈. . . 〉0 denotes the ensemble average without applied electric

field. In order to determine the dielectric tensor, we need to know

the relation between the applied field F in Eq. 10.5 and �E or

�D in Eqs. 10.1 and 10.2. In the direction parallel to the surface,

the homogeneous applied field F‖ in Eq. 10.5 must correspond to

the homogeneous field E‖. Therefore, combining Eqs. 10.3 and 10.5

leads to

ε‖ (z) ≈ 1 + ε−1
0 β

[〈m‖ (z) M‖〉0 − 〈m‖ (z)〉0〈M‖〉0

]
. (10.6)

In the direction perpendicular to the surface, the spatially constant

field F⊥ must be associated with the homogeneous displacement
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field D⊥/ε0. Consequently, combining Eqs. 10.4, 10.5, and 10.8, we

arrive at the fluctuation equation for the inverse perpendicular

permittivity,

ε−1
⊥ (z) ≈ 1 − ε−1

0 β [〈m⊥ (z) M⊥〉0 − 〈m⊥ (z)〉0〈M⊥〉0] . (10.7)

The polarization m(r) can be calculated in two different ways. The

first method is to express m(r) in terms of the multipole densities

[Jackson (1998); Bonthuis et al. (2012)]

m(r) = P1 (r) − ∇ · P2 (r) + ∇∇ : P3 (r) − . . . . (10.8)

The terms written explicitly are the dipole density P1, the quadru-

pole density P2, and the octupole density P3. When each molecule

i is composed of atoms j with point charges qi
j at positions ri

j , the

terms of Eq. 10.8 are set by the spatial distribution of partial charges,

Pl (r) =
∑

i

pli δ (r − ri ) with pli = 1

l!

∑
j(i)

qi
j

(
ri

j − ri
)l

, (10.9)

where pli denotes the molecular multipole moment of order l ∈
{0, 1, 2, . . . }, and ri is some reference point in the molecule.

Alternatively, the perpendicular polarization density in absence of

free charges, P0 (z) = 0, is calculated from an integral over the total

charge density ρ (z) = ∑
i, j qi

j δ
(
r − ri

j

)
,

m⊥ (z) = −
∫ z

0

ρ
(

z′) dz′. (10.10)

To calculate the polarization m‖ in the direction parallel to the

surface, we introduce a virtual cut perpendicular to the x-axis,

where the x direction can be any direction parallel to the surface.

We only cut the water molecules at the position of the virtual cut,

closing the volume without cutting any other molecules. By cutting

the volume, some water molecules are split, forming a nonzero

monopole density P0 (x , z) on either side of the virtual cut, where

the x dependence of P0 (x , z) has the form of a Dirac delta function at

the position of the cut. For more details, see [Bonthuis et al. (2012)].

The parallel polarization density is calculated from

m‖ (z) = ±
∫

P0 (x , z) dx , (10.11)

where the different signs apply to closing the volume and integrating

P0 (x , z) on the different sides of the cut. To calculate m‖ (z), Eq.

10.11 is averaged over many different cut positions along the x-axis.
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Figure 10.1 The inverse perpendicular dielectric profile (blue solid lines),

calculated using Eqs. 10.7 and 10.10, for SPC/E water at (a) a hydrophilic

(hydroxide-terminated) and (b) a hydrophobic (hydrogen-terminated)

diamond surface. See [Bonthuis et al. (2012)] for details of the MD

simulations. Also shown is the step-function approximation of Eq. 10.12

(red dashed lines).

The dielectric profiles calculated from either the fluctuations

or the response to an applied field, and using either of the

methods described above to calculate m(r), all coincide [Bonthuis

et al. (2012)]. Interestingly, ε−1
⊥ (z) shows strong oscillations—even

passing through zero several times—within the first few water

layers, reflecting the molecular structure at the interface (Fig. 10.1).

10.2.1 Construction of the Dielectric Dividing Surface

For further investigation of the effect of the dielectric profile on

macroscopic interfacial properties, such as the double-layer capac-

itance, the electrophoretic mobility, and the surface conductivity, it

is convenient to simplify the dielectric profile. We approximate the

profile shown in Fig. 10.1 with a step function,

ε⊥ (z) =
{

1 if z < zDDS

⊥
εbulk otherwise.

(10.12)

The dielectric-dividing surface position in Eq. 10.12 is defined as

zDDS

⊥ = zv +
∫ zl

zv

ε−1
⊥ (zl ) − ε−1

⊥ (z)

ε−1
⊥ (zl ) − ε−1

⊥ (zv)
dz, (10.13)

with zv and zl being positions in the solid and liquid phase,

respectively. The profile in Eq. 10.12 is designed to reproduce the
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electrostatic potential calculated in molecular dynamics simulations

at positions z � 1 nm from the interface [Bonthuis et al. (2011)].

The definition of the dielectric-dividing surface in Eq. 10.13 is

analogous to the definition of the Gibbs-dividing surface, which

follows from Eq. 10.13 by replacing the dielectric profile ε−1
⊥ (z)

by the water density profile. On a simple level, the effects of the

dielectric profile and the density profile can be quantified using

these two length scales. For zDDS

⊥ , we use two different values:

zDDS

⊥ = 0.10 nm, corresponding to a hydrophilic surface, and zDDS

⊥ =
0.12 nm, corresponding to a very hydrophobic surface [Bonthuis

et al. (2012)]. The insensitivity of zDDS

⊥ to the surface type stands

in strong contrast to the Gibbs-dividing surface zGDS, which lies

much closer to the surface at hydrophilic surfaces (zGDS = 0.07 nm)

than at hydrophobic surfaces (zGDS = 0.22 nm). The inverse dielectric

profiles ε−1
⊥ (z) in the step-function approximation of Eq. 10.12 are

shown as red dashed lines in Fig. 10.1.

10.3 Modified Poisson–Boltzmann Equation

At charged surfaces, the monopole density P0 (z) is nonzero, and

consequently, the displacement field D⊥ (z) is not homogeneous.

Therefore, we use the local assumption that the electric field E⊥ (z)

is linearly related to D⊥ (z) by ε−1
⊥ (z),

ε0 E⊥ (z) = ε−1
⊥ (z) D⊥ (z) . (10.14)

Eq. 10.14 is a good approximation in case of a slowly varying

D⊥ (z) [Bonthuis et al. (2011); Kornyshev et al. (1982)]. Taking the

derivative of Eq. 10.14 and using ∇ψ (z) = −E⊥ (z), with ψ (z) the

electrostatic potential, and ∇ D⊥ (z) = P0 (z), with P0 (z) the ionic

charge density, the Poisson equation is transformed into an integro-

differential equation,

ε0∇2ψ (z) = −ε−1
⊥ (z) P0 (z) − D⊥ (z) ∇ε−1

⊥ (z) , (10.15)

with the displacement field D⊥ (z) being given by

D⊥ (z) =
∫ z

0

P0

(
z′) dz′. (10.16)
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Considering a solution of monovalent ions, the free charge density is

calculated from the ionic densities c+ (z) and c− (z),

P0 (z) = e (c+ (z) − c− (z)) , (10.17)

with e the absolute charge of an electron. To ensure that the ionic

density does not exceed its physical limit set by the ionic volume,

we include a fermionic steric interaction to calculate the ionic

densities from the unrestricted ionic densities c̃+ (z) and c̃− (z)

[Bikerman (1942); Eigen and Wicke (1954); Kralj-Iglič and Iglič

(1994); Borukhov et al. (1997, 2000)],

c± (z) =
√

2 c̃± (z)√
2 + a3+ (c̃+ (z) − c0) + a3− (c̃− (z) − c0)

, (10.18)

with c0 the bulk salt concentration and a+ and a− the diameters

of positive and negative ions, respectively. The denominator in

Eq. 10.18 restricts the maximum density c± (z) to
√

2 a−3
± , which

is the maximum density of close-packed (face-centered cubic or

hexagonal close-packed) spheres of diameter a±. The unrestricted

ionic densities c̃+ (z) and c̃− (z) follow the Boltzmann distribution

c̃± (z) = c0 exp [−μ± (z) ∓ βeψ (z)], (10.19)

with β being the inverse thermal energy and μ+ (z) and μ− (z) being

the nonelectrostatic contributions to the potentials of the positive

and negative ions, respectively. Combining Eqs. 10.15–10.19 yields

the modified Poisson–Boltzmann equation. It should be noted that

the steric interaction of Eq. 10.18 becomes important only in case of

high surface charge density, high salt concentration, or large ion size

[Bazant et al. (2009)]; its effect on the calculations presented here is

minor.

For the nonelectrostatic potential μ± (z), we use a heuristic

function of the form

μ± (z) = α exp [1 − 2z/a±] . (10.20)

Beyond 1 nm away from the interface, the potential of mean

force—which includes dielectric as well as nonelectrostatic effects—

typically shows a decreasing shape that can be well approximated

with the exponential form of Eq. 10.20 [Horinek et al. (2008);

Schwierz et al. (2010)].
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10.3.1 Double-Layer Capacitance

To demonstrate the experimentally relevant consequences of the

dielectric profile determined in Section 10.3, we calculate the

double-layer capacitance and compare the result with experimental

data. We solve Eqs. 10.15–10.19 at a surface with surface charge

density σ0, using the boundary conditions lim
z→∞ ψ(z) = 0 and overall

charge neutrality. The capacitance C is calculated in the limit σ0 → 0

from C = dσ0/dψ0, with ψ0 the potential at z = 0. Assuming

ε⊥ (z) = εbulk (dashed lines in Fig. 10.2), the result of the Poisson–

Boltzmann equation overestimates the experimental data by one

order of magnitude. Better agreement with the experimental data

is obtained when the dielectric profile is taken into account via

Eq. 10.12 (solid lines in Fig. 10.2), which effectively introduces

an interfacial layer with a low dielectric constant, much alike the

Stern layer [Stern (1924)]. The experimental results can be fitted

quantitatively using the nonelectrostatic potential μ± (z) of Eq.

10.20 in addition to the dielectric profile (dotted lines in Fig. 10.2),

where the interaction strength α is used as a fitting parameter to

account for the data spread due to the different surface materials

and ion types used in the experiments. The interaction strength

Figure 10.2 Double-layer capacitance C as a function of the bulk salt

concentration c0. Symbols represent experimental results on different kinds

of (a) hydrophilic and (b) hydrophobic carbon-based surfaces [Bonthuis

et al. (2011)]. Curves represent theoretical results using ε⊥ (z) = εbulk with

μ± (z) = 0 (dashed lines), ε⊥ (z) from Eq. 10.12 with μ± (z) = 0 (solid

lines), and ε⊥ (z) from Eq. 10.12 with μ± (z) from Eq. 10.20 using α = 1

(dotted lines).
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needed to fit the data is of order unity; for the dotted curves

in Fig. 10.2, we have used α = 1. Interestingly, the experimental

data demonstrate that the hydrophobicity of the surface has no

significant influence on the double-layer capacitance, which can be

viewed as a confirmation of our result that the values of zDDS

⊥ hardly

differ between the two surface types.

Using the modeling approach presented in Sections 10.2 and 10.3

in conjunction with a modified Navier Stokes equation, we have also

been able to theoretically model electrokinetic measurements, in

particular the electrophoretic mobility and the so-called anomalous

surface conductivity [Bonthuis and Netz (2012)].

10.4 Ion-Specific Effects

In the calculations expounded in Section 10.3, the potential energy

of an ion consists of the electrostatic energy of a point charge in

the mean electrostatic potential, and a nonelectrostatic term for

which the simplified form of Eq. 10.20 is used. Experimentally,

however, the energy of interaction between an ion and a surface

is found to depend on the ion’s chemical properties, such as size,

charge, and polarizability, and is strongly ion-specific [Kunz (2010)].

Models of the specific ion-surface interaction have been developed

on the basis of polarizability and hydration effects [Levin (2009);

Dos Santos et al. (2010)]. Equally important for the ion-specific

interaction are the molecular structure of the interfacial water and

the chemical properties of the surface [Schwierz et al. (2010)]. The

combined potential due to the aforementioned effects is termed

the potential of mean force (PMF), which can be incorporated into

the Poisson–Boltzmann equation as a nonelectrostatic contribution

to the potential. Previous attempts, however, to split the PMF into

contributions from the Lennard–Jones potential, the polarizability,

the image charge potential, and the electrostatics of the ordered

water molecules, have failed to capture the results from atomistic

MD simulations [Horinek et al. (2008)].

On the basis of the two length scales discussed above, the Gibbs-

dividing surface zGDS and dielectric-dividing surface zDDS

⊥ , we design a

model for ion–surface interactions that combines the image charge



December 12, 2013 12:52 PSP Book - 9in x 6in 10-ch10

138 Dielectric Profiles and Ion-Specific Effects at Aqueous Interfaces

potential, which does not appear in a proper mean-field formulation,

and the nonelectrostatic hydration energy. The model is aimed at

capturing the main features of the ionic PMF. The image potential

depends on the distance z′ to the dielectric-dividing surface position,

z′ = z−zDDS

⊥ , and on the size of the ion. For the latter, we introduce the

dielectric diameter d± as a second ionic diameter next to the ionic

hard-sphere diameter a±. The dielectric diameter can be estimated

by equating the experimental solvation free energy to the sum of

the electrostatic energy and the cavity hydration energy. Because

the cavity contribution to the solvation free energy can be neglected

for small ions, the dielectric diameter can be approximated by

equating the ionic solvation free energy to the electrostatic energy

U b (1 − εbulk), with U b being the Born free energy, given by

U b = e2

4πd±ε0εbulk

. (10.21)

For small ions, we expect that d± > a±, reflecting the observation

that diameters inferred from the solvation free energy are larger

than cavity diameters measured with diffraction methods [Marcus

(1988)]. Given the hydrophilic nature of small ions, it also conforms

with our result that zDDS

⊥ > zGDS at hydrophilic surfaces. However,

the relation between a± and d± may be different for larger ions.

In the following calculations, we choose a± = d± for simplicity.

The image potential U i (z) with respect to the Born energy U b is

calculated numerically for a nonpolarizable finite-sized ion with

d± = 0.3 nm (U TC (z) in Fig. 10.3a) [Tamashiro and Constantino

(2010)]. Also shown in Fig. 10.3a are an approximate expression for

a perfectly polarizable ion, denoted U L (z) [Levin (2009)], and the

flawed expression U KU (z) [Kharkats and Ulstrup (1991); Markin and

Volkov (2002)] used in previous studies [Bonthuis et al. (2012)], the

latter of which lies in between the results for a perfectly polarizable

and a nonpolarizable ion. In order to compare to MD simulations with

nonpolarizable force fields, we use U i (z) = U TC (z) to calculate the

total interaction energy.

In addition to the repulsive image potential, the ions are subject

to an attractive hydration potential, scaling with the hydrated

volume of the ion [Horinek et al. (2009); Huang et al. (2001);

Hummer et al. (1998)]. Calculating the ionic volume from the hard-
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Figure 10.3 (a) Image charge potential U i (z) − U b of a non-polarizable

(U TC (z) [Tamashiro and Constantino (2010)]) and a perfectly polarizable

(U L (z) [Levin (2009)]) ion of diameter d± = 0.3 nm in the dielectric profile

of Eq. 10.12. Also shown is the flawed Kharkats & Ulstrup potential U KU (z)

[Kharkats and Ulstrup (1991); Markin and Volkov (2002)]. (b) Hydration

potential U h (z) (Eq. 10.22) and the sum U h (z)+U i (z)−U b at (c) hydrophilic

and (d) hydrophobic surfaces, using U i (z) = U TC (z), for ions of different

diameter a± = d± (legend as in b). Positions of the dielectric-dividing

surface (dashed vertical lines) and Gibbs-dividing surface (dotted vertical

lines) are also shown.

sphere cavity diameter a±, the hydration energy is given by

U h (z) =

⎧⎪⎪⎨
⎪⎪⎩

−π

6
a3

±βC if 2z′′ < −a±
0 if 2z′′ > a±

− π

12

(
a± − 2z′′)2 (

z′′ + a±
)
βC otherwise,

(10.22)

with z′′ = z − zGDS, β being the inverse thermal energy and C = 2.8 ×
10−19 J/nm3 being the hydration energy of an uncharged cavity

in bulk water [Huang et al. (2008)]. Importantly, U i (z) and

U h (z) act with respect to different surface positions: although

the image potential acts with respect to zDDS

⊥ (Fig. 10.3a),
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the hydration potential of Eq. 10.22 acts with respect to zGDS

(Fig. 10.3b). A major difference between hydrophilic and hydropho-

bic surfaces is that whereas zGDS < zDDS

⊥ at hydrophilic surfaces, their

order is reversed at hydrophobic surfaces. Because zGDS > zDDS

⊥ at

hydrophobic surfaces, the influence of the attractive hydration

potential is much more pronounced than it is at hydrophilic surfaces.

The total interaction potential U h (z) + U i (z)−U b clearly reflects this

difference between hydrophilic (Fig. 10.3c) and hydrophobic (Fig.

10.3d) surfaces: whereas big ions (d± = 0.6 nm, corresponding to

iodide) are repelled from hydrophilic surfaces, they are adsorbed

on to hydrophobic surfaces, similar to the results of recent MD

simulations [Schwierz et al. (2010)]. Small ions (d± = 0.3 nm,

corresponding to fluoride and sodium) are repelled from both

surface types.

10.5 Summary and Conclusion

We have presented the theoretical framework to extract the dielec-

tric profile of interfacial water from MD simulations. Incorporating

the dielectric profile into a modified mean-field description of the

interfacial electrostatics, we have shown that taking the dielectric

properties of pure interfacial water into account is necessary to

capture the experimental values of the double-layer capacitance.

Characterizing the dielectric profile and the density profile of water

with two independent length scales, namely the dielectric-dividing

surface and the Gibbs-dividing surface, a simple calculation of the

ion-surface interaction potential exhibits a conspicuous difference

between hydrophilic and hydrophobic surfaces: large ions that are

readily adsorbed on to hydrophobic surfaces are still repelled from

hydrophilic ones.
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11.1 Introduction

11.1.1 Hydration Repulsion

Soft and biological matter is governed by three fundamental

interactions. Two of them are long-ranged, namely the van der

Waals and electrostatic forces. For large separations, these two

contributions can be treated in a continuum formulation in

terms of Derjaguin-Landau-Verwey-Overbeek (DLVO) theory [1].

In this approximation, the interacting particles or molecules and

the intervening water are treated as continuum media with

homogeneous properties (such as dielectric constant and surface

charge density. The third important and very strong repulsive
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fundamental force is the hydration interaction. It results from the

removal of water molecules from hydrophilic groups and is not well

captured by continuum approximations. The hydration repulsion

was experimentally quantified in 1970s in diffraction experiments

of membrane multilayers [2, 3] and by surface force apparatus

measurements of pairs of membranes [4].

Experiments revealed that the hydration repulsion is a very

short-ranged force, acting typically on the nanometer range. It

approximately obeys an exponential decay law with a decay constant

λ between 0.1 nm and 0.6 nm [5]. More recently, also a multiex-

ponential law with several decay lengths has been suggested [6].

The hydration forces can easily reach repulsive pressures of several

kilobars at small separations, overcoming the other attractive

DLVO force contributions. It is responsible for the stabilization of

membrane surfaces and stops vesicles from close contact with cell

membranes, making spontaneous fusion difficult [7].

The mechanism of the hydration repulsion is still not fully

understood. An attempt to rationalize the repulsion between

membranes has been proposed by Marcelja et al. [8]. They predicted

an exponential decay of the repulsion on the basis of a general order-

parameter description. Despite some progress of continuum models,

it has become a consensus view during the last decades that in

order to explain the hydration interaction on a quantitative level, the

structure of the solvent has to be taken into account explicitly [5].

In recent years, this insight has drawn the attention toward the

application of atomistic simulations, wherein water molecules are

treated explicitly including all relevant degrees of freedom. In this

article, we review an approach to study the interactions between

surfaces in aqueous environments using atomistic simulations with

a focus on the hydration interaction.

11.2 Modeling Lipid Bilayers

11.2.1 Atomistic Molecular Dynamics Simulations

Computer simulations are able to provide exact results for models

of many-body problems, which could in general not be solved
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Figure 11.1 (a) Amphiphilic DLPC molecule with polar head group and

alkyl tails. (b) Snapshot of the simulated system of membrane layers with

N = 2016 water molecules in between. The simulation box with dimensions

Lx = 4.2 nm, Ly = 5.1 nm, and Lz = 5.7 nm is shown as a red rectangle

and is repeated infinitely many times in all three directions via periodic

boundary conditions. Water is shown only in the red rectangle for clarity. (c)

Measured density profiles of water and DLPC bilayer for the system shown

in (b).

exactly in terms of analytical approaches. Molecular dynamics (MD)

constitutes one branch of molecular modeling, as it refers to the

use of classical Newtonian mechanics to describe the physical basis

behind atomistic models [9, 10].

We focus on a typical system of biological membranes, com-

posed of dilinoleoyl-phosphatidyl-choline (DLPC) lipids. Each DLPC

molecule is composed of two 12-carbon atom long aliphatic chains,

CH3(CH2)10COOH, which are attached to a polar head group,

Fig. 11.1a. Tails are hydrophobic and build the interior of the mem-

branes. On the contrary, the polar head groups, which are exposed

to water, are hydrophilic. Water in our system is modeled in terms of

the simple point charge/extended (SPC/E) model. Here, each water

molecule is represented by three Coulomb point charges (compris-

ing the oxygen and two hydrogen atoms) as well as an additional

Lennard-Jones dispersion interaction on the oxygen atom [11].

We have used the OPLS/Berger forcefield, which determines

effective interactions between lipids and water molecules. The para-

meters were determined by a combination of ab initio calculations

and empirical optimization in such a way as to reproduce correct

lipid densities [12].
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11.2.2 Keeping the Water Chemical Potential Constant:
Thermodynamic Extrapolation

The next important challenge in our modeling is keeping the water

chemical potential constant. The experimentally relevant ensemble

is the one where water is allowed to freely exchange with an

external bulk reservoir. In other words, the water is at constant

chemical potential. At given temperature T , the interacting pressure

p between the surfaces is related to the derivative of the free energy

G with respect to the inter-surface distance Dw at constant water

chemical potential, viz.

p = − 1

A

(
∂G

∂ Dw

)
μ, T , (11.1)

where A is the surface area. However, simulating an explicit bulk

water reservoir in computer simulations is very time-consuming

and the systems suffer from edge-effects. Alternatively, the constant

chemical potential can be assured through frequent deletions and

insertions of individual water molecules. This approach was estab-

lished by Grunze, Pertsin, and coworkers by using a grand canonical

Monte Carlo (GCMC) approach [13]. However, the bottleneck of this

method is the pressure resolution as determined by the precision

with which the chemical potential of water can be controlled. In

the GCMC approach, the pressure resolution has reached about 200

bars, such that interactions can only be studied under conditions of

high pressures, which correspond to small surface separations [14].

In order to achieve fast numerical convergence, we use the re-

cently introduced thermodynamic extrapolation (TE) method [15].

We perform simulations in the canonical NpT ensemble, that is,

with constant number of water molecules N and constant isotropic

pressure p. During simulations, a constant pressure is maintained

in all three directions by independent adjustments of the box

dimensions. The actual pressure is continuously measured during

simulations via the pressure tensor P, which is calculated from the

difference between kinetic energy Ekin and the virial � [16],

P = 2

V
(Ekin − �), (11.2)
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where V is the volume of the simulation box. The virial � tensor is

defined as:

� = −1

2

∑
i< j

ri j ⊗ Fi j . (11.3)

The simulated system at prescribed pressure does not necessarily

correspond to the wanted chemical potential μ0. Instead, the

chemical potential μ1 in our simulation differs from the wanted

chemical potential μ0. The standard ways of measuring chemical

potential in computer simulations are the Widom particle insertion

method (TPI) or the thermodynamic integration method (TI) [9].

The crucial part of TE, on a simplified level, follows from the

Gibbs–Duhem equation, Ndμ= − SdT + V dp. Under constant tem-

perature, a chemical potential deviation �μ is linearly proportional

to a pressure change �p. By measuring the actual pressure in our

simulations p(μ1) at a certain chemical potential μ1, we can predict

the pressure p(μ0) that would correspond to the chemical potential

μ0 in terms of the linear relationship,

p(μ0) = p(μ1) + μ0 − μ1

vw

, (11.4)

which corresponds to the extrapolated pressure. Here, vw = V /N ≈
0.030 nm3 is the volume occupied by a single water molecule. This

linear relationship turns out to work fairly well on a range of several

hundred bars, as water is quite incompressible, and therefore,

vw remains almost constant [15]. For a formal derivation and an

estimate of correction terms, see Ref. [15].

11.3 Results and Discussion

In order to carry out MD simulations of the system, we use the

GROMACS simulation package [16]. We perform two sets of MD

simulations, both in the canonical NpT ensemble at T = 300 K.

The first set, which we will refer to as MD1, was done under

actual pressure of 1 bar. The measured chemical potential μ1

in this case depends on the surface separation. The interacting

pressure between the membranes that corresponds to the bulk

water chemical potential μ0 is then calculated via the TE, Eq. (11.4).

In the second set of simulations, MD2, we have used the extrapolated
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pressure results from MD1 as the actual pressure in the simulations.

By this iteration, the chemical potential in MD2 is very close to

the bulk water chemical potential μ0 for all surface separations.

Consequently, the extrapolated pressure is also very close to the

actual pressure in MD2. A comparison of the extrapolated pressure

results from both simulations enables us to estimate how good the

results in the first step MD1 really are.

In fact, the two simulation sets correspond to two different

experimental set-ups. Namely, the MD2 simulations, which are

done at approximately bulk chemical potential, correspond to

the experiment in which a membrane stack is under hydrostatic

pressure and in contact with a water reservoir. This hydrostatic

method is usually used for smaller pressures and larger separations,

typically Dw = 0.5 − 1.7 nm [2]. In contrast, in the MD1 set, the

chemical potential depends on the membrane separation. This

method mimics the experimental technique in which the lipids

are equilibrated at constant atmospheric pressure and with known

partial pressures generated by a polymer or a saturated salt

solution [2, 17]. With this measurement method, the pressures at

prescribed chemical potential are estimated by using the same TE

relationship, Eq. (11.4). The latter method is suitable for smaller

separation ranges Dw = 0.3−0.5 nm and can therefore complement

the hydrostatic method.

Either set of MD simulations, be it MD1 or MD2, can be performed

for the entire separation range from 0.3 nm up to 3.0 nm. Their

comparison therefore allows for checking the consistency of both

experimental methods.

Figure 11.1b shows a simulation snapshot of 72 DLPC lipids

hydrated by N = 2016 water molecules under isotropic actual

pressure 1 bar. As can be seen from Fig. 11.1c, the water density

profile does not show abrupt changes but a continuous decay at

the membrane surfaces, meaning that water penetrates around 1 nm

deep into the membranes. We define surface–surface separation as

the width of the corresponding water slab of bulk density, that is,

Dw = vw N
Lx Ly

, (11.5)

where vw is a volume of one water molecule in the bulk, and N is the

number of water molecules in the simulation box.
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Figure 11.2 (a) Area per lipid as a function of water-slab thickness. (b)

Pressure as obtained from the TE expression is compared with experimental

data. The solid line is a double exponential fit to the MD1 data.

The lateral surface area that each lipid occupies depends on the

level of hydration, hence Dw. As seen from Fig. 11.2a, the area per

lipid at full hydration is A = 0.64 nm2 in both simulation sets, which

is only slightly lower than the experimental value from Ref. [3]. At

lower hydration, that is, at smaller surface–surface separations, the

lipids tend to squeeze together and the area shrinks. As expected, the

area decreases more in MD2, as the actual pressure in simulations

gets larger at smaller separations. However, the difference between

both ensembles is small.

Figure 11.2b shows the simulated pressure–distance curves at

constant chemical potential in a semi-logarithmic plot. The MD1

(blue circles) and MD2 (red empty squares) are compared with

experimental values (black filled squares). The hydration force

exhibits large pressures of several kilobars at very small separations

and decays rapidly on a nanometer scale.

The two MD sets of simulations mimicking vapor and hydrostatic

method do not show any significant difference. Namely, the small

changes in area per lipid do not alter the hydration interaction

much. Therefore, we can conclude that also vapor and hydrostatic

experimental methods are consistent and do not show significant

systematic differences.

The comparison with experiment is nearly quantitative in terms

of the pressure scale at small separations, and qualitative in terms of

the exponential decay at larger distances. At short distances below
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0.5 nm, the opposing head groups tend to overlap, which results

in an enhanced steric repulsion with a decay length of around

λ = 0.24 nm. At separations above 0.5 nm, the decay length is larger

by around a factor of 2, namely λ = 0.5 nm. The experimental

results exhibit an almost perfect exponential decay with a decay

length of λ = 0.26 nm, which agrees with simulations only at

shorter separations. We obtain a similar value of λ = 0.44 nm in

a related study of DPPC membranes, which have slightly longer

hydrophobic tails than DLPC [15].

In fact, various MD simulations of phospholipids give a quite

large span of measured decay lengths. The simulations by Pertsin

et al. [14] of DLPE membranes and TIP4P water model give a value

of λ = 0.17 nm. Furthermore, Eun and Berkowitz [18] showed that

their models of attached PC-head groups to graphene plates with the

SPC/E water model exhibit a separation-dependent decay length. At

very short distances below 1 nm, the pressure can be fitted with

decay length λ = 0.08 nm, at intermediate distances with λ =
0.295 nm, and with λ = 0.782 nm at distances above 1.6 nm.

Moreover, the hydration decay length has also been much

discussed in experimental measurements, which reveal several

repulsion regimes depending on the surface separation [19].

Measured decay lengths of various lipid experiments range from

0.08 nm to 0.64 nm [5, 20]. There is still no consensus on what

determines the strength and decay length of the hydration repulsion.

We now discuss the contribution of dispersion interactions to the

pressure. As the used force field of molecular interactions in our

simulations is ad hoc designed on the basis of particular physical

properties of lipids in order to correctly reproduce the area per

lipid, it does not necessarily reproduce the van der Waals interaction

correctly. In addition to that, also the Helfrich undulation repulsion

is not fully included in the simulations. Both contributions have

roughly the same functional pressure behavior, ∼1/D3
w, the van der

Waals being attractive, whereas Helfrich undulations are repulsive.

In order to assess the importance of both contributions, we first

subtract the intrinsic van der Waals interaction from the obtained

pressure, which is included in the force field in terms of Lennard-

Jones interactions [21], and on top of that, we add the van der Waals

contribution with an effective Hamaker constant H , viz.,
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Figure 11.3 Pressure–distance curves with modified van der Waals like

interaction are compared with experimental data.

pvdW = − H
6π D3

w

. (11.6)

The tunable parameter H can account for the sum of attractive

van der Waals and repulsive Helfrich interactions. Fig. 11.3 shows

fitted curves of MD1 simulations with the added van der Waals term

Eq. (11.6) for various values of the parameter H . The measured

Hamaker constant for lipids across water ranges from H = 5 −
10 × 10−21 J [2, 3, 22]. The Helfrich contribution is usually even

smaller than that. However, by tuning the parameter H almost an

order of magnitude out of experimental range in both directions,

the overall contribution remains small compared with the hydration

force obtained from simulations, Fig. 11.3. The mismatch between

experiments and MD simulations can therefore not be attributed

to poorly defined van der Waals or Helfrich interactions in our

simulations. The reason lies presumably in the hydration interaction

itself, that is, in the way water interacts with head groups and

mediates the interaction between the surfaces. This shows that

the hydration force is still not fully understood and that we are

still lacking satisfactory comparison of theory and experimental

measurements [23].

11.4 Conclusion

Four decades after the first experimental measurements of hydra-

tion forces between polar surfaces their mechanisms still elude
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a quantitative theoretical description. Hydration forces become

important at surface separations below several nanometers. They

cannot be described by standard continuum DLVO approaches but

require a detailed atomistic treatment. However, in recent years,

computer simulations have enabled precise modeling of biological

systems on atomic level and contributed significantly to their

understanding.

We examined the interactions between DLPC lipid membranes

where we have employed a recently proposed TE technique for

measuring interacting pressures at prescribed chemical potential.

The method allows for much more precise pressure measurements

than other conventional approaches. We have performed two sets of

MD simulations, the first at constant actual pressure, which mimics

the hydrostatic experimental method, and the second at constant

chemical potential, which mimics the experimental vapor pressure

method. Comparing both MD sets, we find differences in surface

area per lipid, which are smaller in constant chemical-potential

simulations, as actual pressures build up to several kilobars. On the

contrary, the final extrapolated interacting pressures do not depend

significantly on the ensemble. Therefore, we conclude that also

both aforementioned experimental techniques, which are usually

used complementary, exhibit no significant systematic differences

in measuring the pressure. The simulation pressure results agree

quantitatively with experiment at smaller separations in magnitude

and decay length. Some mismatch appears at larger separations,

wherein MD simulations show too large repulsive pressures. The

reason for this discrepancy is not resolved, but on the basis of

other atomistic simulations, it is suggested to be related to the

subtle interactions between water and surface molecules. We have

shown that van der Waals and Helfrich contributions are too small

to attribute for this discrepancy.

With the progress made in accounting for the constant chemical

potential of water and other molecules in MD simulations, the

predictions of interaction pressures from atomistic simulations are

becoming more precise. The range of interactions that can be

studied in MD simulations will thus become larger, and we will gain

a more comprehensive picture of hydration interactions in the near

future.
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12.1 Introduction

Ionic liquids are room-temperature molten salts, composed mostly

of organic ions that may undergo almost unlimited structural

variations. They are currently under intense examination as poten-

tial electrolytes for future electrochemical systems [Armand et al.
(2009)], as they present a number of highly appropriate properties

such as low vapor pressure, low combustibility, high thermal stabil-

ity, good ionic conductivity, and wide electrochemical windows. In

particular, it is worth underlining the case of electrical double-layer

capacitors (EDLCs), which have attracted much attention in recent

years [Simon and Gogotsi (2008)]. The discovery of nanoporous

electrode materials with enhanced performances when using an

ionic liquid with ion sizes matching the pore size opens the way for
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Copyright c© 2014 Pan Stanford Publishing Pte. Ltd.
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a widespread use of supercapacitors in many contexts in which high

power electrical output is required [Miller and Simon (2008)].

From the theoretical point of view, the description of the

interface between an electrode and an ionic liquid is much more

challenging than that with an electrolyte dissolved in a solvent. The

latter has been the subject of over a century of theoretical work,

from the early studies of Gouy and Chapman and the concept of

double layer to the most recent molecular simulations. The interface

between electrodes and ionic liquids has remained unexplored—

with a relatively unnoticed exception of [Heyes and Clarke (1981)]—

until the last decade. Then, several studies have focused on the

structure of ionic liquids on charged flat surfaces [Lanning and

Madden (2004); Pinilla et al. (2007)], showing that the ions

exhibit a pronounced oscillatory structure close to the interface.

In parallel, the development of a mean-field theory based on the

Poisson–Boltzmann lattice-gas model showed that it is mandatory

to account for the finite volume occupied by the ions, resulting

in a dramatic departure from the Gouy–Chapman law for the

capacitance-potential curves [Kornyshev (2007)]. Nevertheless,

most of the recent theoretical advances in this field have been

possible only by resorting to molecular simulations. In the following,

we briefly present the state of the art for the realistic simulation of

metallic electrodes in contact with ionic liquids. We then illustrate

the main features observed at a planar graphite interface, both from

electrolyte and electrode points of view. We finally introduce current

developments in the study of more complex electrode geometries.

12.2 Methods and Models

Classical molecular dynamics and Monte Carlo simulations rely on

an accurate description of the interactions between the constituents

of the system. One could thus expect, in principle, that the observed

results crucially depend on the choice of a force field. In practice,

however, one observes little impact of the latter on the qualitative

results for the structure in the context of ionic liquids: Similar

conclusions can be reached with force fields differing both in the

analytic expression and in the parametrization scheme [Canongia
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Lopes et al. (2004); Borodin (2009); Dommert et al. (2012);

Canongia Lopes and Pádua (2012)], or even with coarse-grained

models used to decrease the computational cost [Wang et al. (2009);

Roy and Maroncelli (2010); Roy et al. (2010)].

The main difficulty when dealing with interfaces with a metallic

electrode is rather the treatment of the electrostatic problem. In

some studies, the electrode is represented by a planar surface

with a fixed uniform charge density (i.e., with no explicit atomic

sites) or with fixed partial charges on fixed atomic positions. This

approach has the great advantage of being simple and not requiring

specific developments in the simulation codes. However, a metallic

electrode is more accurately described by an ideal conductor in

which induction charges appear in order to maintain a constant

potential, rather than a constant charge. Several strategies have

been introduced to that end, such as solving on a grid the Poisson

equation with corresponding boundary conditions [Raghunathan

and Aluru (2007)], using analytical expressions for the screened

interactions between ions in specific geometries [Kondrat et al.
(2011)] or introducing explicit image charges [Petersen et al.
(2012)].

Another approach, which is not restricted to any particular

geometry and does not require insights from continuous theories,

has been introduced by Siepmann and Sprik [Siepmann and Sprik

(1995)], and adapted by Reed et al. to the case of electrochemical

cells [Reed et al. (2007)]. In this method, the electrode consists

of explicit atoms bearing a Gaussian charge distribution ρ j (r) =
q j A exp

(− | r − r j |2 η2
)

, where A = η3π3/2 is a normalization

constant and where the atomic charge q j of each atom is determined

at each time step of the simulation so as to impose a prescribed

value V0 (one value per electrode) to the potential V j experienced

by the atom. This can be achieved by adding to the Coulomb energy

U c a constraint term U constraint = − ∑M
j=1 V0q j , with M the number

of electrode atoms. As the potential experienced by any charge is:

V j =
[
∂U c

∂q j

]
{qi }i �= j

, (12.1)

it is easy to see that minimizing the total potential energy U c +
U constraint with respect to all the variable charges simultaneously
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enforces V j = V0 for all atoms. This procedure induces an additional

computational cost, which can be limited to less than an order of

magnitude. Although we refer to studies using different methods, all

the simulations performed by us discussed in the following section

use this approach.

12.3 Ionic Liquids at Graphite Electrodes

Most of the simulation work has been so far devoted to the

description of ionic liquids at planar electrodes. These studies differ

not only by the simulation method, briefly discussed in the previous

section, but also in the considered system, that is, the nature of

ionic liquids (molten salts [Heyes and Clarke (1981); Lanning and

Madden (2004); Reed et al. (2007); Pounds et al. (2009); Tazi

et al. (2010); Vatamanu et al. (2010a)], imidazolium-based ionic

liquids [Kislenko et al. (2009); Vatamanu et al. (2010b, 2011); Merlet

et al. (2011, 2012b)], primitive models [Fedorov and Kornyshev

(2008a,b); Fedorov et al. (2010); Georgi et al. (2010)]) and of the

electrode (graphite/graphene [Kislenko et al. (2009); Merlet et al.
(2011, 2012b)], smooth surface [Fedorov and Kornyshev (2008a,b);

Fedorov et al. (2010); Georgi et al. (2010)], generic metal [Vatamanu

et al. (2010a)] or solid aluminum [Pounds et al. (2009); Tazi et al.
(2010)]). Nevertheless, all the investigated systems share the same

main structural features, which we now illustrate in the case of

a liquid composed of hexafluorophosphate (PF−
6 ) and 1-butyl-3-

methylimidazolium (BMI+) ions between graphite electrodes.

Figure 12.1 illustrates the pronounced layering of the liquid at

the interface, even in the absence of a potential difference ��0

between the two electrodes. The liquid inside the first layer, which

contains both cations and anions, also displays a rather ordered

structure (not shown). Such a behavior differs markedly from the

double-layer picture of dilute electrolyte solutions. It originates from

ionic correlations due to the finite size of the ions (excluded volume)

and to electrostatic effects, which prevent local charge separation.

The layered structure persists upon application of a potential

difference and even extends further away from the surface. As

can be seen in Figure 12.1, each ion layer is then polarized by a
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Figure 12.1 Density profiles of hexafluorophosphate (blue) and 1-butyl-3-

methylimidazolium (red) ions between graphite electrodes, in the absence

(top) and presence (bottom) of a potential difference ��0. The vertical

dotted lines indicate the location of the graphite planes. Note that the bulk

region has been omitted in this figure to emphasize the interfacial regions

and that the densities have been normalized by that in the bulk.

shift in the average position of cations and anions. An important

feature observed at these interfaces is the so-called overscreening
effect [Fedorov and Kornyshev (2008a,b); Feng et al. (2011); Bazant

et al. (2011); Merlet et al. (2011)]: The first adsorbed layer

carries a charge that is greater than that of the electrode and is

therefore counterbalanced in the following layer. This phenomenon

is progressively damped in the next layers until the bulk behavior is

recovered. As a consequence of these polarized layers, the Poisson

potential also displays oscillations. An asymmetry between the

positive and negative electrode can also be observed, which arises

from the difference in the size and shape of the cations and anions.
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Figure 12.2 Charge on each carbon atom inside the negative (−1 V) and

positive (+1 V) electrodes, for an instantaneous configuration. The central

figure indicates the charge distribution inside both electrodes and in the

absence of potential difference (0 V).

Let us now turn to the counterpart of the ionic liquid, namely the

electrode. The charge of each electrode atom fluctuates in response

to its local environment. Figure 12.2 illustrates the charge distri-

bution in the positive and negative electrodes. At each time step

(see the snapshots), the charge distribution is very inhomogeneous.

Moreover, one can observe the presence of negatively (respectively

positively) charged atoms on the positive (respectively negative)

electrode. This counterintuitive fact is a consequence of the presence

of cations (respectively anions) in the liquid adsorbed at the surface.

Such a feature cannot be captured in constant charge simulations.

The average charge distribution, also reported in Fig. 12.2, is not

Gaussian and gets more skewed upon application of a potential

difference. The asymmetry between the two electrodes arising from

the different ionic sizes is also evident in this distribution.

Finally, molecular simulation allows to determine the capaci-

tance of each electrode as illustrated in Fig. 12.3. The total surface

charge density of each electrode fluctuates in response to the

thermal motion of the ionic liquid. Its average value σS is determined

as a function of the potential drop ��± between the (positive or

negative) surface and the bulk. For sufficiently small voltages, σS is

proportional to ��± and the slope is the differential capacitance

Cdiff. Once again, the size difference between cations and anions

results in an asymmetry between the two electrodes.
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Figure 12.3 The total charge of each electrode fluctuates as the liquid

moves in its vicinity. The average surface charge density σS, plotted as

a function of the potential drop ��± between the surface and the bulk

electrolyte, varies linearly for sufficiently small voltages. The slope on each

side (positive or negative) is the differential capacitance Cdiff .

The results presented here, obtained with a coarse-grained

representation of the ionic liquid, are in good agreement with that

obtained using an all-atom model [Merlet et al. (2011)]. This coarse-

grained level of description is computationally less intensive than

the latter and lends itself better to systematic studies. For example,

Merlet et al. have recently investigated ionic liquids composed of

BMI+ and PF−
6 ions as well as EMI+ (1-ethyl-3-methylimidazolium)

and BF−
4 (tetrafluoroborate) ions [Merlet et al. (2012b)].

12.4 Beyond Planar Electrodes

As mentioned in the Introduction, excellent charge storage per-

formances can be obtained in supercapacitors on the basis of

nanoporous carbon electrodes, which cannot be explained by

the simple increase in specific surface area. The search for the

underlying microscopic mechanism has motivated a number of
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theoretical studies on porous materials. Simulations involving slit-

like pores [Vatamanu et al. (2010a)] or carbon nanotubes [Yang

et al. (2009); Shim and Kim (2010)] provided a first insight of

the structure of ionic liquids in a confined environment. Then,

the account of polarization effects by the metallic walls and of

the resulting screening of interactions between ions revealed the

possibility of forming a superionic state [Kondrat and Kornyshev

(2011); Kondrat et al. (2011)], in which a slit pore contains a single

type of ions (e.g., cations) whose charge is compensated by the

electrode itself and not by counter-ions. But it is only the use of a

realistic carbon structure, determined by Palmer et al. [Palmer et al.
(2010)], in conjunction with the accurate treatment of polarization

described above, which allowed the prediction of capacitances in

agreement with the large experimental values and the analysis of

the microscopic mechanism at play [Merlet et al. (2012a)].

Figure 12.4 illustrates the simulation setup used by Merlet et al.
to investigate CDC-based supercapacitors and the complex structure

Figure 12.4 Supercapacitor based on carbide-derived carbon (CDC) elec-

trodes. The electrode atoms are in green, while blue and red molecules

represent the PF−
6 and BMI+ ions, respectively. The complex local structure,

featuring nanotube-like and graphitic domains, influences the structure of

the liquid and the charge storage mechanism differs from that at a planar

surface.
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of the nanoporous electrode. The simulations revealed in particular

that the confinement prevents the formation of liquid layers and

the occurrence of overscreening effects. Moreover, the charge

distribution inside the electrode, in the presence of an applied

voltage, is much broader and more skewed than in graphite. Finally,

the charging mechanism involves the exchange of ions between

the electrode and the bulk electrolyte, in qualitative agreement

with the idea of a superionic state. All these factors contribute

to the larger capacitance observed with these materials [Merlet

et al. (2012a)]. The comparison of two CDC structures with

similar average pore sizes but different local features such as

graphitic domains confirmed both the validity of the model, as

the simulations were able to reproduce the different capacitances

observed experimentally, and the importance of the local structure

in determining the performances of the material. Such a simulation

approach might thus also be useful to investigate other electrode

geometries, such as “onion-like” carbons.

12.5 Conclusion and Perspectives

Classical molecular simulation has provided many insights into

the structure of the interface between metallic electrode and ionic

liquids. Such interfaces appear to be much more complex than the

double-layer picture valid for dilute electrolyte solutions. Important

advances have been made possible only recently through the correct

account of the electrode polarization and the simulation under

constant potential conditions. Nevertheless, significant progress

can still be expected in the coming years. In particular, studies

on the dynamics of the interface and the charging/discharging

processes are still scarce. The influence of the simulation method

(constant charge or potential) on the dynamics might prove more

important than for the structural properties. Moreover, although

most published work has been devoted to the simulation of pure

ionic liquids, most experimental devices use in fact ions dissolved in

a solvent such as acetonitrile or propylene carbonate. It is therefore

important to investigate the properties of interfaces involving

concentrated solutions of organic ions such as the ones presented
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here in order to assess the influence of the solvent on the charging

process.

Finally, one can also anticipate further improvements of the

models, both in terms of the descriptions of the system (porous

electrode structure, presence of defects, functionalization) and of

the simulation method (algorithm efficiency for constant potential

conditions, for example). Although the importance of using realistic

electrode structure to capture the microscopic charging process has

been recently demonstrated, resort to simplified theories remains

necessary to predict generic trends, for example, of the ratio

between molecular and pore sizes or of polydispersity [Kondrat et al.
(2012)]. One can thus confidently assume that both routes will still

provide useful insights.
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13.1 Introduction

Charged materials are ubiquitous in nature due to the high permit-

tivity of water that favors ionic dissociation. The strong electrostatic

attraction favors electroneutrality. However, ion entropy due to their

dissociation in water allows for local charges. The Bjerrum length,

lB, the distance beyond which the thermal energy dominates the

electrostatic interaction between unit charges, is only of lB ∼ 7 Å for

water at room temperature. The competition between entropy and

electrostatics results in a distribution of ions around a given charge

over distances of the order of the Debye length, κ−1, a characteristic

of the screening of electrostatic interactions by the ionic atmosphere

(in the nanometer range for usual conditions) [Hunter (2001)].

Hence, the dynamics of charged fluids poses a number of challenges

because one needs to capture the behavior from the molecular scales
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(ion size and solvation), to the micron scale of colloids without

overlooking the collective ion distribution and response, which

evolves naturally on the nanometer and nanosecond scales.

In the simple case of electro-osmosis near a charged fixed

wall, an electric field accelerates the fluid in the so-called double-

layer region in which the fluid is charged; momentum is then

slowly transferred to the rest of the fluid by viscous stresses

even in the regions wherein it is electrically neutral. Such a

coupling between ionic and solvent flows, defining electrokinetic

phenomena, is exploited, for example, for pumping in microfluidic

devices [Harrison et al. (1993)]. The interplay between the different

scales gives rise to a rich phenomenology. For example, the ion

distribution around a colloid, polymer, or charged solid surface,

forming the so-called double layer, can be deformed by the fluid flow

that develops when the fluid is forced. This induced polarization acts

back on the fluid, modifying its motion and, in turn, the effective

interaction between suspended colloids or polymers. The feedback

between the stresses that local charges induce in the solvent and the

distortion in the ionic distribution due to advection by the solvent is

at the origin of the complexity of electrokinetic phenomena.

From a modeling perspective, the large variety of length scale and

the corresponding diversity of time regimes make it impossible to

carry out first principle simulations to analyze electrokinetic phe-

nomena. Therefore, one needs to understand the phenomena at play

and to appropriately coarse grain the description in order to analyze

the dynamics of the relevant degrees of freedom. Electrokinetics

constitutes a paradigmatic, relevant class of phenomena wherein

mutiscaling opens new possibilities to perform a more quantitative

and accurate modeling. We discuss here some of the different strate-

gies that have been proposed to study numerically the dynamics of

charged fluids by judiciously choosing the relevant degrees of free-

dom depending on the specific phenomena to be addressed. A more

complete discussion can be found in [Pagonabarraga et al. (2010)].

13.2 Simulation Strategies

There exist different simulation strategies to address the properties

of heterogeneous charged materials. All-atom molecular dynam-
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Figure 13.1 Different levels of coarse-graining are necessary to capture

the dynamics of charged fluids, which involve different length scales. In a

suspension of charged colloids, both the microions and the solvent can be

described with different degrees of specificity: (1) explicitly as ions and

molecules; (2) explicitly as continuous fields such as ionic densities ρ±(r)

and fluid velocity u(r); and (3) implicitly as effective interactions between

colloids. The latter can be approximated by analytical expressions such

as the Oseen tensor for hydrodynamic interactions (HI) or the screened

Coulomb interaction for the potential of mean force (PMF).

ics (MD) simulations provide a rigorous framework to analyze

electrokinetic phenomena in generic complex charged materials

[Rotenberg and Pagonabarraga (2013)]. The computational cost

of such simulations prevents their use to study the properties of

materials at large length and time scales. The long-range nature

of electrostatic interactions requires a proper treatment of the

interactions with all charged image particles. Ewald sums or particle

mesh constitutes standard techniques that account for the impact of

image charges on the behavior of the system particles and introduce

additional computational costs [Hockney and Eastwood (1981)].

Despite the fast growth in computational power, MD cannot reach,

for examples, the typical time scales over which charged colloid

evolves dynamically.

To overcome this bottleneck, a variety of coarse-grained ap-

proaches have been proposed, which differ in how they deal

both with the charged species and with the embedding solvent.

These different approaches are complementary to each other both

conceptually, as illustrated in Figure 13.1, and computationally, as

summarized in Table 13.1. As the ion concentration is rather dilute

in electrolytes, a standard approach keeps the molecular specificity

of the ions treating them individually while the solvent is simplified
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Table 13.1 Simulation strategies discussed in the text,

depending on how they account for the solvent and the

microions (see text for abbreviations)

Explicit Solvent Implicit Solvent

Explicit Ions MD BD with HI

LB + MD

Implicit Ions DPD, LA, or SRD BD with PMF and HI

Hybrid LB or Green Function

and treated as an effective continuous medium. This constitutes a

hybrid approach that selects the individual degrees of freedom of

the ions and charged particles (such as colloids of polyelectrolytes).

In equilibrium, the restricted primitive model (RPM) considers

the solvent as a passive medium whose polarizability determines

the effective electric permittivity and is able to predict the ther-

modynamic properties of charged systems keeping the molecular

specificity of the charged species [Dufrêche et al. (2005)]. The

dynamics are usually analyzed disregarding the flows generated by

the solutes and lumping all hydrodynamics in an effective viscosity

that determines the friction coefficient that opposes ion or atom

motion. A random force (noise) is also included to ensure that in the

absence of external forcing, the system reaches thermal equilibrium.

Friction and noise lead to a Langevin dynamics (LD) of charged

systems. If the friction is large and ion or atom inertia is negligible,

the particle velocities relax instantaneously and the system follows

a Brownian dynamics (BD).

Such an approach is useful to study how external forces modify

the structure of electrolyte solutions or other charged suspensions.

However, momentum exchange between ions and solvent is lost,

which does not allow to predict a number of electrokinetic phenom-

ena. The flow induced by the ions does not need to be resolved. It can

be accounted for in the drag force that a moving ion induces on the

rest of suspended charged particles. To lowest order, this coupling

is quantified by the Oseen tensor (OT), for an unbounded system

or the Blake hydrodynamic tensor in the presence of a planar solid

wall [Kim and Netz (2006)]. The finite size of the ions, characteristic

of the RPM, can be accounted by an appropriate generalization

of the Oseen tensor, resulting in the Rotne–Prager form. BD
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simulations assuming pairwise additivity of the OT have been

extensively exploited to analyze long-time diffusivity of charged

colloidal suspensions. Due to the long-range nature of hydrodynamic

interactions (HI), analogous to the slow decay of electrostatic

interactions, a proper treatment of system finite size is required. For

an unbounded system, a method analogous to the Ewald summation

for electrostatics has been implemented to compute HI; recent

studies have also generalized ideas of P3M methods in electrostatics

to speed up the slow convergence due to the long-range nature of HI.

The pairwise additivity assumption, though computationally useful,

does not recover generically the electrokinetic properties of charged

suspensions [Nägele (1996)].

Resolving explicitly the dissolved ions provides a means to obtain

quantitative detailed information on the molecular impact of ions

on the local distribution of ions on solid walls and around colloids

and polymers. However, in many cases, the atomic details of the ions

only enter in the structure of the double layer that characterizes

how ions organize around charged surfaces. For example, for

colloidal particles, in equilibrium, the DLVO theory provides the

PMF between particles [Verwey and Overbeek (1948)]. Only colloids

are then resolved and all the ion information is encoded in the

effective parameters determining colloid potentials. An analogous

approach can be carried out to describe the electro-hydrodynamics

of electrolyte solutions. In the Debye–Hückel limit, the system’s

Green function only in response to applied electric fields can be

derived [Ajdari and Long (2001)]. Once the equivalent of the OT is

known, the colloid or polymer dynamics can be carried out without

the need to account for the ion dynamics. The derived propagators

can be used in a BD scheme without including the dynamics of salt

and counterions explicitly [Rex and Löwen (2008)].

In parallel to the need to develop efficient computational tools to

address the electrostatic interactions in charged molecular systems,

the long-range nature of HI has also led to the development of

coarse-grained computational schemes that resolve the combined

dynamics of the solute and solvent on the same footing. To this

end, the solvent needs to be treated explicitely, but avoiding at

the same time any molecular or atomic detail. Dissipative particle

dynamics (DPD) models the solvent as point particles that interact

through conservative and dissipative and random forces satisfying
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detailed balance, isotropy, and Galilean invariance [Español and

Warren (1995)]. The appropriate hydrodynamic limit is recovered at

long scales and the soft interaction among effective solvent particles

allows long time scales to be covered numerically. Groot [Groot

(2003)] extended DPD to model electrolytes. Due to the absence

of a finite size associated with the particles, to avoid the collapse

of particles with opposite charges, he smeared the particle charge

at the expense of introducing a new length scale related to the

charge distribution around each particle. This method deals with

electrostatics in a standard way, and the total force of the smeared

charge distribution is then applied to the point particle. As the

charge distribution in the system is affected by hydrodynamic flow,

this approach provides a natural coupling between electrostatics

and fluid motion. However, the hydrodynamic regime requires

that this new length scale (which is of the order of the Bjerrum

length) is small compared with any other relevant scale in the

system. Alternative momentum conserving thermostats, such as the

Lowe–Anderson (LA) thermostat [Lowe (1999)] allows combining

molecular methods enforcing appropriate momentum conservation.

The possibility to use an ideal dissipative solvent becomes a flexible

tool to concentrate the computational efforts in the description

of the charged solutes and electrolytes. Multiparticle collision

dynamics (MPC) constitutes an alternative means to account for

the solvent dynamics [Kapral (2008)]; it is composed of point

particles, which in equilibrium behave as an ideal gas; yet, the

effective interactions among them impart the fluid with a finite

viscosity (hence, it is referred as an ideal dissipative gas). The

dynamics of this effective solvent (which captures the essentials of

the hydrodynamics of the fluid) can be straitghforwardly combined

with a molecular description of the solute. The coarse-grained

solvent in DPD, MPC, or LA introduces an effective solvent viscosity.

13.3 Kinetic Models: Lattice Boltzmann

The different methods discussed in the previous section are based

on identifying the relevant degrees of freedom and building a

mechanical approach for the relevant subsystem analogously to MD.
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The mechanics of a system can also be understood, complementarily,

on the basis of kinetic equations, starting from the Liouville equation

or the BBGKY hierarchy. This perspective can also be exploited to

identify coarse-grained approaches for a given system.

If the molecular specificity of the electrolyte is not relevant, and

only their collective dynamics matters, it is then possible to solve

the electrolyte dynamics in terms of their number densities, ρk,

k = ±. Using the analogy between the Nernst–Planck and Fokker–

Planck equations, one can propose lattice methods on the basis of

the phase space distribution, fk(r, v, t) [Moroni et al. (2006)]. Such

an approach is very efficient numerically and can be exploited to

achieve large time and length scales. They reproduce the diffusive

dynamics of the electrolyte (disregarding the dynamic correlations

between ions) but do not recover the well-known coupling between

the ion motion and the solvent.

It is possible to account for the combined motions of charges

and fluid solvent within this kinetic framework, which typically

includes charged species on a pre-existing kinetic approach for

hydrodynamics. One flexible and powerful tool is to exploit the

potentiality of the lattice-Boltzmann method (LB) [Succi (2001)].

The LB can be thought of as a discretized, linearized version of

the Boltzmann equation. It follows the evolution of the one-particle

distribution function, f (r, v, t). Its time evolution is divided into two

steps. In the collision, f relaxes to a prescribed local equilibrium that

corresponds to a low-velocity expansion of a Maxwell–Boltzmann

distribution. It can be easily extended to account for complex fluids

and solid particle inclusions [Stratford et al. (2005)]. In order to

model electrolytes, charged ions can be included through their local

number densities, ρk(r, t), and their dynamics follows Poisson–

Nernst–Planck for their relaxation toward local equilibrium (as

prescribed by the ion diffusivity and the local electrostatic force)

together with a local advection determined by the fluid velocity as

derived from the corresponding moment of f (r, v, t).

Due to the long-range nature of the electrostatic interactions,

the numerical implementation of the ion dynamics has to ensure

local charge conservation to numerical accuracy. In the presence

of solid boundaries, it is important to avoid any charge leakage

from the fluid into the solid; an implementation of the diffusive
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Figure 13.2 Electro-osmotic flow in a slit pore, without added salt. The

fluid velocity (profiles bottom left) increases with surface charge density

σ . The average velocity of tracers, proportional to the applied electric field,

and their dispersion coefficient that varies quadratically depend on their

charge. All results from Lattice–Boltzmann simulations (symbols) are in

perfect agreement with the analytical expressions (lines).

dynamics of the ions based on link fluxes allows to overcome some

of the numerical inaccuracies of older proposals [Capuani et al.
(2004); Rotenberg et al. (2010)]. The electrostatic potential can be

obtained from the local charge distribution using standard methods

to compute electrostatic fields, such as successive overrelaxation, or

P3M [Deserno and Holm (1998)]. The probabilistic nature of kinetic

models further allows to determine statistical information over the

particle trajectories. The moment propagation method allows, for

example, to compute quantities such as the velocity auto-correlation

function, from which diffusion of dispersion coefficients can be

determined [Rotenberg et al. (2008)].

Figure 13.2 illustrates the LB simulation of electro-osmotic flows

in a slit pore with a size (100 nm), which renders the use of molecu-

lar simulation impossible, in the absence of added salt. The average

velocity of tracers results both from the direct action of the electric

field and the advection by the electro-osmotic flow. Depending on

their charge, which controls their distribution inside the pore, they

feel the effect of the flow differently. More details can be found in

[Rotenberg et al. (2008)]. LB also constitutes a flexible framework

to analyze the electrokinetics of colloidal suspensions and other
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Figure 13.3 Electrophoretic mobility of a charged colloid subject to a

uniform applied electric field as a function of the colloid charge, expressed

in terms of the dimensionless surface potential, ζ̃ for different values

of the ratio between the colloid radius and the Debye length, κa (from

Ref. [Giupponi and Pagonabarraga (2011)]). Empty symbols correspond to

the theoretical prediction of [O’Brien and White (1978)].

complex fluids. Adding colloidal dynamics to the solvent described

by LB through a hybrid MD scheme is rather straightforward

[Stratford and Pagonabarraga (2008)]. For example, Figure 13.3

shows the dimensionless electrophoretic mobility, μ̃ ≡ 6πηlBv/eE
of a colloid of radius R moving at velocity v due to an applied electric

field of magnitude E in a fluid of viscosity η as a function of the

colloid charge expressed in terms of the dimensionless electrostatic

potential at the colloid surface, ζ̃ ≡ eζ/kBT . For small charges, ζ̂ ≤
3, the colloid velocity increases linearly, and it develops a maximum

at larger charges. The agreement with the linearized theoretical

prediction [O’Brien and White (1978)] agrees well in this regime.

The LB simulations always show a maximum in μ̂, whereas the

linearized theory predicts it only for narrow double layers.

If molecular specificity is relevant, it is possible to couple the

LB treatment of the solvent with an MD description of individually

resolved ions. In this case, one is limited in the length and time

scales that can be covered (wherein solute objects can be typically

of nanoscopic size), but it is possible to account for details of the

interactions between ions and polymers or colloids. The description
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again builds on the RPM and focuses on the computational effort

in the electrostatic and electrokinetic properties of the system

because it neglects the molecular nature of the solvent even if its

size is comparable to that of ions. A self-consistent approach that

includes the finite size nature of all components of the system

(solvent, ions, solutes) requires a generalization of the LB approach

to account for the correlations associated with the finite size of

the interacting components during the collision, for example, by

constructing a lattice generalization of the Enskog theory for fluid

mixtures [Melchionna and Marini Bettolo Marconi (2011)].

13.4 Conclusion

We have described the challenges associated with accounting for

the disparate length scales, and corresponding time scales that

are involved in the dynamics of charged fluids. We have identified

the relevant length scales associated with the ionic motion in a

solvent and have exploited their magnitudes to gain insight in how

to coarse grain the dynamics of charged solutes in a polar solvent.

Such an analysis allows to put forward schemes that minimize the

computational cost by focusing on the relevant degrees of freedom

selected on a systematic basis according to whether or not the

molecular specificity of ions or solutes is relevant.

We have discussed the complementarity of particle-based and

kinetic methods and their computational advantages. Coping with

the complex nature of electrokinetics constitutes a challenging

area wherein multiscale approaches will offer new venues to keep

molecular details into account while reaching the long length and

time scales associated with the motion of large charged aggregates

and their structural evolution.
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14.1 Introduction

Study of charged surfaces in electrolyte solutions is of fundamental

importance, as these can model lamellar liquid crystals, clays,

biological membranes, electrodes, and so on. Interesting phenomena

such as like-charge attraction between similarly charged surfaces

have been observed in the presence of multivalent counteri-

ons [Guldbrand et al. (1984); Pellenq et al. (1997); Levin (2002)].

There has been a great theoretical [Engstrom and Wennerstrom

(1978); Kjellander and Mitchell (1997); Netz (2001); Moreira and

Netz (2001); Lau and Pincus (2002); Jho et al. (2007); Abrashkin

et al. (2007); Jho et al. (2008); Hatlo and Lue (2009, 2010); Samaj

and Trizac (2011a,b)], simulational [Guldbrand et al. (1984); Pellenq

et al. (1997); Moreira and Netz (2002); Wang and Ma (2012)], and

experimental [Duval et al. (2004)] effort to clarifying the behavior
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of double layers near charged surfaces. In many approaches, the

theories assume that the entire system is composed of the same

dielectric material. This, however, is not very realistic, as clays,

colloidal particles, and hydrocarbon membranes have dielectric

constant significantly smaller than that of the surrounding aqueous

medium. The dielectric discontinuity across the interface results in

polarization effects [Jho et al. (2007, 2008); Hatlo and Lue (2009,

2010); dos Santos et al. (2011); Lue and Linse (2011); Wang and Ma

(2012); Gan et al. (2012)], which can significantly affect the ionic

distribution near the surface. In the current chapter, we present

a simple theoretical approach that allows us to accurately predict

the counterion distribution near a charged wall, which separates

two environments with different dielectric constants. We consider

separately the weak and the strong coupling regimes. Monte Carlo

(MC) simulations are also performed in order to test our theoretical

predictions.

14.2 Monte Carlo Simulations

The simulations of long-range interacting systems are much more

difficult than that of systems with short-range forces. The difficulty

is that one can not arbitrarily cut off the long-range Coulomb

potential by using periodic boundary conditions, as is the case of

the usual Lennard–Jones fluids. Instead, one needs to consider an

infinite number of periodic images of the system and then sum over

these using Ewald summation methods [Allen, M. P. and Tildesley,

D. J. (1987)]. For systems with a planar geometry, such as an

infinite charged wall in contact with an electrolyte, there is an

additional complication that comes from the broken translational

symmetry. In this section, we describe an approach that allows

us to simulate such systems taking into account the dielectric

discontinuity at the interface. The MC simulations are performed in

the NVT ensemble. The system is located in the right-hand half of a

rectangular simulation box of dimensions Lx ×Ly×Lz, centered at the

origin of coordinate system. A charged wall of surface charge density

−σ is located at z = 0. Nc = int
[
σ L2

xy/qα
]

neutralizing counterions

of charge αq and effective radius rc are confined to the region

0 < z <Lz/2, where q is the proton charge and α is the ionic valence.
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The dielectric constants on the two sides of the wall are different,

given by εc and εw, for z < 0 and z > 0, respectively. Note that

the dielectric discontinuity results in the appearance of the image

charges in the region −Lz/2 < z < 0, which will be discussed later.

The Ewald summation [Allen, M. P. and Tildesley, D. J. (1987)] is

used in order to calculate the electrostatic potentials between the

ions in the periodic replicas of the simulation box. To account for

the slab geometry, we use the correction proposed by Yeh and

Berkowitz [Yeh and Berkowitz (1999)]. The complete derivation of

the electrostatic energy is presented in the appendix.

14.3 Theory: Weak Regime

We first present a theory that accounts for the results of the MC

simulations in the weak coupling limit, when the characteristic

Coulomb interaction between the counterions is smaller than the

thermal energy, � ≡α2q2/εwdkBT � 1, where d is the characteristic

distance between the condensed counterions. Using αq/πd2 =
σ , the plasma parameter becomes � =

√
α3q3πσ/εwkBT . The

Bjerrum length is defined as λB = βq2/εw and is 7.2 Å, for water

at room temperature.

Before studying the ionic distribution near a charged wall, we

first need to understand the role of electrostatic correlations and the

induced charges when σ = 0. To this end, we consider a symmetric

α:α electrolyte at concentration cs confined to infinite half-space,

Fig. 14.1. The work necessary to bring an ion from the bulk to a

distance zq from the (uncharged) surface that separates the two

regions with the different dielectric constants, εw and εc, can be

calculated in terms of the electrostatic Green’s function [Levin and

Flores-Mena (2001)].

To account for the interionic correlations and induced surface

charge, we use the linearized Poisson–Boltzmann (Debye–Hückel)

equation. For symmetry reasons, it is convenient to work in a

cylindrical coordinate system. Suppose that an ion of charge q is

located at zq , see Fig. 14.1. The electrostatic potential inside the
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Figure 14.1 Representation of an electrolyte in the region z > rc.

regions 1 and 2 satisfies

∇2φ(sss , z) − κ2φ(sss , z) = −4παq
εw

δ(sss)δ(z − zq) , (14.1)

whereas in the regions 3 and 4, it satisfies the Laplace equation,

∇2φ(sss , z) = 0 , (14.2)

where κ =
√

8πα2λBcs is the inverse Debye length.

Writing the potential as a Fourier transform,

φ(sss , z) = (1/4π2)

∫ +∞

−∞
dkkk eikkk·sss φ̂(kkk, z),

we obtain the following equation for the regions 1 and 2,

∂2φ̂(kkk, z)

∂z2
− (k2 + κ2)φ̂(kkk, z) = −4παq

εw

δ(z − zq) , (14.3)

and for the regions 3 and 4,

∂2φ̂(kkk, z)

∂z2
= k2φ̂(kkk, z) , (14.4)

where we have used a Fourier representation of the delta function

δ(sss) = 1

(2π)2

∫ +∞

−∞
dkkk eikkk·sss . (14.5)

As the electrostatic potential must remain finite in the limits z → ∞
and z → −∞, we obtain the following solutions for each region:

φ̂1(kkk, z) = B1e−pz ,

φ̂2(kkk, z) = A2epz + B2e−pz ,

φ̂3(kkk, z) = A3ekz + B3e−kz ,

φ̂4(kkk, z) = A4ekz ,

(14.6)
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where p = √
k2 + κ2.

To calculate the integration constants, we use the conditions of

continuity of the electrostatic potential, φ̂3(kkk, z) = φ̂4(kkk, z) at z = 0,

φ̂2(kkk, z) = φ̂3(kkk, z) at z = rc and φ̂2(kkk, z) = φ̂1(kkk, z) at z = zq , and of

the normal components of the displacement field,

εc

∂φ̂4(kkk, z)

∂z
− εw

∂φ̂3(kkk, z)

∂z
= 0 , at z = 0 ,

εw

∂φ̂3(kkk, z)

∂z
− εw

∂φ̂2(kkk, z)

∂z
= 0 , at z = rc ,

εw

∂φ̂2(kkk, z)

∂z
− εw

∂φ̂1(kkk, z)

∂z
= 4παq , at z = zq .

(14.7)

The last equation has been obtained by integrating Eq. 14.3 across

the singularity at zq .

The Fourier transform of the electrostatic potential in the region

2 is found to be

φ̂2(kkk, z) = 2παq
εw p

[
e−p(zq−z) + e−p(z+zq−2rc) f1(k)

f2(k)

]
, (14.8)

where

f1(k) = p cosh (krc) − k sinh (krc) + εc

εw

p sinh (krc)

− εc

εw

k cosh (krc) , (14.9)

f2(k) = p cosh (krc) + k sinh (krc) + εc

εw

p sinh (krc)

+ εc

εw

k cosh (krc) (14.10)

and the inverse Fourier transform is

φ2(sss , z) = 1

2π

∫ ∞

0

dk kJ 0(ks)φ̂2(kkk, z) , (14.11)

where J 0(ks) is the Bessel function of order 0.

We are interested in calculating the potential felt by an ion,

located at distance zq from the interface. Subtracting the self-

potential q/εw(zq − z), after performing the explicit integration of

the first term in Eq. 14.8, we find

φpol(zq) = −αqκ

εw

+ αq
εw

∫ ∞

0

dk e−2 p(zq−rc) k f1(k)

p f2(k)
. (14.12)
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Performing the Güntelberg charging process [Güntelberg (1926)],

we obtain the work necessary to bring an ion from the bulk to a

distance zq from the interface [Levin and Flores-Mena (2001)],

Wi(zq) = α2q2

2εw

∫ ∞

0

dk e−2 p(zq−rc) k f1(k)

p f2(k)
. (14.13)

A very accurate approximation to the above expression is

Wap(zq) = Wi(rc)rc

zq
e−2κ(zq−rc) . (14.14)

This approximate form is much more convenient for numerical

implementation [Levin et al. (2009); dos Santos et al. (2010a)], as

it requires calculating only one integral to determine Wi(rc) at the

beginning of the calculation.

We now return to the problem of interest. The system now is an

infinite dielectric wall of charge density −σ , located at z = 0, and

the neutralizing counterions of charge αq and radius rc, confined to

0 < z < Lz/2. The dielectric constants are εc and εw, for z < 0 and

z > 0, respectively. For � < 1 (weak coupling limit), the electrostatic

potential and the ionic density profile can be determined from the

solutions of the modified PB equation

∇2φ(z) = −4π

εw

[−σδ(z) + αqρ(z)] , (14.15)

where the counterion density is given by

ρ(z) = σ e−αqβφ(z)−βWap(z)

αq
∫ Lz/2

rc
dz e−αqβφ(z)−βWap(z)

. (14.16)

The ionic correlations and the surface polarization are taken into

account through the potential Wap(z), with κ = √
8πλBασ/qLz. In

Fig. 14.2, we compare our results with the MC simulations, for

various dielectric constants. As can be seen, the agreement between

the theory and the simulations is excellent.

14.4 Strong Coupling Regime

When � > 1, the mean field theory—such as the PB equation—is not

able to accurately predict the ionic density distribution because of
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Figure 14.2 The symbols are the simulation data, whereas the lines

represent the solutions of the modified PB equation (Eq. 14.15). The surface

charge density is σ = 6.25 × 10−4 q/Å2 and the monovalent counterion

radius is rc = 2 Å. The lengths of the rectangular simulation box are Lx =
Ly ≡ Lxy = 231.08 Å, and Lz = 200 Å.

the strong correlations between the counterions. In the limit � � 1,

the counterions form a quasi-two dimensional strongly correlated

liquid near the wall [Shklovskii (1999); Levin (2002)], with an

approximately hexagonal geometry [Totsuji (1975)]. Consider one

counterion. The electric fields produced by the other counterions of

the double layer approximately cancel each other. The counterion

then interacts predominantly with the wall and with the ionic

image charges, see Fig. 14.3. The potential produced by the charged

plate that separates the two environments with different dielectric

constants is given by

φp(z) = − 4πσ

(εw + εc)
z . (14.17)

As an approximation, we consider that the ion interacts only with

the self-image and with the image charges of the six first neighbors

in the hexagonal lattice, see Fig. 14.3.

This approximation was used previously in the study of colloidal

double layers [Bakhshandeh et al. (2011)]. The electrostatic energy

of a counterion at distance z from the plate is then

U (z) = αqφp(z) + γα2q2

εw4z
+ 6γα2q2

εw

√
4z2 + h2

, (14.18)

where γ = (εw − εc)/(εw + εc) and h is the distance between the

ions of the hexagonal lattice. h can be calculated by considering that
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Figure 14.3 Hexagon of images at the surface. (A) The side view. (B) The

self-image and the nearest neighbors. In order to illustrate we consider

εc = 0.

Nc = σ A/αq ions are distributed on the surface of area A. The

unitary cell of a hexagonal lattice is a parallelogram of area h2
√

3/2,

which gives the result

h =
√

2αq

σ
√

3
. (14.19)

The ionic density profile near the surface is obtained from

ρ(z) = C e−βU (z) (14.20)

where C = σ/αq
∫ L

0
dz e−βU (z) is the normalization constant. In

Fig. 14.4, we compare our theoretical results with the MC simula-

tions. The agreement is very good in the region in which the strong

coupling approximation applies.

In the far field, we expect that the counterions will be very

dilute so that the electrostatic potential will, once again, satisfy

the PB equation. The boundary condition at the colloidal surface,

however, must be modified to account for the strong counterion

condensation induced by the electrostatic correlations. The new

boundary condition can be derived by equating the electrochemical

potential of the condensed counterions and of the counterions that

remain in the bulk [Shklovskii (1999); dos Santos et al. (2009); dos

Santos et al. (2010b)]. This results in a new boundary condition for

the standard PB equation, which requires that the concentration of

the counterions near the surface be

ρPB(0) = ρsceβμc , (14.21)
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Figure 14.4 The symbols are simulation data, whereas the lines represent

the theory. The surface charge density is σ = 3.74 × 10−3 q/Å2 and the

pentavalent counterions radius is rc = 2 Å, whereas the lengths of the

rectangular simulation box are Lx = Ly ≡ Lxy = 231.08 Å, and Lz = 200 Å.

The solid line in the inset shows the solution of the regular PB equation with

the boundary condition given by Eq. 14.21.

where βμc = −1.65� + 2.61�1/4 − 0.26 ln � − 1.95 is the chemical

potential of the strongly correlated counterions [Totsuji (1975)].

The density ρsc is obtained using the coarse-graining of the near-

field density profile, Eq. 14.20, in the region near the surface [dos

Santos et al. (2009)],

ρsc =
∫ rc+3.6λGC

rc
dz ρ(z)

3.6λGC

, (14.22)

where λGC = 1/2παλBσ is the Gouy–Chapman length. In the inset

of the Fig. 14.4, we present the solution of the usual PB equations

with the renormalized boundary condition given by Eq. 14.21. Only

the case with εc = 0 is shown, as in the far field, the ionic density

distribution is highly insensitive to the value of εc.

14.5 Conclusion

We have presented a method for performing MC simulations in

a cell geometry that includes a dielectric discontinuity at one of

the boundaries. The results of the simulation have been used to

study the counterion density profiles and to develop the weak and

the strong coupling theories, which account very accurately for the
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simulation data. In the weak coupling regime, the image charges

repel the counterions from the wall. The contact density predicted

by the present theory is substantially smaller than what is found

using the usual PB equation, and is in excellent agreement with the

MC simulations. In the strong coupling limit, the contact density is

found to be even lower, as in this case, the counterions are repelled

both by the self-image and by the images of the others counterions.

Finally, we show how for � � 1 the counterion density distribution

can be calculated in the far field using a renormalized boundary

condition for the standard PB equation.

In presenting the theory, we have restricted ourselves to the

systems containing only counterions and no coions. In the weak

coupling limit, the approach developed here can be easily extended

to systems, which also contain 1:1 electrolyte. The situation,

however, is much more difficult for multivalent electrolytes. For such

systems, strong electrostatic interactions between the counterions

and coions lead to formation of Bjerrum clusters. Thus, to be

able to account for the distribution of multivalent ions near a

charged surface, one must first have an accurate description of

the bulk of solution. This already presents a formidable challenge,

see Ref. [Levin (2002)]. Nevertheless, one can make some progress

by considering a chemical picture of electrolyte in which there

is an equilibrium between the free ions and the clusters; such

calculations, however, very rapidly become quite involved [dos

Santos et al. (2010b)].
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A.7 Appendix: Energy Calculation for Monte Carlo
Simulations

We consider a charge neutral system of N ions of charges qi . The

electrostatic potential at the position rrr , created by all ions (excluding
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ion i), their image charges (including the image of ion i), and the

periodic replicas is

φi (rrr) =
∞∑
nnn

N∑
j=1

′
∫

ρ j (sss)

εw|rrr − sss + rrrep|d3sss +

∞∑
nnn

N∑
j=1

∫
ρ ′

j (sss)

εw|rrr − sss + rrrep|d3sss , (A.1)

where ρ j (sss) = q j δ(sss−rrr j −rrrep) and ρ ′
j (sss) = γ q j δ(sss−rrr ′

j −rrrep) are the

charge densities of ions and their replicas; and of dielectric images

and their replicas. The replication vector is defined asrrrep = Lxynx x̂xx+
Lxyny ŷyy+Lznzẑzz andrrr ′

j = rrr j −2z j ẑzz. The vectors nnn = (nx , ny , nz), where

nx , ny and nz are integers, represent the infinite replicas of the main

cell. The constant γ is defined as γ = (εw − εc)/(εw + εc) and the

prime on the summation means that j 
= i , when nnn = (0, 0, 0). The

total electrostatic energy of the system is given by

U = 1

2

N∑
i=1

qi φi (rrri ) . (A.2)

The energy above is very difficult to calculate because of the slow

convergence of the series in Eq. A.1. To speed up the convergence, we

use the Ewald method in which the ionic charge is partially screened

by placing a Gaussian-distributed charge of opposite sign on top of

each ion [Allen, M. P. and Tildesley, D. J. (1987)]. We then add and

subtract opposite Gaussian charge at the position of each ion and

its image, ρ j (sss) and ρ ′
j (sss), respectively. The potential, Eq. A.1, then

becomes

φi (rrr) = φS
i (rrr) + φL(rrr) − φself

i (rrr) , (A.3)

where

φS
i (rrr) =

∞∑
nnn

N∑
j=1

′
∫

ρ j (sss) − ρG
j (sss)

εw|rrr − sss + rrrep|d3sss +

∞∑
nnn

N∑
j=1

∫
ρ ′

j (sss) − ρ ′G
j (sss)

εw|rrr − sss + rrrep|d3sss , (A.4)

φL(rrr) =
∞∑
nnn

N∑
j=1

∫
ρG

j (sss)

εw|rrr − sss + rrrep|d3sss +

∞∑
nnn

N∑
j=1

∫
ρ ′G

j (sss)

εw|rrr − sss + rrrep|d3sss (A.5)
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and

φself
i (rrr) =

∫
ρG

i (sss)

εw|rrr − sss|d3sss , (A.6)

where ρG
j (sss) = q j (κ3

e /
√

π3) exp (−κ2
e |sss − rrr j − rrrep|2), ρ ′G

j (sss) =
γ q j (κ

3
e /

√
π3) exp (−κ2

e |sss − rrr ′
j − rrrep|2) and κe is a dumping parame-

ter. We subtracted the self potential, Eq. A.6, from the Eq. A.3, in

order to remove the prime over the summation in the long-range (L)

part of the potential, Eq. A.5. The electrostatic potential produced

by the Gaussian charges can be easily calculated using the Poisson

equation, yielding

φL(rrr) =
∞∑
nnn

N∑
j=1

q j
erf(κe|rrr − rrr j + rrrep|)

εw|rrr − rrr j + rrrep| +

∞∑
nnn

N∑
j=1

γ q j
erf(κe|rrr − rrr ′

j + rrrep|)
εw|rrr − rrr ′

j + rrrep| , (A.7)

where erf(x) is the error function. The short-range part of the

potential (S), Eq. A.4, can then be obtained in terms of the

complementary error function, erfc(x) = 1 − erf(x),

φS
i (rrr) =

∞∑
nnn

N∑
j=1

′
q j

erfc(κe|rrr − rrr j + rrrep|)
εw|rrr − rrr j + rrrep| +

∞∑
nnn

N∑
j=1

γ q j
erfc(κe|rrr − rrr ′

j + rrrep|)
εw|rrr − rrr ′

j + rrrep| . (A.8)

This potential decays very rapidly and can be truncated by setting

the dumping parameter to κe = 5/V 1/3, where V = L2
xy Lz, corre-

sponding to the minimum image convention. It is then sufficient

to consider in the sum only the term nnn = (0, 0, 0), with the usual

periodic boundary condition,

φS
i (rrr) =

N∑
j=1

′
q j

erfc(κe|rrr − rrr j |)
εw|rrr − rrr j | +

N∑
j=1

γ q j
erfc(κe|rrr − rrr ′

j |)
εw|rrr − rrr ′

j |
. (A.9)

The self-potential, Eq. A.6, reduces to

φself
i (rrr) = qi

erf(κe|rrr − rrri |)
εw|rrr − rrri | . (A.10)
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We next calculate the long-range part of the potential, Eq. A.7. This

is most easily obtained using the Fourier representation, φ̂L(kkk) =
(1/V )

∫
V d3rrr exp (−ikkk · rrr)φL(rrr), since in the reciprocal space all

the sums, once again, converge very rapidly. The Fourier transform

ρ̂T (kkk) = (1/V )
∫

V d3rrr exp (−ikkk · rrr)ρT (rrr), of the Gaussian charge

density,

ρT (rrr) =
∞∑
nnn

N∑
j=1

q j
κ3

e√
π3

exp (−κ2
e |rrr − rrr j − rrrep|2) +

∞∑
nnn

N∑
j=1

γ q j
κ3

e√
π3

exp (−κ2
e |rrr − rrr ′

j − rrrep|2) , (A.11)

is

ρ̂T (kkk) = 1

V
exp (−|kkk|2

4κ2
e

)

⎡
⎣ N∑

j=1

q j exp (−ikkk · rrr j ) +

N∑
j=1

γ q j exp (−ikkk · rrr ′
j )

⎤
⎦ , (A.12)

where kkk = (2πnx/Lxy , 2πny/Lxy , 2πnz/Lz). Using the Poisson

equation, |kkk|2φ̂L(kkk) = (4π/εw)ρ̂T (kkk), we can evaluate the Fourier

transform of the potential,

φ̂L(kkk) = 4π

εwV |kkk|2
exp (−|kkk|2

4κ2
e

)

⎡
⎣ N∑

j=1

q j exp (−ikkk · rrr j )+

N∑
j=1

γ q j exp (−ikkk · rrr ′
j )

⎤
⎦ . (A.13)

The corresponding real-space electrostatic potential is calculated

using the inverse Fourier transform, φL(rrr) = ∑
kkk φ̂L(kkk) exp (ikkk · rrr),

φL(rrr) =
∑

kkk

4π

εwV |kkk|2
exp (−|kkk|2

4κ2
e

) exp (ikkk · rrr) ×
⎡
⎣ N∑

j=1

q j exp (−ikkk · rrr j ) +
N∑

j=1

γ q j exp (−ikkk · rrr ′
j )

⎤
⎦ . (A.14)

The long-range contribution to the total electrostatic energy

is given by U L = (1/2)
∑N

i=1 qi φ
L(rrri ), where φL(rrr) is obtained
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from Eq. A.14. It is convenient to rewrite this in terms of

functions: A(kkk) = ∑N
i=1 qi cos (kkk · rrri ), B(kkk) = −∑N

i=1 qi sin (kkk · rrri ),

C (kkk) = ∑N
i=1 γ qi cos (kkk · rrr ′

i ) and D(kkk) = −∑N
i=1 γ qi sin (kkk · rrr ′

i ). The

electrostatic energy then becomes,

U L =
∑

kkk

2π

εwV |kkk|2
exp(−|kkk|2

4κ2
e

) ×
[

A(kkk)2 + B(kkk)2 + A(kkk)C (kkk) + B(kkk)D(kkk)
]

. (A.15)

These functions are easily updated for each new configuration in a

Monte Carlo simulation. The electrostatic energy coming from the

short-range part of the potential is U S = (1/2)
∑N

i=1 qi φ
S
i (rrri ), where

φS
i (rrr) is given by the Eq. A.9, and the self-energy contribution is

U self = (1/2)
∑N

i=1 qi φ
self
i (rrri ). In the limit x → 0, the erf(x) function

vanishes as (2/
√

π)x and the self-energy contribution reduces to,

U self =(κe/εw

√
π)

∑N
i=1 q2

i . The total electrostatic interaction energy

of the ions is given by the above expressions plus the correction for

the slab geometry. Yeh and Berkowitz [Yeh and Berkowitz (1999)]

found that the regular 3D Ewald summation method with an energy

correction, can reproduce the same results as the 2D Ewald method,

with a significant gain in performance. Taking into account the

dielectric discontinuity and the induced image charges, we find the

correction for the slab geometry to be

U cor = − π

εwV

N∑
i=1

qi

⎡
⎣ N∑

j=1

q j (zi − z j )
2+

N∑
j=1

γ q j (zi − z′
j )

2

⎤
⎦ , (A.16)

where z′
j = −z j . Using the electroneutrality, this expression can be

written as

U cor = 2π

εwV
M2

z (1 − γ ) , (A.17)

where Mz = ∑N
i=1 qi zi is the magnetization in the ẑ direction.

Now suppose that the system consists of Nc counterions of

charge αq and a wall of uniform surface charge density −σ , located

at z = 0. We first derive the functions A , B , C and D appearing in
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the long-range part of the potential, Eq. A.15. For the surface charge

we find

Ap(kkk) = −
∫ Lxy/2

−Lxy/2

∫ Lxy/2

−Lxy/2

σ dx dy cos (kx x + ky y)

= − 4σ

kx ky
sin (kx Lxy/2) sin (ky Lxy/2) ,

Bp(kkk) =
∫ Lxy/2

−Lxy/2

∫ Lxy/2

−Lxy/2

σ dx dy sin (kx x + ky y) = 0 ,

Cp(kkk) = −
∫ Lxy/2

−Lxy/2

∫ Lxy/2

−Lxy/2

γ σ dx dy cos (kx x + ky y)

= −4γ σ

kx ky
sin (kx Lxy/2) sin (ky Lxy/2)

and

Dp(kkk) =
∫ Lxy/2

−Lxy/2

∫ Lxy/2

−Lxy/2

γ σ dx dy sin (kx x + ky y) = 0 .

The corresponding functions for Nc counterions and the

charged wall are then: A(kkk) = αq
∑Nc

i=1 cos (kkk · rrri ) + Ap(kkk), B(kkk) =
−αq

∑Nc

i=1 sin (kkk · rrri ), C (kkk) = γαq
∑Nc

i=1 cos (kkk · rrr ′
i ) + Cp(kkk) and

D(kkk) = −γαq
∑Nc

i=1 sin (kkk · rrr ′
i ), and the total long-range part of the

energy, U L, is given by the Eq. A.15.

The short-range contribution to the electrostatic potential

created by the charged surface at distance zi is

φp(zi ) = − 2σ

(εc + εw)

×
∫ Lxy/2

−Lxy/2

dx
∫ Lxy/2

−Lxy/2

dy
erfc(κe

√
x2 + y2 + z2

i )√
x2 + y2 + z2

i

. (A.18)

The limits of integration are defined in order to keep the minimum

image convention. We calculate the potential on a grid in the ẑ
direction with spacing between the points 0.01 Å. The calculation is

performed once at the beginning of the simulation, and the potential

is tabulated. The total short range electrostatic interaction energy
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is then given by U S = (αq/2)
∑Nc

i=1 φS
i (rrri ) + αq

∑Nc

i=1 φp(zi ), where

φS
i (rrr) is

φS
i (rrr) = αq

Nc∑
j=1

′ erfc(κe|rrr − rrr j |)
εw|rrr − rrr j | +γαq

Nc∑
j=1

erfc(κe|rrr − rrr ′
j |)

εw|rrr − rrr ′
j |

. (A.19)

The self energy can be written as U self = (κe/εw

√
π)(Ncα

2q2 +
σ 2 L4

xy). Since the charged surface is located at z = 0, it does

not contribute to the correction potential, Eq. A.17, so that the

magnetization remains Mz = αq
∑Nc

i=1 zi . The total energy used in

the simulations is

U = U S + U L − U self + U cor. (A.20)

We use 1 × 106 MC steps to equilibrate the system. The

configurations are saved each 100 MC steps. The counterionic

density profiles are obtained with 80 × 103 saved uncorrelated

states.
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Güntelberg, E. Z. (1926). Z. Phys. Chem. 123, p. 199.

Hatlo, M. M. and Lue, L. (2009). Soft Matter 5, p. 125.

Hatlo, M. M. and Lue, L. (2010). Europhys. Lett. 89, p. 25002.

Jho, Y. S., Kanduc, M., Naji, A., Podgornik, R., Kim, M. W. and Pincus, P. A.

(2008). Phys. Rev. Lett. 101, p. 188101.

Jho, Y. S., Park, G., Chang, C. S., Pincus, P. A. and Kim, M. (2007). Phys. Rev. E
76, p. 011920.

Kjellander, R. and Mitchell, D. J. (1997). Mol. Phys. 91, p. 173.

Lau, A. W. C. and Pincus, P. (2002). Phys. Rev. E 66, p. 041501.

Levin, Y. (2002). Rep. Prog. Phys. 65, p. 1577.

Levin, Y., dos Santos, A. P. and Diehl, A. (2009). Phys. Rev. Lett. 103, p. 257802.

Levin, Y. and Flores-Mena, J. E. (2001). Europhys. Lett. 56, p. 187.

Lue, L. and Linse, P. (2011). J. Chem. Phys. 135, p. 224508.

Moreira, A. G. and Netz, R. R. (2001). Phys. Rev. Lett. 87, p. 078301.

Moreira, A. G. and Netz, R. R. (2002). Eur. Phys. J. E 8, p. 33.

Netz, R. R. (2001). Eur. Phys. J. E 5, p. 557.

Pellenq, R. J. M., Caillol, J. M. and Delville, A. (1997). J. Phys. Chem. B 101,

p. 8584.

Samaj, L. and Trizac, E. (2011a). Phys. Rev. E 84, p. 041401.

Samaj, L. and Trizac, E. (2011b). Phys. Rev. Lett. 106, p. 078301.

Shklovskii, B. I. (1999). Phys. Rev. E 60, p. 5802.

Totsuji, H. (1975). J. Phys. Soc. Jpn. 39, p. 253.

Wang, Z. Y. and Ma, Y. Q. (2012). J. Chem. Phys. 136, p. 234701.

Yeh, I. C. and Berkowitz, M. L. (1999). J. Chem. Phys. 111, p. 3155.



December 12, 2013 12:54 PSP Book - 9in x 6in 14-ch14



December 12, 2013 12:54 PSP Book - 9in x 6in 15-ch15

Part III

COMPLEX COLLOIDS

199



December 12, 2013 12:54 PSP Book - 9in x 6in 15-ch15

200



December 12, 2013 12:54 PSP Book - 9in x 6in 15-ch15

Chapter 15

Coarse-Grained Modeling of
Charged Colloidal Suspensions:
From Poisson–Boltzmann Theory
To Effective Interactions

Alan R. Denton
Department of Physics, North Dakota State University, Fargo, North Dakota, USA
alan.denton@ndsu.edu

15.1 Introduction

Electrostatic forces—the strongest interparticle forces outside of

the nucleus—account for the stability of matter over a broad range

of length scales, from atoms to macromolecules to the myriad

materials that surround us. Colloidal particles (nanometers to

microns in size) and polymers can become charged in a polar solvent

(e.g., water) through dissociation of counterions [1]. Repulsive

Coulomb interactions between ions can then stabilize a suspension

or solution against aggregation due to ubiquitous van der Waals

attractive interactions [2]. Electrostatic interactions between ions

largely govern the equilibrium thermodynamic and dynamical prop-

erties of charge-stabilized colloidal suspensions and polyelectrolyte

solutions. Controlling mechanical and thermal stability is essential

Electrostatics of Soft and Disordered Matter
Edited by David Dean, Jure Dobnikar, Ali Naji, and Rudolf Podgornik
Copyright c© 2014 Pan Stanford Publishing Pte. Ltd.
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to many applications, from foods and pharmaceuticals to filters and

photonic materials.

Predicting the properties of such complex, multicomponent

systems with accuracy sufficient to guide and interpret experiments

requires realistic modeling of the interparticle interactions and

collective behavior of many-particle systems. Although the funda-

mental interactions are simple, the sheer number of particles and

the broad ranges of length and time scales confront the modeler

with significant computational challenges. A general strategy for

mitigating such challenges is to “coarse grain” or “integrate out”

the degrees of freedom of some components, reducing the original

multicomponent model to a simpler model of fewer components [3–

6]. The trade-off for so reducing complexity is that the simpler model

is governed by modified (effective) interparticle interactions.

This chapter is a “how-to” manual of sorts for implementing

coarse-graining methods to derive effective interactions. For sim-

plicity, we focus here on charge-stabilized colloidal suspensions.

The same basic concepts apply, however, to a wide variety of soft

(and hard) materials. To set the stage, we begin by defining the

primitive and one-component models and outlining the Poisson–

Boltzmann (PB) theory of charged colloids. After reviewing the

well-known cell model implementation of PB theory, we turn

to an alternative implementation, based on perturbation theory,

and derive microion distributions around colloids and effective

electrostatic interactions. After some effort, a happy result emerges:

the effective interactions remain relatively simple, at least in systems

with monovalent microions. This fortunate outcome provides the

foundation for further theoretical and simulation modeling to

explore and facilitate design of novel materials. Finally, we peer over

the horizon at the outlook for possible future research directions in

the field.

15.2 Primitive Model

The primitive model of charged colloids and polyelectrolytes [1,

2] idealizes the solvent as a homogeneous dielectric continuum

of relative permittivity ε. Dispersed throughout the solvent are
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Figure 15.1 Primitive model of charged colloids: spherical macroions

(radius a, valence Z ) and point microions dispersed in a dielectric

continuum (left). Colloidal suspension in Donnan equilibrium across semi-

permeable membrane with electrolyte reservoir (right).

macroions and microions, modeled here as charged hard spheres

of radius a and valence Z (charge −Z e) and point ions of valence

z. In a closed suspension, all particles are confined to the same

volume V . In Donnan equilibrium, only the macroions are confined,

whereas the microions can exchange (e.g., across a semi-permeable

membrane) with a salt reservoir, here assumed to be a 1:1

electrolyte of monovalent ions.

If sufficiently dilute, the reservoir can be reasonably modeled

as an ideal gas. The reservoir fixes the chemical potential of salt

in the suspension, μs = 2kBT ln(n0�
3), where n0 is the number

density of ion pairs, T is the absolute temperature, and � is the

thermal wavelength, defining the arbitrary zero of the chemical

potential. A bulk suspension of Nm macroions, Nc counterions,

and Ns dissociated pairs of oppositely charged salt ions contains

N+ = Nc + Ns positive and N− = Ns negative microions, for a total

of Nμ = Nc + 2Ns microions. Global electroneutrality constrains the

macroion and counterion numbers by the condition Z Nm = zNc.

Accounting for excluded-volume and electrostatic (Coulomb)

pairwise interparticle interactions, the Hamiltonian separates nat-

urally into three terms:

H = Hm + Hμ + Hmμ . (15.1)

The first term on the right side is the macroion Hamiltonian

Hm = Hhs + 1

2

Nm∑
i �= j=1

vmm(ri j ) , (15.2)



December 12, 2013 12:54 PSP Book - 9in x 6in 15-ch15

204 Coarse-Grained Modeling of Charged Colloids

where Hhs is the hard sphere Hamiltonian (including kinetic energy),

vmm(ri j ) = Z 2λB/ri j is the Coulomb pair potential between a pair of

macroions with center–center separation ri j , and λB = e2/(εkBT )

defines the Bjerrum length, the distance at which the Coulomb

interaction energy between a pair of monovalent ions rivals the

thermal energy. To simplify notation, in this chapter, Hamiltonians,

pairpotentials, and all other quantities having dimensions of energy

are expressed in thermal (kBT ) units. The remaining two terms on

the right side of Eq. (15.1) are the microion Hamiltonian

Hμ = Kμ + λB

2

Nμ∑
i �= j=1

zi z j

ri j
, (15.3)

with kinetic energy Kμ and microion valences zi = ±1, and the

macroion–microion interaction energy

Hmμ = Z λB

Nm∑
i=1

Nμ∑
j=1

z j

ri j
. (15.4)

15.3 One-Component Model: Effective Hamiltonian

Significant concentrations of salt pose severe computational chal-

lenges for large-scale simulations of bulk suspensions [7–9].

Consider that a suspension of macroions of radius a = 10 nm at

1% volume fraction and just 1 mM salt concentration contains, per
macroion, O(103) particles, all interacting via long-range Coulomb

forces. Therefore, salt-dominated suspensions usually are modeled

by first mapping the mixture onto a one-component model (OCM).

For a suspension in Donnan equilibrium, this mapping (or coarse

graining) operates on the semigrand partition function:

Z = 〈〈exp(−H )〉μ〉m , (15.5)

where 〈 〉μ denotes a grand canonical trace over microion coordi-

nates and 〈 〉m denotes a canonical trace over macroion coordinates.

The partition function may be formally expressed in the form

Z = 〈exp(−Heff)〉m , (15.6)

where

Heff = Hm + �μ (15.7)
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is an effective Hamiltonian of a one-component system of pseudo-

macroions and

�μ = − ln〈exp(−Hμ − Hmμ)〉μ (15.8)

is the grand potential functional of the microions in the presence

of fixed macroions. Practical applications of the OCM require

approximating �μ. For this purpose, PB theory [1, 2, 10, 11] is

a powerful approach. Below, we briefly review PB theory and

two common implementations: the cell model and the effective

interaction model.

15.4 Poisson–Boltzmann Theory

PB theory is most elegantly formulated within the frame-

work of classical density-functional theory of nonuniform fluids

[12–16]. Corresponding to the primitive model Hamiltonian

[Eqs. (15.2)–(15.4)], there exists a Helmholtz free energy functional

F [nm(r), n±(r)], which (for a given external potential) is a unique

functional of the macroion and microion number density profiles,

nm(r) and n±(r), varying with position r [13]. This free energy

functional separates, according to F = Fid+ Fex+ Fext, into a (purely

entropic) ideal gas free energy functional of all ions,

Fid =
∫

dr
∑

i=m,±
ni (r){ln[ni (r)�3] − 1} , (15.9)

an excess free energy functional, Fex = Fhs + Fel, due to hard-sphere

(hs) and electrostatic (el) interparticle interactions, and a contri-

bution Fext due to an external potential. Neglecting interparticle

correlations (mean-field approximation), the electrostatic part of

the excess free energy functional may be approximated as

Fel = 1

e

∫
dr ρ(r)�(r) , (15.10)

where ρ(r) = e[n+(r) − n−(r) − nf(r)] is the total charge density,

including the negative charge fixed on the macroion surfaces of

number density nf(r), and

�(r) = λB

e

∫
dr′ ρ(r′)

|r − r′| (15.11)
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is the reduced electrostatic potential at position r due to all ions. The

reduced potential and total ion density are related via the Poisson

equation, which may be expressed in the form

∇2ψ(r) = −4πλB[n+(r)−n−(r)] ; ∇ψ |surface = Z λB/a2 , (15.12)

where the macroion charges are absorbed into a boundary condition

at the macroion surfaces and the microion densities implicitly vanish

inside the macroion cores.

In a given external potential, the equilibrium densities of all ions

minimize the total grand potential functional of the system [13].

Alternatively, fixing the macroions and regarding their charges as the

source of the external potential, the equilibrium microion densities

alone minimize the microion grand potential functional

�μ[n±(r)] = Fμ[n±(r)]−μ+
∫

dr n+(r)−μ−
∫

dr n−(r) , (15.13)

a Legendre transform of the microion free energy functional

Fμ[n±(r)] = Fμ, id[n±(r)] + 1

2e

∫
dr ρ(r)�(r) , (15.14)

where

Fμ, id[n±(r)] =
∫

dr
∑
i=±

ni (r){ln[ni (r)�3] − 1} (15.15)

is the ideal gas free energy functional and the microion (elec-

tro)chemical potentials μ± are identified as the Legendre variables.

Note that �μ depends parametrically on the macroion coordinates

and that Fμ includes macroion–macroion Coulomb interactions for

electroneutrality. Under the assumption that either the electrostatic

potential or the electric field vanishes everywhere on the boundary

of the volume V , the microion free energy functional may be also

expressed in the form

Fμ[n±(r)] =
∫

dr
∑
i=±

ni (r){ln[ni (r)�3] − 1} + 1

8πλB

∫
dr |∇ψ |2 .

(15.16)

Minimizing �μ[n±(r)] with respect to n±(r) now yields the

Boltzmann approximation for the equilibrium microion densities

n±(r) = n(0)
± exp[∓ψ(r)] (fixed macroions) , (15.17)
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where the reference densities, n(0)
± = �−3 exp(μ±), are the microion

densities at the reference potential ψ = 0. The microion grand

potential is the value of the grand potential functional [Eq. (15.13)]

evaluated at the equilibrium density profiles [Eq. (15.17)]:

�μ = −
∫

dr [n+(r)+n−(r)]− 1

2

∫
dr [n+(r)−n−(r)+n f (r)]ψ(r) .

(15.18)

For a closed suspension (fixed particle numbers), the chemical

potentials of the two microion species differ because of asymmetric

interactions with the macroions: μ+ �= μ−. Correspondingly, the

reference densities also differ: n(0)
+ �= n(0)

− . In Donnan equilibrium,

however, exchange of microions with a salt reservoir shifts the

intrinsic microion chemical potentials, μin
± = [δFμ/δn±(r)]eq, by the

Donnan potential ψD:

μ± = μin
± ± ψD = ln(n0�

3) . (15.19)

The total chemical potentials, and so too the reference densities,

of the two microion species are thus equalized. The equilibrium

microion density profiles are then given by

n±(r) = n0 exp[∓ψ(r)] . (15.20)

The Donnan potential is interpreted physically as the change in

electrostatic potential across the reservoir–suspension interface,

and mathematically as a Lagrange multiplier for the constraint of

global electroneutrality.

Combining the Poisson equation for the potential [Eq. (15.12)]

with the Boltzmann approximation for the microion densities

[Eq. (15.17) or (15.20)], the PB equation becomes

∇2ψ(r) = κ2
0 sinh ψ(r) ; ∇ψ |surface = Z λB/a2 , (15.21)

where κ0 = √
8πλBn0 is the screening constant in the reservoir. Note

that Eq. (15.21) is highly nonlinear. In the case of weak electrostatic

potentials (ψ 	 1), the right side of Eq. (15.21) may be expanded

in powers of ψ . Truncating at linear order yields the linearized PB

equation:

∇2ψ(r) = κ2
0 ψ(r) ; ∇ψ |surface = Z λB/a2 . (15.22)

Beyond the boundary condition at the macroion surfaces, the

boundary value problem is fully specified only by imposing another

condition at the outer boundary of the system, which depends on the

practical implementation of the theory.
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a
R

Z

Figure 15.2 Cell model: a single macroion in a spherical cell.

15.5 Cell Model Implementation

The anisotropic boundary conditions on the nonlinear PB equation

[Eq. (15.21)] imposed by an arbitrary configuration of macroions

render a general solution computationally daunting. In recent years,

powerful ab initio methods have been developed for combining PB

theory of microion density profiles with molecular dynamics [15–

18] or Brownian dynamics [19, 20] simulation to evolve macroion

coordinates according to derived forces. Despite such advances,

most applications of PB theory have been implemented within a cell

model to facilitate numerical solution.

In a seemingly bold reduction, the cell model represents a

bulk suspension by a single macroion, neutralizing counterions,

and salt ions confined to a cell of the same shape as the

macroion (see Fig. 15.2). Microion-induced correlations between

macroions are simply ignored. For spherical colloids, the natural

choice is a spherical cell centered on the macroion. Gauss’s law

then dictates that the electric field must vanish everywhere on

the boundary of the electroneutral cell. With the potential and

microion densities depending on only the radial coordinate r , the PB

equation reduces to an ordinary differential equation for ψ(r) with

boundary conditions ψ ′(a) = Z λB/a2 and ψ ′(R) = 0, where the

cell radius R is commensurate with the average macroion density:

nm = Nm/V = 3/(4π R3). For a closed suspension, the arbitrary

location of the reference point of the electrostatic potential (where

ψ = 0) is usually chosen as the cell boundary: ψ(R) = 0. In Donnan
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equilibrium, the potential is conventionally chosen to vanish in the

reservoir, in which case the boundary value of the electrostatic

potential is identified as the Donnan potential: ψ(R) = ψD �= 0.

An appealing feature of the cell model is the simple analytic

relation between the bulk pressure p (in thermal units) and the

microion densities at the cell boundary:

p = n+(R) + n−(R) . (15.23)

Although first derived within the mean-field PB framework [21], this

pressure theorem proves to be exact within the cell model [22], that

is, valid also for correlated microions. In Donnan equilibrium with an

ideal gas reservoir, the osmotic pressure �, defined as, the difference

in pressure between suspension and reservoir, is then given by

� = n+(R) + n−(R) − 2n0 . (15.24)

Within PB theory, the osmotic pressure is strictly positive [23],

which follows directly from Eqs. (15.20) and (15.24) and the

inequality, cosh x > 1.

The cell model provides one means of implementing PB theory by

approximating the microion grand potential [Eq. (15.7)] in the one-

component mapping of the primitive model (Sec. 15.3). Reducing a

suspension to a single macroion in a cell with isotropic boundary

conditions facilitates solution of the nonlinear PB equation. The cost

of incorporating nonlinear microion screening, however, is neglect

of correlations between macroions.

15.6 Effective-Interaction Implementation

An alternative implementation of PB theory, based on the one-

component mapping, focuses on effective interactions derived from

perturbative expansion of the microion grand potential about a ref-

erence system, namely, a uniform plasma of microions unperturbed

by the macroions. By incorporating macroion interactions, this

approach can model both thermodynamic and structural properties

of colloidal suspensions. For reviews of effective interactions in

colloidal suspensions, see refs. [3–6]. Several statistical mechanical

frameworks have been developed. Density functional theories [24–

27] expand the ideal gas part of the microion free energy functional
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[Eq. (15.15)] in a Taylor series in powers of deviations of the

microion density profiles from their mean values n±:

Fμ, id[n±(r)] =
∑
i=±

(
Ni [ln(ni �

3) − 1] +
∫

dr
[ni (r) − ni ]

2

2ni
+ · · ·

)
.

(15.25)

Distributon function theories are based on extensions of the Debye–

Hückel theory of electrolytes [28]. Response theories [29–32] are

based on a similar perturbative expansion of the microion grand

potential functional [Eq. (15.8)]:

�μ = �0 +
∫ 1

0

dλ 〈Hmμ〉λ , (15.26)

where �0 = − ln〈exp(−Hμ)〉μ is the grand potential of a reference

suspension in the absence of an external colloidal potential and

〈Hmμ〉λ denotes an ensemble average of the macroion–microion

interaction energy in a system in which the macroions are “charged”

to a fraction λ of their full charge, which can be related to

the macroion–microion pair potentials vm±(r) = ±Z λB/r and the

densities, nm(r) and n±(r), of macroions and microions:

〈Hm±〉λ =
∫

dr
∫

dr′ vm±(|r − r′|)nm(r)
〈

n±(r′)
〉

λ
. (15.27)

Expanding the microion densities about a reference microion

plasma in powers of the macroion “external” potential,

φ±(r) =
∫

dr′ vm±(|r − r′|)nm(r′) , (15.28)

and truncating the series at linear order yields the linear-response

approximation

n±(r) =
∑
i=±

∫
dr′ χ±i (|r − r′|)φi (r′) . (15.29)

The linear response functions

χi j (|r − r′|) =
(

δni (r)

δφ j (r′)

)
Z =0

(15.30)

describe the response of the reference plasma to the macroions and

are related to the plasma pair correlation functions hi j (r) via [33]

χi j (r) = −ni [δi j δ(r) + n j hi j (r)] . (15.31)
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The neglected higher-order terms in Eq. (15.29) involve nonlinear

response functions and many-particle correlations.

Approximating the pair correlation functions of the uniform

plasma by their asymptotic (long-range) limits yields the so-called

random phase approximation

hi j (r) = −zi z j λB

e−κr

r
, (15.32)

where κ = √
4πλBnμ is the screening constant in the system, which

differs from that in the reservoir κ0 [cf. Eq. (15.21)]. For consistency,

nμ here represents the total density of microions in the free volume,

that is, the volume not excluded by the macroion hard cores.

Inserting the linearized microion densities [Eq. (15.29)] into

Eq. (15.27) recasts the effective Hamiltonian (microion grand

potential) in the form of a sum of effective interactions:

Heff = Ev + Hhs + 1

2

Nm∑
i �= j=1

veff(ri j ) , (15.33)

where the volume energy Ev is the microion grand potential for

a single macroion, veff(r) is an effective electrostatic pair potential

between macroions, and neglected higher-order terms involve sums

over effective many-body interactions. The volume energy takes the

general form

Ev = �0 + 1

2
Nmvind(0) + 1

2
(N+ − N−)�D , (15.34)

where the first term on the right side accounts for the microion

entropy, the second term for the macroion–microion interaction

energy, and the last term is the Donnan potential energy resulting

from the electroneutrality constraint. The effective macroion–

macroion pair potential can be expressed as

veff(r) = vmm(r) + vind(r) , (15.35)

which comprises the bare Coulomb pair potential vmm(r) and a

microion-induced pair potential

vind(r) =
∫

dr′ [n+(r ′) − n−(r ′)]vm+(|r − r′|) . (15.36)
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To evaluate vind(r), it is helpful first to consider the isotropic

microion density profiles around a single macroion, which are

obtained from Eqs. (15.29)–(15.32):

n±(r) =
∑
i=±

∫
dr′ χ±i (|r − r′|)vm+(r ′)

= ±n±

(
nμλB

∫
dr′ e−κr ′

r ′ vm+(|r − r′|) − vm+(r)

)
. (15.37)

To ensure exclusion of microions from the macroion hard cores, the

macroion–microion pair potentials can be extended inside the core:

vm±(r) = ±Z λB f (r); f (r) =
⎧⎨
⎩

1/r , r > a

α/a , r < a ,
(15.38)

where α is a constant to be chosen such that n±(r) = 0 for r < a.

After evaluating the convolution integral

∫ ∞

0

dr ′ r ′e−κr ′
g(r, r ′) = 2

κ2

⎧⎪⎨
⎪⎩

1
r − eκa

1 + κa
e−κr

r , r > a

1
a + κ−1 , r < a ,

(15.39)

with

g(r, r ′) =
∫ 1

−1

dμ f (|r − r′|) ; μ ≡ r · r′/(rr ′) , (15.40)

one finds [from Eqs. (15.37) and (15.38)] α = κa/(1 + κa) and

n±(r) = ∓n± Z λB

(
eκa

1 + κa

)
e−κr

r
, r > a . (15.41)

Substituting Eq. (15.41) into Eqs. (15.35) and (15.36), and evaluat-

ing the integral (for r > 2a)

∫ ∞

a
dr ′ r ′e−κr ′

g(r, r ′) = 2

κ2r

(
1 + κa

eκa
− eκa

1 + κa
e−κr

)
, (15.42)
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yields a screened Coulomb (Yukawa) effective pair potential:

veff(r) = Z 2λB

(
eκa

1 + κa

)2 e−κr

r
, r > 2a . (15.43)

Finally, from Eqs. (15.36) and (15.41), we have

vind(0) = − Z 2λB

a + κ−1
, (15.44)

which allows the volume energy to be written more explicitly:

Ev = �0 − 1

2
Nm

Z 2λB

a + κ−1
− 1

2

(N+ − N−)2

Nμ

. (15.45)

In passing, we recall that Eq. (15.43) is the basis of the classic

Derjaguin–Landau–Verwey–Overbeek (DLVO) theory [34, 35] of

charged colloids, wherein it was first derived within a Debye–Hückel

approximation, without the associated volume energy and without

excluded-volume corrections.

It is important to remember that the one-body volume energy,

although independent of macroion coordinates, does depend on the

average macroion density, and therefore can influence thermody-

namic properties. Similarly, the effective pair potential is density-

dependent. Implications of density-dependent effective interactions

for thermodynamic stability and consistency have been discussed

extensively in recent years [36–41].

Bulk thermodynamic and structural properties can be calculated

ultimately by inputting the effective interactions, Ev and veff(r),

into statistical mechanical theories or simulations of the OCM.

Figures 15.3 and 15.4 show sample results for the osmotic

pressure of highly charged colloidal suspensions, calculated using

methodologies described in Refs. [11, 42, 43]. Predictions of the

PB cell and effective interaction (one-component) models agree

closely with simulations of the primitive model [7] (Fig. 15.3) up

to moderate electrostatic coupling strengths (� ≡ λB/a < 1) and

with experimental data [44, 45] (Fig. 15.4) over a considerable

range of colloid volume fractions. To achieve such agreement,

the linear response theory has been merged with charge renor-

malization theory to incorporate the important concept of an

effective macroion valence [46]. By subsuming within the effective

valence those counterions that are strongly associated with the
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experimental data (symbols) [44, 45].
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macroions, the renormalized theory includes most of the nonlinear

response inherent in the PB equation. Comparably accurate results

are obtained with a renormalized jellium theory [47–49]. The effec-

tive interaction model also predicts radial distribution functions in

close agreement with simulations of the primitive model [41, 42].

15.7 Outlook

To illustrate the essence of coarse-grained modeling in a friendly

context, the discussion in this chapter is limited to the primitive

model of charged colloids, focusing on monodisperse suspensions

of microspheres. For this system, the effective electrostatic in-

teractions derived using the coarse-graining scheme described in

Section 15.6 are relatively simple and lead to predictions for

thermodynamic and structural properties that agree closely with

the PB cell model, detailed simulations of the primitive model, and

experiment. Tremendous opportunities now lie ahead for extending

the general methods outlined here and applying them to more

complex systems, such as mixtures of colloids differing in size,

shape, and charge, to suspensions of particles with anisotropic

(patchy) charge distributions (e.g., Janus particles), as well as to

different interparticle interactions, such as dipolar interactions. As

computing power grows, the demand for coarse-grained models will

likely persist, to guide and interpret simulations and to facilitate

exploration of increasingly complex materials.
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16.1 Introduction

Most soft matter systems are complex mixtures in which several

species with widely different characteristic time and space scales

coexist. Typically, they consist of particles suspended in an aqueous

solvent wherein they acquire electric charge. This is due to high

dielectric permittivity of water favoring dissociation of surface

charge groups. Consequently, electrostatic interactions often play

a crucial role in many processes on the scales from nanometers

to micrometers. Here, we will not discuss the role of the solvent

granularity [Bocquet and Charlaix (2010)] but will focus on

approaches wherein the solvent is treated as a continuous dielectric

medium with a macroscopic permittivity ε. Mesoscopic colloidal
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particles (≈ μm) are immersed into the solvent surrounded by the

electrolyte consisting of counterions and dissociated salt ions (≈ 0.1

nm). The interactions among colloidal particles are mediated by the

microions and their correct description is challenging due to the

large asymmetry in the length and time scales.

16.2 Modeling Colloidal Suspensions

The most direct approach to modeling charged colloidal suspensions

(assuming a homogeneous solvent) is the so-called primitive model.

Here, the degrees of freedom of all the particles (colloids and

the electrolyte ions) are taken into account. Numerical simulations

of the primitive model are demanding due to the large number

of degrees of freedom, especially in systems with finite salt

concentration. Consequently, most work has been done on salt-free

suspensions, wherein all electrolyte ions come from the dissociation

of the surface charge groups on the colloids. Linse [Linse (1991)]

studied asymmetric two-component electrolytes (charge asymme-

try 1:20) within the primitive model and explored pair and triplet

correlations among colloidal particles in concentrated suspensions.

He compared his data with the results of a simulation of an effective

one-component system, consisting only of colloids interacting via

effective pair potentials, chosen such that the pair correlations

in the original two-component system and in the reference one-

component system are identical. Although in general rather similar

triplet correlation functions were obtained, considerable differences

became visible at small distances, pointing to the relevance of many-

body forces.

When studying the properties of colloidal suspensions, the

discrete nature of the microions often does not play a crucial role.

Therefore, it is tempting to describe the microions in terms of den-

sity fields, generally termed density-functional theory [Lowen et al.
(1993); Hansen and McDonald (1986)]. In the mean-field Poisson-

Boltzmann (PB) approach (one version of the density-functional

theory), the microions are treated as an ideal gas, neglecting any

microion–microion correlations. In the grand canonical ensemble,

the microions are coupled to the reservoir with a fixed chemical
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potential (fixed concentration cS of the salt ions); this leads to a

nonlinear differential equation for the electrostatic potential φ(r):

∇
[
ε∇

(
eφ

kBT

)]
= 2e2

0cS

ε0kBT
sinh

[
e0φ

kBT

]
. (16.1)

Here, e0 is the basic charge, kB is the Boltzxmann constant, ε0 is the

dielectric constant, and ε is the relative dielectric permitivity (could

be position–dependent). The PB equation has to be coupled with

appropriate boundary conditions at the colloidal surfaces. Usually,

fixed surface charge density or fixed surface potential is assumed.

The relation between microscopic physiochemical processes gov-

erning the charging of colloidal surfaces (i.e., preferential adsorption

or dissociation of surface molecules) and the boundary conditions

in the coarse-grained description is not trivial [Strubbe et al.
(2007)]. In general, the realistic description should take into account

dynamic charge regulation [Gisler et al. (1994); Pujar and Zydney

(1997); El Masri et al. (2011)] that results in electrostatic potentials

in-between those obtained by the fixed charge density and fixed

surface potential assumptions. Often, however, the surface charge

groups are strongly dissociated and immobile and the constant

charge density boundary condition is sufficient. The PB theory

predicts repulsive interactions between like-charged colloids. On

the pair level, the interactions have a Yukawa-like functional form

V (r) ∝ e−κr/r as predicted by the DLVO theory; however, all

many-body interaction terms are taken into account in systems

with N > 2. The PB description is a valid approach for systems

with monovalent microions, where microion–microion interactions

are not strong enough to induce significant correlations among

them. The relative significance of the microion correlations can be

assessed by the coupling constant � = q2λB/μ ∝ q3, where λB ≡
e2

0/4πεε0kBT is the Bjerrum length, μ ≡ (2πqλBσ )−1 is the Gouy–

Chapman length (σ is the surface charge density of a planar colloid),

and q is the valency of the microions. For monovalent ions (q = 1),

the value of � is always much less than 1: no known material would

have � ≈ 1. Raising the microions valency quickly diminishes the

validity of the PB theory: divalent and trivalent microions mediate

effective attractions between like-charged objets, which leads to

aggregation of colloidal clusters. Such microion correlation driven
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phenomena cannot be correctly captured by the PB theory. Some

attempts have been made to modify the PB equation (16.1) in

order to introduce the correlations a posteriori [Borukhov et al.
(1997)]. In the limit of high � � 1, the correlations completely

govern the behavior and the microion distribution can be evaluated

by the strong coupling theory [Moreira and Netz (2000); Grosberg

et al. (2002); Naji et al. (2005); Messina et al. (2001); Šamaj and

Trizac (2011)] (for a recent discussion regarding the strong coupling

electrostatic theory, see also the chapter by Samai and Trizac in this

book).

16.3 Effective Interactions

A precise knowledge of the interactions among the constituent par-

ticles is the basis for understanding the structural, thermodynamic,

and dynamic properties of matter. In complex systems such as soft

matter, the interactions among the colloids mediated by the smaller

components (microions) are inherently many-body interactions: a

change in the arrangement of the colloids nonlinearly affects the

distribution of the microions. Strictly speaking, a correct description

of any liquid or solid must explicitly take into account many-body

interactions.

It is common practice in theoretical physics to resort to a coarse-

grained description by integrating out of the partition function all

degrees of freedom that do not belong to the larger (i.e., in our

case colloidal) constituents. This leads to a state-dependent effective

Hamiltonian for the colloids, thereby allowing a one-component

model (OCM) description. The motivation for such a procedure is not

only to facilitate contact with experiments, wherein most of the time

the small constituents cannot be probed directly (most experimental

techniques such as small angle X-ray or neutron scattering, or video-

microscopy, probe the colloidal degrees of freedom only), but also

to simplify the theoretical treatment: in frame of the OCM, one can

use the well developed statistical mechanics tools from the theory

of simple liquids. In the case of electrostatic interactions in colloidal

suspensions, such a reduction results in the classic Derjaguin–

Landau–Verwey–Overbeek (DLVO) theory [Verwey and Overbeek
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(1948)] of colloidal interactions: an isolated pair of charged colloidal

spheres in an aqueous salt solution interacts via a repulsive Yukawa

potential at large separations. The DLVO theory correctly describes

the pair interactions, as has been confirmed by direct experimental

measurements [Crocker and Grier (1994)].

Not surprisingly, the theory is commonly extended in order

to design effective descriptions of dense colloidal suspensions.

As the physical equations governing the systems’ behavior are

typically nonlinear, the colloidal interactions in dense suspensions

are inherent many-body in nature. The interaction between two

particles is modified by other colloids in their surrounding and the

total interaction energy is not given by the sum of the pair potentials

corresponding to the isolated pairs

U int(r1, . . . , rN) =
∑
pairs

u(2)
i j (ri , r j )+

∑
triplets

u(3)
i jk(ri , r j , rk)+ . . . . (16.2)

The way around the problem is to construct an effective pair po-
tential [Belloni (2000)] that correctly predicts the total interaction

energy:

U int(r1, . . . , rN) ≡
∑
pairs

V eff
i j (ri , r j ) . (16.3)

Clearly, construction of such effective potentials V eff is state-

dependent, but hopefully in a broad enough range of parameters,

the dependence is not too severe and a single set of effective

parameters can be used to design the pairwise additive model of

the system [Belloni (2000); Levin (2002); Trizac (2000)]. Instead of

the total interaction energy, it is practical to construct effective pair

potentials so as to reproduce the structural properties determined

in the experiments, that is, the radial distribution function g(r) or

the structure factor s(q) (both based on the pair correlations). In

principle, the Henderson theorem [Henderson (1974)] guarantees

that every (perfect) pair correlation function g(r)) can be uniquely

associated with an effective pair potential. Given the structural

information, the effective pair potential can therefore be constructed

by inverted Monte Carlo simulations [M. Brunner et al. (2002)]. This

procedure, however, is computationally demanding and it is not free

of technical difficulties (defining the appropriate cut-off value for the

potentials), which introduce a degree of arbitrariness. Alternative
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approach to reverse-engineering the interactions are the integral

equation theories [Hansen and McDonald (1986)]. Combined with

a proper closure relation, they provide an analytical expression

(in an integral form) relating the interactions and the structure.

Integral equations can provide a useful framework to study the

thermodynamical properties of colloidal suspensions, providing

that one can justify the specific choice of the closure relation.

Despite the fact that it is being frequently attempted, the

transposition from complex to simple fluids is therefore not

straightforward and is often paved with fundamental difficulties,

see, for example, [Louis (2002)]. It is important to realize that

effective potentials—in contrast to the true pair potentials—cannot

be regarded as fundamental quantities because their parameters

depend on the state of the system. An an effective potential that

reproduces the structure of the system at a given density will not

correctly reproduce it at another value of it [M. Brunner et al.
(2002)]). But even at a fixed density, the effective potentials still

depend on the exact colloidal positions [Dobnikar et al. (2003);

Dahirel and Hansen (2009)]: the effective pair interactions derived

from the full PB solutions are different in FCC and BCC crystals of

equal densities [Dobnikar et al. (2003)]. In addition to being state-

dependent, no unique way to derive the effective potentials exists:

even if we were able to construct the effective potentials to correctly

reproduce the structural properties of the many-body system at

all parameters, they will in principle not do well in describing the

thermodynamics [Colla et al. (2012)] or dynamic properties of the

same system.

The relevance of the effective pair interactions has been further

explored in [Dobnikar et al. (2006)] where PB cell and Jellium [Colla

et al. (2009); Pianegonda et al. (2007); Trizac and Levin (2004)]

models have been used to derive the effective potentials, which

were later used in a one-component simulation to extract the

compressibility of the system as a function of the density. Using

the Kirkwood–Buff relation [Kirkwood and Buff (1951)], such

thermodynamic behavior is related to the structural information

and this provided a means to test the consistency of the applied

approximations. Roughly speaking, the conclusions are that at

large salt concentration, when the charges on colloids are heavily
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screened, the pairwise additive effective picture works well for both

the structural and thermodynamic properties. At very low salinity,

the double layers overlap and the pair picture completely fails.

Here, however, the microion-dominated descriptions such as cell or

Jellium model work well for thermodynamics. In the overlapping

region, none of the approaches is perfect.

16.4 Three-Body Interactions

Already in 1943, it has been supposed by Axilrod and Teller [Axilrod

and Teller (1943)] and later also by Barker and Henderson [Barker

and Henderson (1976, 1972)] that three-body interactions may

significantly contribute to the total interaction energy in noble gas

systems. This seems to be surprising because noble gas atoms

possess a closed-shell electronic structure and are therefore often

(and erroneously) regarded as examples of a simple liquid. The

conjecture of Axilrod and Teller, however, was confirmed only

very recently, when large-scale molecular dynamics simulations

for liquid xenon and krypton were compared with the structure

factor measurements at small q-vectors performed with small-

angle neutron scattering. In these studies, it has clearly been

demonstrated that only a combination of pair-potentials and three-

body interactions, the latter in the form of the AT triple-dipole term,

leads to a satisfactory agreement with the experimental data [Barker

et al. (1969)]. In the meantime, it was realized that many-body

interactions also have to be considered for nuclear interactions, in-

teratomic potentials, electron screening in metals, photoionization,

molecular island distribution on surfaces [Österlund et al. (1999)],

and even for the simplest chemical processes in solids [Ovchinnikov

and Apkarian (1999)] such as the making and breaking of a bond.

In view of the general importance of many-body effects, it seems

surprising that until recently, no direct measurements of these

interactions had been performed.

This is largely due to the fact that in atomic or molecular systems,

positional information is typically provided by structure factors

or pair-correlation functions, that is, in an integrated form. Direct

measurements of many-body interactions, however, require direct
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positional information beyond the level of pair-correlations, which

is not accessible at molecular length scales. In contrast, owing to

the more convenient time and length scales, direct microscopic

information is accessible in colloidal suspensions. In addition, the

interactions in colloidal suspensions can be varied over large ranges,

for example, from short-ranged steric to long-ranged electrostatic

or dipolar interactions. The colloidal electrostatic interactions can

be tuned by simply changing the salt concentration (in contrast

to atoms in which interactions are unchangeably dictated by their

electronic structure). At sufficiently small salt concentrations, the

screening of the colloidal charges provided by the microions is weak;

the range of the interactions amounts to several colloidal diameters.

If more than two colloids are within their interaction range,

the pairwise description naturally breaks down and many-body

interactions become substantial. Triplet interactions in colloidal

suspensions have been numerically studied in [Löwen and Allah-

yarov (1998)]. Recently, the three-body [Brunner et al. (2004)] and

four-body [Dobnikar et al. (2004a)] electrostatic interactions have

been directly measured in an experiment in which three colloidal

particles were trapped by laser tweezers [Brunner et al. (2004);

Dobnikar et al. (2004b)], providing the first direct observation of

many-body interaction terms in a microscopic system. Surprisingly,

the three-body interaction terms prove to be comparable both in

the magnitude and in the range to the pair interactions, therefore

not at all a small perturbation to the later. A similar conclusion

was drawn in [Frischknecht and Yethiraj (2011)] wherein three-

body interactions among nanoparticles in polymer melts have been

investigated. An interesting collapse of data has been observed in

numerical work [Russ et al. (2002)]: for a range of parameters

studied, the three-body electrostatic interaction term seems to

depend on a single positional degree of freedom (rather than on six),

which is the perimeter of the triangle formed by the three particles.

The generality of the conclusions in [Russ et al. (2002)] has yet to

be investigated; however, the reported results suggest a promising

route towards a coarse-grained description of the three-body

interactions.

A recent study [Sinkovits et al. (2013)] has focused on the three-

body interactions in a system of charged cylinders with the coupling

constant � � 1, in the intermediate regime between the weak
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Figure 16.1 The three-body interaction term measured in the experiment

and calculated by solving the PB equation [Brunner et al. (2004)]. (a) The

three-body term u(3) as a function of distance r between two colloids in

the line trap with a fixed position of the third colloid along the symmetry

line d (see schematic inset). Experimental measurements (symbols) are

compared with the PB calculations (lines). (b) The difference between the

two-body solution and the superposition of two one-body solutions of the

PB equation (16.1). (c) The difference between the three-body solution

and the superposition of three three-body solutions. Reproduced with

permission from [Brunner et al. (2004)].

coupling (PB) and strong coupling electrostatics. Such a regime is

relevant for many biological systems with multivalent counterions,

such as DNA bundle formation. The observation there was that the

three-body term seems to oppose the two-body one. In the PB case,

the two-body interactions are repulsive and the three-body term

is attractive, reducing the repulsion between pairs (also true for

helically charged cylinders [Kanduc et al. (2009)]). In the transition

regime with � � 1, the pair forces are attractive, whereas the three-

body term is repulsive, again effectively reducing the strength of the

pair interactions.

16.5 Many-Body Interactions in Dense Suspensions

Experiments with four colloidal particles reported in [Dobnikar

et al. (2004a)] demonstrate that the four-body terms are again
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comparable with the three-body terms suggesting that the many-

body series (16.2) is poorly converging. In dense suspensions,

therefore, it is insufficient to take into account two-body and three-

body terms. Instead, all many-body terms need to be considered.

However, as the series is alternating [the consecutive N–body terms

are repulsive (N = 2), attractive (N = 3), repulsive (N = 4), . . . ], the

question arises whether the net effect on macroscopic behavior

is significant at all. In [Dobnikar et al. (2003)], the melting of

charge-stabilized colloidal crystals has been studied with Brownian

dynamics simulations coupled to solving the full nonlinear PB

equation (thus taking into account all many-body terms). The many-

body interactions result in a macroscopic phase behavior (shift of

the melting line), not reproducible by pairwise-additive effective

interactions: the region of stability of the fluid phase is expanded

in comparison to the pairwise-additive system. In [Baumgartl et al.
(2008)], many-body interactions had to be invoked in order to

explain the phonon dispersion in 2D colloidal crystals. In [Reinke

et al. (2007)], elastic constants in 3D (FCC) crystals of charged

colloids have been determined. In crystals with cubic symmetry,

there are in principle three independent elastic constants. The

Cauchy theorem states that—if the forces between constituents are

pairwise additive and central—two of them must be the same. Any

deviation from the Cauchy relation signals the presence of many-

body interaction terms. As the values of the elastic constants, as

well as the phonon band gap structure in [Reinke et al. (2007)]

could not be described in terms of pairwise additive interactions,

we can conclude that the many-body interactions affect the elastic

response of colloidal crystals. Similar behavior was later confirmed

by numerical calculations in 2D [Dyshlovenko (2005)] and in

3D [Dyshlovenko and Dobnikar (2013)].

Even more pronounced macroscopic effects of many-body

colloidal interactions can be found in other colloidal systems.

In [Osterman et al. (2009)], a system of superparamagnetic colloids

in precessing external magnetic field has been studied experimen-

tally and theoretically. In magnetic colloidal systems in aqueous

solutions, the medium is not magnetized; therefore, the interactions

are inherently less complex than in the electrostatic case. However,

the induced dipoles on the colloids mutually depolarize, which still
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leads to state-dependent many-body interactions. When the external

driving field precesses at the so-called magic angle, the induced

magnetic interactions are—on the pair level—formally equivalent

to molecular van der Waals interactions. However, the strong many-

body effects (the three-body compared with the two-body term is

much larger than the corresponding AT three-body term in the van

der Waals systems [Axilrod and Teller (1943)]) govern a surprising

aggregation scenario leading to the formation of thin colloidal

membranes in the bulk. Another example of inherently many-body

colloidal systems is a mixture of polymers and colloidal particles.

Here, colloidal interactions are of entropic origin, mediated by

the polymers. In numerical simulations of crystallization of DNA

functionalized colloids [Mladek et al. (2012)], the assumption of

pairwise additivity leads to substantial errors in the estimate of

the free energy of the crystal phase. Ordering of polymer-grafted

nanoparticles in homopolymer matrix [Akcora et al. (2009)] and

hard sphere nanoparticles in grafted polymer layers [Curk et al.
(2013)] is also governed by strong many-body effects.

16.6 Conclusion

The present review discusses the importance of many-body effects

in charged colloidal suspensions, as well as limitations of the

effective pairwise additive pictures commonly applied to study

such systems. Numerous studies have demonstrated that many-

body interactions are often crucial in order to correctly describe

structural and thermodynamic properties. The observability and

tunability of colloidal suspensions make them an ideal model system

for systematic investigations of many-body interactions, which is

one of the pertinent problems in statistical physics.

One of the exciting questions that needs to be further explored

in the future concerns downscaling to the nanoscale [Walker et al.
(2011)], where the physics is governed by the predominance of

the surfaces and the granularity of the solvent becomes important.

Fluid water is a highly complex medium due to the presence

of the hydrogen bonds between the water molecules. Close to

the surfaces or interfaces, and in nano-confinement, the classical
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description of the fluid therefore breaks down. Ion-specific effects

at interfaces [dos Santos and Levin (2011)], the interfacial viscosity

and dielectric profile of water [Sendner et al. (2009)], as well as its

flow through nanochannels [Falk et al. (2010)] have recently been

addressed.
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Österlund, L., Pedersen, M. O., Stensgaard, I., Lægsgaard, E. and Besenbacher,

F. (1999). Quantitative determination of adsorbate-adsorbate interac-

tions, Phys. Rev. Lett. 83, pp. 4812–4815, doi:10.1103/PhysRevLett.83.

4812, http://link.aps.org/doi/10.1103/PhysRevLett.83.4812.

Osterman, N., Poberaj, I., Dobnikar, J., Frenkel, D., Ziherl, P. and Babić,
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Various properties of a material (viscosity, refractive index, and so

on) can dramatically change after a phase transition. Investigating

exactly when and how this change occurs potentially elucidates the

dominant molecular forces working within the material, thus fueling

significant scientific interest. Similarly, the analysis of idealized

molecular models provides a framework for predicting the behavior

of real, and often more complicated, materials. Understanding phase

behavior is not just limited to fundamental research, as the ability to

switch on or off various desirable properties with a simple “turn of

the knob” can lead to interesting technological applications.

Traditionally, intrinsic thermodynamic variables, such as tem-

perature or pressure, act as the “knobs” that control phases.

However, the application of external fields, such as gravitational,

magnetic, and electric fields, can play an equally vital role, as they

often offer a reversible, easily tunable, and localized method of
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control. The necessary key for practical use resides in a strong

coupling between the field and a material property, for example, the

applied electric field with the material’s dielectric response function.

If such a strong coupling can be obtained, large changes to the phase

diagram can occur even with a weak field.

In this chapter, we will specifically focus on theoretical ad-

vancements for how electric fields induce a mixing–demixing phase

transition between two dielectric fluids (oils), presenting results

from both equilibrium and dynamics. Moreover, we will highlight

how strong coupling between the field and dielectric function

naturally occurs with nonuniform electric fields originating from

small curved charged objects.

17.1 Equilibrium Phase Behavior

Using a mean-field approach, we consider a binary mixture of two

fluids, A and B , in an electric field E, and write the total free energy

F for a volume V as

F =
∫

V
( fm + fe + fi) dV (17.1)

where fm, fe, and fi are the free energy densities for mixing,

electrostatics, and fluid–fluid interfaces, respectively.

The fluids, in the absence of an electric field, can mix or

demix due to a competition between entropy and enthalpy, where

temperature T adjusts the relative balance. For concreteness, we

consider the Bragg–Williams form

fm = kT
v0

[
φ ln φ + (1 − φ) ln(1 − φ) + χφ(1 − φ)

]
(17.2)

where k is Boltzmann’s constant, v0 is the molecular volume of both

components, φ such that 0 < φ < 1 is the volume fraction of com-

ponent A, and χ ∼ 1/T is the Flory interaction parameter [Safran

(1994)]. The first two terms account for entropy, while the third

term accounts for the energy of mixing.

Equation 17.2 gives rise to an upper critical solution

temperature-type phase diagram. The shape of fm(φ) transitions

from a single minimum at φ = 1/2 to a double minimum curve as T
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shifts from above to below the critical temperature Tc. By using the

well-known double tangent construction, we obtain the two binodal

compositions φb for each temperature T < Tc. These compositions

mark the mixing–demixing boundary in the φ−T plane. Specifically,

fluids demix when φ is located between the two values of φb, or more

simply stated “under the binodal curve.” Finally, the phase diagram

terminates at the mixture’s critical point (φc, χc) = (1/2, 2).

In the following, we will employ a simplified form of Eq. 17.2,

namely the Landau expansion of the mixing energy around φ = φc:

fm ≈ kT
v0

[
(2 − χ)

(
φ − 1

2

)2

+ 4

3

(
φ − 1

2

)4

+ const.

]
(17.3)

Note that the quadratic term in the expansion changes sign at the

critical value χc = 2.

For electrostatics, the free energy density fe is given by

fe = ±1

2
ε0ε(φ)|∇ψ |2 (17.4)

where ε0 is the vacuum permittivity, ε(φ) is the relative dielectric

constant of the mixture, and ψ is the electrostatic potential (E =
−∇ψ). The positive (negative) sign corresponds to constant charge

(potential) boundary conditions. The relation ε(φ) can, in fact, be a

complicated function. Using the simplest approximation, we assume

a linear relation, ε(φ) = (εA − εB)φ + εB, where εA and εB are the

dielectric constants for pure fluids A and B , respectively.

When considering the structure of the interface between phases,

fi is required. This term accounts for the energetic cost of

composition gradients and is given by [Safran (1994)]:

fi = kT
2v0

χλ2|∇φ|2 (17.5)

where λ is a constant characterizing the interface width. Notice that

fi vanishes when the composition is uniform.

To determine the equilibrium state in the presence of a field, we

minimize F with respect to φ and ψ using calculus of variations and
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obtain the following Euler–Lagrange equations

δF
δψ

= ∇ · [ε0ε(φ)∇ψ] = 0 (17.6)

δF
δφ

= kT
v0

[
(4 − 2χ)

(
φ − 1

2

)
+ 16

3

(
φ − 1

2

)3

− χλ2∇2φ

]

−ε0

2

dε(φ)

dφ
|∇ψ |2 = μ (17.7)

The first equation is naturally Laplace’s equation (Gauss’s law) for

the potential ψ , whereas the second equation gives the composition

distribution φ. Finally, ε(φ) and � couple these two equations, in our

case, dε(φ)/dφ is constant.

The Lagrange multiplier μ in Eq. 17.7 differentiates between

open and closed systems. For a closed system (canonical ensemble),

μ is adjusted to satisfy the mass conservation constraint: 〈φ〉 = φ0,

where φ0 is the average composition. A closed system, whose volume

increases to infinity, can be related to an open system in contact

with a material reservoir (grand canonical ensemble). At this infinite

size limit, the mass conservation constraint can be approximated as

μ = μ0(φ0), basically the chemical potential that corresponds to the

reservoir composition φ0. The distinction between open and closed

systems confers differences in phase behavior, as will be discussed

below.

Before continuing to nonuniform fields, we will briefly review

changes in the phase diagram with uniform fields. The effect of a

uniform electric field, E0, on the mixture phase behavior was first

studied by Landau and Lifshitz [Landau and Lifshitz (1957)] and

later by Onuki [Onuki (1995)]. In the Landau theory, expansion

of the electrostatic free energy leaves only a term proportional to

(φ − φc)2, which combines with the quadratic term in Eq. 17.3

to renormalize the critical temperature and the entire binodal

curve. The theory predicts a critical temperature shift: �Tc =
v0ε0ε

′′E2
0/(4k) that is controlled by two free parameters E0 and ε′′ =

d2ε(φ)/dφ2. If ε′′ is greater (less) than zero, Tc increases (decreases)

and the electric field effect is that of demixing (mixing).

As v0 is small in simple fluids, large electric fields are required

to see an effect. For the typical maximal fields used in experiments

(∼= 107 V/m), the predicted �Tc is extraordinarily small, on the



December 12, 2013 12:55 PSP Book - 9in x 6in 17-ch17

Equilibrium Phase Behavior 243

order of milliKelvins. Experiments in low molecular weight binary

mixtures agree with the theory on the magnitude of �Tc, but yield

conflicting results on the sign or direction of the shift [Debye and

Kleboth (1965); Orzechowski (1999)]. A more rigorous discussion

about the effects of uniform electric fields is given in Ref. [Tsori

(2009)].

Nonuniform electric fields, however, generate different results

and can alter the mixing–demixing phase diagram considerably,

compared with uniform fields of the same magnitude [Tsori et al.
(2004); Marcus et al. (2008); Samin and Tsori (2009)]. Large-

field gradients occur naturally in systems such as microfluidic and

nanoscale devices due to their small size and complex geometry.

Detailed investigations of the phase transition have been conducted

with three simple yet fundamental shapes: wedge, sphere, and

cylinder. Analogous results occur between these shapes; therefore,

due to space constraints, we focus on a closed system consisting

of two concentric cylinders with radii R1 and R2, where R2 → ∞
produces an open system. We impose cylindrical symmetry such

that φ = φ(r) and ψ = ψ(r), where r is the distance from the

inner cylinder’s center. Furthermore, the prescribed charge density

σ per unit area on the inner cylinder allows integration of Gauss’s

law to obtain an explicit expression for the electric field: E(r) =
σ R1/(ε0ε(φ)r)r̂. Combining this result with E = −∇ψ in Eq. 17.7,

we obtain a single equation determining the composition profile

φ(r):

μ = kT
v0

[
∂ fm
∂φ

− χλ2∇2φ − χ M
dε(φ)/dφ

ε(φ)2
r̃−2

]
(17.8)

where M = σ 2v0/(4kTcε0) is the dimensionless field, and r̃ ≡ r/R1

is the scaled distance.

Inspection of Eq. 17.8 shows two important differences from

the case of uniform fields. First, the equation does not require a

nonzero ε′′ to shift the phase diagram. This holds irrespective of

the three fundamental geometries. Recall that we, in fact, assumed

a linear dependence for ε(φ). Such a simple constitutive relation

is insufficient for changing the phase diagram in a uniform electric

field, resulting in �Tc = 0.

Second, the nonuniform electric field imposes a nonuniform

“pull” on the fluid mixture, manifesting as an r-dependent total free
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Figure 17.1 The free energy density f (φ , r) for a charged cylinder open

system. (a) f (φ , r) − φμ versus φ at distance r = r1 (dashed line), ri (dash-

dotted line), and ∞ (solid line) for φ0 = 0.33, T /Tc = 0.98, and M = 0.14.

Symbols mark minima for each curve. (b) φ(r) versus dimensionless

distance r̃ . Solid line is data from (a). Dash-dotted line has same φ0 and

T as (a) but with M = 0.02. Dashed line has same φ0 and M as (a), but

with T /Tc = 0.995. (c) φ(r) versus r for various values of M with φ and T
as in (a).

energy density f (φ , r) = fm+ fe+ fi. We will consider, for illustrative

clarity, a fluid–fluid interface that is infinitely thin by specifically

defining a vanishing interfacial term λ = 0, which sets fi = 0. With

this simplification, the behavior of f in an open system can be

conceptualized as a competition between fm and fe. As r → ∞, the

electric field is weak, fe → 0, and f ≈ fm governs fluid behavior.

The solid line in Fig. 17.1(a) shows a typical example of f (φ , r)

at a large value of r using φ0 = 0.33, T /Tc = 0.98, and M = 0.14.

The minimum of f (φ , r), marked by a symbol, gives the value of

φ(r) as r → ∞, which in this case is 0.33. At the other distance

extreme, r = R1, the electric field is the strongest, and the dashed

line in Fig. 17.1(a) shows the resulting f (φ , r). Note the dramatic

difference in the value of φ(r) when the value of r is small (R1)

versus large.

By finding the minima of f for all r , it is possible to construct the

full concentration profile φ(r), where the solid line in Fig. 17.1(b)

corresponds to the data from Fig. 17.1(a). Whether or not a phase

transition occurs resides in how the minimum of f (φ) changes, as r
varies between the two distance extremes. Specifically, if there exists

an r = ri where f contains two minima (see dash-dotted line in
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Fig. 17.1(a)), then ri marks the interface between the two fluids.

Figure 17.1(b) illustrates how the two minima in f (ri ) translates

into a discontinuity at φ(ri ), thereby creating a distinct boundary

between the two phases.

Not all applied fields, however, induce phase separation. Fig-

ure 17.1(b) illustrates two such examples, in which the dash-dotted

line shows the same φ0 and T with a smaller M and the dashed

line shows the same φ0 and M with a higher T . In both cases, f
contains a single minimum for all r , resulting in a smooth φ(r)

profile. Despite the absence of a phase transition in these examples,

the field still produces an effect, as the more polar (higher ε) fluid

accumulates near the high electric field. This phenomenon can be

thought of as the molecular version of the “dielectric rise” effect due

to a dielectrophoretic force.

Delving more deeply into the requirements for a phase transition,

we vary M for a constant φ0 and T . Figure 17.1(c) shows that certain

values of M induce a transition, whereas others do not. In fact, there

exists a critical Mc that marks the lowest M necessary for fluid–fluid

separation. If an electric field can cause phase separation in a region

of φ0 − T space above the binodal curve, a natural question arises:

what is the new stability diagram for a particular M? This can be

constructed by holding M constant and probing φ0 − T space for

fluid–fluid demixing. As the electric field breaks the symmetry of the

free energy with respect to composition (φ0 → 1 − φ0), the stability

diagram is asymmetric with respect to φ0 − φc. Figure 17.2(a)

compares a typical stability curve for an open system, solid line,

with the binodal curve, dashed line. Clearly, nonuniform fields can

produce large changes to the phase diagram.

Figure 17.2(a) also includes the stability diagram for a typical

closed system, dotted line, highlighting significant differences from

open systems. Notably, the same M induces a weaker effect

and produces a smaller stability diagram when φ0 < φc, and the

transition can occur when φ0 > φc. These differences develop as a

consequence of material conservation. As there is no infinite bath

from which to draw material, accumulation of φ in high-field regions

leads to depletion of φ in low-field regions. Moreover, the penalty in

fm grows faster than the energy gain in fe with changing φ0 or T .

Roughly speaking, however, the area under the stability curves for
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Figure 17.2 Behavior of the fluid–fluid interface ri . (a) The stability curves

in φ0 − T space for a constant M ≈ 0.069 in an open (solid line) and closed

(dotted line) cylindrical system. The binodal curve shown with dashes. (b,c)

The location of ri with respect to M with constant T /Tc = 0.975 (b) and

T with constant M = 0.02 (c) for open (open symbols) and closed (filled

symbols) systems, wherein φ0 = 0.29(�), 0.31(©), and 0.33(
). In (c), the

dashed lines are the binodal temperatures for each value of φ0, and the y-

axis is on a log scale. For all figures, R2/R1 = 5 in the closed system.

both open and closed systems increases (decreases) as M increases

(decreases).

Once an interface exists, several parameters control the location

of ri , for example, φ0, T , M and R2. In general, ri increases with

increasing M (Fig. 17.1(c) and 17.2(b)), decreasing T (Fig. 17.2(c)),

increasing R2 (not shown), and increasing φ0 (Fig. 17.2(b)). The

interested reader can find more specific details in Refs. [Tsori et al.
(2004); Marcus et al. (2008); Samin and Tsori (2009); Galanis and

Tsori (2013)].

17.2 Phase Separation Dynamics

Let us begin with a fluid–fluid mixture without an electric field

and in equilibrium. When the electric field switches “on,” the fluid

mixture rearranges with time until it reaches a new equilibrium

state. To describe the phase ordering dynamics, we follow the

model H theoretical framework of the Hohenberg and Halperin

classification [Hohenberg and Halperin (1977)]. We assume that

the electrostatic potential responds instantaneously to any changes
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in the composition and supplement the model with Gauss’s law to

obtain

∂φ

∂t
+ v · ∇φ = D∇2 δF

δφ
(17.9)

∇ · (ρv) = 0 (17.10)

ρ

[
∂v
∂t

+ (v · ∇)v
]

= η∇2v − ∇ P − φ∇ δF
δφ

(17.11)

∇ · [ε0ε(φ)∇ψ] = 0 (17.12)

where v is the fluid hydrodynamic velocity field, P is the pressure,

ρ is the fluid density, and η is fluid viscosity. The Cahn–Hilliard

equation, Eq. 17.9, is the continuity equation for the mixture

composition. The composition changes via two mechanisms: (1)

a diffusive current that depends on gradients in the chemical

potential μ = δF/δφ, where D is the diffusivity constant, and (2)

a convective current due to fluid velocity v. Equation 17.10 is the

continuity equation for the fluid, while Eq. 17.11 is the Navier–

Stokes equation that includes a chemical potential related body force

−φ∇δF/δφ [Onuki (2004)]. Lastly, Eq. 17.12 is Gauss’s law, which is

again coupled through ε(φ) to the other equations.

We will solve a simplified version of the model H dynamics,

specifically in the over damped limit with no net fluid flow: v = 0.

This is known as model B dynamics. The problem is now reduced to

solving Eq. 17.9, with only a diffusive current, and Eq. 17.12. When

T decreases from above to below the critical point in the absence

of an electric field, diffusion governs the exchange of material, and

the fluids phase separate locally into small domains that grow in

time. Most notably, this process (at late times) can be described by

a characteristic length such that the domain structure at all times is

self-similar when rescaled by this length [Cahn and Hilliard (1958)].

Adding an electric field, as we shall see, alters this behavior.

Returning to concentric cylinders in a closed system, we use the

right-hand side of Eq. 17.8 for the chemical potential in Eq. 17.9

and solve the radially symmetric problem with a dimensionless time

t̃ = (DkT /R2
1v0)t. When an electric field is turned on, material first

accumulates near r ≈ R1. If M > Mc, a fluid–fluid interface emerges

at ri (ti ) = R1, travels outward to larger r , and asymptotically reaches

the long-time steady-state location ri (t → ∞) = ri∞. Figure 17.3(a)
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Figure 17.3 Movement of ri in time t. (a) φ(r) versus dimensionless

distance r̃ at various dimensionless times t̃, where φ0 = 0.33, T /Tc = 0.965,

M ≈ 0.31. (b) Symbols show interface location ri versus t̃ for various M,

where φ0 = 0.33, T /Tc = 0.965. Lines are fits to Eq. 17.13. (c) The time

constant τ as a function of σ for various T /Tc. For all data, R2/R1 = 5.

shows snapshots of φ(r) in time, while the symbols in Fig. 17.3(b)

mark ri with time.

The behavior of ri can be approximated as an exponential

relaxation

ri (t) = ri∞ + (r1 − ri∞) exp[−(t̃ − ti )/τ ] (17.13)

which contains two free parameters, the time constant for relaxation

τ and the lag time for the interface to emerge ti . The lines

in Fig. 17.3(b) show fits to the data. In general, τ decreases

with increasing M (Fig. 17.3(c)), increasing T (Fig. 17.3(c)), and

decreasing φo (not shown).

In conclusion, we briefly reviewed important features of how

nonuniform electric fields induce a fluid–fluid mixing–demixing

phase transition. The advantage of nonuniform fields, over uniform

fields, is that a phase transition can occur with only a simple

dielectric difference between the fluids. Moreover, nonuniform fields

can dramatically alter the transition temperature, compared with

uniform fields.

Because phase changes often lead to different material proper-

ties, the ability to easily control a phase transition often translates

into the ability to easily tune material behavior. For example,

turning “on” an electric field can cause a homogeneous fluid–

fluid mixture to phase separate, which creates a refractive index
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mismatch and produces an optical interface. Turning the field “off”

reverses this process. As nonuniform fields readily occur when

electrical components are small, field-induced separation may have

an important technological impact.
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The electric response of charged fibrous viruses (fd), as charged

colloidal rods, to an AC external electric field is explored. Various

field-induced phases and dynamical states are characterized in the

field-amplitude versus frequency plane. The observed phase/state

transitions are due to intercolloidal field-induced interactions as a

result of polarization of double layers and/or the layer of condensed

ions, and possibly electro-osmotic flow. The concentration of fd-

virus is chosen within the isotropic-nematic coexistent phase at a

low ionic strength. For low frequencies, chiral-nematic phases and

dynamical states are induced on increasing the field amplitude. At

high frequencies, (above ∼1 kHz), a uniform homeotropic phase

is induced, wherein the fd-rods align along the electric field. Also,

electrode polarization is described in order to correct applied

field amplitudes to obtain the field amplitudes within the bulk
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of the suspensions, away from the electrodes. Field-induced non-

equilibrium criticality is experimentally measured.

18.1 Introduction

The response of many soft matter systems to an external electric

field results from permanent or dielectrically induced dipoles.

When the colloidal cores are dielectrically polarized, the interacting

electrical dipoles can lead to anisotropic structures such as strings

and sheets of colloidal particles [1–3]. The frequencies that are used

for such dielectric experiments are in the MHz range. At these high

frequencies, the electric double layers and the layer of condensed

ions of the colloidal particles are not polarized. In the present work,

we investigate the response to low frequencies (below a few kHz),

wherein the electric double-layer polarization, and/or polarization

of the layer of condensed ions, as well as electro-osmotic flow, leads

to field-induced interactions between the colloids.

In this study, we use fd-virus particles, which have been used in

the past as model systems for very long and thin, highly charged, and

stiff colloidal rods. The concentrations are chosen such that, without

an external electric field, there is isotropic-nematic coexistence.

In the presence of an external electric field, various phase/state

transitions are induced, depending on the field amplitude and

frequency [4, 5], as a result of field-induced polarization of the

double layer, the layer of condensed ions, and possibly electric-

osmotic flow.

We use suspensions of fd-viruses at a quite low ionic strength,

corresponding to an electric double thickness of 27 nm. Fd-virus

suspensions are purified following standard biological protocols,

from the XL1 blue strain of Escherichia coli as the host bacteria [6].

Fd-virus particles consist of ds-DNA, coated with proteins, with a

length of 880 nm and a diameter of 6.7 nm. The coat proteins render

the particles quite stiff: the persistence length is about 2500 nm.

The surface charge of fd-virus particles, as obtained from titration

curves, is −8700e at pH = 6.9 [7]. The concentrated fd-suspensions

are prepared by dialyzing (for 2 days) against a TRIS/HCl-buffer

with a buffer concentration of 1.6 × 10−4 M. The appropriate



December 12, 2013 17:11 PSP Book - 9in x 6in 18-ch18

Electrode Polarization 253

fd-concentrations are then obtained by dilution with the same

buffer. For such a low buffer concentration, the amount of carbon

dioxide that dissolves from the air contributes to the ionic strength

and pH [8]. The pH changes from 8.2 to 6.9 due to dissolved carbon

dioxide at this low buffer concentration.

A home-made optically transparent in situ electrical cell is used

for imaging of the sample morphology through a microscope, for

birefringence measurements, and for dynamic light scattering [9].

Commercially available indium-tin-oxide (ITO) coated float glass

(from Prazisions Glas und Optik GmbH, CEC500S) is used, with

dimensions of 40 × 70 mm2, and with a glass thickness of 0.7

mm. Images are taken with an inverted microscope in polarization

mode, combined with differential interference contrast (Carl Zeiss,

Axiovert 40CFL model). Images are recorded with a CCD camera

(AxioCam Color A12-312).

Before describing the experimental observations, a theory is

described in the subsequent section, for the correction of the

applied electric field amplitude for electrode polarization [5]. At the

low frequencies under consideration in the present study, electric

double layers build up at the electrodes, which screen the electric

field. The electric field amplitude within the bulk of the suspension

is thus less than the applied field amplitude. A simple relation

between the applied field amplitude and its value in the bulk of the

suspension is derived. This relation is used to correct the measured

location of phase/state transition lines in the field-amplitude versus

frequency plane.

18.2 Electrode Polarization

A simple theory based on the standard electrokinetic equations is

used for the correction of electrode polarization [5]. Due to the

formation of double layers near the electrodes, the applied electric

field amplitude may be different from the field amplitude in the bulk

of the suspension. The attenuation of the electric field is frequency

dependent due to the finite diffusivity of the salt ions. For a DC

field, the double layers can fully develop and completely screen the

electric field, in which case the field amplitude in the bulk of the
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suspension vanishes. For finite frequencies, the double layers at the

electrodes only partially develop, and therefore partially screen the

electric field.

The positively charges ions experience a force �F± that sets

them into motion with a velocity equal to �v± = �F±/ζ , where ζ

is the solvent friction coefficient of the ions. This force has two

contributions: First of all, there is an electric force on the (univalent)

ions ∓e (∂�(z, t)/∂z) (– for the positive ions, + for the positive ions),

where e > 0 is the elementary charge and �(z, t) is the local electric

potential, while z is the distance from the mid-plane between

the two electrodes, which varies from −L/2 to +L/2, with L the

distance between the two electrodes. Second, there is a Brownian

force �F±(z, t) = − kBT (∂ ln ρ±(z, t)/∂z), where ρ±(z, t) is the local

number density of positive ions, kB is the Boltzmann constant, and

T is the temperature. The Brownian force describes the diffusive

motion induced by concentration gradients. The total force is thus

equal to,

�F±(z, t) = −kBT
∂

∂z
ln ρ±(z, t) ∓ e

∂

∂z
�(z, t) (18.1)

Substitution into the conservation equation for the concen-

tration, ∂ρ±(z, t)/∂t = − ∂(ρ± v±(z, t))/∂z, thus leads to the well-

known equations of motion (we do not denote position and time

dependence explicitly for brevity),

∂ρ±(z, t)

∂t
= D

∂2

∂z2
ρ± ± D βe

[
ρ±

∂

∂z
�

]
(18.2)

where β = 1/kBT , and D = kBT /ζ is the Einstein diffusion coef-

ficient of the ions. Note that there is no convective contribution

for the two-plate geometry under consideration. Assuming that

the variation �� of the potential within the double layers near

the electrodes is small (in the sense that βe �� is small), the

excess density �ρ± ≡ ρ± − ρ̄, with ρ̄ the overall density of ions, is

proportional to the potential. A corresponding linearization of Eq.

(18.2) with respect to �ρ± and � leads to,

∂�ρ±
∂t

= D
∂2

∂z2
�ρ± ± D

1

2
κ2 [�ρ+ − �ρ−] (18.3)
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where κ =
√

2βe2ρ̄/ε is the inverse Debye screening length, and

ε is the dielectric constant. This equation of motion is the one-

dimensional form of a well-known electrokinetic equation in the

absence of electro-osmotic flow (see references [10–13]). The value

of the applied electric field amplitude sets the first boundary

condition for the potential between the electrodes,

�(z = 1

2
L, t) − �(z = −1

2
L, t) = E0 L cos (ωt) (18.4)

The second boundary condition assures that ion fluxes ρ± �v±
must vanish at the electrodes. As ion velocities are proportional to

the force in Eq. (18.1), this implies that,

∂

∂z

[−�ρ±(z, t) ∓ εκ2�(z, t)
] = 0, for z = ± L

2
and t > 0

(18.5)

where the same linearization discussed above has been performed.

For 1-1 electrolytes, the above equations can be used to derive equa-

tions of motion and boundary conditions for the free charge density

ρ = e[�ρ+ − �ρ−], resulting from differences in the concentrations

of positive and negative ions. Subtraction of the equation of motion

[in Eq. (18.3)] for �ρ+ and �ρ− leads to a single equation of motion

for the free charge density,

∂ρ

∂t
= D

[
∂2

∂z2
− κ2

]
ρ (18.6)

As far as we know, this equation of motion has been derived for

the first time by Ferry [14], who used it to describe the capacitance

of a single double layer at a flat interface. The potential is connected

to the free charge density through the Poisson equation,

∂2

∂z2
� = −ρ

ε
(18.7)

Subtraction of the boundary condition for ρ+ from that of ρ−
leads to

∂

∂z

[
ρ + εκ2�(z, t)

] = 0, for z = ± L
2

and t > 0 (18.8)

The above set of equations (18.6) and (18.7), together with

the boundary conditions (18.4) and (18.8), describe electrode

polarization within the Debye–Hueckel approximation for 1-1
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electrolytes. The solution of the above equations for the potential

and the free charge density is constructed in appendix B in Ref. [5].

As shown there, the in-phase and out-phase response functions for

the electric field strength can be written as additive contributions

that describe the electric field within the double layers near the

electrodes, and contributions that describe the field within the

bulk, away from the electrodes. The contributions within the double

layers decay exponentially with the distance from the electrodes

over a distance that is at most equal to the Debye length, and can

therefore be discarded for the calculation of the attenuation factor,

which is the ratio of the field amplitude in the bulk of the suspension

and the applied amplitude. The attenuation factor is thus found to be

equal to,

γ (L) = �(L)/
√

4 + �2(L) ≤ 1 (18.9)

where the dimensionless frequency is defined as � ≡ ωL/Dκ . Note

that the attenuation factor is a function of the distance L between

the electrodes. The attenuation factor tends to unity (no electrode

polarization) for large distances between the electrodes. The above

expression for the attenuation factor is used later to correct our

measured electric phase/state diagram. The electrode polarization

is important only for frequencies below about 60–100 Hz, in case of

L = 1.4 mm thickness.

18.3 Bulk Electric Response: Reversible Electric
Phase/State Diagram

The electric phase/state diagram is shown in Fig. 18.1 for a fd-

virus concentration of 2.0 mg/ml, in the electric field amplitude

versus frequency plane. A detailed characterization of the individual

phases and states is given in our Ref. [5]. Below about 60–100 Hz,

there are two sets of phase/state transition lines to be seen in Fig.

18.1: the thin lines at relatively high field amplitudes are applied

amplitudes, whereas the lower thick lines are the amplitudes

corrected for electrode polarization. The phases and states that

exist are independent of how the field amplitude and frequency are

achieved. In this sense, the phase/state diagram is “reversible”.
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Figure 18.1 The electric phase/state diagram in the amplitude versus

frequency plane, with the corresponding depolarized morphology. The

solid/dashed lines refer to sharp and gradual phase/state transitions,

respectively.

18.3.1 Low Frequency Induced Chiral-nematic (N∗ and N∗
D)

Phases and Dynamical (DS and Df) States

At low frequencies, the nematic N-phase (where there is coexistence

between nematic domains and isotropic regions) turns into the

chiral-nematic N∗-phase on increasing the field amplitude. It is

well known that at relatively high ionic strength, the equilibrium

nematic of fd is chiral, due to the chiral structure of the ds-DNA

core of fd-virus. For the low ionic strength, we use in the present

experiments, a non-chiral nematic is found without the electric

field, due to the long-ranged electrostatic repulsive interactions. On

applying an electric field, the range of electrostatic repulsions is
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apparently diminished, and the chiral structure of the core affects

inter-rod interactions (such as at high ionic strengths), resulting in a

chiral structure of part of the nematic domains. The striped texture,

corresponding to chiral-nematic domains, extends over regions that

exceed the size of the N-domains, while the chiral-nematic does not

nucleate within the N-domains. There is a strong variation in the

measured pitch at low field amplitudes, which becomes smaller with

increasing amplitudes. The variation of true pitch as a function of

field amplitude is decreased and levels off to 10 μm at high field

amplitudes within the N∗
D-phase.

There is the second sharp transition line at a low frequencies,

where the N∗
D-phase transits to dynamical states (DS , D f ). In

these dynamical states, small nematic domains (∼30 μm) are

melting and forming. We measured dynamic image-time intensity

autocorrelation functions to explore the kinetics of melting and

forming [5, 9, 15]. The of characteristic time for melting and forming

of the small nematic domains (∼30 μm size) of D f state is 10 times

faster than that of DS state.

18.3.2 High Frequency Induced Orientational Order
in the H-phase

At frequencies larger than about a kHz, a homeotropic phase is

formed: the H -phase in Fig. 18.1. Contrary to all other phases/states,

this is a uniform phase. The rods are now aligned along the field

direction, perpendicular to the electrode surfaces. The orientational

order parameter, as well diffusion coefficients as measured by dy-

namic light scattering, are found to be independent of the frequency

and field amplitude throughout the H -phase [16, 17]. This suggests

that hydrodynamic interactions are responsible for the stabilization

of this phase, rather than interactions through polarization charges.

At these relatively high frequencies, polarization of the double layer

and the layer of condensed ions is essentially absent. The electro-

osmotic flow and/or the flow induced by the electrophoretic motion

of the rods might be the driving mechanism for the formation of the

H -phase. The diffusive dynamics is observed, within the H -phase

and near to the H → N∗ phase transition line [16].
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Figure 18.2 Non-equilibrium criticality of the characteristic time τ for

melting and forming of small nematic domains and the domain size d.

18.3.3 Field-induced Non-equilibrium Criticality

The point in the phase/state diagram where several transition lines

meet (also see Fig. 18.2) can be identified as a “non-equilibrium

critical point”, where a time scale and a length scale diverge. The time

scale is the time on which melting and forming of nematic domains

occurs, which can be measured by image correlation spectroscopy,

based on time traces of CCD images. The nature of the critical diver-

gence is probed for the approach of the critical point on increasing

the frequency at constant field amplitude, and on lowering the field

amplitude at constant frequency. We found both power-law and

logarithmic divergences, as summarized in Fig. 18.2 [18].

18.4 Conclusion

The characteristics of electric field induced phases and dynamical

states of charged rods are provided in the reversible bulk field
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amplitude versus applied frequency. A simple procedure is proposed

to correct for electrode polarization, which is important at lower

frequencies. The origin of observed phases and dynamical states is

due to the interactions between rods that result from external field

induced polarization charges and hydrodynamic interactions. At

low frequencies, both electrostatic interactions and hydrodynamic

interactions play a role. However, at relatively high frequencies,

where a uniform homeotropic phase (the H -phase) is found, charge-

polarization is essentially absent, so that this phase is most likely

stabilized through hydrodynamic interactions induced by electro-

osmotic flow and possibly by the flow induced due to electrophoretic

motion of the rods. The mechanism that leads to the dynamical

states, as well as the critical phenomena that we observed, are as yet

not understood. An understanding of the underlying mechanisms

for the observed phenomena requires the evaluation of pair

interactions due to polarization charges and hydrodynamics, and the

analysis of appropriate equations of motion where these pair-forces

are used as an input to make the step to collective phenomena.
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Chapter 19

Statistical Thermodynamics of
Supercapacitors and Blue Engines

René van Roij
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The Netherlands
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19.1 Introduction

The scarcity of fresh water, the depletion of fossil fuels, and the

ever-increasing demand for electric power are important issues

that receive increasing attention in a variety of branches of

science and technology. In all three cases, nanoporous carbon

electrodes, immersed in a liquid medium with charge carriers,

are being considered as device elements. For instance, in carbide-

derived carbon electrodes with nanometer-sized pores filled with

an ionic liquid, electric energy can be stored/released through

the adsorption/desorption of ionic charges on/from the surface of

the charging/discharging electrodes [Chmiola et al. (2006); Miller

and Simon (2008); Merlet et al. (2012)]. Carbon electrodes are

also being explored in capacitive devices to harvest sustainable
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energy from mixing fresh river water with salty sea water [Brogioli

(2009); Brogioli et al. (2011); Rica et al. (2012); Sales et al. (2010)].

This salinity-gradient energy, or “blue” energy, is obtained from

charging up a pair of electrodes immersed in sea water (whereby

ions adsorb onto the electrodes at a low potential) and discharging

them again immersed in fresh water (whereby ions desorb from

the electrodes at a higher potential). This capacitive mixing process,

with brackish water as a waste product, intercepts the spontaneous

diffusion of ions from high to low salinity in much the same way

as heat engines intercept the heat flow from hot to cold heat

baths; for typical salt concentrations in river and sea water, these

“blue engines” can produce of the order of 2 kJ of energy per

liter of river water, in principle even completely reversibly [Boon

and van Roij (2011)]. The reverse process, which can be seen as

a “blue fridge,” is a desalination process in which two volumes of

initially brackish water are converted into a volume of fresh water

and a volume of brine by charging up the electrodes in one of

the volumes (which then desalinates due to ion adsorption onto

the electrodes, at a high potential) and discharging them in the

other volume (which then becomes more salty due to the release

of the ions from the electrodes, at a low potential) [Biesheuvel

(2009)]. Of course, the “blue fridge” requires a net energy input, and

ongoing research questions involve the efficiency and speed of such

processes.

In this contribution, we will perform a thermodynamic and

statistical-mechanical analysis of supercapacitors and blue engines.

We will identify direct similarities between the electric work

performed by/onto these devices with mechanical work performed

by heat engines or consumed by fridges. Moreover, we will identify

a number of Maxwell relations. A distinction emerges between

the differential capacity at constant ion number and at constant

ion chemical potential, directly equivalent to the heat capacity

at constant volume and constant temperature. Finally, we will

discuss the charge distribution on a (porous) electrode at a given

potential. Throughout we make connection with recently published

results, although we start off with a quick reminder of ordinary

thermodynamics to clarify the analogies.
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19.2 Thermodynamics of Heat Engines: A Reminder

We consider a system of internal energy U , volume V , and entropy

S . If the number of particles in the system and all other (geometric,

dielectric, magnetic, and so on) characteristics are considered fixed,

we can write U = U (S , V ) such that

dU = T dS − pdV , (19.1)

with temperature T and pressure p of the system defined by

T =
(

∂U
∂S

)
V

and p = −
(

∂U
∂V

)
S

. (19.2)

Equation (19.1) is a combined formulation of the First and Second

Law of Thermodynamics, where T dS is the amount of heat that the

system takes up reversibly from a heat bath (also at temperature T )

and pdV is the reversible mechanical work done by the system (on

the environment also at pressure p).

Consider the system to reversibly go through a cycle in the p − V
plane, such that the final state is identical to the initial state. From

the fact that U is a state function, we conclude that
∮

dU = 0,

such that the total mechanical work performed by the system during

the cycle can be written as Wm ≡ ∮
pdV = ∮

T dS . Geometrically,

this means that the work equals not only the enclosed area in the

p − V plane but also the enclosed area of the cycle in the T − S
plane. In other words, reversible work of a cyclic heat engine must
be accompanied by heat exchange. For the system to perform a

positive amount of work, that is, for the system to act as a heat

engine, it should typically expand at high pressures (and hence at

high temperatures), thereby taking up heat from baths during (a

part of) the expansion, and compress at lower pressures (and hence

at lower temperatures), thereby releasing heat into the colder baths

during (a part of) the compression.

Two famous examples of heat engines are the Stirling engine and

the Carnot engine, for which the working substance is a classical

ideal gas (for which U ∝ T ∝ pV ) that cycles in a four-fold fashion. In

the (idealized) Stirling engine, the high-temperature expansion and

the low-temperature compression are performed isothermally (such

that dU = 0 and hence T dS = pdV ), while the cooling and heating
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parts take place isochorically (dV = 0 such that dU = T dS). In the

Carnot cycle, the expansion and the compression consist both of an

isothermal part (dU = 0) and an adiabatic part (dS = 0 such that

dU = −pdV thereby cooling and heating the gas upon expanding

and compressing the gas, respectively.). It is well known that the

Carnot engine yields the most efficient conversion of heat into work

for given hot and cold heat reservoirs at high and low temperatures

Th and Tl, respectively, with the mechanical work of the Carnot cycle

given by Wm = �T �S where �T = Th − Tl and �S is the entropy

extracted from the hot bath during the isothermal expansion and

delivered to the cold bath during the isothermal compression. In the

T − S plane, this Carnot cycle is represented by a rectangular shape

at two fixed temperatures and two fixed entropies.

19.3 Thermodynamics of Electrode–Electrolyte Systems

The system of our actual interest here is a macroscopic electrode

with total charge Q in contact with a 1:1 electrolyte that contains N+
Q/e counterions and N monovalent coions, such that the combined

electrode–electrolyte system is charge neutral. Here, e is the proton

charge. The temperature T is fixed, and the geometric properties

of the electrode (e.g., its surface area, its porosity, the volume, and

the curvature of its pores, and so on) are assumed to be fixed as

well. Moreover, in the case of an aqueous electrolyte, the water is

treated as a structureless dielectric continuum. The Helmholtz free

energy of this system can then be written as F (N, Q), where we drop

the dependence on the fixed temperature T and the fixed geometric

variables for notational convenience. Regardless of the functional

form of F , which depends on the microscopic details of the ion–

electrode and ion–ion interactions, we can write the differential of

the state function F generally as

d F = μd N + �d Q, (19.3)

where we define the ionic chemical potential μ and the electrostatic

potential of the electrode � as

μ =
(

∂ F
∂ N

)
Q

and � =
(

∂ F
∂ Q

)
N

. (19.4)
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We note that μ and � , which are the intensive conjugate variables

of the extensive variables N and Q, respectively, can be seen as

equations of state, that is, μ = μ(N, Q) and � = �(N, Q), which

we leave unspecified for now as we focus on general and universal

thermodynamic properties of the electrode–electrolyte system of

interest.

We first note that �d Q in Eq. (19.3) represents the (isothermal

and reversible) electrostatic work done on the electrode–electrolyte

system by its environment (which is also at electric potential �)

when it provides the system with an additional charge d Q. Likewise,

μd N is the (reversible and isothermal) chemical work done on the

system when its environment (at chemical potential μ) provides

d N pairs of salt ions. Consider now a reversible and isothermal

cyclic process due to charging and discharging processes, possibly

at various N , under the constraint that the initial and the final

states of the electrode–electrolyte system are the same. The total

electric work performed by the system during the cycle equals

W = − ∮
�d Q, that is, the work performed is the (negative of

the) enclosed area in the � − Q plane. Typically, work is done

(W > 0) by this cyclic “blue engine” if the electrode is charged at

low voltage (which usually implies a high concentration of ions to

screen the electrode charge) and discharged at high voltage (low

salt concentrations). By virtue of F being a state function, such that∮
d F = 0 and hence W = ∮

μd N , we indeed find that reversible

cyclic blue engines must be accompanied by ion exchange processes,

whereby W > 0 implies by thermodynamic necessity that ions are

to be taken up (d N > 0) by the system at a high chemical potential

[during (a part of) the charging process] and released again (d N <

0) at a low chemical potential [during (a part of) the discharging].

If one compares Eqs. (19.1) and (19.3), a striking resemblance

appears, not only regarding the (free) energy contribution due to

the exchange of heat and ions, T dS and μd N , but also regarding

the mechanical and electric work contributions, −pdV and �d Q,

respectively. In fact, we can make the following mapping: U ↔ F ,

T ↔ μ, S ↔ N , −p ↔ � , and V ↔ Q. This identification of variables

respects the symmetry of extensivity and intensivity, connects

(de)compressions of a gas with (dis)charging of the electrolyte-

immersed electrode, and implies that isothermal (constant-T ) and
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adiabatic (constant-S) volume changes in heat engines are analo-

gous to grand-canonical (constant-μ) and canonical (constant-N)

charging processes of electrolyte-immersed electrodes, respectively.

With this mapping of variables between heat engines and blue

engines in mind, it is interesting to note that the blue engine

recently developed by Brogioli [Brogioli (2009)] to harvest salinity

gradient energy is actually equivalent to the (idealised) Stirling

engine: Brogioli’s electrode charging/discharging processes take

place at constant μ, just like Stirling’s volume changes take place

at constant T , and Brogioli’s flushing processes to exchange river

and sea water (to change the ion chemical potential) at constant

electrode charge are equivalent to Stirling’s heat exchanges between

hot and cold baths (to change the temperature) at constant volume.

In addition, this mapping of variables was exploited in Ref. [Boon

and van Roij (2011)] to construct a conceptual Carnot-like blue

engine. The key difference with the Brogioli cycle is the replacement

of the two flushing steps by a constant-N charging and discharging

process, whereby the initially salty water desalinates upon electrode

charging due to ion adsorption, and the initially fresh water salinates

upon discharging due to ion desorption. This Carnot-like cycle,

composed of two iso-μ and two iso-N (dis)charging steps, yields

an electric work output W = �N�μ per cycle, where �N is the

number of ion pairs that flows during the iso-μ parts of the

cycle from the salty to the fresh water through an adsorption-

desorption process onto the electrodes, and where �μ is the

chemical potential difference between the salty and the fresh water.

The rectangular shape of the enclosed area of the cycle in the μ–

N representation is the hallmark for the most efficient process,

as it makes explicit that each of the �N ion pairs contributes

its full chemical potential difference �μ to the total work; more

work (per cycle per transferred ion pair) is thermodynamically

impossible.

There is, however, one key difference between the nature of the

mapped variables T and μ, as T does have a well-defined absolute

zero whereas μ is only defined up to an arbitrary reference potential.

For that reason, there is no well-defined analogue of the Carnot heat

engine efficiency �T /Th; the analogous expression �μ/μh with μh

the high chemical potential of the sea water is meaningless.
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19.4 Maxwell Relations and Response Functions

Starting from Eq. (19.3) a number of thermodynamic relations for

(super)capacitors immersed in an ionic fluid can be constructed in

full analogy to the standard relations that follow from Eq. (19.1)

for heat exchange and volume work. In the latter case, it proves

convenient, for instance, to consider Legendre transformations of

U (S , V ) to obtain thermodynamic potentials such as the Helmholtz

free energy, the Gibbs free energy, or the grand potential, from

which a set of Maxwell relations follows by considering second

derivatives with respect to two different variables [Callen (1985)].

What emerges from this is a set of five measurable and there-

fore interesting response functions associated with heat transfer

and pressure-volume work: the constant volume and constant

pressure heat capacities cV = T (∂S/∂T )V and cp = T (∂S/∂T )p, the

isothermal and the adiabatic compressibilities κT = − V −1(∂V /∂p)T

and κS = − V −1(∂V /∂p)S, and the isobaric thermal expansivity

βp = V −1(∂V /∂T )p. However, standard textbook thermodynamics

dictates (on the basis of reciprocity relations and Maxwell relations)

that these five quantities are not all independent, as they satisfy

cp

cV

= κT

κS

and cp − cV = T
β2

p

κT

, (19.5)

such that there are in fact only three independent response

functions. As a consequence of the second relation together with

κT > 0, it is guaranteed that cp > cV and hence from the first one

that κT > κS. In the following section, we follow exactly the same

thermodynamic arguments for the electrode–electrolyte system of

interest here, building on the mapping of the variables as discussed

in the previous section.

We consider three Legendre transformations of F (N, Q), which

we denote by the Gibbs-like free energy G(N, �) = F − � Q, the

grand potential �(μ, Q) = F −μN , and the thermodynamic potential

Y (μ, �) = F − μN − � Q. Note that all these potentials depend

implicitly also on T and on the geometric properties of the electrode

(e.g., the volume), which renders even Y well defined, as any

bonafide thermodynamic potential must depend on at least one
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extensive variable. The differentials of these potentials are given by

dG = μd N − Qd�, (19.6)

d� = −Ndμ + �d Q,

dY = −Ndμ − Qd�.

By taking “off-diagonal” second derivatives of each of the four poten-

tials, the following four Maxwell equations can straightforwardly be

derived:

∂2 F
∂ N∂ Q

=
(

∂�

∂ N

)
Q

=
(

∂μ

∂ Q

)
N

;

∂2G
∂ N∂�

= −
(

∂ Q
∂ N

)
�

=
(

∂μ

∂�

)
N

;

∂2�

∂μ∂ Q
=

(
∂�

∂μ

)
Q

= −
(

∂ N
∂ Q

)
μ

; (19.7)

− ∂2Y
∂μ∂�

=
(

∂ N
∂�

)
μ

=
(

∂ Q
∂μ

)
�

≡ α� . (19.8)

We note that an alternative derivation of Eq. (19.7) was recently

reported, and in fact, both sides of the equation as obtained from

measurements were successfully compared [Rica et al. (2012)],

where the explicit ideal-solution relation between chemical poten-

tial and salt concentration was used. We also note that α� , as defined

in Eq. (19.8), plays the same role here as the isobaric expansivity βp

in “standard” thermodynamics.

By considering “diagonal” second derivatives of the two po-

tentials that depend on Q, we define the iso-μ and the iso-N
capacitances CN and Cμ,

(
∂2 F
∂ Q2

)−1

=
(

∂ Q
∂ψ

)
N

≡ CN, (19.9)

(
∂2�

∂ Q2

)−1

=
(

∂ Q
∂ψ

)
μ

≡ Cμ, (19.10)

which we recognize on the basis of our mapping of variables as

the analogues of the two compressibilities. Taking “diagonal” second
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derivatives of the two potentials that depend on N , we find

(
∂2 F
∂ N2

)−1

=
(

∂ N
∂μ

)
Q

≡ χQ

(
∂2G
∂ N2

)−1

=
(

∂ N
∂μ

)
�

≡ χ� , (19.11)

where the χ ’s play the role of the heat capacities.

The five quantities Cμ , CN, χ� , χQ, and α� are not all independent

and satisfy relations akin to the two standard relations between

cp, cV, κS, κT, and βp of Eq. (19.5). Standard thermodynamic

manipulations involving the reciprocal and the reciprocity relations

yield

Cμ

CN

= χ�

χQ
and χ� − χQ = α2

�

Cμ

. (19.12)

With Cμ > 0, which is a stability requirement as we will see below,

we thus find that χ� > χQ and Cμ > CN. Note that thermodynamics

does not provide numerical values for these quantities, as this

would require a microscopic or molecular theory for the electrode–

electrolyte system. The strength of these thermodynamic relations

lies, however, in their generality: it is thermodynamically guaranteed
for any electrode–electrolyte system that Cμ > CN. It is therefore

guaranteed that �(Q) rises faster with Q at fixed N than at fixed

μ, the difference being larger if α� is larger, that is, if the electrode

exhibits a larger adsorption-to-potential or charge-to-concentration

response. Given that a large difference Cμ − CN gives rise to a large

area in the enclosed � − Q plane, and hence a large amount of work

during a (Carnot-like) cycle, it could be beneficial for these devices

to be based on electrode–electrolyte combinations with a large α� .

19.5 Ensembles and Charge Distribution

We have been concerned with an electrode–electrolyte system of

which the thermodynamics can be described by the Helmholtz

free energy F (N, Q). This system has an underlying microscopic

Hamiltonian, denoted by H here, which depends on all the degrees

of freedom of all the ions and all the surface charges. At temperature
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T , the statistical probability of a microscopic configuration is then

given by the Boltzmann weight exp(−βH)/Z (N, Q), where the

normalization factor Z (N, Q) is the canonical partition function and

where β−1 = kBT . The Helmholtz free energy, with the differential

given in Eq. (19.3), follows as F (N, Q) = −kBT ln Z (N, Q) as usual.

If we now consider the electrode–electrolyte system at fixed N
and � , the total electrode charge Q is a fluctuating quantity that

takes values according to the thermal probability distribution

P (Q) = exp(−β F (N, Q) + β� Q)

Z(N, �)
, (19.13)

where the normalization factor is the Gibbs-like partition function

Z(N, �) = ∑
Q exp(−β F (N, Q) + β� Q) ≡ exp(−βG(N, �)), with

G(N, �) the Gibbs-like potential with a differential given by

Eq. (19.6). It readily follows that the average electrode charge is

given by 〈Q〉N = ∑
Q P (Q)Q = kBT Z−1(∂Z/∂�)N = −(∂G/∂�)N,

in agreement with the differential of Eq. (19.6). Likewise, one can

write 〈Q2〉N = (kBT )2Z−1(∂2Z/∂�2)N, which after some elementary

algebra gives rise to the following identity for the variance

〈Q2〉N − 〈Q〉2
N = kBT CN, (19.14)

with CN the constant-N differential capacity defined in Eq. (19.9).

One can also show that the variance of Q at fixed μ and � is

given by kBT Cμ, which is larger than in the iso-N case as Cμ >

CN as we have seen above. Expression (19.14) shows that the

differential capacitance can be measured from the fluctuations of the

electrode charge, completely equivalently to measurements of the

heat capacity from energy fluctuations and the compressibility from

volume fluctuations in “ordinary” (NV U ) and (NV T ) ensembles,

respectively.

Of course, the differential capacity C (either CN or Cμ) as well

as the average electrode charge 〈Q〉 (either 〈Q〉N or 〈Q〉μ) are

extensive quantities that scale linearly with the system size (in this

case the electrode area). Therefore the standard deviation of the

charge, (kBT C )1/2 ≡ δQ, becomes much smaller than the average

charge 〈Q〉 for thermodynamically large electrodes. However, our

analysis can also be applied to a small (sub-)system provided it

is large enough to be statistically independent (in fact F (N, Q) =
F (N M, QM)/M for M > 1 must hold). An example includes typical
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computer simulations of 102–104 ions near electrode areas of the

order of tens of nm2. For such small electrode areas, the charge

fluctuations at fixed � can be significant, and in fact even be of

the order of 〈Q〉. Consider, for instance, a typical carbon-based

supercapacitor with an arial capacity of the order of several μF/cm2

at a potential � = 1 V, such that the average charge density is of

the order 10−2e/nm2. A patch of electrode of the order of 100 nm2

contains, therefore, a charge 〈Q〉±δQ of the order of e±e, indicating

that a significant fraction of nm-sized patches carries a charge that

is opposite to the average charge.

In fact, it is possible to calculate the complete charge distribution

P (Q) as defined in Eq. (19.13) from the formalism that we used here

by expanding F (N, Q) about the most probable charge Q∗, defined

by P ′(Q∗) = 0, that is, by F ′(N, Q∗) = � , where a prime denotes a

derivative with respect to Q. Skipping the N-depence for notational

convenience, we then find

P (Q) ∝ exp(−(Q − Q∗)2 F ′′(Q∗)/2 + (Q − Q∗)3 F ′′′(Q∗)/6 + . . . )

= exp

(
− (Q − Q∗)2

2kBT C ∗ + (Q − Q∗)3C ′(Q∗)

6kBT (C ∗)2
+ . . .

)
, (19.15)

where C ∗ = CN(Q∗). On the basis of extensivity arguments, the

cubic and higher order terms in the exponent can be ignored in the

thermodynamic limit, such that P (Q) is a Gaussian with Q∗ = 〈Q〉
and a variance in accordance with Eq. (19.14). However, for smaller

systems, the higher order terms may be relevant, at least in the case

when C ′(Q) = (∂C/∂ Q)N 	= 0, that is, when the differential capacity

depends significantly on the average charge (and hence on the ap-

plied voltage) [Hatlo et al. (2012)]. Equation (19.15) appears to be in

agreement with the findings in Ref. [Merlet et al. (2012)] on graphite

electrodes, which give an almost Gaussian charge distribution and

an essentially vanishing C ′. However, the significantly skewed charge

distributions as found Ref. [Merlet et al. (2012)] for nanoporous

carbide derived carbon electrodes require some further attention,

as the capacity is reported to be essentially constant, which should

yield a Gaussian distribution according to the present derivation.

We speculate that the individual carbon atoms of the electrode may

be too small to be viewed as a statistically independent subsystem,

although more research is needed to clarify this point.
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19.6 Conclusion

We compare the differential of the Helmholtz free energy F (N, Q)

of an electrode–electrolyte system with that of the energy U (S , V )

of an “ordinary” thermal system, and identified the transferred heat

T dS with the ion flow contribution μd N , and the mechanical work

−pdV with the electric work �d Q. By a mapping of the variables

(N, μ, Q, �) of present interest onto (S , T , V , −p), we can define

Legendre transformations of F (N, Q), identify Maxwell relations,

and formulate Eq. (19.12) analogous to (19.5). With this mapping,

we identify the Brogioli blue engine as a Stirling heat engine, and

we discuss a Carnot-like blue engine that should have the optimal

conversion of mixing entropy to work. Finally, we discuss the charge

distribution at fixed electrode potential and show the variance of the

charge scales with the differential capacitance.
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20.1 Introduction

Since the simulation of the fluid-solid transition in hard spheres

(HS) [Alder and Wainwright (1962)], there has been a long-standing

question, with answers of progressively increasing complexity:

what interactions, in addition to excluded volume, does it take to

obtain more complex phases and phase transitions in atomic and

molecular systems? Colloidal suspensions have proved to be the

ideal experimental testing grounds for addressing this question,

because one can control interparticle interactions by both chemical

and physical means [Gast and Russel (1998); Yethiraj (2007)].

Different colloidal solid phases have been discovered, even

in monodisperse colloids, with carefully controlled interparticle

interactions. This includes close-packed fcc or random hexagonal

close packed (rhcp) [Kose and Hachisu (1974); Pusey and van Megen

Electrostatics of Soft and Disordered Matter
Edited by David Dean, Jure Dobnikar, Ali Naji, and Rudolf Podgornik
Copyright c© 2014 Pan Stanford Publishing Pte. Ltd.
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(1986)], body-centered cubic [Sirota et al. (1989)], body-centered

tetragonal [Tao and Sun (1991); Dassanayake et al. (2000)], and

body-centered orthorhombic [Yethiraj and van Blaaderen (2003)].

For suspensions with more than one species of colloids, the phase

behavior is even richer [Bartlett and Pusey (1993); Leunissen et al.
(2005); Bartlett and Campbell (2005); Shevchenko et al. (2006);

Talapin et al. (2009)]. Colloidal suspensions have been also used

to study glassy behavior in the presence of competing (short-

range) attractive and (long-range) repulsive interactions [Pham

et al. (2002); Puertas et al. (2002)].

The liquid phase results from a sensitive balance between

excluded volume or other forms of repulsive interactions on one

hand, and attractive interactions on the other hand. A feature of

the gas-liquid phase transition is bulk phase separation of the low-

density (gas) and the high-density (liquid) states.

In the presence of competing interactions on different length-

scales, for example, a short-ranged attraction and a long-ranged

repulsion, a stable non-crystalline phase of finite-sized clusters is

possible [Groenewold and Kegel (2001)]. The existence of clusters

in equilibrium has been showcased in a recent collection of review

articles on cluster phases [Dinsmore et al. (2011)]. A class of cluster

phases that can form with only short-range interactions are micellar

phases. Micelles form due to geometric constraints that arise from

amphiphilicity. These micelles can either be spherical and of fixed

size, or cylindrical and of fixed diameter but variable length. Due

to this geometric constraint, bulk phase separation is replaced by

“micro phase separation.”

The cluster phases of interest in this overview occur due to a

sensitive balance of attractive and repulsive interactions. Because

of the absence of the geometric constraint, cluster sizes can be

even smaller than for micelles. They have been reported in colloidal

systems with electrostatic repulsions and depletion-induced attrac-

tions, as well as in globular proteins. It is shown here that colloids in-

teracting via the electric field induced dipolar interaction also form

stable cluster phases, with percolating crystalline clusters at high

densities, non-percolating crystalline cluster islands at intermediate

densities, and a re-entrant percolation at low densities of clusters

whose internal lateral structure is disordered. The external field
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controllability of dipolar interactions enables the study of clustering

in the presence of an externally switchable control parameter.

The existence of colloid-like cluster phases in proteins, arising

again from competition between short-range attractions and long-

range repulsions, has been studied via scattering experiments, and

is the source of much discussion in the literature. Experiments that

use diffusion and relaxation NMR, which confirm the existence of

a cluster phase in protein solutions, are discussed in context with

previous experiments.

20.2 Clustering in Colloids

20.2.1 Electrostatics and Depletion Attractions

Binary colloids and colloid polymer mixtures are ideal systems to

study and understand gelation in molecular liquids [Aarts et al.
(2004); Aarts and Lekkerkerker (2004)]. Similar to molecular

liquids, these systems also exhibit spinodal decomposition; this has

been studied both theoretically and experimentally [Lekkerkerker

et al. (1992); Ilett et al. (1995); de Hoog et al. (2001)].

The presence of smaller particles (or nonadsorbing polymer

chains) in between larger particles induces a depletion attraction

between the larger colloids [Oosawa and Asakura (1954)]. This

interaction between the larger colloids is purely entropic in nature

and has been tested via comparison of experimental and predicted

phase diagrams [Kaplan et al. (1994); Ramakrishnan et al. (2002)]

as well as directly measured using optical tweezers [Crocker et al.
(1999)] and by total internal reflection microscopy [Rudhardt et al.
(1998)]. Depletion forces are believed to play a significant role

in many biological organization processes, ranging from protein

folding to DNA compaction [Marenduzzo et al. (2006); Kojima et al.
(2006)].

The phase diagram of colloid–polymer mixtures has been

reported for nanoparticle colloids in which the polymer-colloid size

ratio ξ = Rg/Rc is about 0.5. In this case, there is a coexistence

region between a colloid-rich liquid phase and a colloid poor gas

phase (Fig. 20.1(a)). When ξ is near unity, gas, liquid, and crystal
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Figure 20.1 (a) Experimental phase diagram for polymer–colloid mixtures

as a function of volume fraction of colloids (φp) and polymer (φc) for

polymer-colloid size ratio (ξ) close to 0.5 [Aarts and Lekkerkerker (2004)].

Liquid–gas phase separation occurs above the solid line, while below it is

the one-phase region. The arrow indicates a state point where the system

gelled at high φp. Reprinted with permission from D. G. A. L. Aarts and H.

N. W. Lekkerkerker in J. Phys.: Cond. Mat. 16 S4231 (2004). (b) Colloid–

polymer mixture (ξ = 0.63) undergoing spinodal decomposition in micro

gravity [Bailey et al. (2007)]. A sample cell of 2 cm diameter is shown after

10 h of homogenization. Reprinted with permission from A. E. Bailey et al.,
Phys. Rev. Lett. 99, 205701 (2007). Copyright (2007) by the American Phys-

ical Society. http://prl.aps.org/abstract/PRL/v99/i20/e205701. (c) Phase

diagram for colloid-polymer mixture (ξ ≈ 0.11). A well-defined boundary

between the cluster fluid and network phase can be seen [Campbell et al.
(2005)]. (d) Confocal microscope image of network phase in colloid–

polymer mixture [Campbell et al. (2005)]. The scale bar is 20 μm. (c) and

(d) reprinted with permission from A. I. Campbell et al., Phys. Rev. Lett.
94, 208301 (2005). Copyright (2005) by the American Physical Society.

http://prl.aps.org/abstract/PRL/v94/i20/e208301.
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phases are expected; however, at highest polymer concentrations, a

gel is formed instead, perhaps due to polydispersity in the colloidal

particle size [Aarts and Lekkerkerker (2004)].

At higher particle densities (>1 wt%), the yield stress of a

gel can compete with gravitational stress. Gravitational stress can

induce the collapse of a colloidal gel [Bartlett et al. (2012)]. The

phase separation of a colloid–polymer mixture was studied in the

absence of gravity in an experiment done at the International

Space Station [Bailey et al. (2007)]. An interconnected domain

structure was formed that coarsened with time: Fig. 20.1(b) shows

the entire sample of 2 cm extent. In time-averaged zero-gravity

conditions obtained on earth by slowly rotating the colloid polymer

mixtures [Masri et al. (2012)], the average cluster size R was

found to grow with the overall volume fraction of the colloids

φ: R ∝ φ1/3. Sedimentation increases the local colloid volume

fraction, leading to gel formation, while slowly rotating a suspension

of opposite-charged colloids led to stable clusters, avoiding gel

formation.

When the size ratio ξ is much less than 1, effective attractions

induced between the colloidal particles give rise to two different

dynamically arrested states. At higher densities, a glass transition

was predicted, and at moderate densities, gelation was predicted

to take place [Puertas et al. (2002)] consistent with mode coupling

theory (MCT). The existence of two qualitatively distinct kind of

glasses, dominated by repulsion and attraction, respectively, was

indeed observed in experiment with ξ = 0.08 [Pham et al. (2002)].

The presence of long-range repulsion along with the depletion

interaction leads to a stable cluster phase at low volume frac-

tion [Stradner et al. (2004a); Campbell et al. (2005)]. At higher vol-

ume fractions, a percolated network is formed followed by arrested

gelation [Campbell et al. (2005)] as shown in Fig. 20.1(c) and (d).

Density fluctuations triggered by spinodal decomposition in colloid

polymer mixtures also give rise to dynamically arrested spanning

clusters leading to gelation [Lu et al. (2008)]. Simulations [Sciortino

et al. (2005)] suggest that the formation of low-density arrested

states can be modeled as a glass transition, where clusters (as

opposed to particles) are trapped in cages generated by the long-

range repulsions. Tuning the long-range repulsions by control of
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the Debye length, phase separation was found to lead to percolated

network structures and gel formation [Tanaka et al. (2005)].

20.2.2 Dipolar Interactions

Attractions (of any sort) are expected to give rise to a regime in

phase space in which gas and liquid phases can coexist, along with

a critical point that separates a region where there are distinct gas

and liquid states from a region where there is only a fluid state.

In the presence of a uniform electric field of amplitude E0, two

dielectric spheres of radius a and dielectric constant εp that are

suspended in a fluid (dielectric constant εf) have an anisotropic

interparticle interaction potential of the form

U dipolar(r)

kBT
= − �

(r/2a)3

3 cos2 θ − 1

2
(20.1)

where � = πε0εfβ
2a6 E 2

0/2kBT is the dipolar energy in units of kBT ,

β = (εp−εf)/(εp+2εf), and (r, θ) are the radial and angular positions

of one sphere with respect to the other.

In dipolar colloids, the existence of a gas-liquid transition has

been a matter of debate. It was found [van Leeuwen and Smit

(1993)] that chain-like dipolar spheres showed no propensity

toward bulk phase separation into liquid and vapor phases. On

the contrary, it was shown [Stevens and Grest (1995)] that phase

coexistence between dense and dilute regions did exist. It is not

clear, given the system size, whether this is truly bulk phase

coexistence or a form of cluster phase.

The stability of finite size clusters in dipolar colloids is seen both

in experiment and simulation. At high field strengths, all structures

are composed of strings, and string–string positioning along the

field direction is either stacked or staggered. The corresponding

interaction potential between two strings is purely repulsive for

stacked strings (shown in Figure 20.2(a)), but for staggered

strings, it is attractive at short distances and weakly repulsive at

intermediate distances (shown in Figure 20.2(b)). For large �,

string undulations are unimportant, and the problem may be treated

as quasi-two-dimensional. Shown in Figure 20.2 (c)–(e) are two-

dimensional snapshots from experiments (similar to those reported
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Figure 20.2 (a, b) Chain–chain interaction energy as a function of distance

(d) for different chain lengths (L). (a) For stacked configuration and

(b) for staggered configuration. Insets show the stacked and staggered

configurations of chains, respectively. (c,e) Experimental 2-D snapshots

of colloidal systems at different effective area fraction. Particle diameter

2 μm. (f)–(h) 2-D simulation results at comparable area fractions. (a,b,f-

h). Reprinted with permission from A. M. Almudallal and I. Saika-Voivod,

Phys. Rev. E 84, 011402 (2011). Copyright (2011) by the American Physical

Society. http://pre.aps.org/abstract/PRE/v84/i1/e011402.

in [Yethiraj and van Blaaderen (2003)]) at different effective area

fractions. Each configuration was taken after equilibrating at a

given field for a long time; typical field strengths are of order

E0 = 1 V/μm. Figure 20.2(f)–(h) show the two-dimensional Monte–

Carlo simulations based on string–string interaction potentials of

the form shown in Figure 20.2(a)–(b). It can be seen that the

equilibrium cluster size decreases with decreasing concentration in
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both cases [Almudallal and Saika-Voivod (2011)]. Although one does

not expect quantitative agreement with a two-dimensional model,

the qualitative trends in experiment and simulation are very similar.

At low effective temperatures (high �) and low packing, a cluster

phase is stable in both colloids interacting with dipolar interactions

[Almudallal and Saika-Voivod (2011)] and with competing electro-

static repulsive and depletion attractive interactions [Toledano et al.
(2009)]. It is reasonable to presume that the gas–liquid critical point

at lower temperatures is replaced by a region in which a cluster

phase is stable. In the case of depletion, there is a critical point

at finite temperatures when there are no electrostatic repulsions.

However, upon increasing the strength of long-range repulsions,

the tendency toward macroscopic phase separation is suppressed

[Toledano et al. (2009)].

There is an experimental surprise lurking at low densities.

As packing fraction is lowered below 2%, experiments report a

new phase [Agarwal and Yethiraj (2009)] wherein the particle-

rich regions become disordered (Figure 20.3(a)). These disordered

Figure 20.3 (a) Percolating particulate network structure surrounding

particle-free voids at ultralow volume fraction (φ = 0.6%). Inset: The

local particle organization on the single void scale (scale bar in inset is

25 μm) is disordered [Agarwal and Yethiraj (2009)]. (b) Phase diagram

shows a stable void phase for a range of field strengths and for volume

fractions less than φ = 2%: empty circles, void phase; empty triangles, string

fluid-BCT coexistence; filled symbols, string fluid. (a) and (b) reprinted

with permission from A. K. Agarwal and A. Yethiraj, Phys. Rev. Lett.
102, 198301 (2009). Copyright (2009) by the American Physical Society.

http://prl.aps.org/abstract/PRL/v102/i19/e198301
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clusters are more diffuse than the crystalline ones. Associated with

this order-disorder transition is a re-entrant percolation of the

particle-rich regions to form elongated clusters that form an ultra-

low density network. These structures are stable over a range

of field strengths and a range of packing fractions below 2%

(Figure 20.3(b)). Thus far, simulations carried out [Almudallal and

Saika-Voivod (2011); Richardi and Weis (2011); Park and Saintillan

(2011)] have failed to observe this void phase. It is feasible that the

experiments signal a departure from the dipolar approximation at

low densities.

20.3 Cluster Phases in Proteins

Proteins are an essential component of the crowded environment

of biological cells and organisms [Campbell et al. (2009); Bryant

(2006); Ellis (2001)], and play a crucial role in different metabolic,

structural, and mechanical functions as long as they are in their

native folded state [Voet et al. (2008)]. When proteins misfold,

they can form insoluble fibrous (“amyloid”) aggregates [Schnabel

(2010)] that play a significant role in so-called “conformational”

diseases [Kopito and Ron (2000); Aguzzi and O’Connor (2010)].

Consequently, the question of how one can achieve, in crowded

solutions, the conformational stability that is required to maintain

biological activity is a major challenge of contemporary interest

[Johnston et al. (2012); Ball (2012)]. To this end, it is important

to have a deep understanding of the phase behavior of proteins in

concentrated aqueous media.

A balance between short-range attraction and long-range re-

pulsion can lead to finite-sized clusters [Groenewold and Kegel

(2004)], whose size can be controlled by pH and is of fundamental

importance in understanding the nucleation and growth of amyloid

aggregates [Sahoo et al. (2009)]. Protein solutions have been shown

to exhibit metastable liquid-liquid phase separation [Muschol and

Rosenberger (1997)], sometimes followed by crystallization or

irreversible precipitation [Price et al. (2001)]. Protein clusters in

equilibrium were reported in small angle neutron scattering (SANS)

and small angle X-ray scattering (SAXS) experiments on aqueous
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Figure 20.4 (a) The effective structure factor Seff(q) for aqueous lysozyme

solutions with concentrations C = 254 mg/ml (filled symbols) and C =
169 mg/ml (open symbols) at T = 25◦C as recorded from SANS [Stradner

et al. (2004b)]. (b) The computed structure factor SM(q) from the scattering

intensity as obtained from three SANS/SAXS instruments. The arrows

indicate the position of the low-q peak at 5◦C [Shukla et al. (2008)]. Symbols

are experimental data, while continuous lines are a fit model. A. Shukla et al.,
PNAS, 105, 5075 (2008). Copyright 2008, National Academy of Sciences,

U.S.A.

solutions of the globular protein lysozyme using D2O as solvent and

buffered with 20 mM HEPES [Stradner et al. (2004b)]. Stradner

et al. observed two peaks in the effective structure factor Seff(q),

with the low-q peak (q∗
c) identified as the cluster-cluster correlation

peak and the high-q peak (q∗
m) identified as the monomer-monomer

correlation peak in a single cluster (Figure 20.4a). The cluster

peak interpretation is that, over a range of protein concentrations,

the cluster-cluster separation remains unchanged, although the

number of proteins within a cluster increases. Similar experiments

carried out independently [Shukla et al. (2008)] reported results

that were not in agreement. In this work, the low-q peak showed

a dependence on the lysozyme volume fraction (Figure 20.4b) and

was thus interpreted as distinct from a cluster peak. Although Shukla
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Figure 20.5 (a) Self-diffusion coefficient D versus diffusion time 	 for

lysozyme in aqueous solution with concentration C = 169 mg/ml (
 =
0.14) and C = v254 mg/ml (
 = 0.22) at T = 25 ◦C. Dotted lines to the

right show fitted values of Dm. (b) The fraction b and (1 − b) of lysozyme in

monomeric (black empty squares) and aggregate form (red empty circles)

respectively, versus C [Barhoum and Yethiraj (2010)]. Reprinted with

permission from S. Barhoum and A. Yethiraj. J. Phys. Chem. B, 114, 17062

(2010). Copyright 2010, American Chemical Society.

et al. modeled their results using a two-Yukawa potential model,

independent simulations using the same interaction potential

indicated coexistence of individual proteins and clusters [Kowalczyk

et al. (2011)].

NMR diffusometry and relaxometry measurements on con-

centrated lysozyme solutions in D2O and 20 mM HEPES

buffer [Barhoum and Yethiraj (2010)] provide an independent test.

These results presented quantitative evidence for the existence

of an equilibrium cluster phase. The diffusion coefficient in NMR

is obtained from an exponential fit to the attenuation, due to

molecular diffusion, of a pulsed-field gradient stimulated echo signal

[Price (1997)]. The signal attenuation associated with lysozyme

peaks was monoexponential. Figure 20.5(a) shows the variation

of lysozyme self-diffusion coefficient D for 169 and 254 mg/ml

lysozyme samples as function of the diffusion time 	. If the observed

diffusion coefficient arose from a single species (e.g., monomers),

then D would be independent of 	. On the contrary, in the limit of

short-time self-diffusion, one would expect to see a decrease not an

increase in D. Indeed, in the NMR experiments, (	 > 10 ms) one is

accessing long-time self diffusion and D should be independent of 	.

Instead, the lysozyme self-diffusion coefficient D showed an increase
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as a function of the diffusion time. These observations are consistent

with the presence of two species (monomers and aggregates) with

different relaxation rates R1,m and R1,a, such that the observed self-

diffusion coefficient is a relaxation-weighted average of monomer

and aggregate diffusion coefficient, Dm and Da respectively [Price

et al. (1999, 2001)],

D = bDm exp (−R1,m	) + (1 − b)Da exp (−R1,a	)

b exp (−R1,m	) + (1 − b) exp (−R1,a	)
(20.2)

The observed relaxation rates are phenomenologically fit to contri-

butions from monomer and aggregate, R1 = bR1,m +(1−b)R1,a. The

results in Figure 20.5(a) are globally fit to equation 20.2, and the

monomer diffusion coefficient Dm is obtained with relatively small

uncertainty. Using the observed longitudinal relaxation rates R1, as

well as the fitted rates R1,m and R1,a, the fraction b and (1 − b) of

lysozyme in free monomer form and in aggregate state, respectively,

(figure 20.5(b)) are obtained for a range of lysozyme concentrations.

NMR measurements validate the existence of the cluster phase; the

fraction of monomers in the cluster state can be as high as 25%.

Figure 20.6(a) shows the lysozyme monomer diffusion coeffi-

cient Dm/D0, normalized with respect to the theoretically reported

monomer self-diffusion coefficient D0 = Dm(Krishnan), which is

11.7 × 10−11 m2/s [Price et al. (1999)]. The functional dependence

of Dm/D0 on 
 shows reasonable agreement with a model [Han

and Herzfeld (1993)] that considers crowding effects on the self-

diffusion of a biological molecule. We compare these results with

neutron spin echo (NSE) experiments [Porcar et al. (2010); Liu

et al. (2011); Falus et al. (2012)] as well as other NMR diffusion

experiments [Liu et al. (2011)] (Figure 20.6(b)). NMR diffusometry

is used to measure the long-time self-diffusion coefficient, whereas

NSE is used to measure the collective diffusion DC over a range of

scattering vectors, where the asymptotic value of DC at high value

of scattering vectors is the short-time self-diffusion coefficient. For

φ < 0.15, the scaled diffusion coefficient results of Barhoum et al.

(Figure 20.6(a)) agree with both the other diffusion NMR results and

the NSE results (Figure 20.6(b)). For φ > 0.15, however, there are

quantitative discrepancies. Most important, the monomer diffusion

coefficients of Barhoum et al. are at odds with those of Liu et al. and

consistently higher in value. One possible source of the discrepancy
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Figure 20.6 (a) Scaled long-time self-diffusion coefficient of lysozyme

monomer [Barhoum and Yethiraj (2010)] Dm/D0 versus volume fraction 
,

plotted alongside different theoretical curves: red [Medina-Noyola (1988);

van Blaaderen et al. (1992)], blue dashed [Tokuyama and Oppenheim

(1994)], and black dotted [Han and Herzfeld (1993)]) lines. Reprinted with

permission from S. Barhoum and A. Yethiraj. J. Phys. Chem. B 114, 17062

(2010). Copyright 2010, American Chemical Society. (b) Normalized long-

time self-diffusion coefficient (green triangles) equals the short-time self-

diffusion coefficient (red squares) [Liu et al. (2011)]: Surprising and at odds

with the NMR measurements in (a). Reprinted with permission from Liu

et al., J. Phys. Chem. B 115. 7338 (2011). Copyright 2011, American Chemical

Society.

is a difference in sample preparation. Although Barhoum et al.

followed the protocol for sample preparation in the first scattering

experiments [Stradner et al. (2004b); Shukla et al. (2008)], Liu et

al. prepared their samples by directly dissolving lysozyme powder

into buffer solution. Although there is not yet conclusive resolution

of these discrepancies, results are expected to depend sensitively on

the electrostatic environment.

20.4 Conclusion

Cluster phases are a generalization of the liquid state, and occur

in a diverse range of systems in which there is a sensitive balance

between short-range (attractive) and longer range (repulsive)

interactions. These phase are of import not only in the classic case

of depletion and electrostatics but also for colloids interacting via
dipolar interactions (where clusters replace bulk phase separation),

as well as concentrated globular protein solutions.
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21.1 Introduction

It is widely accepted that electrostatics plays a pivotal role in

biological processes. This is because of its long-range influence, its

effects on the aqueous solvent, and the highly specific patterns it

can engender during biomolecular recognition. Electrostatics also

affects the structure and the dynamical behavior of biomolecules

and often dominates intermolecular and intramolecular interactions

despite the screening exerted by the solvent and the electrolytes

[Sheinerman et al. (2000); Radic et al. (1997)]. Together with the

direct Coulombic interaction, the so-called reaction field, that is,
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the response of the system to the electric field generated by the

charge present on the solute molecule, is probably the conceptually

simplest and most used model of electrostatic effects adopted in

biomolecular simulations. The long-range nature of electrostatics

makes these calculations very time-consuming, as in principle,

they scale as the square of the charged interacting centers. The

computational burden is particularly heavy in atomistic simulations,

such as in molecular dynamics, when all the degrees of freedom

(DOFs) are treated explicitly. In this kind of simulations, the time

evolution of every DOF is calculated for systems at the thermody-

namic equilibrium so as to derive an estimate of interesting physical

quantities. The computation may have to progress for a long time

in order to achieve a good level of accuracy and the electrostatic

contribution often represents the major computational bottleneck.

To face this issue, several algorithmic solutions have been devised,

the Particle Mesh Ewald being probably the most widely adopted

[Darden et al. (1993)]. On the other side, alternative models try

to make an a priori average of some DOFs, so as to reduce the

overall computational cost. This is the case of so-called implicit
solvent models, where the DOFs of the solvent, possibly including

those of a dissolved salt, are averaged out under some simplifying

assumptions. The reason behind this approach is that one is usually

not interested in studying the evolution of the individual solvent

DOFs but rather to consider the effects of the solvent on the

behavior of the solute. In this framework, the Poisson–Boltzmann

equation (PBE) proved to be extremely useful in providing a tool that

estimates reaction field and electrostatic interaction energy. Here, a

basic derivation of the PBE is described as well as the grid-based

numerical approach adopted by one widely used PBE solver, the

DelPhi software [Honig and Nicholls (1995); Rocchia et al. (2001)].

21.2 Electrostatic Continuum Models and
the Poisson–Boltzmann Equation

In the continuum description of the electric properties of a

molecular system in aqueous solution, the linear response of both

the solute and the solvent to the electric field generated by the
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charge located on the solute is accounted for by a macroscopic

parameter, the dielectric constant. Practically, a medium with a

high dielectric constant generates a strong reaction field that

locally opposes the applied one [Jackson (1999)]. In the context of

systems described at the atomistic or molecular scale, the dielectric

constant has not the rigorous meaning intended in macroscopic

physics, but rather that of effectively accounting for all the types

of reactions, due chiefly to electronic and molecular polarization,

which are not considered explicitly [Schutz and Warshel (2001)].

Usually, the solute, that is, the biomolecule, is described as a low

dielectric medium containing fixed partial charges, whereas the

solvent is described as a high dielectric medium that can contain

a simple dissociated salt behaving according to the Debye–Huckel

theory [Bockris and Reddy (2002)]. In some more complex models,

however, the solute is treated as an inhomogeneous medium,

and different dielectric constant values are assigned to different

solute subregions [Rocchia et al. (2001); Wang et al. (2013)].

In others, a continuously varying dielectric constant is also used

[Grant et al. (2001)]. Under these assumptions, the PBE comes

as an application of the laws of the electrostatics of macroscopic

media to a microscopic description of the system and adds a term

considering the ionic cloud originated by the dissociation of a salt

in thermal equilibrium with the bulk. This latter is the Boltzmann

term and provides a link between local ionic concentration and

electrostatic potential. Similar to the polarization, the unbalance

between positive and negative ionic distributions can be interpreted

as a reaction to the applied field and originates the so-called Debye

screening. The PBE can take the following form, derived from the

Gauss’ law for the electric displacement:

∇ · [ε(x)∇φ(x)] = − e
ε0kBT

[ρfixed(x) + ρsolv(x)], (21.1)

where ε(x) is the local relative dielectric constant, φ(x) is the

dimensionless electrostatic potential obtained multiplying the

potential φ(x) by e
kB T , e is the unit charge, kB, T , and ε0 are Boltzmann

constant, absolute temperature, and vacuum permittivity (SI units),

respectively. Fixed and solvent charge densities correspond to the

partial charges located on the molecule body and the ionic charge
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located in solution. They can be expressed as follows:

ρfixed(x) =
Nf∑

i=1

qi δ(x − xi ), (21.2)

where δ(·) is the Dirac’s delta, i spans over the Nf fixed charges, and

ρsolv(x) = e
Ns∑

j=1

C b
j zj exp(−zjφ(x)), x ∈ S (21.3)

where j spans over the Ns ionic species, and C b
j and zj are the bulk

concentration and the valence of the j-th ionic species, respectively.

S is the space region containing the ionic solution. In the case

of monovalent salt, which is the one in which the PBE is mostly

validated, the equation takes the following form:

∇ · [ε(x)∇φ(x)] = − e
ε0kBT

ρfixed(x) + εsolvκ(x)2 sinh(�(x)) (21.4)

where εsolv is the relative dielectric constant of the solvent and

κ(x) =
{

1
λD

=
√

2e2Csalt

ε0εsolvkBT if x ∈ S
0 otherwise

(21.5)

Csalt is the salt concentration and λD is the so-called Debye length,

a figure indicating the extension of the electric screening effect

exerted by the dissociated salt.

If the solute is low charged, also the potential is expected to be

low, and therefore, the hyperbolic sine can be approximated with its

argument giving rise to the easier to treat linearized PBE. In regions

in which the potential turns out to be high, the Boltzmann term can

lead to unphysically high ionic concentrations. This can occur in the

vicinity of the surface that divides the solute from the solvent, as

the latter gets close to the fixed charges originating the potential.

This phenomenon occurs more markedly in the nonlinear PBE, due

to the exponential behavior of the hyperbolic sine. To alleviate this

problem, the Stern layer model [Bockris and Reddy (2002)] can be

adopted. According to it, ions that are not making any specific in-

teraction with the solute, such as those described by the Boltzmann

term, cannot get closer to the surface than a given threshold. In

the PBE, this means forcing the κ(x) function to be zero also in the

solvent within a given distance from the surface of the solute.
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21.3 Input to the Model

A typical input to the PBE model in the field of computational biology

is the structure of a protein or a nucleic acid. This can be obtained

by experimental means via X-ray crystallography or NMR. The

Protein Data Bank (http://www.rcsb.org) is a worldwide repository

containing many of these experimentally derived structures in a

standard format, the pdb. Among other information, a pdb file

contains the atom types of the resolved structure along with the

atomic coordinates, expressed in Åmstrongs (1 Å = 10−10 m).

Other fundamental inputs are radii and partial charges needed to

identify the space region occupied by the solute and the sources

of the field. However, these values are not unique and several

different sets of charges and radii have been devised, based upon

theoretical/computational approaches or upon fitting experimental

data [Sitkoff et al. (1994); Marten et al. (1996); Marenich et al.
(2012)]. Then, solute (εin) and solvent (εsolv) relative dielectric

constant values are needed. Although the bulk value for water is

normally used (εsolv = 78.5 or, frequently, εsolv = 80.0), there

is less agreement in the literature on the best dielectric value for

the solute. εin = 2 should account for pure electronic polarization

but, in fixed point calculations, it has been seen that higher values,

such as εin = 4 or even larger, provide better agreement with

experimental data [Antosiewicz et al. (1994)]. To correctly set up the

Boltzmann term, the following information is needed (see Eqs. 21.3

and 21.5): concentration of the salt, charge of the dissociated species

and width of the Stern layer. A fundamental part in preparing the

model is the construction of the so-called molecular surface, that is,

the surface that separates the solute from the solvent. In order to do

this, another parameter is needed, the probe radius of the solvent,

which is usually taken as 1.4 Å for water.

21.3.1 Molecular Surface Construction

The exact shape of the molecular surface can have a great influence

on the reaction field estimation, as it affects the location of the

polarization charge, which practically quantifies the entity of the

reaction itself, as shown in Figure 21.1. Probably, the most widely
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Figure 21.1 2D sketch of the grid mapping of the system. The fixed charge

(violet) at atom center is mapped on the nearest grid points. The potential at

the grid points in the dashed square is most affected by the grid artifact. In

the oval, the dielectric boundary is highlighted, and the polarization charge

arising from the solute and the solvent is indicated (dark orange and light

blue stars, respectively).

used surfaces in implicit solvent calculations are the van der

Waals surface (VDWS), the solvent accessible surface (SAS), and the

solvent-excluded surface (SES); other more recent definitions exist,

but they will not be discussed here [Decherchi et al. (2013)]. All of

the cited molecular models represent the system as a set of hard

spheres, whose radius is the van der Waals radius immersed in a

homogenous solvent. The geometric union of these hard spheres

is the so-called van der Waals volume and the resulting enclosing

surface is the VDWS. One problem arising when the VDWS is used

to separate high from low dielectric regions is that it presents

small interstices that are assigned to the continuum solvent, despite

that in reality, they are not accessible to the molecular solvent;

this results in an overestimation of the reaction field. To alleviate

this problem, other surface definition has been devised. The SES is

probably the most used molecular surface definition; it identifies the

space region accessible to a finite size solvent probe. This definition,

based on a hard sphere model of both the solute and the solvent,

was suggested by Lee and Richards (1971) (Figure 21.2) and an
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Figure 21.2 Construction of the solvent-excluded surface according to the

Lee and Richards definition. The probe (light blue circle) rolls over the

VDWS of the solute (dark gray). The small voids that are not accessible to

the probe are filled (light gray) by assigning the same dielectric constant to

them as that of the solute.

algorithm for its computation was provided by Connolly (1983).

His approach became so widespread that the above-described

surface is often called Connolly surface, although Connolly algorithm

is not the only one developed to this purpose [Sanner et al.
(1996); Rocchia et al. (2002); Totrov and Abagyan (1996)]. One

of the interesting features of the SES is that the only geometric

primitive used is the sphere: this property is particularly appealing

because it allows to define efficient distance-based algorithms for

its construction. An iterative algorithm for the construction of the

SES on a grid can be found in [Rocchia et al. (2002)]: this algorithm

is currently used by the DelPhi engine. It iteratively classifies

the midpoints of the grid points and iteratively grows the VDWS

until it becomes the SES. Although the SES is both an efficient

and plausible model for a molecular surface, it is not devoid of

deficiencies, such as the nonexistence of the surface normal in some

points, and the discontinuity of surface area with respect to atomic

positions. To cope with these problems, recent works try to propose

other surface definitions that have a different trade-off between

physical and geometric soundness [Decherchi et al. (2013); Bates

et al. (2008)].
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21.4 Input to the Numerical Solver

There are parameters that influence the simulation but do not

depend on the model, the grid spacing is one of them, as well

as the percentage filling, which indicates how much of the grid is

occupied by the solute. Moreover, if iterative methods are used to

solve the equation, a stopping criterion is also necessary. For this

purpose, a threshold on the variation of the result between two

successive iterations may be provided as an input. Another essential

ingredient is the boundary conditions for the PBE. In principle, the

equation is defined on an unbounded domain with the condition

that the potential tends to zero as the distance from the source

of field, that is, the solute, tends to infinity. In reality, the system

must be mapped on a finite size grid, and therefore, an updating

criterion for the points at the grid boundary is needed. Usually, the

potential at the boundary is kept fixed at a potential profile that

is derived by asymptotic solutions of particular approximations to

the PBE for which analytical solutions exist. The available boundary

conditions in the DelPhi software follow: (i) the zero option assigns

a potential of 0.0 to all boundary points. Computationally, it is the

most light weighted, but it provides a good approximation only if the

distance between the solute and the boundary of the grid is large. (ii)

The full Coulombic option calculates the potential at each boundary

point due to every charge in the system using the Debye–Hückel

approximation, in which the medium of the solute is removed and

only charges in solution are left. In this case, the linear PBE has an

analytical solution. These conditions are pretty accurate but can be

costly, as they require the calculation of the distance between each

charge and all the cubes at the grid boundary. (iii) The approximated
dipolar uses the same asymptotic solution, but it approximates the

system with two charges, the overall positive and negative ones

located at the respective barycenters. This can be a good trade-off

between accuracy and computational cost. (iv) The focusing option

presents several advantages, but it requires multiple runs. In one

calculation, a low resolution, that is, a large grid spacing, is used

so as to allow for a low percentage filling and a good validity of

the asymptotic boundary conditions. The second calculation uses
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a larger percentage filling on the same grid that thus encloses a

smaller portion of the molecule. It derives the boundary conditions

from the potential values obtained at the previous step.

DelPhi is also capable of using periodic boundary conditions, so

that the potential values at one side of the grid coincide with those

at the opposite side along the given direction. This is useful if the

molecule has a repeated portion, such as with biological membranes,

so that the whole system does not need to be included in the grid.

Using the same approach, an external field can be applied and kept

fixed during the simulation, mimicking, for instance, the membrane

potential.

21.5 Numerical Solution via Finite-Difference Scheme

The PBE is a nonlinear 3D partial differential equation with

discontinuous coefficients, delta functions, (in principle) unbounded

domain, and rapid, exponential, nonlinearity. For this equation,

analytical solution is impossible in realistic cases and also fast and

accurate numerical solution is usually difficult to accomplish. The

most used numerical approaches are finite-differences and finite-

elements [Honig and Nicholls (1995); Holst and Saied (1993); Baker

et al. (2000)]. The time and memory requirements for a calculation

may heavily depend on the specific method and implementation; a

detailed description of these aspects is however out of the scope

of this work. Numerical solution of the PBE implies some kind

of discretization of both the physical space and the differential

operators. Space can be discretized into cubes (finite-differences), or

tetrahedra (finite-elements). In the linearized case, the problem can

also be mapped on the surface separating low from high dielectric

constant (boundary elements) [Boschitsch et al. (2002)]. Each of

these methods leads to a system of algebraic equations, which can be

solved, for instance, by an iterative approach. Here, we will focus on

the finite-difference scheme and describe the approach used by the

DelPhi solver. In this approach, the solute is positioned at the center

of a cubic grid. Then, the PBE is locally integrated over a generic grid

cube, converting the Dirac’s deltas of ρfixed to finite values assigned
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to the centers of the cubes neighboring the charges (see Fig. 21.1).

Then, the left-hand side of Eq. (21.1) is converted into a surface

integral by applying the divergence theorem. The function κ(x) is

evaluated at each grid cube center. After these steps, the equation

takes the following form:∫∫
SCi

[ε(x)∇�(x)]dS = − e
ε0kBT

[qi + εsolvκ(xi)
2h3 sinh(�(xi))],

(21.6)

where SCi is the surface of the i-th grid cube, and qi the overall

charge in it. As a further processing, the simple geometry of the cubic

surface is exploited together with the finite-difference expression of

the gradient, so that the left-hand side of Eq. (21.6) becomes:

6∑
j

εi, j (�i, j − �i )h (21.7)

where the subscript j enumerates the faces of the cube, that is,

the coordinate directions together with their orientation. In this

expression, εi, j is the dielectric constant at the center of the j-th face

of the i-th cube while �i, j is the potential in the center of the adjacent

grid cube in the j-th direction and h is the side of the cube, that is, the

grid spacing. This discretization process leads, for each grid cube, to

an algebraic expression where the potential at the grid center is in

explicit relationship with the potential values at the six neighboring

grid cubes as shown in Eq. (21.8):

φi =
∑6

j εi, j φi, j + eqi
ε0kBT h∑6

j εi, j + εsolvκ
2
i h2

− εsolvκ
2
i h2(sinh(�i ) − �i )∑6
j εi, j + εsolvκ

2
i h2

(21.8)

The form of Eq. (21.8) separates the equation used in the linearized

PBE, that is, the first term, from the nonlinear correction, which is

often approximated via a Taylor expansion. It is worth noting that

several terms in this general expression cancel in many regions,

leading to much more simplified formulas that are used by the solver

to avoid unnecessary calculations. For instance, in solute regions in

which charge is null and dielectric constant is uniform, the effect

of (21.8) is simply that of a Laplacian smoothing, that is, a local

averaging. Eq. (21.8) inspires a possible updating rule to be used in

an iterative scheme, which, in the linear case, takes the form:

φ(n+1) = Tφ(n) + Q (21.9)
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where n is the iteration counter indicated by the bracketed notation.

The updating rule (21.9) can be made explicit with respect to the

current iteration of the potential:

φ(n) =
(

n−1∑
i=0

Ti

)
Q + Tnφ(0), (21.10)

leading to a series whose limit can be formally written as:

lim
n→∞ φ(n) = I

I − T
Q (21.11)

where I is the identity matrix of the same dimension of T
and the division of matrices can be calculated by power series

expansion [Golub and Van Loan (1996)]. This series converges if the

eigenvalues of T are in the [−1, 1] range. A detailed analysis of the

spectrum of T is outside the scope of this work, but it can be shown

that this condition is satisfied in this case. The iterative approach

adopted by the DelPhi solver is the successive overrelaxation

method (SOR), a variant of the well-known Gauss–Seidel scheme

[Stoer and Bulirsch (2002)]. One interesting implementation detail

is the exploitation of the so-called checkerboard structure of the

discretized operator. This structure consists in coloring the grid in

“black and white” points, so that each black grid point is surrounded

only by white ones and vice versa. Eq. (21.8) shows that the update

of a point of a given color can be done using only points of the

opposite one. Splitting the overall update in these two alternating

steps provides a factor 2 of speed up with practically no effort

except for a smart indexing of the points. More details about this

implementation can be found in [Nicholls and Honig (1991)]. As

briefly sketched, the nonlinear case can be treated as a perturbation

of the linear one [Rocchia et al. (2001)], although convergence in this

case is not guaranteed and other approaches can be better suited to

this purpose [Boschitsch and Fenley (2003); Simonov et al. (2007)].

21.6 Analysis of the Results: Energy Calculation
and Partitioning

Once the solution of the equation is obtained, the electric potential is

available at each grid point. The classical expression for the energy
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of the system is the following:

E = 1

2

Nf∑
i

qi φi (21.12)

where {qi } are the already described fixed charges and φi is the

potential generated by all the field sources at the site where qi is

located except for that generated by qi itself [Jackson (1999)]. As

described more in detail in [Rocchia et al. (2001)], the potential can

be partitioned according to field sources, which are basically three

in number: (i) the fixed charges, (ii) the polarization charges arising

at the interface between regions of different dielectric, and (iii) the

ions in solution. These are briefly termed as Coulombic reaction and

ion direct contributions:

φ(xj) =
∑
i �= j

qi

4πε0ε(xi)x j, i︸ ︷︷ ︸
φcoul

+
∑

p

δp

4πε0x j, p︸ ︷︷ ︸
φreact

+
∑

k

h3dρsolv
k

4πε0εsolvx j, k︸ ︷︷ ︸
φion

(21.13)

Here, x j, a stands for ‖xj − xa‖, δp is the fractional polarization

charge located at the p-th grid cube, which is crossed by the

dielectric boundary (see Fig. 21.1), and h3dρsolv
k is the charge

contained in the k-th grid cube, which in turn is located in the

solvent. The distinction between the different field sources can

be useful both for interpreting the results and also for numerical

reasons. In fact, the finite-difference numerical solution of the

PBE leads to some inaccuracies, the so-called grid artifacts, which

make the potential near charged grid points sensitive to the

specific parameters of the simulation, such as the grid spacing and

the position/orientation of the solute relative to the grid. If we

consider expression (21.13), we observe that φcoul can be calculated

analytically; δp, needed to derive φreact, can be calculated by applying

Gauss’ law to each grid cube crossed by the dielectric boundary. This

calculation is quite robust, as it relies on potential values located

around the dielectric boundary that usually are not charged (see Fig.

21.1). The explicit calculation of φion is not devoid of problems, as

it requires to sum over all the grid cubes in the solvent. Summing

over solvent volume can be extremely time-consuming and can

suffer of the finiteness of the grid size. Some approaches have been

developed to account for this issue but are not frequently used
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[Rocchia (2005)]. An alternative approach, which however suffers

from the grid artifact problem, consists in making two or more

runs at different εsolv or different ionic strengths, but at the same

grid spacing and position of the system, and then computing the

energy difference according to Eq. (21.12). It is worth stressing the

importance of a good estimation of the reaction field energy, as it

is one of the major determinants of the solvation energy. The just

described energy calculation must be revised in the full nonlinear

case, where two more energy terms have to be considered, namely

those originated by the osmotic pressure and by the electrostatic

stress [Sharp and Honig (1990); Rocchia et al. (2001)].

21.7 Conclusion

The PBE is a widely used tool to model biomolecules in physiological

solution and to estimate the electrostatic contribution to desolvation

and salt effects. It relies on several assumptions, such as the linear

response of the media to the electric field generated by the solute,

and the Boltzmann approximation to the thermodynamic equilib-

rium distribution of the counterions in solution, which neglects ion–

ion correlation and ion finite size. It also relies on the atom center

point charge distribution model, which only partially accounts for

the complex behavior of electronic density in molecules. Nonethe-

less, it provides good agreement with experimental data in many

biological cases, which fall into the so-called weak coupling regime,

where the charge of typical solutes is not extremely high and mono-

valent salts in solution are considered. Despite its foundations date

back to the beginning of the nineteenth century [Debye and Hückel

(1923)], the PBE is still subject of research, aimed both at improving

the model [Forsman (2004); Shi and Koehl (2008)] and at increasing

the performance of its implementations [Wang and Luo (2010)].
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22.1 Introduction

In the past 20 years, nanopores have evolved into powerful and

versatile probes for the world of single biomolecules, allowing

scientists to detect them and discriminate between them with

remarkable precision with relatively lightweight instruments. The

basic concept follows the same idea as the Coulter counter [Coulter

(1953)], but scaled down to single molecules: The analyte of interest,

dissolved in an electrolyte solution, appears as a modulation of the

ion current when it crosses a small pore. The attention attracted

by these experiments would likely have been far smaller, if—only 4

years after seminal experiments had been published [Branton et al.
(1996)]—it had not been found that solely based on the current

signal it is possible to distinguish single-stranded DNA (ssDNA)

molecules by their bases [Meller et al. (2000)]: The current blockade

e.g., of poly(dC) was less pronounced than that of poly(dA). The
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idea to build a nanopore-based read-out device, which sequentially

reads single DNA molecules, was born. This great leap for science

and medicine is not yet made, although many theoretical and

experimental hurdles that accompany this enterprise have been

cleared. Although DNA sequencing is the most prominent focal point

of ongoing research, also other applications in analytic chemistry or

clinical diagnosis are of significant interest.

In this chapter, we want to provide an introduction to the

topic, with special focus on electrostatic effects, and provide a

selection of literature especially suited for newcomers in the field of

nanopores. We do not try to compete with the excellent text book of

Muthukumar [Muthukumar (2009)], which gives a very broad view

and a very educative description of the rich physics involved. We

finish this chapter with a discussion of our recent results regarding

electrostatic translocation barriers and compare them with a simple

Poisson-Boltzmann (PB) model.

22.2 A Brief Overview of Nanopore Translocation
Experiments

The first successful experiments were performed with single

biological pore proteins embedded in a lipid bilayer membrane

[Branton et al. (1996)]. When applying a voltage between the two

compartments that are separated by this membrane, a small but

clearly measurable ion current runs through the pore. When ssDNA

molecules that are added to the chamber with negative voltage enter

the pore, intermittent events appear, where the current is largely

blocked. This allows for the detection of single DNA molecules in

the translocation process. The ion blockade events, which can last

for milliseconds, contain information on the base sequence of the

DNA molecule [Meller et al. (2000)]. This has not only stimulated

many experiments (see e.g., the reviews [Venkatesan and Bashir

(2011)], [Howorka and Siwy (2009)] and [Dekker (2007)]), but also

the company Oxford Nanopore Technologies to develop nanopore-

based devices for sensing and sequencing, which will reportedly be

commercially available by the end of 2012 [Eisenstein (2012)].

Only a few years after the first experiments with biological

pores, conceptually identical experiments could be performed with
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synthetic pores [Li et al. (2001)]. Many different groups developed

nanofabrication techniques to create single pores in mostly silicon-

based substrates (e.g. [Storm et al. (2003); Henrickson et al.
(2000)]), called solid-state nanopores. Their favorable mechanical

properties and the possibility to create them in large arrays

make them very interesting for sensing applications, although

biological pores seem currently to be ahead in sequencing. Since

the fabrication of the first solid-state nanopores, a broad range

of new ideas has been put forward, each of which might be the

key toward a new technological application. We can only mention

a few here: Different groups [Fischbein and Drndic (2008); He

et al. (2011)] combined solid state nanopores with graphene sheets,

which can have (at least) two advantages: On the one hand,

graphene is very thin, and this allows nanopores with a very

short constriction so that only a single base is read at a time.

On the other hand, the electronic properties of graphene can be

used to obtain more information on the translocation event. In the

lab of U. Keyser, glass micropipettes are used as nanopores. In a

careful pulling procedure, pores with only ∼10 nm diameter can

be formed from cheap pipettes, a procedure that could in principle

be performed in clinical practice. The same group used the DNA

origami technique [Rothemund (2006)] as synthetic replacement of

pore proteins [Bell et al. (2012)], but inserted into solid state pores.

This technique might allow them to combine the advantage of atom-

precise equality of pore proteins and the flexibility of solid-state

pores.

Although the detection of the ion current might already be

sufficient for technological applications, other observables have

proved helpful for scientific insight. The lab of C. Dekker managed to

attach a double-stranded DNA (dsDNA) molecule to a colloid held in

optical tweezers, allowing them to directly measure the force acting

on the DNA molecule [Keyser et al. (2006)]. Other groups were able

to include gold electrodes over the pores to enable the detection of

molecules by the tunnel current [Tsutsui et al. (2010); Ivanov et al.
(2011)]. A direct imaging technique allow for visual observation

of the translocation of flourescently labeled dsDNA molecules as it

occurs [Thacker et al. (2012)].

The creativity of the experimental nanopore community contin-

ues to produce marvelous new techniques and ideas how to produce
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tools that might revolutionize medicine or at least are valuable

lab tools.

22.3 Theory of Nanopore Translocation

Nanopores and translocation experiments have also attracted a

considerable interest by theoreticians. We will focus here on two

aspects that have been of special interest: Theoretical models of

the dynamics of a chain molecule translocating through a pore

and the different aspects of the motion of small ions and fluid

in translocation setups, and how this couples to the translocating

molecule.

Translocation and chain dynamics

A quite simple question has attracted much interest since the advent

of DNA translocation experiments and yet remains not fully solved:

How does the mean translocation time τ of a chain molecule depend

on its number of monomers N? In polymer science [Rubinstein and

Colby (2003); Doi and Edwards (1986); Grosberg and Khokhlov

(1994)] typically, scaling laws are constructed, wherein answers are

of the following form: For long enough polymers, a property P of

a polymeric molecule equals P = A f (N), where A is a prefactor

that is not of interest, but rather the function f . This is expressed

as P ∼ f (N), which reads as P scales as the function f of N . The

fractal nature of long polymers is responsible for f being a power

law in many cases. In the Rouse model, in which hydrodynamic

interactions are neglected, the time of a polymer to relax to its

equilibrium state scales as N1+2ν . Here, ν is the Flory exponent

that was found to be important for a large number of properties

of polymeric molecules. For so-called self-avoiding chains in three

spatial dimensions, wherein monomer overlap is forbidden because

of repulsive interaction between monomers, its numerical value is

0.588.

Inserting a polymer into a pore is associated with a decrease

in chain entropy, as a large number of conformations is disallowed

by steric hindrance. The free energy difference to a free chain can
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be expressed in terms of the free energy penalty of tethering two

polymer chains of size s and N−s to a wall, if the pore length is much

shorter than the contour of the chain. The integer number s denotes

the number of monomers that have already crossed the membrane.

According to [Muthukumar (1999)] and [Sung and Park (1996)], this

is associated with entropic free energy barrier:

A (s) /kBT = γ (log s + log (N − s)) ,

where γ is a prefactor of order 1 that depends on the chain

model (γ = 0.69 for self-avoiding chains in 3D). The definition

of the free energy requires thermodynamic equilibrium, which

means that all other degrees of freedom have sufficient time to

relax to thermodynamic equilibrium, while changes of the reaction

coordinate s happen on a longer timescale. In other words, all

degrees of freedom of the system change much more rapidly than

the reaction coordinate s—the chain is in quasi-equilibrium for every

value of s . Under these conditions, the translocation process can be

described as a diffusional process of s in an external potential. This

would imply a scaling of τ ∼ N2, just as for free diffusional processes,

the square distance traveled is linear in time. A simple but very

interesting observation brought forward in [Chuang et al. (2001)]

is that the relaxation time of the chain ends scales as N1+2ν in the

Rouse model and for long enough chains will be larger than the

N2 scaling of the translocation time. Thus, for long enough chains,

the relaxation time will be longer than the translocation time, and

thus, the quasi-equilibrium assumption is invalid. According to the

authors, this implies that the relaxation time of the chains is a lower

bound to the translocation time.

A particularly clear account of this intrinsic non-equilbrium

effect was given by Gauthier et al. [Gauthier and Slater (2009)], who

showed with molecular dynamics (MD) simulations that the escape

of a chain from a nanopore changes dramatically if interrupted

half-way and given time to relax to its equilibrium. De Haan

et al. were able to show that a whole range of exponents can be

obtained in computer experiments by systematically varying the

solvent viscosity and the friction in the pore [de Haan and Slater

(2012)], explaining why so many different apparently contradicting

values had been found before. Only very recently, the discussion
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appears to converge, at least for the case of unforced translocation,

after Sakaue introduced the concept of chain tension propagation

[Sakaue (2010)], which was extended by Rowghanian and Grosberg

(2011). The simple question, however, has proved to have a quite

complicated answer and a full understanding is not yet achieved.

Motion of small ions and electrophoresis

A very simple model of the motion of small ions and the electric field

was suggested by Grosberg et al. [Wanunu et al. (2009)] following

[Hille (1968, 1970); Hall (1975)]: The electrolyte is assumed to

possess a position-independent conductivity σ and the pore is

assumed to be strictly cylindrical of length L and diameter D. The

total electric resistance is then given by the sum of the access

resistance (from the electrode to the pore entrance) 1/σ D and the

pore resistance of order 1/σ
L

D2
along the pore. This can be found

easily under the assumption that the total electric flux must be

identical through hemispheres around the pore openings and planes

perpendicular to the cylinder axis. This implies that only for long

pores (L � D), the access resistance is negligible. The general shape

of the field lines is as follows: In front of the pore, they point toward

(or away from) the pore openings, and in the pore, they are parallel

to the pore axis. These electric field lines create a funneling effect

that facilitates the rate with which DNA molecules are captured

by the pore [Grosberg and Rabin (2010)]. We now present a brief

discussion of the motion of charges in electric fields.

Charged objects in solution that are subject to an external

electric field undergo a process known as electrophoresis. For

many researchers, this effect requires a certain recalibration of the

intuition, which we hope to achieve with the next paragraphs.

The fundamental misconception is most clearly seen with the

following consideration: We imagine an object with charge q
immersed in an electrolyte under an applied field E and held still

by a mechanical force. This stall force Fs is not given by −q E but

a typically smaller value. Following [Zhang and Shklovskii (2007)],

we use the term stall charge, the symbol qs as the proportionality

constant between stall force and electric field, although we will
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show later that this concept is by far not as general as desired.

The difference between bare (usual) and stall charge is related to

the fact that the surrounding counterion cloud is accelerated by the

same field but in the opposite direction. By viscous drag, a fraction

of this force is transferred to the object. In fact, certain conditions

can even lead to an inversion of the force (e.g., shown explicitly in

atomistic simulations in [Luan and Aksimentiev (2010)]). Although

these facts are well known, not all researchers appear to be familiar

with them. At the time of writing this article, the German Wikipedia

article indeed reports the stall force incorrectly, while the English

article is more precisea. We will elucidate a few more aspects of

the physics of electrophoresis, following the concepts of electric

fields, mechanical forces, and drag forces as presented in [Long et al.
(1996)], which were brought to attention in the nanopore field by

[Zhang and Shklovskii (2007)] and [Grosberg and Rabin (2010)].

An interesting review on different consequences of this picture was

recently published [Shendruk et al. (2012)].

The deep insight that hydrodynamic friction and the stall force

in electric fields are the key to understand the motion of charged

particles in electric fields dates back to the seminal work of

O’Brien and White [O’Brien and White (1978)] who investigated the

electrophoresis of a spherical charged particle. They noted that in

the limit of low applied forces and velocities, the linearity of the

response can be used to superimpose electrical fields, mechanical

forces, and the velocity of the particle. This leads to the following

consideration: The state of stationary electrophoretic velocity can

be considered as a superposition of two situations: (i) The particle is

held fixed in an external electric field with the stall force mentioned

above; (ii) The particle is held at a constant velocity without any

electric field applied. If (i) and (ii) are superimposed so that the

applied forces exactly cancel, the stationary electrophoretic state

is recovered. This can be expressed in the following way: The

electrophoretic mobility μ that relates the electric field and the

electrophoretic velocity can be expressed as

μ = qs/ξ ,

aWikipedia, the free encyclopedia, http://de.wikipedia.org/wiki/Elektrophorese and

http://en.wikipedia.org/wiki/Electrophoresis, accessed September 26, 2012.
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where ξ is the drag coefficient, i.e., the ratio of velocity and drag force

and the case without applied electric field.

The limitations of the concept of a stall charge qs become clear,

when applying this result to a charged polymer, such as DNA in

free solution. It is well known [Nkodo et al. (2001); Grass and

Holm (2009)] that the electrophoretic mobility for long chains is

independent of the chain length and the drag coefficient scales

as Nν . This means that the stall charge has to scale as Nν as

well, which is of course not the linear scaling behavior one would

expect from a quantity called charge. In addition, qs depends on the

salt concentration, the geometry, and chain conformations, and the

definition above is only valid in a homogeneous electric field—it is a

quantity that might still fool the physical intuition.

22.4 Electrostatic and Dielectric Translocation Barriers

Beyond the entropic barrier mentioned above, it is interesting

whether a purely electrostatic barrier exists that prevents DNA

molecules from entering a pore. In recent articles [Suezen (2009);

Kesselheim et al. (2011, 2012)], estimates of the electrostatic free

energy barrier for dsDNA molecules in cylindrical pores of 4–10

nm diameter were calculated. In this section, we recapitulate our

applied model and our results and provide an explanation of the

obtained forces by means of PB theory.

Our strategy is based on coarse-graining: systematically replac-

ing complex features of the system by simpler ones. So, the number

of degrees of freedom is reduced tremendously, but it has to be done

with care. Arguments can, however, be formulated much more in

the spirit of physics, thus addressing the question of which aspect

of matter or a process is responsible for which behavior, especially

as physical effects can often be switched on or off. The aspect we

concentrated on was the difference in polarizability of water and the

membrane material. Indeed, the question of charged objects in pores

of low dielectric permittivity goes back to the work of [Parsegian

(1969)]. The method we chose was MD.

Our dsDNA model is motivated by the fact that the persistence

length of the “usual” B-DNA is between 40 nm and 60 nm
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[Kam et al. (2004)]. In other words, it is rather stiff on the

length scale of the size of small synthetic pores. This allows us to

approximate a 10 nm (=30 bp) piece of DNA as a stiff rod. We

assume it to be charged with 2e/bp and approximate it as a rigid

object composed of 60 overlapping spheres of diameter 2 nm with a

mutual distance of 0.167 nm each carrying one elementary charge.

Ions are approximated as spheres with 0.425 nm diameter, thus

including a first solvation shell that is generally considered to be

tightly bound. Water is treated as a homogeneous dielectric medium

with a dielectric constant of ε = 80. DNA and ions repel each other

with a truncated and shifted variant of the Lennard–Jones potential,

which is known as the Weeks–Chandler–Anderson (WCA) potential:

U (r)

kBT
=

⎧⎨
⎩

4ε
[(

σ
r

)12 − (
σ
r

)6
]

+ 1 if r < 21/6σ

0 otherwise,
(22.1)

where the size parameter σ is the arithmetic mean of the diameter

of both particles involved. The absolute temperature is denoted by

T and the Boltzmann constant by kB. The prefactor ε is set to 1 kBT .

The potential rises steeply from zero to 1 kBT between 1.12σ and

1σ so that the particles almost never come closer than σ . It can be

considered as an MD-friendly variant of the hard sphere interaction.

The pore is treated as a geometric object shaped according to

Fig. 22.1 from which we calculate the distance in every MD step for

all ions and apply a WCA potential with σ = 1 nm.

For simplicity, we assumed that the charged rod is confined to the

pore axis and characterizes its position by the axial coordinate z of

its center. The positional constraint leads to an underestimation of

the barrier by a few kBT , which corresponds to the translational and

rotational entropy loss in the constraining geometry of the pore. The

advantage, however, is that we can calculate the free energy profile

A (z) as the potential of the mean force necessary to fix the DNA.

This stall force corresponds to the negative sum of the force on all

DNA particles F . This reads as:

A (z) = −
∫

dz′〈F
(

z′)〉. (22.2)

A sketch illustrating the applied simulation model and a snapshot

from an actual simulation are shown in Fig. 22.1.
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(a) (b)

Figure 22.1 (a) Sketch of the simulation setup and (b) Snapshot of the

simulation setup. Cyan spheres compose the rigid DNA molecule that is fixed

on the pore axis. Blue and red sphere represent counterions and coions

and the surface discretization points are represented as green spheres ((b)

only). The pore shape is depicted by the rounded rectangles in (a).

The model, as presented up to here, does not take into account

dielectric properties of the membrane material. We implicitly

assumed its dielectric constant to equal that of the surrounding

water. This is, however, not justified, as typical membrane materials

such as SiO2 and Si3N4 are much less polarizable than water. The

qualitative influence of dielectric boundary forces is depicted in

Fig. 22.2a using the picture of image charges that is presented in

many textbooks dealing with electrostatics, e.g., [Jackson (1999)].

In contrast to the situation most often considered in textbooks—

metallic surfaces—the image charges occurring in our system are

of equal sign: The image charge of a charge q equals

q′ = εwater − εmembrane

εwater + εmembrane

q, (22.3)

thus almost equal to q for εmembrane close to unity. The image charge

picture allows us to immediately write down the potential energy of

a charge q at a distance d from a wall:

V (d) /kBT = qq′ lB

2d
, (22.4)

where lB is the Bjerrum length, which equals 0.71 nm in water at

ambient conditions.

Even though the pore is not a plane, the work necessary to bring

a dsDNA molecule of charge 60 into a pore of radius 2.5 nm would
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(a) (b)

Figure 22.2 (a) Illustration of the effect of a planar dielectric boundary on

the potential energy of a point charge and on the pair potential of two point

charges. (b) Free energy profile comparing different salt concentrations

with and without taking into account dielectric contrast (ε = 2/ε = 80).

be of similar order. With q = 60, d = 2.5 nm, and εmembrane = 2, we

obtain a potential energy of 1000 kBT from eq. 22.4. As screening by

counterions reduces the effective charge and the dielectric contrast

enhances the mutual attraction of opposite charges, the barrier will

be much smaller. Both effects are discussed in detail below.

In our simulations, the dielectric interface between water and

the membrane material is taken into account with the ICC	 (induced

charge computation) algorithm that was presented in [Tyagi et al.
(2010)]. In summary, the induced charge on the dielectric boundary

is determined in an iterative, self-consistent way, which can be

combined with any algorithm suited to calculate the long-range

electrostatic interaction. We apply the P3M method developed

by Hockney and Eastwood [Hockney and Eastwood (1988)] with

parameters tuned for a force accuracy of 10−3 kBT /nm according

to [Deserno and Holm (1998)].

In Fig. 22.2b, we report the free energy profile for a pore of 5

nm diameter comparing cases with different salt concentrations and

with and without taking into account the dielectric contrast between

water and the membrane material. We observe a barrier of up to

20 kBT under low-salt conditions that decreases quickly with the

addition of salt. The dielectric contrast is responsible for a sharp

increase of the barrier, although it stays far below the estimate given
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above. We will now try to understand these results by means of PB

theory.

The easiest way to derive the PB equation is the following: We

assume that the concentration c of univalent ions of two different

types + and − distribute according to the Boltzmann distribution in

the electrostatic potential. This reads as:

c± (r) = c0 exp ∓φ .

Here, c0 is the concentration of the electrolyte reservoir and � is the

electrostatic potential in units of kBT /e. Mutual interaction of ions

that is not electrostatic in nature is neglected in PB theory. This is

one reason why the validity of the PB equation is restricted to low-

ion densities.

The following mean field assumption is the central theme of

PB theory: It is assumed that the average electrostatic potential

may be inserted in this equation. This is the second reason why

the PB equation is limited to low-ion densities: At moderate ion

concentrations, correlations between ion positions are important.

Then, the electric field felt by an ion is no longer the mean electric

field at the same position, but due to correlations with the other ions,

it is different. For strongly correlated systems, a different limit can

be taken: The strong coupling limit that is an alternative continuum

theory [see, e.g., Moreira and Netz (2000)].

The mean electrostatic potential can be calculated from the

Poisson equation given in this unit system as:

�φ = −4πlB (c+ − c−) .

Here lB denotes the Bjerrum length. Combining both equations leads

to the PB equation:

�φ = κ2 sinh φ ,

where 1/κ = lD is the Debye length. It is given by:

lD = (8πlBc0)−1/2 .

Only a few analytic solutions for this equation are known. In many

works, it is linearized by expanding sinh � and truncating at first

order, yielding the linearized PB equation, also known as Debye–

Hückel equation:

�φ = κ2φ
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For a half space x > 0 bounded by a wall of constant potential φ0 at

x = 0, this equation is easily solved:

φ = φ0 exp (−x/ lD) .

This characteristic decay of the electrostatic potential, and corre-

spondingly the density of the counterions, is the most characteristic

feature of the PB equation. A good approximation of the Debye

length in a univalent aqueous solution with a concentration c can

be obtained from:

lD = 10 nm√
c in mmol/l

,

thus 10 nm at 1 mM, 1 nm at 100 mM and 0.3 nm at 1 M. At a

distance of the Debye length from a charged surface, the electric field

is reduced to a factor 1/e, and on length scales larger than several

Debye lengths, the electrostatic force between charges is negligible.

The same can be expected for the interaction of the DNA molecule

with its image charge: We expect the effective charge entering

equation 22.4 to be reduced by a factor of exp (−r/ lD), which is 0.45

for 10 mM salt and a pore of radius 2.5 nm. This, however, is still not

sufficient to explain the magnitude of the barrier, which we would

expect to be ∼ 200kBT .

The fact that the barrier is much lower can be explained with the

following consideration: The image charge forces between DNA and

counterions lead to an enhanced attraction of DNA and counterions.

This effect leads to better neutralization of the interior of the pore

cylinder, than without dielectric contrast. We performed simulations

with different pore lengths between 4 nm and 20 nm at 10 mM salt

and measured the degree to which the DNA charge in the center of a

pore was neutralized. This degree was defined as the total ion charge

in a thin slab at the pore center divided by the DNA charge in the

same slab. A neutralization degree of 1 thus means that each DNA

charge is exactly compensated for by small ions.

The results are depicted in Fig. 22.3a. The dielectric contrast en-

hances the tendency that the interior of the pore is electrostatically

neutral at much lower pore lengths than in the situation without

dielectric contrast. In both cases, however, full neutralization is

reached in the limit of an infinitely long pore. This is due to the

fact that the self-energy of an infinitely long charged rod diverges
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(a) (b)

Figure 22.3 (a) The degree of neutralization as a function of the pore

length. The vertical dotted line corresponds to the length for which free

energy barriers are reported. (b) Sketch depicting the idea of the PB model

applied to calculate free energy barriers.

and so must be compensated by counterions. In the limit of zero

salt reservoir concentration as treated in [Manning (1969)], this

divergence leads to the following: Even when decreasing the ion

reservoir concentration to zero, a finite number of ions stays next to

the charged cylinder, a fact that is known as Manning condensation.a

The effect of charge neutralization allows us to make the follow-

ing consideration: If the interior of the pore is fully neutralized, no

image charges are to be taken into account. Then, the effect of the

pore confinement is nothing but compressing the counterion cloud

into a radius r . This can be modeled with the PB equation:

We assume DNA to be a cylinder of radius 1 nm and one

elementary charge per 0.167 nm and the pore to be a cylinder of

radius R without surface charges. The boundary conditions thus are

the following:

∂�

∂r

∣∣∣∣
r=1 nm

= 4πlBσDNA, (22.5)

∂�

∂r

∣∣∣∣
r=R

= 0, (22.6)

where σDNA = 0.94e/nm2. The second boundary condition corre-

sponds to the requirement of charge neutrality of the system.

aSurprisingly in many cases, Manning condensation is wrongly attributed to be the

reason for the “wrong” prefactor of the stall force in electrophoresis experiments

(see Section 22.3). This underlines how common this misconception is.
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The work to change the volume of the pore is determined by the

osmotic pressure on the cylinder (see the sketch in Fig. 22.3b). In

the PB approximation, this is just the ideal gas pressure of the ions

at the boundary of the cell. We, however, do not want to compress

the whole ion cloud but allow particle and volume exchange with the

reservoir. Under these conditions, the excess osmotic pressure, thus

the osmotic pressure minus the osmotic pressure in the reservoir,

has to be taken. It reads as:

pe (R) = kBT (c+ + c− − 2c0)

∣∣∣∣
r=R

(22.7)

= 2kBT c0 (cosh � (R) − 1) . (22.8)

This allows to calculate the work needed to shrink the pore to the

desired size: it is the integral of p dV taken from an infinitely large

cylinder to a finite cylinder of radius R . In our case, we obtain the

work per unit length as the integral:

W/ l =
∫ R

∞
pe

(
R ′) 2π R ′dR ′.

We determine this work from a numerical solution of the PB

equation with a simple finite difference scheme implemented in the

programming language PYTHON using the NUMPY numeric library.

In Fig. 22.4, we report the results obtained with the PB model in

comparison to the results of the coarse-grained MD model including

dielectric contrast. We report the free energy barrier as a function

of the pore radius for different salt concentration. The PB barriers

are scaled to an effective DNA length of 7 nm (due to end effects of

the pore). The agreement is surprisingly good: The deviations are

within a few kBT . This indicates that the general physical effects are

captured correctly by the PB model. Although our considerations

make it plausible that the PB model is appropriate, it remains

surprising even to the authors that the complex effect of dielectric

boundary forces can be boiled down to a model that does not contain

dielectrics at all. It however encourages us that other simple models

in physics chosen with care and good physical intuition sometimes

can explain more than expected at first sight.
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Figure 22.4 The free energy barrier calculated from MD simulations

(symbols connected with thin lines) and PB model (thick lines).
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23.1 Introduction

Electrostatic interactions between macroions in aqueous solution

are omnipresent and therefore of fundamental interest for soft

matter, colloid science, and biomolecular systems [10]. Macroions

can appear in a multitude of forms such as surfactant micelles, poly-

electrolytes (including DNA), gels, block copolymers, nanoparticles,

extended solid surfaces (mica, clay, glass), lipid membranes, and

proteins. Their charged moieties can be fixed or mobile, polarizable,

or regulated through a dissociation process. What makes the

interaction between macroions interesting from a basic physical

point of view is the presence of small mobile ions in the aqueous

solution. These ions often dissociate and become mobile because

the high dielectric constant of water, εW ≈ 80, greatly reduces

cation–anion attraction, thus favoring the entropic gain that comes
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with the dissociation process. The relation between electrostatic

and thermal energy is often expressed in terms of the Bjerrum

length lB = e2/(4πε0εWkBT ), at which two monovalent ions have an

interaction energy of kBT . Here, kB is Boltzmann’s constant, T is the

absolute temperature, ε0 is the permittivity in vacuum, and e is the

elementary charge.

The fundamental equation of electrostatics is Poisson’s equation,

εWε0�� = −ρ, a differential equation (� is the Laplacian) for the

electrostatic potential � at given volume charge density ρ and

uniform dielectric constant εW in the aqueous phase. Textbook

problems typically fix ρ and ask the student reader to find the

corresponding potential �. Mobile ions, however, will migrate

toward regions of favorable potential. That is, the volume charge

density ρ adjusts according to the potential �. More specifically, if

the aqueous solution contains, say, a symmetric z:z salt solution (i.e.,

z-valent cations and anions with local concentrations n+ and n−,

respectively), then ρ = ez(n+ − n−) where both n+ = n+(�) and

n+ = n+(�) depend on the electrostatic potential �.

Fortunately, finding the relation ρ = ρ(�) becomes a straight-

forward task in one particular situation, namely when the mobile

ions are point-like and when correlations between ions are ignored.

These two assumptions give rise to the classical Poisson–Boltzmann

(PB) model, according to which the local ion concentrations follow

the Boltzmann distributions n± = n0e∓ze�/kB T . Here, the reference

concentration n0 equals the bulk concentration of cations and anions

if a salt reservoir is present (otherwise n0 follows from the condition

of overall electroneutrality). Combination of the Poisson equation

with the Boltzmann distributions yield the classical PB equation for

a symmetric electrolyte

�(z�) = 8πlBz2n0 sinh(z�), (23.1)

here conveniently expressed in terms of the dimensionless potential

� = e�/kBT .

For not too highly charged macroions and mobile ions that

are monovalent, the classical PB model often makes qualitatively

(sometimes even quantitatively) correct predictions, for example,

concerning ion concentrations, predicting adsorption energies of

macroions on surfaces [1], or capturing the effect of counterion
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condensation [9]. For divalent or higher valent mobile ions, the

classical PB model typically fails, even qualitatively. Among the most

compelling examples is the condensation of double-stranded DNA

in presence of trivalent cobalt hexamine [Co(NH3)3+
6 ] [2], resulting

in compact toroidal aggregates in which DNA takes up a volume

fraction of about 72% [12]. The mechanism how cobalt hexamine

mediates attraction between like-charged DNA strands is related to

the presence of ion–ion correlations. That is, DNA phosphate groups

and cobalt hexamine counterions become engaged in the formation

of an ordered structure of interlocked alternating charges—known

as Wigner lattice—that mediate a short-range attractive force [22,

23]. The formation of a Wigner lattice is not possible in the

framework of the classical PB model. This is because ion–ion

correlations are generally ignored in mean-field models. Indeed, it

has been shown rigorously [18] that the classical PB model always

predicts a repulsive force between like-charged surfaces.

There is a second type of mobile ions that is well known to

induce DNA condensation: short polyamines [7, 25], among them the

trivalent spermidine and four-valent spermine, which are illustrated

in Fig. 23.1. These polyamines are examples of rod-like ions wherein

the individual positive charges that are attached to the mobile

ions are spatially well separated from each other. We note that

the separations between the individual charges are, in general,

not small compared with the typical electrostatic screening length

NH2

+

NH2

+

NH
+
3

NH
+
3

NH
+
3

NH2

+

NH
+
3

l=1.6 nm

sperminespermidine

Figure 23.1 Left: spermidine, [H2N(CH2)3NH(CH2)4NH2]3+. Right: sper-

mine, [H2N(CH2)3NH(CH2)4NH(CH2)3NH2]4+. Note that the spatial exten-

sion l of these polyamines is comparable to the electrostatic screening

length, lD ≈ 1 nm, at physiological conditions. Molecular images were

generated using PyMol.
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(1 nm at physiological conditions). This has important consequences

with regard to modeling this type of mobile ion: rather than

being approximated as point-like ions of valence z, they should

be described as z individual elementary charges that are attached

uniformly to a rod of length l .

In this contribution, we discuss how to modify the PB approach

so as to account for rod-like mobile ions. To this end, an appropriate

free energy is introduced whose minimization yields a modified

PB equation. We provide a brief account of the predictions that

the modified PB approach makes. This includes, in particular, the

bridging mechanism, which can explain the existence of a finite

equilibrium distance between like-charged macroions. Here, the two

ends of the rod-like ion form a bridge between the two macroions;

see the illustration in the middle diagram of Fig. 23.2 below.

The bridging mechanism has indeed been invoked to explain the

condensation of DNA by spermine and spermidine [21]. Bridging

also appears in the context of polyelectrolytes, which are able to

mediate attractive interactions between like-charged surfaces [11].

σ σ

0 D

l

0

A

n

D0 x x+s

l

σ σ                                                                  σ σ

D0

bridging depletion

Figure 23.2 Schematic illustration of two like-charged planar surfaces

(each of area A) embedded in an aqueous solution of mobile, rod-like,

divalent cations and anions. The distance between the surfaces is D, their

surface charge density is denoted by σ , and the length of each rod-like ion

is l . Left, middle, and right diagrams correspond to D � l , D ≈ l , and

D � l , respectively. The latter two illustrate the bridging mechanism and

the depletion interaction.
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As modifications of the PB approach [5, 6] (and beyond [19, 20]) for

polyelectrolytes already exist, we focus entirely on stiff rod-like ions.

23.2 PB Model for Stiff Rod-Like Ions

As indicated above, rod-like mobile ions are able to mediate

attraction between like-charged macroions. Classical PB theory is

not able to predict this kind of interaction, because it applies

to point-charges and neglects correlations between charges. The

question arises if one can modify the PB model so as to account

for rod-like ions. This is the subject of the present contribution.

We accurately account for the rod-like structure of each ion while

continuing to neglect correlations between different rod-like ions.

Differently expressed, we neglect interionic correlations but do

account for intraionic correlations. If the individual monovalent

charges of each rod-like ion are sufficiently separated (as compared

with the electrostatic screening length of the system), this approach

is expected to work as well as the PB model for monovalent point-

like ions.

The following part focuses on a symmetric electrolyte of divalent

ions, where the two elementary charges of each divalent ion are

separated by a fixed distance l . There is no particular significance

to having both cations and anions being rod-like other than

the simplicity of this symmetric situation (the asymmetric case

with only rod-like counterions was first analyzed by Carnie and

McLaughlin [8]). We denote the concentration of rod-like cations

and anions in the bulk of the electrolyte by n0 (both must be the

same to ensure electroneutrality). Embedded in the electrolyte are

two planar and parallel, like-charged macroion surfaces of area A
and with surface charge density σ > 0 each; see the illustration

in Fig. 23.2 The surfaces are oriented normal to the x-axis of a

Cartesian coordinate system and located at positions x = 0 and x =
D. Note that all system properties depend only on the x-coordinate,

thus being invariant with respect to the y- and z-directions.

Rod-like ions are able to change both their location and

orientation. We can conveniently quantify both degrees of freedom

by introducing an ionic distribution function n+(x , s) for the cationic
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rod-like ions (and similarly n−(x , s) for the anionic rod-like ions).

Here, x and x + s denote the positions of the two charges of a

given rod-like ion along the x-axis; see the left diagram of Fig. 23.2.

Hence, s is the projected length of the rod-like ion along the x-axis.

Orientational averaging over any given physical quantity g(s) can

then be expressed as 〈g(s)〉 = 1/(2l)
∫ l

−l ds g(s). From n+(x , s),

we obtain the local concentration of the divalent rod-like cations by

n+(x) = 〈n+(x , s)〉 and the corresponding orientational probability

distribution by n+(x , s)/n+(x). Analogous relations apply to the

divalent rod-like anions.

The key toward incorporating rod-like ions into the PB formalism

is to express the electrostatic free energy F in terms of the

ionic distribution functions n+(x , s) and n−(x , s). Recognizing that

the free energy F = Uel − TS consists of the energy stored in the

electrostatic field (Uel) and the entropic (i.e., translational and

orientational) contribution of the mobile ions (−TS), we arrive at

the mean-field expression

F
AkBT

=
∞∫

−∞
dx

{
� ′(x)2

8πlB

(23.2)

+
∑

i={+,−}

〈
ni (x , s)

(
ln

ni (x , s)

n0

− 1 + U (x , s)

)〉
+ 2n0

}
,

where a prime denotes a derivative with respect to the argument

(i.e., � ′(x) = d�/dx). The second term contains an additional

external potential U (x , s) that we can chose so as to prevent the rod-

like ions from penetrating into one of the two planar surfaces. We

point out that the dimensionless potential �(x) = e�/kBT is related

to the ionic distribution functions n+(x , s) and n−(x , s) through

Poisson’s equation

� ′′(x) = −4πlB

∑
i={+,−}

i〈ni (x , s) + ni (x − s, s)〉. (23.3)

Hence, the only unconstrained quantities in the free energy F are the

ionic distribution functions n+(x , s) and n−(x , s). We can find these

through functional minimization of F [n+(x , s), n−(x , s)] subject to

Poisson’s equation, yielding the Boltzmann distributions n±(x , s) =
n0e∓[�(x)+�(x+s)]−U (x , s). Inserting these back into Poisson’s equation
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23.3 results in the PB equation for a symmetric electrolyte of

divalent rod-like ions

2� ′′(x) = 4 × 8πlBn0

〈
e−U (x , s) sinh[�(x) + �(x + s)]

〉
(23.4)

= 4 × 8πlBn0

2l

min(l , D−x)∫
−min(l , x)

ds sinh[�(x) + �(x + s)],

where the second equality follows from choosing the external

potential U (x , s) so as to prevent ions from moving beyond the two

rigid surfaces (i.e., all rod-like ions are strictly confined to the region

0 < x < D).

Equation 23.4 constitutes a nonlocal integro-differential equa-

tion that must be solved subject to the two boundary conditions

� ′(0) = − 4πlBσ/e and � ′(D) = 4πlBσ/e. The two boundary con-

ditions reflect the presence of the fixed charges on the two planar

surfaces. Once known, the solution �(x) allows us to compute the

ionic distribution functions n±(x , s) and thus the free energy in

Eq. 23.2.

23.3 Predictions of the PB Model

In the following, we discuss predictions of the PB model for stiff

rod-like ions as specified by Eqs. 23.2–23.4. Note first that in the

limit l → 0, we recover the classical PB equation for a symmetric

2:2 electrolyte, that is, Eq. 23.1 for z = 2. On the contrary, if all

rod-like ions are cut in half (thus leaving two monovalent point-

like mobile ions instead of one single divalent rod-like ion), then we

obtain Eq. 23.1 for z = 1 and n0 → 2n0. Both cases predict strictly

repulsive interactions between the two like-charged surfaces.

Any nonvanishing rod length l entails a depletion-induced
attraction between the two surfaces; see the illustration in the right

diagram of Fig. 23.2. For example, upon (hypothetically) switching

off all charges in the system (i.e., the charges on the surfaces

and on all rod-like ions), the free energy in Eq. 23.2 becomes

F = Fdepl with Fdepl/(Aln0kBT ) = −(D/ l)2 + 2D/ l for D ≤ l and

Fdepl/(Aln0kBT ) = D/ l for D > l . Here, the minimum of the free

energy is located at D = 0; see curve g in Fig. 23.3 below. That is,
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all rods become expelled from the space between the two surfaces

to avoid loss in orientational entropy, leading to close contact of the

two surfaces.

For weakly charged surfaces, the dimensionless potential be-

comes small. In this limit (i.e., �(x) � 1), we can linearize the

PB equation, thus replacing sinh[�(x) + �(x + s)] in Eq. 23.4 by

�(x) + �(x + s). As in classical PB theory, we refer to this regime

as the Debye–Hückel limit. The free energy then separates into an

electrostatic and a depletion-attraction contribution, F = Felec +
Fdepl, where Felec = AkBT �(0)σ/e can be computed directly from

the surface potential �(0) and where Fdepl is given above. In the

Debye–Hückel limit, the electrostatic contribution is small and will

thus only slightly shift the depletion minimum; see the illustration

in the right diagram of Fig. 23.2. The question is what role
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Figure 23.3 Scaled free energy 16πlBlD F /(AkBT ) as a function of the

dimensionless distance D/ lD between the two like-charged surfaces. In both

diagrams A and B, the solid curves are derived using the nonlinear theory

(see Eqs. 23.2–23.4), whereas the dashed curves are based on the linearized

Debye–Hückel limit. The surface charge densities correspond to σ = 2 ×
e/(2πlBlD) (curves a, b), σ = 1×e/(2πlBlD) (curves c, d), σ = 0.1×e/(2πlBlD)

(curves e, f), and, p = 0 (curve g). In the latter case, no electrostatic

interactions are present, leaving only the bare depletion interaction. All

curves correspond to a rod length l = 5 lD. Figure is adapted from May et al.
[16].
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the electrostatic contribution Felec plays for more highly charged

surfaces, when electrostatic energies compete with or become larger

than the depletion energies. In Fig. 23.3, we show the scaled free

energy as a function of the surface separation D, calculated within

both the linear (dashed lines) and nonlinear (solid lines) PB model

for several different surface charge densities. Here, it is convenient

to measure length in units of the electrostatic screening length lD

(defined through 1/ l2
D = 4 × 8πlBn0) and surface charge density in

units of e/(2πlBlD). All curves in Fig. 23.3 correspond to a rod length

l = 5 lD that is much longer than the electrostatic screening length

lD.

Indeed, for small σ , we observe an attractive interaction due to

the steric depletion of the rod-like ions, leading to an equilibrium

separation D = Deq with Deq � l (see curves e, f, g in Fig. 23.3).

However, for larger σ , we consistently observe an optimal separation

Deq ≈ l , which cannot be caused by the depletion interaction. The

optimal separation Deq ≈ l is predicted within both the linear and

nonlinear PB approaches (with vastly different interaction energies

though). A similar calculation for a small rod length, say l = 0.5 lD,

would reveal the complete absence of a minimum other than the

depletion-induced one. That is, for large σ , the surfaces would

always repel each other as in the classical PB model. We conclude

from Fig. 23.3 that for sufficiently large rod-lengths and surface

charge densities, an equilibrium separation Deq ≈ l between the two

like-charged surfaces emerges.

An analysis based on the PB model according to Eqs. 23.2–23.4

has been carried out recently [16]. In the following, we summarize

some results:

(1) The minimum Deq ≈ l is caused by electrostatic interactions.

This can be deduced within the Debye–Hückel limit directly

from the electrostatic contribution Felec to the total free energy.

It is also indicated by the electrostatic potential �(x), which

starts to oscillate above a certain critical rod length lcrit. The

oscillations imply overcharging, which is a typical signature for

the presence of attractive interactions [15, 17].

(2) The critical length lcrit above which attractive interactions

between like-charged surfaces emerge can be estimated from a
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series expansion of the linearized PB equation in terms of the

scaled rod length l/ lD. Far away from the surfaces (l < x <

D − l), we find up to fourth order

l4

240
� ′′′′(x) +

[
l2

12
− l2

D

]
� ′′(x) + �(x) = 0. (23.5)

Solutions for �(x) can produce oscillating potentials. One can

show [4] that within this fourth-order model a minimum in

the electrostatic contribution to free energy Felec can only be

adopted for l > lcrit with lcrit = 2.170lD. Carrying out the series

expansion in Eq. 23.5 to higher orders shows that the critical

length actually is lcrit = 2.069lD.

(3) Analysis of the orientational probability distribution n+(x , s)/

n+(x) indicates two preferential orientations of the rod-like ions

when D = Deq ≈ l . One is parallel to the surfaces and the other

is perpendicular; see the illustration in the middle diagram

of Fig. 23.2. The latter, which is absent for isolated surfaces,

embodies the bridging mechanism as origin for the existence

of the equilibrium separation D = Deq ≈ l . Long, uniformly

charged rods prefer to orient parallel to the surfaces [14].

We point out that the incorporation of rod-like ions into the PB

formalism, which we have discussed here only for a symmetric

electrolyte of divalent rod-like ions, has recently been generalized

to mixtures of rod-like ions with arbitrary length and line charge

distributions [4]. In addition, electrolytes composed of rod-like

ions were also investigated using field theory [3] and computer

simulations [14, 24].

23.4 Conclusion

The spatial extension of the charge distribution within multivalent

mobile ions impacts electrolyte properties and affects the interac-

tions between macroions [13]. This is, perhaps most dramatically,

the case for rod-like ions, which even on the mean-field level give

rise to attractive interactions between like-charged surfaces via a

bridging mechanism. On the basis of a simple model system, we

have discussed how to account for rod-like ions within the PB
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formalism. Here, charge–charge correlations within the rod-like ions

are accounted for accurately, whereas charge–charge correlations

between different rod-like ions are neglected.
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24.1 Introduction

Attraction between two indentical objects uniformly charged in

solution seems intuitively surprising on one hand because we

know that such objects do repel in vacuum and on another hand

because this simple mental picture is still preserved within the

Poisson–Boltzmann (PB) theory [40, 43, 47]. We recall that the PB

theory is a mean field approximation [39] of a primitive model of

electrolytes [16] in which ions are point-like and solvent is simply

a uniform medium of dielectric constant ε. Attraction mechanisms

mediated by counterions require therefore to modify at least one

of the aforementioned assumptions. We will see that one can find

attraction by (a) finding a situation in which two nonuniformly like

charged objects can attract each other even in vacuum, (b) adopting
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another theoretical approximation for the same model of electrolyte,

and (c) changing the model for the ions.

Before going onward, we introduce the characteristic length

scales arising when studying counterions of valency q subject to

thermal fluctuations of magnitude kBT next to a uniformly charged

macroion with charge density σ in a solvent of permitivity ε. We note

q2lB ≡ q2e2/4πεkBT the Bjerrum length below which electrostatic

repulsion dominates the thermal motion of counterions and μG ≡
(2πlBqσ )−1 the Gouy–Chapman length that estimates the extent of

the condensation layer on a plate owing to thermal fluctuations.

Finally, we note a⊥ as the typical lateral distance between two

neighboring counterions on a plate such that πa2
⊥σ = q.

24.2 Planar Kornyshev–Leikin Theory

One possible way to get like charge attraction out of the PB theory

is to find an electrostatic configuration that leads to attraction in

vacuum. This is in fact possible as soon as the macroions are not

uniformly charged but instead display, say, an assembly of quasi-

dipoles. This is the idea behind the so-called Kornyshev–Leikin (KL)

theory [9, 26, 28, 29] that was originally done considering a realistic

model of the charge pattern on DNA. In what follows, we shall

present a simplified version of it with a planar geometry to focus

on the physics rather than the equations.

24.2.1 One Plate in a Salt Solution

We consider a plate at z = 0 whose surface charge distribution

is composed of very thin stripes extending in the x direction of

negative line charge density −|λ0|. The distribution is periodic in the

y direction such that there is a spacing H between two stripes. Let

us put this object in an electrolyte solution with an inverse Debye

length κ =
√∑

i 4πq2
i lBni . If, moreover, the solution contains plate

counterions with a high valency, then it is assumed that most of

those will adsorb on the plate so as to neutralize its charge. In this

section, we will consider that the adsorbed counterions mostly form

positive stripes parallel to the original negative ones and each one of
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them lies exactly in at equal distance from two neighboring negative

stripes. Their line charge density is defined as θ |λ0| with 0 < θ < 1.

In the end, the fixed charge density on such a “dressed” plate can

read ρL(y, z) = δ(z)(σd(y) + σm(y)) with:

σd(y) ≡ |λ0|
∑
i∈Z

(δ(y − i H − H/2) − δ(y − i H )) (24.1)

σm(y) ≡ |λ0|
∑
i∈Z

(θ − 1)δ(y − i H − H/2) (24.2)

where we simply used the identity θ = θ + 1 − 1 to subdivide

the surface charge density into a purely dipolar contribution

(alternating stripes of exactly opposite sign) and a contribution

arising only from stripes of the same sign. Both σd(y) and σm(y)

are even and periodic functions of period H and it is convenient to

express them in term of their Fourier series components σ k
d and σ k

m.a

The k = 0 harmonic mode is nothing but the average surface charge

density that is trivially σ 0
d = 0 for σd(y) and σ 0

m = (θ − 1)|λ0|/H
for σm(y). For the rest of the components, it easily found that σ k

d =
2|λ0|[(−1)k −1]/H and σ k

m = 2|λ0|(θ −1)(−1)k/H . Within a KL-like

theory, we next consider that the mean electrostatic field ϕ satisfies

the linearized PB equation [28, 29]. Expressing it directly in terms of

its Fourier components ϕk, we get the following set of equations:

d2ϕk(z)

dz2
− κ2

k ϕk(z) = −1

ε
δ(z)(σ k

d + σ k
m) (24.3)

where k ≥ 0. We notice from Eq. (24.3) that, the higher k, the higher

the effective inverse screening length κk =
√

κ2 + k24π2/H 2. As we

are interested in the far field generated by the plate, we will focus on

the first two modes k = 0 and k = 1. The electrostatic potential then

aAny even and periodic function f (y) of period H can be written as:

f (y) = f0 +
∞∑

i=1

fk cos

(
k

2πy
H

)

with

f0 ≡ lim
h→0

1

H

∫ H/2+h

−H/2+h
dy f (y); fk ≡ lim

h→0

2

H

∫ H/2+h

−H/2+h
dy f (y) cos

(
k

2πy
H

)

where the use of h prevents problems when integrating over Dirac combs of period

H .



December 13, 2013 15:22 PSP Book - 9in x 6in 24-ch24

350 Physics of Counterion-Mediated Attractions Between Double-Stranded DNAs

reads far from the plate:

φ(y, z) ∼ |λ0|(θ − 1)

2H ε
e−κz − |λ0|(θ + 1)

H ε
e−κ1z cos(

2π

H
y) (24.4)

24.2.2 Interaction Between Two Plates

We now look at the interaction of the plate described in the previous

section with a similar plate but shifted in the y direction by an

amount δy ≤ H/2 and at a distance z = L from the former plate.

Its fixed charge density reads then ρR(y, z) = ρL(y − δy, z − L). We

also assume that the plates are far enough to neglect the entropic

contribution from the ions to the interaction energy. In this case, only

the electrostatic contribution coming from the far field in Eq. (24.4)

matters. The corresponding energy per unit area reads then:d

Uel(L) ≈ λ2
0

2εH 2

[
(θ − 1)2e−κL + 2(θ + 1)2 cos

(
2πδy

H

)
e−κ1 L

]

(24.5)

From Eq. (24.5), we see that as soon as the shift δy > H/4,

the second term in the r.h.s. becomes attractive. This attractive

interaction is maximum if the shift δy between the charged patterns

on the plates equates exactly half the period H . As a matter of fact, in

that case, each stripe on a plate would be facing an almost opposite

stripe on the other plate, thus leading to an attraction. Overall, a net

attraction is all the more likely if θ is close to unity, as the magnitude

of the repulsion in Eq. (24.5) is proportional to the square of (θ − 1).

24.3 Strong Coupling Regime

The electrostatic coupling in a charged system with counterions can

be described by a unique parameter � ≡ 2πq3l2
Bσ so that the limit

of vanishing � for an exact field theoretical description of the system

gives the PB theory [39]. The SC regime can then be expressed as the

opposite limit when � goes to infinity. The following two subsections

dWe define it as being:

Uel ≈ lim
h→0

1

H

∫ H/2+h

−H/2+h
dy φ(y, L)(σd(y − δy) + σm(y − δy))



December 13, 2013 15:22 PSP Book - 9in x 6in 24-ch24

Strong Coupling Regime 351

summarize two different approaches of this SC regime, the virial

strong coupling (VSC) approach and the Wigner strong coupling

(WSC) approach.

24.3.1 Virial Strong Coupling

When � tends to infinity, the counterions condense onto the

macroions they neutralize [31, 32, 35, 46, 51]. At finite values of �,

few counterions are desorbed from the surfaces and the electrolyte

is effectively decomposed into a condensed liquid phase on the

macroions and a bulk vapor. The bigger �, the smaller the vapor

density and hence its fugacity λ. At equilibrium, the vapor fugacity

has to equate that of the liquid so that the counterion fugacity

tends to zero as � tends to infinity. R. Netz suggested accordingly

a Mayer expansion based [17] 1/� expansion of the dimensionless

one-particle density ρ̃1 (in units of μ−3
G ) and the free energy β F of

this system [38]. This theory has been discussed at length in the past

[22, 34–37], although its capacity at capturing what is happening in

the system has been questioned recently [19, 48]. For these reasons,

we will simply present its single-particle picture predictions

below:

β F (N) = βW0 − N ln

∫
d3r̃ e−φ(r) + O(�−1) (24.6)

ρ̃1(r) = C
�

e−φ(r) + O(�−2) (24.7)

where βW0 is the energy of the system in absence of counterion,

r̃ ≡ r/μG is a dimensionless position vector, and φ is the external

potential (in units of kBT ) owing to the macroions. The constant C
in Eq. (24.7) can be found by requiring the integral of qρ1 to be equal

to the total charge carried by the macroions.

24.3.2 Wigner Strong Coupling

The WSC approach starts from the fact that we know what is the

exact ground state of a system of charges next to a plate (a Wigner

crystal with a triangular lattice), and therefore, we can expand

thermodynamic quantities around this ground state [19, 30–32, 41,

46, 48–50, 52]. If we focus on the one-particle density ρ̃1, it is in fact

exactly related to the fugacity λ and the excess chemical potential
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μex via the relation [17]:

ρ̃1(r̃) = λe−φ(r̃)−βμex(r̃) (24.8)

where φ is still the external potential in absence of any counterion.

Contrary to the VSC approach that expands μex in powers of the

fugacity λ (Mayer expansion), the aim here is to evaluate an exact

expression valid for high values of � in the planar geometry: the

many-body problem is hence intrinsically accounted for in the WSC

approach. One way to do it is to start from Widom’s particle insertion

method to compute the excess chemical potential [2, 12, 58]:

e−βμex(r̃) = 〈e−β�U 〉N−1 (24.9)

where �U is the variation of the whole interparticle energy when

adding an Nth test particle at position r̃ and 〈.〉N−1 stands for a

canonical average over all possible configurations of the N − 1 other

counterions.

24.3.2.1 Case of one plate

At high values of �, the variation �U corresponds to a small

perturbation of the interaction within a Wigner crystal formed

by N counterions by moving the Nth one away at a distance z̃
from the plate. According to [19, 48], it reads within a harmonic

approximation in the z direction:

β�U = − α√
�

N−1∑
i=1

(z̃ − z̃i )
2

(|R − Ri |/a)3
+ O(�−1) (24.10)

where α = 33/4/(16π3/2), Ri represents the position of the lattice

site i and a is the lattice spacing. Note that the value of |z̃ − z̃i |
is totally unrelated to that of |R − Ri |, and therefore, the canonical

average reads:e

〈e−β�U 〉N−1 = 1 + αS√
�

∫ ∞

0

dz̃′ e−z̃′
(z̃ − z̃′)2 + O(�−1) (24.11)

eWe use the fact that first:

〈e−β�U 〉N−1 = 〈1 − β�U + O(�−1)〉N−1

and second:〈
N−1∑
i=1

(z̃ − z̃i )2

(|R − Ri |/a)3

〉

N−1

=
N−1∑
i=1

〈(z̃ − z̃i )2〉N−1

(|R − Ri |/a)3
= S

∫ ∞

0

dz̃′ e−z̃′
(z̃ − z̃′)2+O(�−1/2)

This means that the average 〈(z̃ − z̃i )2〉N−1 is dominated by the cost it takes to take

the i th ion away from the plate. Other contributions to the average are of order

�−1/2.
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where S = ∑
i 1/(|R − Ri |/a)3 ≈ 11.034. Evaluating the integral in

(24.11) and plugging it back into Eq. (24.8) we get:

ρ̃1(z̃) = e−z̃

2π�

[
1 + 33/4 S

(4π)3/2
√

�

(
z̃2

2
− z̃

)
+ O(�−1)

]
(24.12)

where the prefactor solves the electroneutrality condition
∫

dzqρ1 =
2|σ |. In eq. (24.12), we see that corrections to the single-particle

picture are of order �−1/2—instead of the order �−1 prescribed

in the VSC theory—and agree very well with existing simulation

data [19, 48]. This discrepancy weakens reliability of VSC approach

beyond the single particle for planar geometries and makes its

applicability uncertain for other geometries.

24.3.3 Case of Like-Charged Plates

The expansion for the density can be carried out in a similar way

as for one plate explained above. It is not as easy as for one plate

because the ground state itself depends on the distance L between

the plates [49], and therefore, we will not treat it fully in those lines.

Three distance regimes can however be discriminated in a WSC

approach and we shall see how they phenomenologically differ.

24.3.3.1 Short distances

At short distances, that is, when L � a⊥, the single-particle picture

can apply (i.e., �U in Eq. (24.9) is neglected at the single particle

level) and yields an unbinding mechanism wherein the counterions

detach from the platesf [34, 50]. The particle density ρ1(z) is

uniform and satisfies ρ1(z) = C e−φ(z), where φ(z) = cte for two

equally charged plates and where C is a constant, too. Unsuring the

electroneutrality condition (??), the density within the slab reads

ρ1(z) = 2|σ |/qL. Now, it is convenient to use the contact theorem

that relates exactly the pressure β P to the particle density at contact

fThe typical lateral distance a⊥ used here is a bit tricky, as it depends on the distance

between the plates [49]. Let us say here that for small enough distances L, a⊥ is

defined as 2πa2
⊥|σ | = q, whereas for infinite distances, we have πa2

⊥|σ | = q.
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ρ1(0) [18, 57]:

β P = ρ1(0) − 2πlBσ 2 = 2|σ |
qL

− 2πlBσ 2 (24.13)

This expression can lead to attraction if L̃ = L/μG > 2.

24.3.3.2 Intermediate distances

This distance regime corresponds to separations L such that a⊥ < L
< q2lB. The unbinding mechanism responsible for a strong at-

tractive pressure for short distances is not effective anymore and

counterions start separating into two strongly correlated layers as

L increases [49]. The density at the plate increases accordingly

toward the zero pressure value 2πlBσ 2. At large enough distance,

ρ1(0) ∼ 2πlBσ 2 − f (L) where f (L) is a small correction for large L.

It can be shown that in the limit of infinite �, f (L) ∼ e−G0 L where the

characteristic length G−1
0 depends on the Wigner crystal structure on

the plates at large L [49]. This gives rise to an exponentially decaying

attraction [31, 32, 49, 51] similar in spirit to the one found in the

planar KL theory described above.

24.3.3.3 Large distances

If L � q2lB, then counterions on a plate do not create anymore a

proper correlation hole on the other plate and the condensed ionic

layers are no longer strongly correlated with each other. Although

the contact theorem (24.13) is valid for any L, it does not provide

a simple understanding of the large distance physics. A simple way

to understand it is to note that the two plates are so far away from

each other that they are almost isolated and can be seen as dressed

plates displaying a low charge density.g The counterion density far

away from them is then described by a PB regime [8, 11, 41]. At that

point, the condensed counterion layers become an intrinsic property

of these dressed plates akin to surface plasmons on facing metallic

plates. Still, they remain correlated through charge fluctuations and

gRoughly speacking, the effective charge density σeff scales as ∼ e−√
� and goes

rapidly to zero as the coupling parameter goes to infinity [11, 41].
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yield a universal attraction at finite temperature [1, 7, 30, 32]:

β Patt = − ζ (3)

8π L3
(24.14)

where ζ (x) is the Riemann zeta function and ζ (3) ≈ 1.2021. For Eq.

(24.14) to give a net attractive pressure, it has to be compared with

the PB repulsion owing to the counterion-dressed plates.h

24.4 Dumbbell-Like Counterions

24.4.1 The Model

Among counterions of valency n > 1, some are molecules made

of n repetitions of a single charged unit (principally monovalent)

[4–6, 23, 24, 33]. For the sake of illustration, we will focus on

divalent positive conterions that neutralize two like-charged plates

in absence of salt. The simplest description for a divalent counterion

would be two monovalent point-like ions of the same sign forming a

dumbbell of length l .

Let us denote p(r, û) the joint probability density to find a

reference charge belonging to a dumbbell at r and having the

dumbbell direction vector arising from it in direction û. The

probability to find a dumbbell through its reference charge at

position r reads:

p(r) ≡
∫

d� p(r, û) (24.15)

where d� is the solid angle measure.

24.4.2 Mean Field Theory

24.4.2.1 A modified PB equation

Within a mean field theory, the joint probability density p(r, û) for

one dumbbell depends on the mean external electrostatic potential

hThe physics becomes very similar to the DLVO theory [56] wherein ionic

contributions are accounted for by the PB theory and separated from the medium-

related van der Waals interactions.
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ϕ generated by both its coions and the plates [5, 24, 33]:

p(r, û) ∝ e−βeϕ(z)e−βeϕ(z+l cos(θ)) H (z + l cos θ)H (L − (z + l cos θ))

(24.16)

where cos θ is the projection of û on the z-axis and H (x) is

the Heaviside step function that is zero if x is negative and one

otherwise. The Heaviside functions in Eq. (24.16) prevent possible

overlaps between the dumbbell and the plates. The volume density

of dumbbells n(z) is proportional to the probability (24.15) and

the corresponding charge density is 2en(z) simply because there

are two charges per dumbbell. Finally, for the definition of ϕ to be

consistent, it has to satisfy the Poisson equation (in I.S. units), which

yields the modified PB equation for dumbbells counterions in a slit

geometry:

d2ϕ

dz2
= −2en(z)/ε = −eC

εl

∫ lmax(z)

−lmin(z)

ds e−βeϕ(z)e−βeϕ(z+s) (24.17)

together with the boundary conditions:

dϕ

dz

∣∣∣∣
z=0

= e|σ |
ε

;
dϕ

dz

∣∣∣∣
z=L

= −e|σ |
ε

(24.18)

that ensure the global electroneutrality of the system. In Eq.

(24.17), the change of variable s = l cos θ has been made, the

Heaviside measure appearing in Eq. (24.16) is unity in the interval

[lmin(z), lmax(z)], and C is a constant of arbitrary value.i

24.4.2.2 Plate–plate interaction

As before, we make use of the contact theorem that reads as follows

for dumbbells [24, 33]:

β P = 2n(0) − 2πlBσ 2 (24.19)

The factor two in the osmotic part of Eq. (24.19) appears because

there are two ends per dumbbell interacting with the plate at z =
0. The solution to Eqs. (24.17) and (24.18) is an inhomogeneous

iTo be physically consistent, the r.h.s. of Eq. (24.17) has to be invariant under the

(gauge) transformation ϕ → ϕ + g where g is a constant. This is only possible if,

under this transformation, the constant C undergoes a change C → C e2g . Choosing

a specific value for C is thus equivalent to fixing the gauge g and any value can then

be taken for it [53].
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potential ϕ(z) that increases rapidly from a low value at the plate

to its highest value at the mid-plane [33]. Two distance regimes

can then be discriminated [24]. The first regime is when the mid-

interplate distance L/2 is larger than the size l of the dumbbells.

In this case, the rapid decrease of the potential ϕ makes adsorbed

counterions on a plate be oriented mostly parralel to it, as it is very

favorable energetically. Second, when L/2 is smaller than l , then

adsorbed dumbbells on a plate can also lie perpendicularly to it by

reaching a not so unfavorable potential close to the other plate [33].

The increase of such bridging configurations when L > l implies

that, on average, there will be less point charges trapped directly

at the wall, hence yielding a decrease in n(0).j This drop can be

sufficient enough for the electrostatic attraction to overcome the

osmotic pressure and then generate an attraction. Now, if L ≤ l ,

there is no lack of point charges at the plates and the interaction is

repulsive again [24, 33]. This allows then to bound the equilibrium

distance owing to a PB bridging mechanism l < Leq < 2l .

24.4.3 SC Regime for Dumbbells

If the coupling parameter � is big enough, then an SC description can

be done on dumbbell counterions neutralizing two plates [4, 24]. In

particular, if l < a⊥, then a single particle picture can be used. In this

case, the dumbbell density reads:

n(z) = �(z)

4π
Ke−L̃ (24.20)

where �(z) is the accessible solid angle for the dumbbell at location

z, L̃ = L2πlB|σ |q (with q = 2) is the constant external potential felt

by the dumbbell, and K is a normalization constant. The constant K
is chosen to satisfy electroneutrality and reads K = |σ |eL̃/(L − l/2)

jIf bridging configurations do exist then the dumbbell density will display four

picks—one at each plate and two others at a distance l from the plates—instead

of simply two at the plates. Let n>(0) be the density at a plate when L > 2l . The

total number of dumbbells Nd is mostly dominated by the two picks at the plates

and scales roughly as Nd ∼ 2n>(0). Now, let n<(0) be the dumbbell density at a

plate when L < 2l . It can be divided into parallel np(0) and bridging nb(0) densities.

In particular, nb(0) = nb(l) by definition of a bridge. The integral of the dumbbell

density is now dominated by the four picks enumerated above and the total number

of particles scales as Nd ∼ 2n<(0) + 2nb(0). It then turns out that as long as nb(0) is

nonzero and L > l , n<(0) < n>(0).
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when l < L.k We can then apply the contact theorem (24.19), which

yields:

β P = |σ |
(L − l/2)

− 2πlBσ 2 (24.21)

Hence, a stable bridging equilibrium arises at L̃eq = l + 2. Likewise,

when l > L, the accessible solid angle is �(z) = 2π L/ l for any z [24]

and the electroneutrality condition yields n(z) = |σ |/L. Inserting

back this expression into the contact theorem (24.19), we get a

stable equilibrium L̃eq = 4 that is independent of the dumbbell

size. Note also that it is twice the equilibrium length that would

be obtained for point-like divalent ions in the SC regime from

Eq. (24.13). This is because the attraction here is due to electrostatic

correlations (and not a bridging mechanism) that are weaker with a

divalent dumbbell than with a concentrated charge.

24.4.4 Validity Domain and the Point-like Limit

If l is small enough, we should recover the physics of point-

like divalent ions. This happens when the dumbbell orientation is

unaffected by the electrostatic potential gradient, that is, when l �
μG < L [24, 33]. In this case, n(z) becomes n(z) = ρ1(z)�(z)/4π

where ρ1(z) is the point-like divalent counterion density and �(z)

is the accessible solid angle for the dumbbell. In particular, however

small the dumbbell is, at z = 0, only half of the total solid angle is

accessible to the dumbbell, and this allows us to recover the contact

theorem for point-like ions (24.13) from the contact theorem for

dumbbells Eq. (24.19).

24.5 DNA-DNA Attraction

It is now well established that molecular (e.g., polyamines) and

atomic (e.g., Cr+3) cations can lead to the formation of hexagonal

arrays of double-stranded DNA (dsDNA) provided their valency is

kIf L > l , the factor �(z)/4π is 1/2 + z/(2l) if 0 < z < l , 1/2 + L/2 − z/(2l) if

L − l < z < L and unity otherwise. Its integrated value over the whole slab is thus

simply L − l/2.
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higher than +2 even though some divalent ions (e.g., Mn+2 and

Cd+2) are able to condense dsDNA [3, 26, 54]. Such arrays have been

experimentally studied recently [10, 55] and both attractive and

repulsive contributions to the interaction appear to be exponentially

decaying. A long-ranged attraction as seen in Eq. (24.14) may still

exist, but it does not seem to drive the array stability.

Todd et al. [55] also found the attractive decay length λatt to

be almost independent of the counterion type (λatt ∼ 5 Å) and

to be roughly twice the repulsive characteristic length λrep. It

seems unlikely for a bridging mechanism to be compatible with

these observations, as its physics depends very much on the

length of the molecular cations (see section 24.4.). Moreover, the

corresponding equilibrium distance Leq should be about the size l of

the chains and thus should be increasingly big as the valency of the

cations increases. This is in contradiction with what is observed in

experiments [10, 55] in which the DNA–DNA equilibrium distance

decreases while increasing the counterion valency. The KL theory

and the WSC approach, however, are both compatible with an

exponentially decaying attraction. Even though the WSC has yet

to be fully treated for a realistic dsDNA, it is likely for the length

G−1
0 (see section 24.3) to roughly equal dsDNA’s mean helical pitch

H ≈ 3.4 nm [51]. This would then lead to an attractive decay length

λatt ≈ H/2π ≈ 5.4 Å (that is not so far from λatt) as prescribed in

the original KL theory [28, 29]. In addition, the ratio between DNA

and water electrostatic permitivities being about 1/80, it generates

an exponentially decaying repulsion—owing to image charges of

the dressed dsDNAs within each facing dsDNA [20]—with the same

decay length as for the attraction but for a distance that is twice

that of the spacing between the dsDNAs [10, 27]. In the end, it is

equivalent to a repulsion whose decay length is exactly half that of

the attraction decay length as measured in studies [55] and [10].

The KL theory seems in very good agreement with experiments

[10, 25, 26, 55], although some of the assumptions it is based on are

arguable[13–15]. An SC analysis seems potentially compatible and

could provide some rational basis to the effective parameters of the

KL theory [10, 21, 25, 26, 44].
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Finally, the above discussion on dsDNA condensation only

accounts for the improvements of the PB theory mentioned in the

introduction. An obvious refinement that has not been treated in

these lines is a better model for water. Such a thing goes way beyond

the scope of this chapter. It is however worth mentioning that a

phenomenological account of the way polyvalent counterions could

affect the structure of water on dsDNA can give rise to an attraction

[42, 45] whose quantitative features agree well with the work of

[10, 55].
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5. Bohinc, K., Iglič, A. and May, S. (2004). Interaction between macroions

mediated by divalent rod-like ions, Europhys. Lett. 68, p. 494.
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22. Kanduč, M., Trulsson, M., Naji, A., Burak, Y., Forsman, J. and Podgornik,

R. (2008). Weak- and strong-coupling electrostatic interactions between

asymmetrically charged planar surfaces, Phys. Rev. E 78, 6, p. 061105.
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25.1 Introduction

In most studies of electrostatic interactions between charged bodies,

a number of simplifying assumptions are made. Beyond the purely

geometric simplifications, the charge distribution is often taken to

be uniform. This assumption is clearly always an idealization, as

charge distributions in many systems will be inherently complex

and/or disordered [1, 3, 5, 7, 21]. Examples of charge disorder are

common in colloidal and soft matter systems [9, 12, 13], specific
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examples include surfactant-coated surfaces [10, 16] and random

polyelectrolytes and polyampholytes [2]. Metallic and dielectric

surfaces with local dielectric constant variation can also exhibit

charge disorder, as local variations of the crystallographic axes of

an exposed surface lead to a random surface potential, the patch
effect [3, 5, 7, 20, 21]. Finally, the chemical preparation of samples

is never perfect and charged impurities abound. The presence of

charge disorder, even if the system is overall net neutral, can be

shown to have strong effects on the interactions between bodies.

Notably, charge disorder can lead to interactions that can mask the

Casimir effect and may play an important role in the Casimir effect

experiments, possibly making their interpretation rather delicate

[3, 5, 7].

The disorder we will consider in this chapter is defined as

quenched, as it is fixed once and for good in the preparation of

the system, see Fig. 25.1, this is the case for charged impurities

that are frozen in the boundaries of the materials and cannot move

or react to electric fields acting upon them. It is for this reason

that quenched disorder is sometimes referred to as frozen. In small

systems, in which the objects are not held fixed and can move

and/or rotate with respect to one another, the system will tend

to lower its electrostatic energy by aligning and positioning its

components appropriately. This effect is believed to be crucial for

Figure 25.1 (Left) A schematic quenched surface charge distribution.

(Right) Two parallel dielectric slabs S1 and S2, which are semi-infinite in the

z directions and infinite in the r = (x , y) plane are placed at a separation

distance l . The disorder charge is taken to be distributed over the whole

surface in slab S2 but is restricted to the finite region r ∈ A in slab S1.
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the so-called lock and key mechanism, which plays a fundamental

role in the biological recognition mechanisms [8, 15]. In a typical

Casimir force experiment in which one has a two-plate or a sphere-

plate configuration, the surfaces in question are held fixed (not free

to rotate or laterally to displace with respect to each other) and the

two quenched charge distributions will be completely uncorrelated.

If the sphere in a sphere-plate geometry is held close to one part of

a large plate, the charge disorder will lead to random normal and

lateral forces on the sphere, as well as random torques. If we carry

out the same experiment between two different apposed parts of

the sphere and the same surface, the fact that the sphere will feel a

different charge distribution will lead to different normal and lateral

forces and torques, in much the same way as if we had replaced the

sphere and plates by new ones produced by the same productions

process, i.e., giving the same statistical disorder. Carrying out a

sequence of such experiments will lead to an ensemble of measured

forces, which can then be averaged to obtain the average force.

In most cases, we will see that the average normal force is non-

zero. However, if the charge disorder in the plate is invariant under

translation in space, that is to say it looks statistically the same

everywhere across the plate, the average translational forces and

torques will be zero. However, for the translational forces and

torques, there will be a non-zero variance and they will fluctuate.

The amplitude of these sample-to-sample fluctuations will give us

additional information about the nature of the charge disorder

and may be useful in unraveling the various components of the

force measured in typical Casimir or other force detection setups

[3, 5, 7].

25.2 Normal Electrostatic Forces Between
Charge-Disordered Slabs

Consider a system of two parallel semi-infinite dielectrics S1 and S2,

with local dielectric constants ε(x). We take ε(x) = ε1 in S1, ε(x) =
ε2 in S2 and ε(x) = εm in the intervening medium. We denote by

l the separation between the two plates and by ρ(x) the quenched

charge distribution for a given configuration of the dielectric bodies.
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The electrostatic energy is given by

E (l) = 1

2

∫∫
dydx ρ(x)G(x, y; l)ρ(y) (25.1)

where G(x, y; l) is the Green’s function obeying

ε0∇ · [ε(x)∇G(x, y; l)] = −δ(x − y), (25.2)

where ε0 is the permittivity of vacuum. The Green’s function

depends explicitly on l , as the overall spatial dielectric function

depends on l . The average electrostatic energy of this configuration

is thus given by

〈E (l)〉 = 1

2

∫
dxdyG(x, y; l)〈ρ(x)ρ(y)〉, (25.3)

where 〈· · · 〉 indicates the disorder average over the random charge

distributions. The total charge distribution is given by ρ(x) =
ρ1(x) + ρ2(x), where ρ1(x) and ρ2(x) are the charge distributions in

S1 and S2. In some cases, notably for the estimation of lateral forces

and torques, it is useful to assign one of the bodies, say S1, to have

a charge distribution, which is restricted to a subregion of S1, which

we will denote by A, see Fig. 366.1.

Consider the case where the charge distributions on different

bodies are uncorrelated and where the average charge on each body

is zero, i.e. 〈ρ1(x)〉 = 〈ρ2(x′)〉 = 0 and 〈ρ1(x)ρ2(x′)〉 = 0 for all x ∈ S1

and x′ ∈ S2. Then

〈E (l)〉 = 1

2

∫
dxdyG(x, y; l)[〈ρ1(x)ρ1(y)〉 + 〈ρ2(x)ρ2(y)〉]. (25.4)

We note that the average interaction has just two self-interaction

terms, as there is no interaction on average between charges on

different slabs, i.e., the interaction energy between a charge in S1

with a randomly chosen charge in S2 is on average zero, as the

charge in S2 has an equal probability to have either the same sign

or the opposite one to that in S1. A nonzero interaction energy is

only possible between a charge in a slab and its image charge in the

opposing slab, the sign of this image charge depending on the charge

in question and the dielectric constants of the system.

We notice that there is an interaction between S1 and S2, even

if there is no charge in one of the slabs, stemming from a non-zero

average interaction energy of a randomly charged slab (e.g., S1) with
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the induced image charges in the charge-free slab (e.g., S2). The

origin of a net interaction between overall neutral surfaces is thus

easy to understand, but still rather subtle and surprising.

We now consider a simple model of the charge disorder, which

can originate in either the surface charge or bulk charge. On the

surface S1, the surface charge distribution is

ρ1s (x) =
N1s∑
i=1

qi δ(r − ri )δ

(
z + l

2

)
, (25.5)

where r is two dimensional in plane coordinate. If the area of the

slab S1 covered with charge disorder is A and the charges have the

values qi = ±q1s with equal probability and N1s = n1s A where n1s is

the surface concentration of charges, we easily find that 〈ρs (r)〉 = 0

and

〈ρ1s (x)ρ1s (x′)〉 = g1sδ

(
z + l

2

)
δ

(
z′ + l

2

)
δ(r − r′), (25.6)

where g1s = n1sq2
1s . Typical values of q1s are given by the electron

charge e and the bulk impurity charge densities are between 1010

and 1015 e/cm3 [6, 17]. Using the size of a molecular layer, we

can thus estimate the typical surface charge density of the surface,

generated by cutting the bulk. Experimentally, the heterogeneous

structure of the charge disorder on dielectric surfaces can be

measured using Kelvin force microscopy [1].

Away from the surface, we assume that bulk charge distribution

has the form

ρ1b(x) =
N1b∑
i=1

qi δ(x − xi ), (25.7)

where the charges qi take the value ±q1b with equal probability and

have concentration n1b. The bulk correlation function is then

〈ρ1b(x)ρ1b(x′)〉 = g1bδ(z − z′)δ(r − r′), (25.8)

where g1b = n1bq2
1b. The disorder assumed here has a short-range

correlation, an assumption easily modified to more general forms

[11, 18, 19]. To give explicit formulas, we will continue with short-

range correlation functions and assume that the (infinite) surface

areas S2 = S1 = S (by taking A to infinity in the case of slab S1) are
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completely covered by charge disorder. From Eq. (366.4), we find

that

〈E (l)〉 = S
2

[
g1s G

(
0, − l

2
, − l

2
; l

)
+ g2s G

(
0,

l
2

,
l
2

; l
)]

+ S
2

∫ −l/2

−∞
dz g1bG(0, z, z; l) + S

2

∫ ∞

l/2

dz g2bG(0, z, z; l) (25.9)

The Fourier transform in the in-plane coordinates is

G̃(k, z, z′; l) =
∫

dr G(r, z, z′; l) exp(−ik · r) (25.10)

and we can use equation (366.2) to show that

ε0

d
dz

ε(z)
d

dz
G̃(k, z, z′; l)−ε0ε(z)k2G̃(k, z, z′; l) = −δ(z−z′) (25.11)

where k = |k|. The above equation may be solved and we find that,

for instance, when z ≤ −l/2 we have

G̃(k, z, z; l) = 1

2ε1ε0k

(
1 + [�1 exp(kl) − �2 exp(−kl)] exp(2kz)

1 − �1�2 exp(−2kl)

)
,

(25.12)

where �a (for a = 1 or 2) is the dielectric jump parameter

�a = εa − εm

εa + εm
. (25.13)

With this result, we can evaluate the terms appearing in equation

(366.4) using the inverse two-dimensional Fourier transform

G(0, z, z; l) = 1

(2π)2

∫
dk G̃(k, z, z; l). (25.14)

For short-range disorder, all the integrals can be evaluated analyt-

ically. It turns out that some integrals diverge due to self-energies

that are independent of the separation of the plates and therefore

do not contribute to the force. The total average force can be

decomposed into the contribution coming from each of the charge

distributions in the system. For instance, the average normal force

〈 f (n)
s1 〉 due to the random surface charge on slab 1 is given by,

〈 f (n)
s1 〉
S

= g1s (1 − �2
1)

16π�1ε1ε0l2
ln(1 − �1�2) (25.15)

and the contribution of the force from the surface charge on slab

2 is obtained by switching the index 1 for 2 and vice a versa in

Eq. (366.15).
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We first note that the interaction is an unscreened 1/ l2 power

law. Furthermore, we see that the sign of the interaction is

rather nontrivial and depends on the signs of the dielectric jump

parameters �a [4, 11, 19]. We can make the following observations

for, e.g., the force due to the slab 1, f (n)
s1 : (i) for �1 > 0 and �2 > 0,

we find that 〈 f (n)
s1 〉 < 0 (attraction), (ii) for �1 > 0 and �2 < 0,

〈 f (n)
s1 〉 > 0 (repulsion) (iii) for �1 < 0 and �2 > 0, 〈 f (n)

s1 〉 < 0

(attraction) and (iv) for �1 < 0 and �2 < 0, 〈 f (n)
s1 〉 > 0 (repulsion).

So, we see that the surface charge on slab 1 feels an attractive force

toward slab 2 if �2 > 0, i.e., if the material composing slab 2 is more

polarizable than the intervening medium. In the case of �2 > 0

but �1 < 0, the force due to the charge on slab 1 is attractive, but

that due to the charge on slab 2 is repulsive! It is interesting to note

that the sign of the thermal van der Waals interaction between two

dielectric slabs depends only on the product �1�2 as we shall see

below.

The normal force due to the bulk charge disorder in slab 1 can be

shown [11] to be given by

〈 f (n)
b1 〉
S

= − g1b�2(1 − �2
1)

16πε1ε0l
1

1 − �1�2

. (25.16)

The result for the force due to the charge distribution in the slab

S2 is obtained on switching indices. The sign of the force depends

purely on that of �2 (�1) and behaves in the same way as the surface

charge. However, we see that the force generated by bulk charge

disorder is longer ranged than that due to the surface charges,

decaying as 1/ l . In the above computation, it is important to bear in

mind that slabs will have a finite thickness—changing the interslab

separation should not introduce/remove quenched charge from the

system, which will give an effective bulk term in the energy. A way

of avoiding this, without complicating the dielectric problem, is to

assume that the quenched charge disorder has a support that is in

the interval [−(L + l)/2, −l/2], in slab 1 for instance, while keeping

L fixed upon changing l .

The components of the force due to both bulk and surface charge

disorder in the same slab have the same sign; this means that the

electrostatic component of the normal force is monotonic, having

the same sign for all values of l . If one takes into account thermal
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Casimir forces that are also monotonically attractive or repulsive,

it is possible to find systems in which the overall force becomes

zero, corresponding to a stable or unstable equilibrium [18, 19]. The

normal thermal Casimir or the zero Matsubara frequency van der

Waals (vdW) force interaction behaves as

f (n)
vdW

S
= −kB T Li3(�1�2)

8πl3
, (25.17)

where Li3(z) is the trilogarithm function. If the prefactor is chosen

to be negative (by taking �1�2 < 0), the repulsive vdW interaction

can stabilize the interaction, preventing collapse at short distances.

It is theoretically possible to have an attractive charge disorder

interaction, behaving as 1/ l or 1/ l2 at large separations, meaning

that the overall interaction potential will possess a stable minimum

[18, 19].

The above results can be easily generalized to the case wherein

the charge disorder possesses a finite correlation length in the plane

of the slabs [11, 19]. However, the case of a non-zero correlation

normal to the slabs, in the z direction, is more difficult to deal with.

Finally, we should note that the physical usefulness of an average

value depends on the scale of fluctuations of the force with respect

to the average force. For simplicity, we will consider the variance

of the normal force with just surface charge disorder. After a rather

long computation for surface charge disorder with zero-correlation

length, we find the variance of the total interaction force induced by

surface charge disorder to be given by [4]

〈( f (n)
s

)2〉c = S
4πε2

0ε2
ml2

(
g2

1s D11 + g2
2s D22 + 2g1s g2s D21

)
(25.18)

where

Di j �i � j = ε4
m

3(εm + εi )2(εm + ε j )2

[
2�1�2

(1 − �1�2)2
+ αi j ln(1 − �1�2)

]

(25.19)

where we have defined αi j = (1 + δi j )(−1)i+ j for i, j = 1, 2 (note

that no summation over the indices i, j is assumed in Eq. (366.19)).

The normal force fluctuations due to surface charge disorder then

scale as

δ f (n)
s ∼

√
S

l
. (25.20)
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The ratio of the force fluctuations to the average force R =
δ f (n)

s /〈 f (n)
s 〉 thus scales as R ∼ l/

√
S and becomes smaller as the

surface area is increased (as expected from self-averaging in the

thermodynamic limit); however, they increase as the interslab

separation l is increased. In most Casimir-type experimental setups,

the linear dimensions of the interacting objects are typically much

greater than their separation, keeping the force fluctuations small

[5].

25.3 Lateral Electrostatic Forces Between
Charge-Disordered Slabs

Suppose now that the region containing the charge disorder in the

dielectric slab 1 is laterally smaller than the slab 2 whilst remaining

large of area A, see Fig. 366.1. We furthermore assume that charge

disorder is distributed only on the bounding surfaces of the two

slabs. If we displace slab 1 laterally by a vector a within the plane of

the slabs, this will induced a change in the charge distribution δρ(x)

and give a change in energy

δE =
∫

dx dy δρ(x)G(x, y; l)ρ(y). (25.21)

Note that in this set up, we assume that there is no change in

the dielectric function and so the only displaced charges are the

quenched ones in slab 1. If we move slab 1 by an infinitesimal

amount a, it is clear that the only non-zero contribution to δρ is δρ1.

The charge density associated with the slab 1 is again assumed to

consist of point charges qi at the points xi = (ri , zi ) within the slab

1 (or on its surface in the case or surface charges). If the change

in the system is to displace slab 1 by an infinitesimal vector a, the

new charge distribution associated with slab 1 corresponds to all

the charges at xi being displaced to (ri + a, zi ) when the whole body

is displaced by a. This then gives

δρ(x) = −a · ∇rρ1(x). (25.22)

The change in energy on displacing body i through a is given only by

the interaction of the charges and image charges in slab 1 with those
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in 2, and therefore defines a lateral electrostatic force f that allows

us to write the average of this interaction energy as

〈δE (a)〉 = −〈f(l) · a〉 = −a ·
∫

dx dy 〈∇ρ1(x)G(x, y; l)ρ2(y)〉,

(25.23)

The average lateral force is thus zero, as we assume that charge

distributions on different bodies are uncorrelated.

Nevertheless, the variance of the lateral force will be non-zero

and can be computed using the two-point correlation function of

the charge disorder. For brevity, we state only results for surface

charge disorder with spatially uncorrelated charge disorder [4]. We

find that the lateral force components in the in-plane directions

i, j = 1, 2 have the correlation function

〈 f (l)
i f (l)

j 〉 = − Aδi j g1s g2sε
2
m

4πε2
0l2(εm + ε1)2(εm + ε2)2�1�2

ln(1 − �1�2),

(25.24)

showing that the typical lateral force fluctuations scale as [4]

δ f (l) ∼
√

A
l

, (25.25)

the same scaling as for the fluctuations of the normal force. We note

that in order for the variance to be non-zero, we do not require any

dielectric discontinuities and find that for ε1 = ε2 = εm

〈 f (l)
i f (l)

j 〉 = Aδi j g1s g2s

64πε2
0ε2

ml2
. (25.26)

25.4 Electrostatic Torques Between Charge
Disordered Slabs

On rotating the slab 1 by an angle θ around its symmetry axis [14],

that is to say in the direction perpendicular to the normal between

the bounding surfaces of the two dielectric media, we find (assuming

that charge disorder is distributed only on the bounding surfaces)

that the new charge distribution of slab 1 is given by

ρ ′
1(x) =

∑
n∈S1

qnδ(r − R̂θ rn)δ(z − zn), (25.27)
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where R̂θ is the two-dimensional rotation matrix. For an infinites-

imal rotation angle δθ , one has R̂δθ = 1 − ι(δθ) σ̂2, where σ̂2 =(
0 −ι

ι 0

)
is the Pauli matrix. The only non-zero contribution to δρ

in this case (assuming the summation over the in-plane Cartesian

components i, j = 1, 2) is then

δρ(x) = ι(δθ) (σ̂2)i j r j
∂

∂ri
ρ1(x). (25.28)

so that the change of the interaction energy, Eq. (366.21), on rotating

the surface S1, is due to the interaction of charges and image charges

in S1 with those in S2. We may thus write

δE = ι(δθ) (σ̂2)i j

∫
dr′dr dz dz′

[
r ′

j
∂

∂r ′
i
ρ1(r′, z′)

]

×G(r − r′, z, z′; l)ρ2(r, z), (25.29)

where r′ and r are again the two-dimensional coordinates in the

planes of S1 and S2, respectively, and z′ and z′ are the coordinates

normal to the planes. We again assume that the charge disorder

is restricted to a subregion of area A of S1, see Fig. 366.1. In an

experimental set up, it would be more likely that S1 is finite and the

charge distribution is over all S1; however, in the approach followed

here, we avoid dielectric edge effects and the Green’s functions

involved then retain their planar symmetry.

Integration over the coordinate r′ is over the finite area A, while

that over r is unrestricted. The torque τ acting on the surface S1

is then given by δE = − (δθ) τ . As the charge distribution on the

surfaces S1 and S2 are uncorrelated, we find that 〈δE 〉 = −(δθ)〈τ 〉 =
0. Thus, the mean torque is zero.

From here, one can derive [14] an intuitively clear physical

relation between the lateral force fluctuations and the torque

fluctuations of the form

〈τ 2〉 = 1

A
〈 f (l)

i f (l)
j 〉Ii j , (25.30)

where the moment of inertia tensor is defined as

Ii j =
∫

A
dr (δi j r2 − ri r j ).

The torque fluctuations are thus connected with the lateral force

fluctuations through a geometric factor encoded by moment of
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inertia tensor of the region A; thus, the torque fluctuations are not

the same for a square and a disc of the same surface area. This

result is completely general and valid for the assumed plane-parallel

arrangement of the two disorder-carrying dielectric surfaces.

As the lateral force fluctuations have the scaling
√

A/ l , (366.25),

we find that

〈 f (l)
i f (l)

j 〉 ∼ A
l2

. (25.31)

It then follows that typical torque fluctuations scale as

δτ ∼ A
l

, (25.32)

being extensive in terms of the area A. This is as one might

expect because torque is determined by the geometry of the area

A even in the limit of large area (which is not the case for the

random lateral force derived above). The geometry-dependence of

the torque fluctuations and the scaling with area A are obtained

simply from the moment of inertia tensor.

Again, we note that in order for the torque variance to be non-

zero, we do not require any dielectric discontinuities and find that

for ε1 = ε2 = εm, the torque fluctuations are given by

〈τ 2〉 = g1s g2s A2

128π2ε2
0ε2

ml2
. (25.33)

25.5 Conclusions

Charge disorder has important repercussions for electrostatic

interactions between net-neutral dielectric slabs bearing random

charges on their bounding surfaces and/or in the bulk. Quenched

disorder leads to an additive contribution to the net (normal)

interaction force that scales as 1/ l (or 1/ l2) for bulk (or surface)

charge disorder, it may be attractive or repulsive, and depends on

the dielectric contrast of the materials.

Because of the nature of electrostatic interactions between

disordered media, there is a sample-to-sample variance in the lateral

as well as normal forces and it can be substantial. In the ideal limit

wherein the probe area is very large, the average force is much
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larger than its fluctuations. However, in some experimental setups,

the probe size may be quite small and the sample-to-sample force

fluctuations could become important. In addition, force fluctuations

become important at large separations where the normal force

is weak. In the case of lateral force variance, as the average is

zero, fluctuations are the only thing observable. Fluctuations in

the normal and lateral directions are always comparable; for the

special case of a uniform dielectric constant, the variance of the force

fluctuations in the normal direction is exactly twice the magnitude of

the one in the lateral direction [4].

The disorder-induced torque fluctuations scale differently with

the surface area of the interfaces bearing charge disorder, with the

typical torque fluctuation being extensive in the surface area A.

This opens up a feasible way to measure charge disorder induced

interactions between randomly charged media, in a way that is

independent of normal force measurements and with a higher

signal-to-noise ratio than lateral force measurements.
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Chapter 26

Short-Range Disorder and Electrostatic
Interactions in Macromolecules
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26.1 Introduction

The structure and properties of macromolecules are governed by

interactions over different length scales including van der Waals

and electrostatic, hydrogen bond forming, etc. In the present

study, we will focus mainly on the biological polymers, which are

heteropolymers composed of monomers of different types. At the

same time, biological macromolecules are polyelectrolytes, that

is, contain ionizable groups [Forster and Schmidt (1995)] able

to disassociate in water, leaving charges on polymer chains and

releasing counter ions in solution.

Polyelectrolytes are ubiquitous in nature and exhibit rich phase

behavior. Some of them (e.g., proteins) are polyampholites and bear
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both cationic and anionic repeat groups. The others (e.g., nucleic

acids) are polyanions, carrying negative charges on the nucleotides.

Polyelectrolytes have been extensively investigated both the-

oretically [Dobrynin and Rubinstein (2005); Khokhlov (1980);

Muthukumar (1987); Borue and Erukhimovich (1988); Marko

and Rabin (1991,1992); Muthukumar (2002); Holm et al. (2004);

Podgornik (1989, 1990); Moreira and Netz (2002); Lukatsky and

Safran (2002); Naji and Podgornik (2005); Podgornik and Naji

(2006); Fleck and Netz (2005, 2007); Fleck, Netz, and von Grünberg

(2002); Andelman (1995)] and experimentally [Nishida, Kaji, and

Kanaya (2001); Eisenberg et al. (1995,1996,1998); Jenekhe and

Chen (1998)]. The great progress was made in understanding their

characteristics in solutions at different concentrations ranging from

dilute to dense.

The phase behavior of polyelectrolytes substantially depends

on the fact, whether the heterogeneity is coupled with the short

or long-ranged interactions. For instance, a collapse transition

for a neutral chain of a polyampholyte (heteropolymer with

long-range interactions) in d = 3 has been reported in presence

of salt [Victor and Imbert (1993); Kantor and Kardar (1994);

Grassberger and Hegger (1995)]. However, a modulated or frozen

phase for polyampholytes has not been observed, even at very

low temperatures. This is different from the well-known phase

behavior of heteropolymers with short-range interactions [Sfatos

and Shakhnovich (1997); Pande et al. (1996)] where freezing

transition is known to happen at temperatures low enough. The

effect of long-range interactions (polyampholytes without salt) has

been addressed in [Higgs and Joanny (1991); Gutin and Shakhnovich

(1994); Dobrynin and Rubinstein (1995); Pande et al. (1996)]. Phase

behavior of such a model system is distinguished depending on

ensemble of averaging. If the neutrality constraint holds separately

for each of the chains, the low-temperature phase is collapsed.

The transition is similar to an ordinary � transition with effective

excluded volume. At the same time, in the ensemble of globally

neutral random chains, wherein each chain carries a typical charge

Q± ∼ √
N , the presence of excess charge Q may lead to a swelling of

the chains.
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Systems containing biological polyelectrolytes are often gov-

erned by both long-range (electrostatic) and short-range inter-

actions. In particular, when considering the problems of RNA

folding, self-assembly of viruses, etc. [Mamasakhlisov et al. (2007);

Siber and Podgornik (2008)] nonspecific electrostatic repulsion

between chain segments of single-stranded RNA (ssRNA) competes

with the sequence-specific Watson–Crick base pair formation. Such

aninterplay needs to be properly accounted for, and in this chapter,

we present an example of such consideration.

26.2 Polyelectrolytes with Short-Range Disorder

We consider a generic flexible polyelectrolyte composed of equally

charged monomers with disorder conditioned by the short-range

features only (e.g., ssRNA). Similar systems have been studied

recently. Thus, the effect of ionic strength on the tertiary folding

of ssRNA has been addressed, for example, in [Mamasakhlisov et
al. (2007)]. Interactions between chain monomers were supposed

to be saturated to mimic the formation of Watson–Crick base

pairs. The melting temperature dependence on the ionic strength

has been obtained in a qualitative agreement with experiment

[Shiman and Draper (2000)]. The freezing transition exists at

the temperature lower than the melting temperature. Thus, the

experimentally observed stability difference between the secondary

and tertiary structures could be assigned to the additional entropy

loss at the freezing transition, but not to the different energies

of the secondary and tertiary interactions. The salt effect on the

secondary structure formation in ssRNA has been considered in

Einert and Netz (2011). In Einert and Netz (2011), the theory has

been developed that accounts for sequence effects, the entropic

contributions associated with loop formation, and salt effects.

Salt effects are modeled on the Debye–Huckel level that includes

counterion condensation [Andelman (1995)]. For the P5ab RNA

hairpin, the global phase diagram has been derived and a good

agreement with the experiment has been obtained.

We are interested in the statistical mechanics of a three-

dimensional polymer chain with randomly quenched interactions.
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pe charge per monomer is assumed, where e is the electron charge

and 0 < p < 1. The position of a monomer is considered in a

continuous way as r(τ ), where τ ∈ [0, N] and N is the dimensionless

length of the chain. The random sequence of the chain assumes that

the type of the τ -th monomer is described by the variable ξτ . {ξ}s

are considered to be independent random variables drawn with the

same probability law. Thus, the overall probability distribution of

the sequence {ξ} is

P{ξ} =
∏
τ

p(ξτ ), (26.1)

where the sequence disorder is supposed to be Gaussian

p(ξτ ) =
exp(− ξ2

τ

2ξ2 )√
2πξ2

(26.2)

The Hamiltonian of the system in this case reads

βH = 3

2�2

∫ N

0

dτ (∂τ r(τ ))2

+ β

2

∫ N

0

dτ

∫ N

0

dτ ′vττ ′ (r(τ ) − r(τ ′)) + βV {r}, (26.3)

where � is the length of the Kuhn segment, Vel{r} describes the

interaction between polyelectrolyte, counterions, viral capsid, etc.,

and

vττ ′ (x) = v0ξτ ξτ ′δ(x), (26.4)

with the positive interaction constant v0 > 0. Thus, the different

monomers will attract, but the similar ones will repel.

The partition function of the polyelectrolyte for every fixed

sequence {ξ} writes

Z {ξ} =
∫

Dre−βH. (26.5)

In the limit of N → ∞, the free energy of a disordered system

obeys the principle of self-averaging [Binder and Young (1986)]:

F = −kB T 〈ln Z {ξ}〉P , (26.6)

where 〈. . .〉P means averaging with the distribution function (26.1).

Self-averaging physically means that the distribution of the free

energy has a very narrow peak in the vicinity of the point of

maximum, corresponding to the mean value of free energy (26.6).
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26.3 Free Energy Calculation. Replica trick

The quenched free energy (26.6) can be estimated using the replica

trick [Binder and Young (1986)]

−βF = lim
n→0

〈Z {ξ}n〉P − 1

n
, (26.7)

where β = (kBT )−1. Now we need to calculate the n-replica partition

function as

〈Z {ξ}n〉P =
∫

Dre− 3

2�2

∑ n
a=1

∫ N
0

dτ (∂τ ra(τ ))2−β
∑ n

a=1 Vel{ra}

×
∫

DξP{ξ}e− βv0
2

∫ N
0

dτ
∫ N

0
dτ ′ξτ ξτ ′

∑ n
a=1 δ(ra(τ )−ra(τ ′)). (26.8)

The average over the distribution function (26.1) in the equation

(26.8) is transformed as∫
DξP{ξ}e− βv0

2

∫ N
0

dτ
∫ N

0
dτ ′ξτ ξτ ′

∑ n
a=1 δ(ra(τ )−ra(τ ′))

=
∫

Dξe− 1

2ξ2

∫ N
0

dτξ2
τ e− βv0

2

∫
d3x

∑ n
a=1 ma(x)2

, (26.9)

where the field ma(x) = ∫ N
0

dτξτ δ(x−ra(τ )) is introduced. The r.h.s.

of the equation (26.9) is linearized using the Hubbard–Stratonovich

transformation as

e− βv0
2

∫
d3x

∑ n
a=1 ma(x)2 = e− nV

2
ln(2πβv0)∫

D
e− 1
2βv0

∑
a

∫
d3x
a(x)2+ı

∑
a

∫
d3x
a(x)ma(x)

. (26.10)

Insertion of Eqs. (26.9 and 26.10) into the Eq. (26.8) upon averaging

over the {ξ} variables yields the n-replica partition function as

〈Z {ξ}n〉P ∝ e− nV
2

ln(2πβv0)

∫
D
e− 1

2βv0

∑
a

∫
d3x
a(x)2

×
∫

Dre− 3

2�2

∑ n
a=1

∫ N
0

dτ (∂τ ra(τ ))2−β
∑ n

a=1 Vel{ra}

×e− ξ2

2

∑
a, b

∫ N
0

dτ
a(ra(τ ))
b(rb(τ )). (26.11)

For further consideration, it is useful to introduce two order

parameters, namely the inter-replica overlap qab(x, x′) , with a < b,

and the density of a-th replica monomers ρa(x) as

qab(x, x′) =
∫ N

0

dτδ(x − ra(τ ))δ(x′ − rb(τ ))

ρa(x) =
∫ N

0

dτδ(x − ra(τ )). (26.12)
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Using these order parameters (26.12), the n-replica partition

function (26.11) is transformed as

〈Z {ξ}n〉P ∝
∫

Dϕ

∫
Dc±

∫
D
e− 1

2βv0

∑
a

∫
d3x
a(x)2

×
∫

Dre− 3

2�2

∑ n
a=1

∫ N
0

dτ (∂τ ra(τ ))2

× e−β
∑ n

a=1 Wel (ρa,ϕa, c±
a )− ξ2

2

∑
a

∫
d3x
a(x)2ρa(x)

× e−ξ2
∑

a<b

∫
d3x

∫
d3x′
a(x)
b(x′)qab(x, x′), (26.13)

where the electrostatic part of the free energy is written as a

sum of electrostatic energies of polyelectrolyte segments, fixed

charges residing on the capsid and charges of salt ions, as well as

the entropies of the salt ions. As it was suggested in [Borukhov,

Andelman, and Orland (1999); Shafir, Andelman, and Netz (2003);

Siber and Podgornik (2008)],

Wel(ρa, ϕa, c±
a ) =

∫
d3x

{
− εε0

2
(∇ϕa(x))2

+ϕa(x)

[
ec+

a (x) − ec−
a (x) − peρa(x) + ρsurf(x)

]

+
∑
i=±

[
kBT (ci

a(x) ln ci
a(x) − ci

a(x)

−(ci
0 ln ci

0 − ci
0)) − μi (ci

a(x) − ci
0)

]}
. (26.14)

Here, c± are the concentrations of ± monovalent salt ions, with c±
0

being their bulk concentrations, and μ± their chemical potentials,

εε0 is the permittivity of water, and ρsurf is the surface charge

distribution over the capsid.

Introducing the Lagrange multipliers q̂ab(x, x′) and the ρ̂a(x)

conjugated with the order parameters (26.12), the n-replica

partition function reads [Garel, Orland, and Pitard (1997)]

〈Z {ξ}n〉P ∝ e− nV
2

ln(2πβv0)

∫
D
 Dρ Dρ̂ Dq Dq̂eG(
,ρ , ρ̂ , q, q̂)+ln ζ (ρ̂, q̂),

(26.15)
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where

G(
, ρ , ρ̂ , q, q̂, ϕ, c±) = − 1

2βv0

∑
a

∫
d3x
a(x)2

−β

n∑
a=1

Wel(ρa, ϕa, c±
a ) − ξ2

2

∑
a

∫
d3x
a(x)2ρa(x)

−ξ2
∑
a<b

∫
d3x

∫
d3x′
a(x)
b(x′)qab(x, x′)

+ı
∑

a

∫
d3xρa(x)ρ̂a(x)

ı
∑
a<b

∫
d3x

∫
d3x′qab(x, x′)q̂ab(x, x′) (26.16)

and

ln ζ (ρ̂, q̂) = −N min
ψ

{∫
d3nxψ(x1, . . . , xn)

×
(

− �2

6

∑
a

∇2
a + ı

∑
a

ρ̂a(xa) + ı
∑
a<b

q̂ab(xa , xb)

)

×ψ(x1, . . . , xn) − ε0

(∫
d3nxψ(x1, . . . , xn)2 − 1

)}
. (26.17)

Here, ε0 is the ground state energy and ψ(x1, . . . , xn) is the

corresponding eigenfunction of the “quantum-like” Hamiltonian

Ĥn = − �2

6

∑
a ∇2

a + ı
∑

a ρ̂a(xa) + ı
∑

a<b q̂ab(xa , xb). As v0 > 0, we

have no trend of segregation between different kinds of monomers

and we expect the high enough fluctuations of the fields {
}. Thus,

we need to take saddle-point in the equation (26.15) over the fields

{ρ , ρ̂, q, q̂} only and to integrate over the fields {
}. Let us introduce

g(ρ , ρ̂, q, q̂, ϕ, c±) = ln
∫
D
eG(
,ρ , ρ̂ , q, q̂), where

∫
D
eG(
,ρ , ρ̂ , q, q̂) = e−β

∑ n
a=1 Wel(ρa,ϕa, c±

a )

×eı
∑

a

∫
d3xρa(x)ρ̂a(x)+ı

∑
a<b

∫
d3x

∫
d3x′qab(x, x′)q̂ab(x, x′)

×
∫

D
e− 1
2

∑
a, b

∫
d3x

∫
d3x′ Pab(x, x′)
a(x)
b(x′), (26.18)
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and Pab(x, x′) = δabδ(x − x′)[ 1
βv0

+ ξ2ρa(x)] + ξ2(1 − δab)qab(x, x′).

Thus, g(ρ , ρ̂, q, q̂) read

g(ρ , ρ̂, q, q̂, ϕ, c±) = −1

2
ln det

P̂
2π

−β

n∑
a=1

Wel(ρa, ϕa, c±
a ) + ı

∑
a

∫
d3xρa(x)ρ̂a(x)

+ı
∑
a<b

∫
d3x

∫
d3x′qab(x, x′)q̂ab(x, x′). (26.19)

Let us consider the term T r ln in the equation (26.19). These

calculations may be carried out by employing properties of block-

matrices and the operator algebra defined over the Hilbert space

{|x〉}. We shall use the compact notation by defining the operators

〈x| Âab|x′〉 = δabδ(x − x′)[ 1
βv0

+ ξ2ρa(x)] as the n × n operator matrix

and 〈x| P̂ab|x′〉 = Pab(x, x′) as an element of the n×n operator matrix

P̂ = Â + ξ2 B̂ , (26.20)

where 〈x|B̂ab|x′〉 = (1 − δab)qab(x, x′) is the n × n operator matrix.

Therefore,

ln det P̂ = T r ln P̂ = T r ln

{
Â + ξ2 B̂

}

= T r ln Â + T r ln

{
1̂n ⊗ 1̂ + ξ2 Â−1 B̂

}
,

(26.21)

where (1̂n)ab = δab and 〈x|1̂|x′〉 = δ(x − x′). Calculation of the first

term on the r.h.s. of the equation (26.21) is straightforward

T r ln Â =
∑

a

∫
d3x ln

(
1

βv0

+ ξ2ρa(x)

)
. (26.22)

The second term can be expanded as

T r ln

{
1̂n ⊗ 1̂ + ξ2 Â−1 B̂

}
=

∞∑
k=1

(−1)k+1 ξ2k

k
T r( Â−1 B̂)k (26.23)
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26.4 Weak Disorder Expansion

In the case of weak disorder (ξ 
 1), we may restrict ourselves by a

few terms of the expansion up to the ∼ O(ξ4) order:

g(ρ , ρ̂, q, q̂, ϕ, c±) = ξ4(βv0)2

2

{
1

2

∑
a

∫
d3xρa(x)2

+
∑
a<b

∫
d3x

∫
d3x′qab(x, x′)2

}
− β

n∑
a=1

Wel(ρa, ϕa, c±
a )

+ı
∑

a

∫
d3xρa(x)ρ̂a(x)

+ ı
∑
a<b

∫
d3x

∫
d3x′qab(x, x′)q̂ab(x, x′). (26.24)

Thus, the functional of the reduced free energy reads

−βF(ρ , ρ̂ , q, q̂, ϕ, c±) = g(ρ , ρ̂, q, q̂, ϕ, c±) + ln ζ (ρ̂, q̂). (26.25)

In the ∼ O(ξ4) approximation, saddle-point is satisfied by equations

0 = −δ(βF)

δρa(r)
= ξ4(βv0)2

2
ρa(r) + βpeϕa(r) + ıρ̂a(r) (26.26)

0 = −δ(βF)

δρ̂a(r)

= ıρa(r) − ıN
∫

d3nxψ(x1, . . . , xn)2δ(xa − r) (26.27)

0 = − δ(βF)

δqab(r, r′)
= ξ4(βv0)2qab(r, r′) + ıq̂ab(r, r′) (26.28)

0 = − δ(βF)

δq̂ab(r, r′)
= ıqab(r, r′)

−ıN
∫

d3nxψ(x1, . . . , xn)2δ(xa − r)δ(xb − r′) (26.29)

0 = −δ(βF)

δϕa(r)
= −β

[
ec+

a − ec−
a − peρa(r) + ρsurf(r)

]

−εε0∇2ϕa(r) (26.30)
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0 = − δ(βF)

δc±
a (r)

= ±βeϕa(r) + ln c±
a (r) − βμ± (26.31)

Equations (26.27, 26.29) give the standard relations between the

eigenfunction ψ(x1, . . . , xn), the monomers’ density, and the inter-

replica overlapping, correspondingly [Garel, Orland, and Pitard

(1997)]

ρa(r) = N
∫

d3nxψ(x1, . . . , xn)2δ(xa − r), (26.32)

qab(r, r′) = N
∫

d3nxψ(x1, . . . , xn)2δ(xa − r)δ(xb − r′). (26.33)

Equations (26.30, 26.31) give the generalized polyelectrolyte

Poisson–Boltzmann equation

εε0∇2
r ϕ(r) = 2ec0 sinh(βeϕ(r)) − ρsurf(r) + peρ(r). (26.34)

Minimization of the free energy (26.25) over the “wave function”

ψ(x1, . . . , xn) yields the generalized Edwards equation [Edwards

(1965)] for any integer n

�2

6
∇2ψ(x1, . . . , xn) =

[
− βpe

∑
a

ϕ(xa) − ε0

−ξ4(βv0)2

( ∑
a

ρ(xa) +
∑
a<b

qab(xa , xb)

)]
ψ(x1, . . . , xn) (26.35)

We need to solve the system of Eqs. (26.34, 26.35) and to take

the limit of n → 0 for the number of replicas. Solution is strictly

dependent on the boundary conditions and charge distribution

ρsurf(r). The proposed approach permits to consider the effect of

the short-range disorder on the polyelectrolyte chain behavior in

different geometries.

Next step requires the introduction of assumptions about the

particular form of charge distribution ρsurf(r) to solve the system

of Eqs. 26.34 and 26.35, followed by taking the limit of n → 0 for

the number of replicas. Solution is also strictly dependent on the

boundary conditions. The proposed approach permits to consider

the effect of the short-range disorder on the polyelectrolyte chain

behavior in different geometries.
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Long-ranged attractions across water between two surfaces that

are randomly covered with positive and negative charge domains

have been attributed to induced correlation of the charges (positive

lining up with negative) as the surfaces approach. Here we show,

by directly measuring normal forces under a rapid shear field,

that these attractions are not in fact due to such correlations. It

is rather the inherent interaction-asymmetry between equally and

between oppositely charged domains that results in the long-ranged

attraction between two such surfaces. This happens even in the

complete absence of any charge correlation between the disordered

domains on the opposing, overall-neutral surfaces. Our results may

also account for the long-ranged attraction frequently observed

between surfaces hydrophobized by surfactant layers, which were

previously attributed to “hydrophobic interactions.”

This chapter is based on a work published in [1] and was presented at the CECAM

meeting on “New challenges in electrostatics of soft and disordered matter” in

Toulouse, May 2012.
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27.1 Introduction

The stability of colloidal dispersions, as recognized since the work

of Faraday and Graham some 150 years ago, hinges largely on

the balance between attractive and repulsive surface forces [2]. In

aqueous media, the electrostatic double-layer repulsion between

like-charged surfaces plays the dominant role in the stabilization,

keeping particles from aggregating under van der Waals attraction

[2–4]. Such forces have been studied for decades [2–7], but although

nearly all understanding of the interactions relate to uniformly

charged surfaces, most real surfaces are in fact heterogeneous and

disordered.

Theoretical models of interactions between heterogeneously

charged surfaces in aqueous media have mainly treated the

effect of charge correlations, rather than that of fully disordered

heterogeneity. Theoretical studies of surfaces bearing patterned

charge domains predicted a long-range attraction as a result of

net correlations—more opposite charges facing each other than

equal charges facing each other—between the domains [8–12].

Miklavic et al. [10] computed the interaction opposing periodic

charge patterns, which were correlated, anti-correlated, or the

charge domains were free to migrate in order to minimize the free

energy of the interaction. Podgornik and co-workers have studied

extensively interactions between disordered charged surfaces. Naji

and Podgornik [11] calculated effective electrostatic interactions

between charged surfaces with charge-domain disorder, defined

via a mean surface charge density with a Gaussian-distributed

quenched surface charge. They considered correlation between the

charge fluctuations on both surfaces, and in particular showed

that fully quenched—that is, fully disordered and uncorrelated—

small charge patches on the opposing surfaces resulted in little

interaction at the mean-field level. More recently, Mamasakhlisov

et al. [13] computed the inter-surface forces for two planar surfaces

of equal mean surface charge, which are partially annealed, enabling

correlation between surface charges as surfaces approach: it was

shown that such partial annealing of the quenched disorder can lead

to a reduction of the inter-plate repulsion at the mean-field level. It

is fair to say that all mean-field theoretical models to date show that
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long-ranged attractions between heterogeneously charged surfaces

across water arise essentially through net correlations of opposing

charges, whether through patterning, charge fluctuations, or charge

migration.

In contrast to these theoretical models, experimentally one

frequently encounters random (fully disordered), heterogeneously

distributed charge domains. A particular example arises from

the adsorption of amphiphilic surfactants with positively charged

headgroups onto negatively charged surfaces, which is widely used

in surface modification. Such surfactant layers initially expose their

alkyl tails to form a hydrophobic monolayer, but under a thermo-

dynamic driving force may reorganize in water to form mosaic-

like structures consisting of positively charged bilayer domains

on a negatively charged substrate [14–19]. Several independent

studies revealed that such surfaces experience an attraction at

separations up to many tens of nanometers [14–18], that at their

onset are orders of magnitude stronger than those due to van

der Waals attraction. These strong, long-ranged attractive forces

were attributed to the correlation of charge domains (positive

facing negative) evolving on approach of the surfaces as a result

of the domain mobility [14–18, 20, 21]. As such, charge domains

form through reorganization of hydrophobic surfactant layers,

understanding that these forces may shed light on the puzzling

long-range attractions attributed to “hydrophobic” interactions

between such layers [15, 21, 22]. Indeed, it was explicitly suggested

earlier [14–18] that the origin of the long-ranged “hydrophobic”

attraction between surfactant-coated surfaces is due to positive

vs. negative correlations forming, through lateral charge migration,

when opposing surfaces with charge domains (that form through the

surfactant reorganization) approach each other.

Here, we demonstrate that two surfaces covered with disordered

charge patches experience a long-ranged attraction across water

that is orders of magnitude stronger than van der Waals forces, and

which persists, remarkably, even in the complete absence of any

correlations between opposing positive and negative domains (so-

called “quenched disorder”). The origin of this attraction is, as we

show, the counterintuitive observation that two oppositely charged

surfaces attract each other across water (or other ion-containing
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liquids) much more strongly than equally charged surfaces repel,

for identical surface separations and charge densities. This striking

asymmetry may result in strong, long-ranged attraction between

randomly charged surfaces even when they are overall neutral. It

sheds new light on interactions of hydrocolloids and in biological

systems, in which such surfaces are ubiquitous. It may also account

for the long-ranged attraction frequently observed between surfaces

coated with surfactants (and with other species), which was long

attributed to a hydrophobic surface interaction.

27.2 Results and Discussion

Heterogeneous surfaces with random positive and negative charge

domains were created via an initially uniform, self-assembled

surfactant layer that re-arranged with time under water (Methods).

Figure 27.1 shows typical AFM micrographs of the monolayers, as

Figure 27.1 Surfaces with random charge domains. AFM tapping-mode

images of the model surfactant (octadecyltrimethylammonium bromide)

on mica: (A) in air, (B) after 22 h immersion time in pure water. The

cartoons illustrate the break-up of the initially uniform monolayer into

positively charged bilayer domains on a negatively charged substrate. For

the micrograph shown, the bilayer domains (white, positively charged)

cover some 45% of the total area in B, while those over lateral dimensions

> 150 nm cover 7% of the total area.
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freshly deposited and following immersion in water. As observed

previously with many other surfactants [14–18], the initially smooth

monolayer breaks up with immersion time in water into a random

mosaic of positively charged bilayers (mean thickness 3.2 ± 0.4 nm)

on a background of negatively charged bare mica. Earlier studies

revealed that such surfaces—bearing positively and negatively

charged domains of random size and distribution—experience an

attraction at separations of several tens of nanometers [14–18],

which is orders of magnitude stronger than can be due to van der

Waals forces. This strong, long-ranged attraction was attributed

to the correlation of charge domains (positive facing negative)

developing on approach of the surfaces [14–18, 20, 21]. Here,

we carried out experiments to examine directly the crucial point

whether such charge correlations were occurring: Normal forces

Fn(D) between the two surfaces at closest distance D apart were

determined using a surface force balance (SFB, Methods) in two

different modes, illustrated in the insets A and B to Fig. 27.2. The

first, inset A, termed the straight-approach mode, is the one used

in all earlier studies of surface forces: The surface separation D has

progressively decreased by moving them normally with respect to

each other, to construct the force vs. separation profile Fn(D). In the

second mode, termed the shear-approach mode, the surfaces are

again made to approach, but now the sectored piezoelectric tube

on which the upper surface is mounted is used, during this normal

approach, to apply a rapid lateral (shear) motion parallel to the

lower surface (inset B to Fig. 27.2), over a range of frequencies ν

and amplitudes A. The amplitude, A, of this lateral motion (120–600

nm) is much larger than the characteristic size of the charge domains

(from ca. 10 to 200 nm, Fig. 27.1). The lateral velocity vs = 2 vA
ranges to values (5.1 μm/s) that are up to three orders of magnitude

larger than the estimated value of vdomain, the velocity of the charge

domains during their assumed motion to correlation, at the onset

of attraction [15, 23]. Such applied lateral motion vs � vdomain

must thus frustrate any directed translation of the charge domains

on either surface to a correlated configuration with the opposing

charge regions. If indeed therefore it was the charge correlations

postulated earlier that were leading to the long-ranged attraction in

the straight-approach mode, then the attractive normal interactions

measured using the shear-approach mode should be much weaker,
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Figure 27.2 Surface energy of the random charge domain-coated surfaces

(as seen in Fig. 27.1). Surface energies are shown as a function of time in

water and of multiple approaches at given contact point, for several different

contact points and two independent experiments, calculated via the force

to separate the two adhered surfaces using the Johnson—Kendal–Roberts

model [41]. Consecutive approaches at a given contact point are alternately

in the straight- and in the shear-approach modes. (•) First approach at a

contact point. (�) Second entry at a contact point. (�) Third entry at a

contact point. (�) Fourth entry at a contact point.

and, in particular, they would onset at a much shorter range.

Likewise, as the surfaces come into adhesive contact, correlation

between opposing charges—as on the straight approach—would

lead to larger adhesion energies than with the shear-approach in

which such correlation is absent. Several typical surface interaction

profiles using these two modes are shown in Fig. 27.2, for surfactant-

coated surfaces that had been immersed in water for extended

periods. As clearly seen (and suggested also by earlier preliminary

measurements [19]), there is no systematic difference within

the experimental scatter at a given contact point between force

profiles measured in the straight approach mode (as used in all

earlier studies), and those measured in the shear-approach mode
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designed to frustrate any formation of a correlated (positive-faces-

negative) charge distribution: Both show the characteristic long-

ranged attraction reported earlier [14–18]. Likewise, as shown

in Fig. 27.3, there is no systematic difference in the measured

adhesion energy—as determined from the pull-off force—between

the two modes of approach. We conclude, unambiguously, that the

suppression of correlations does not result in the disappearance of

the long-ranged attraction between the surfaces bearing randomly

distributed charge domains. If, therefore, correlation is not the

reason, what then is the origin of this attraction, which at its onset

is a 100-fold larger than can be accounted for by dispersion forces

alone?

We attribute the attraction to the asymmetry in the forces

between equally and between oppositely charged surfaces across

water (or other ion-containing liquids, see Methods). This is a

counter-intuitive observation that has not earlier been remarked

on. The interaction between two uniformly charged surfaces is well

described by the Poisson–Boltzmann (PB) equation, which for a 1:1

electrolyte (in the effectively one-dimensional configuration of our

experiment) is given by [2–4]:

d2ψ(x)

dx2
= 2c0e

εε0

· sinh

[
eψ(x)

kT

]
(27.1)

where ψ(x) is the potential at distance x from the surface, c0 is the

concentration of ions in the bulk solution, ε0 is the permittivity of

free space, ε is the dielectric constant, kB the Boltzmann constant,

T the absolute temperature, and e the electronic charge. This

mean-field model, originally developed for the symmetric case of

surfaces with a uniform, equal surface charge density, has been

extensively validated experimentally and has been extended in

several directions [24–29]. The pressure between two approaching

surfaces can be calculated by integration of the PB equation [30],

yielding the net pressure � after the subtraction of the bulk osmotic

pressure:

� = c0kT
(

e
−eψ
kT + e

eψ
kT − 2

)
− εε0

2
·
(

dψ

dx

)2

(27.2)

The first term corresponds to the net osmotic pressure in the

gap (repulsive except when the potential vanishes) while the second
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Figure 27.3 Surfaces with random charge domains. Normalized force vs.

distance profiles [Fn(D)/R between surfaces with random charge domains,

in the Derjaguin approximation, where R is the surface radius of curvature]

between random charge domain-coated surfaces (arising as in Fig. 27.1B)

on mica, carried out both in the straight-approach mode (blue profiles)

and in the shear-approach mode (red profiles). Surfaces were immersed for

40 h and 43 h in water, and force profiles from two independent contact

points are shown (typical of many others); the upper insets show the

profiles on a magnified scale, wherein the broken curves are the van der

Waals interaction alone (Hamaker constant as below). Consecutive force

profiles alternating between shear-approach (red) and straight-approach

(blue) were carried out at each of the contact points. Amplitudes of

shearing during “shear approach” were ca. 600 nm or more with frequencies

up to 4 Hz resulting in shear velocities of 3.8–5.1 m/s. First approach

in both contact points was carried out using “straight approach” (inset

A), followed by a “shear approach” (inset B). A control profile between

two bare mica surfaces (prior to coating with C18TAB) across water is

shown (�) and fitted to the solution of Eq. 27.2 together with the vdW

interaction (with Hamaker constant A = 2 × 10−20 J) under limits of

constant potential and constant charge boundary conditions (lower and

upper grey curves, respectively). The corresponding parameters are surface

potential ψ0 = −117 mV, Debye length λD = 75 nm, surface charge density

σ = e/70 nm2. The data points, intermediate between the two curves,

suggest boundary conditions somewhere between these limits.
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term corresponds to the Maxwell stress, which is always attractive.

The equilibrium pressure between two similarly charged surfaces

can be obtained by considering Eq. (27.2) at the midplane of the

inter-surface gap wherein the gradient of potential is equal to zero;

thus, the only contribution to the pressure is the osmotic term.

However, for two oppositely charged surfaces, the Maxwell stress

never vanishes at finite separations. This result implies that two

oppositely charged surfaces across water may attract more than two

similarly charged ones will repel, for the same interacting areas,

absolute surface charge densities and separations. Physically, this

arises because of the qualitatively different mechanisms of repulsion

and attraction across water between equally charged and oppositely

charged surfaces, respectively. The former may be viewed as due

to the osmotic pressure of trapped counterions at the midplane,

whereas the latter may be seen as arising from the entropy gain

upon release of counterion pairs from within the gap between the

approaching surfaces [31].

To demonstrate that substantial long-ranged attraction between

heterogeneous surfaces may be expected on the basis of PB even

without any correlation of opposing charges, we use a simple

heuristic model, illustrated in the inset to Fig. 27.4, based on the

following assumptions: randomly distributed charged domains on

each surface; equal magnitude of charge density |σ | on oppositely

charged domains; a similar total area of the negatively and positively

charged domains, for overall neutrality of each surface (a reasonable

assumption for our system, see Fig. 27.1); and, in particular,

domains that are substantially larger than the surface separation,

enabling the neglect of domain edge effects and allowing us to

treat the interactions as between flat uniform charge domains

for which the PB equation applies. Under these assumptions, the

average interactions per unit area become simply 25% (+ vs. +,

like/like, repulsive), 25% (– vs. –, like/like, repulsive), and 50%

(– vs. +, like/unlike, attractive), as indicated schematically in the

cartoon inset Fig 27.4. The dominant electrostatic interactions

are then symmetric repulsive (+ vs. + and – vs. – with resulting

pressures �+/+), or antisymmetric attractive (+ vs. –; �+/−): It may

readily be shown analytically (Methods) that, in the conditions of
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Figure 27.4 Numerical solutions for the interaction between two surfaces

with uniform and with random charge domains. Results are based on the PB

equation (27.1) combined with vdW attraction, under constant charge (blue

curves) and under constant potential (red curves) boundary conditions. The

upper (repulsive) broken curves show the interaction between two equally

charged surfaces (symmetric interaction). The lower (attractive) broken

curves show the interaction between two oppositely charged surfaces

(antisymmetric interaction). The thicker smooth curves represent half the

sum of both interactions (i.e., symmetric interaction/2 + antisymmetric

interaction/2), which corresponds to that expected from our model of

random charge domains described in the text. The green shaded region

corresponds to the range of experimental attractions in Fig. 27.2. The inset

cartoon illustrates the model, wherein outward pointing arrows indicate

like–like repulsion, and inward pointing ones are like–unlike attraction. The

calculations were carried out for surface charge density of |σ+| = |σ−| =
1/70 nm2 (constant charge) or for ψ0 = −117 mV (constant potential),

with Debye length λD = 75 nm and Hamaker constant A = 2 × 10−20 J

for the van der Waals attraction. The thick broken red curve corresponds

to the net interaction, where only 5% of the domains contribute to the

interaction, as suggested from the relative areas of the large domains in Fig.

27.1 (calculated with constant potential BC).
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our experiments, �+/− > �+/+; the detailed behavior requires

numerical solution of the PB model.

This is shown in Fig. 27.4, where the force vs. distance profile

in our model (inset) is plotted from numerical solutions of the

PB equation, under either constant charge or constant potential

boundary conditions (BCs), incorporating also vdW attraction, using

parameters typical for mica in water with no added salt, as for our

experiments (Fig. 27.2). Also plotted (green band) is the spread

of experimental profiles from Fig. 27.2. We see clearly that our

model—in which there is no charge correlation and repulsive and

attractive interactions cover equal areas—does indeed predict a

net long-ranged attraction in the absence of any charge correlation

(red and blue solid curves), though its range and magnitude

are larger than our measured attractions (see below). We note

that at small separations, it is constant potential rather than

constant charge BCs that apply (Methods), implying a monotonic

attraction (red curve)—as observed experimentally—rather than

the nonmonotonic interaction (blue curve).

Our PB-based treatment, although transparent and qualitatively

demonstrating the long-ranged attraction, contains a number of

assumptions: We ignore the effect of domain edges (which assumes

that all domains are much larger than the surface separation); and

we assume that σ+ = | σ |, and that the overall area of negative

and positive charge patches is the same (Fig. 27.1 indicates this is

a reasonable assumption), so that each surface is overall neutral.

However, the most significant factor responsible for the weaker

measured attraction (green band in Fig. 27.4) relative to the

prediction of our model (thick solid red curve in Fig. 27.4) is the

fact that, as clearly seen in Fig. 27.1, many of the charge patches

are quite small, indeed smaller than the surface separation over

much of the range D less than 50 nm. Such patches, equivalent

to quenched disorder of small charge domains, have—as noted

in the Introduction—been shown to result in little interaction at

the PB level [11]. Thus, the effective area of the charge domains

contributing to the attraction (those larger than ca. 150 nm say)

is much smaller than the full coverage assumed in Fig. 27.4 (solid

red and blue curves), which explains qualitatively the much smaller

measured attraction than the calculated one. When this is taken into
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account from the relative area of large domains, Fig. 27.1, we find

a far closer fit to the data (thick broken red curve in Fig. 27.4).

The essential point evident from Fig. 27.4, however, is that there is

no need for correlation of opposing charges to explain the strong

attraction between randomly charged surfaces that we (and many

others [14–18] earlier) have observed: it can be readily accounted

for using the well-tested PB model.

It is instructive to calculate the behavior predicted by our

model also under conditions of different salt concentrations c0

(corresponding to different Debye screening lengths λD) and

different surface charge densities. The resulting profiles are shown

in Fig. 27.5, for BCs) both of constant charge and of constant surface

potential ψ0. The most notable feature is that the range of the net

attraction is closely comparable to the Debye screening lengths,

that is, at higher salt concentration, the attractions are weaker

and shorter ranged. The nonmonotonic form of the interaction

for constant charge BC arises from the fact that repulsion due to

counterion trapping between like-charged surfaces rises sharply

at small separations D, whereas the attraction due to counterion

release between oppositely charged surfaces saturates at small D.

Our findings may also account for the long-ranged attractions

observed in very many studies between surfaces hydrophobised

by physically attached surfactant layers, which were previously

attributed to “hydrophobic interactions” (these experiments are

reviewed in ref. [22]). It has long been pointed out [32] that such

long-ranged attractions are strongly correlated with high mobility of

the surfactant molecules: this in turn implies that the corresponding

surfactant layers are able to rearrange in a facile manner. This

correlation of long-ranged attraction with ease of surfactant-layer

rearrangement makes it very conceivable that, under water, such

layers undergo a thermodynamically driven rearrangement to form

random positive and negative charge patches similar to those

observed in our study (Fig. 27.1), and in earlier work. Taken together

with our present findings that such random charge domains lead to

long-ranged attraction even in the absence of any charge correlation

(in contrast to earlier suggestions [10, 14–18], which all involved

correlations), such a break-up would readily account for these long-

ranged attractions earlier attributed to “hydrophobic effects.” This
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is further supported by the observation—as seen in Fig. 27.4—that

a rather small coverage of the surface by larger charge domains

may be sufficient to result in the observed attractions. Moreover, the

puzzling long-range attractions earlier observed between surfaces

bearing nucleic acid residues [33, 34], attached to a physisorbed

surfactant coating the substrate, may also be accounted for by a

small extent of charge domain formation arising from the rearrange-

ment of the underlying surfactant layer. In other words, our results

suggest that it is not the “hydrophobic effect” that is responsible for

the long-ranged [ca. 20 nm − O(100 nm)] attraction noted between

surfactant-coated surfaces, but, rather, a random, uncorrelated

charge-patch formation arising from thermodynamically driven

surfactant rearrangements as discussed above. Moreover, the earlier

suggestions [35–37] that such “hydrophobic” interactions have an

electrostatic origin, due to their dependence on salt concentration,

are indeed borne out—see Fig. 27.5—and may now be understood

in terms of the explicit mechanism that we described, which arises

from the symmetry breaking between like–like and like–unlike

charge domain interactions across water.

In summary, we have found that long-ranged attractions between

surfaces bearing random charge domains across water persist un-

changed under conditions designed to frustrate correlated motion

of charges as the surfaces approach. This shows directly that these

attractions are not the result of correlations between oppositely

charged domains, that is, positive facing negative, developing on

approach, as first proposed many years ago [10, 14–18]. It is

shown rather that such attractions may arise as the consequence

of classically understood electrostatic double-layer interactions (via

the PB equation) between large, random, uncorrelated charge

domains on the opposing surfaces, once the counterintuitive like–

like vs. like–unlike interaction asymmetry is recognized. Our results

immediately explain the recently observed, long-ranged attractions

between surfaces made hydrophobic by surfactant monolayers that

subsequently rearrange into positive and negative charged domains

[14–18, 20, 21], with no need to invoke charge correlations. We

believe that they may account also for the many earlier long-

ranged interactions measured between surfactant-coated surfaces

and attributed to the “hydrophobic interaction” [22]. More generally,
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Figure 27.5 Numeric solutions for the interaction between two charged

surfaces (Eq. 27.2) based on the PB equation, combined with vdW
attraction (with Hammaker constant A = 2 × 10−20 J), under constant

charge (blue) and constant potential (red) boundary condition at different

salt concentrations c0 (and corresponding Debye lengths λD) and surface

potentials |ψ0|. In each panel, the upper broken lines are the repulsions

between two equally charged surfaces (symmetric interaction). The

lower broken lines are the attraction between two oppositely charged

surfaces (antisymmetric interaction). The smooth lines represent half the

sum of both interactions (i.e., symmetric interaction/2 + antisymmetric

interaction/2), corresponding to our model of random charge domains.
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our findings shed new light on the stability of hydrocolloids and on

interactions between heterogeneously charged surfaces, which are

ubiquitous in biological systems.

27.3 Materials and Methods

27.3.1 Surfactant Coating

Monolayers of the polar surfactant octadecyltrimethylammonium

bromide (CH3(CH2)17N+(CH3)3Br−, Sigma–Aldrich purity 98%+,

used as received) were deposited on mica surfaces by self-assembly

from aqueous solution at concentration 6–8 fold higher than the

critical micelle concentration, at 70 ± 5◦C, well above the Krafft

temperature for this system. The freshly cleaved molecularly smooth

mica sheets were dipped for 30 s in the solution and then rinsed

in heated pure water. All water was purifed (Barnsted NanoPure,

resistivity 18.2 MM�/cm, nominal total organic content <1 ppb).

Layers were characterized by atomic force microscopy (AFM,

Asylum MFP 3-D), contact angle goniometry (FTA200 goniometer),

and SFB measurements as described below. Following break-up of

the monolayer on immersion in water, the overall area of the bilayers

and their stability with time suggests little loss of the surfactant to

solution.

27.3.2 Surface Force Balance Measurements

The SFB enables the measurement of forces between two molecu-

larly smooth mica surfaces (coated if appropriate, as in the present

study) to be measured directly with angstrom-level resolution in the

surface separation, and has been described in detail previously [38].

In particular, it enables both normal motion between the surfaces

and controlled lateral motion between them, as the upper surface

is moved parallel to the lower one via a sectored piezocrystal, as

for the shear-approach mode described above. Force [F (D)] versus

surface-separation (D) profiles were generated both manually, via

a step-wise approach, and dynamically, where surfaces are made

to approach at velocity vn. The variation with time t of surface
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separation D(t) is determined via fast video recording, frame

grabbing, and analysis of the optical interference fringes of equal

chromatic order. The corresponding force F (D) is then evaluated

using the instantaneous balance of forces through the Newtonian

relation [39]:

F (D) = mD̈ − K
n
δD(t) + 6πηR2 Ḋ

D(t)
(27.3)

where m is the total mass of the lower surfaces attached to the

spring, Kn is the spring constant: 200N/m , η is the dynamic viscosity

of water, and R is the mean radius of curvature of the surfaces. The

time derivative of the data, Ḋ, at large separation is constant and

equal to the approach velocity, vn, of the surface due to the applied

approach motion (ranging from 4 nm/s to 20 nm/s in different

runs). Any deviation from this slope is due to the deflection δD(t)of

the spring connected to the lower lens, δD(t) = Dt=0−D(t)+v
n
t. The

last term in the equation for F (D) is the hydrodynamic force given

by the Taylor equation under the assumption of no slip BC.

27.3.3 Electrostatic Double-Layer Interactions

Analytical solutions of Eq. (27.2) for equally and for oppositely

charged surfaces may be obtained for certain regimes determined by

the relation between the length scales in the PB model [30, 40], the

so-called Gouy–Chapman length b and the Debye screening length

λD. These are given by b = 1
2πlBσ

and λD =
√

εε0kBT
2c0e2 , where lb is

the Bjerrum length, defined as the separation between elementary

charges at which the electrostatic interaction equal to the thermal

energy: lb = e2

4πεε0kT [= 7 Å for water at 300 K), which yields b =
160Å (evaluated at σ = (e/70 nm2), a typical value for mica]. λD

in purified water with no added salt can range from about 50 nm

up to about 1 μm (depending on the amount of dissolved carbon

dioxide and ions leaching from the glassware in the water). The

Gouy–Chapman regime [30, 40], which is when λD � D and b � D,

is most relevant for our experiments in water with no added salt in

which the long-ranged attractions are observed experimentally. The

expressions for the pressure between the surfaces in this regime are

[30] �+/+ ∼= π
2lB D2 and [40] �+/− ∼= − 2

πlB D2 ln2( D
8λD

), giving the ratio
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Ra between the repulsive and attractive interactions in this regime

as
∣∣∣� + / -

�+/+

∣∣∣ = Ra ∼= 4
π2 ln2

(
D

8λD

)
.

Ra > 1 throughout the Gouy–Chapman range, increasing signifi-

cantly for D < λD/2. This implies that in this regime—corresponding

to our experiments in no added salt water—the attraction will

dominate the repulsion (the terms defining Ra were derived under

constant charge BCs), but as seen in the numerical simulations, the

ratio of attractive to repulsive pressure is even higher when constant

potential BC are used.

Acknowledgments

We thank Dan Ben-Yaakov, Yael Dror, Susan Perkin and NirKampf,

our co-authors on Ref [1], for their help. We thank Sam Safranand

Rudolf Podgornick for useful discussions. Support from the Israel

Science Foundation, from the European Research Council and from

the Minerva Foundation is acknowledged with thanks.

References

1. Silbert, G., et al., Long-ranged attraction between heterogeneous

surfaces, Physical Review Letters, 2012, 109(16), p. 168305.

2. Lyklema, J., Fundamentals of Interface and Colloid Science, 1991,

Amsterdam: Elsevier.

3. Derjaguin, B. V., N. V. Churaev, and V. M. Muller, Surface Forces, 1987, New

York: Plenum Publishing Corporation.

4. Israelachvili, J. N., Intermolecular and surface forces, 2nd ed, 1992,

London: Academic Press Limited.

5. Parsegian, V. A. and D. Gingell, Electrostatic interaction across a salt

solution between 2 bodies bearing unequal charges, Biophysical Journal,
1972, 12(9), p. 1192.

6. Pashley, R. M., DLVO and hydration forces between mica surfaces in Li+,

Na+, K+, and Cs+ electrolyte solutions: A correlation of double-layer

and hydration forces with surface cation exchange properties, Journal
of Colloid and Interface Science, 1981, 83(2), pp. 531–546.



December 12, 2013 13:0 PSP Book - 9in x 6in 27-ch27

410 Interaction between Disordered Heterogeneous Charged Surfaces

7. Raviv, U., P. Laurat, and J. Klein, Time dependence of forces between mica

surfaces in water and its relation to the release of surface ions, Journal
of Chemical Physics, 2002, 116(12), pp. 5167–5172.

8. Brewster, R., P. A. Pincus, and S. A. Safran, Self assembly modulated by

interactions of two heterogeneously charged surfaces. Physical Review
Letters, 2008, 101(12), p. 128101.

9. Evans, D. F. and H. Wennerström, The colloidal domain, 2nd ed., 1999,

New York: Wiley.

10. Miklavic, S. J., et al., Double-layer forces between heterogeneous charged

surfaces, Journal of Physical Chemistry, 1994, 98(36), pp. 9022–9032.

11. Naji, A. and R. Podgornik, Quenched charge disorder and Coulomb

interactions, Physical Review E, 2005. 72(4), p. 041402.

12. Tsao, Y. H., D. F. Evans, and H. Wennerstrom, Long-range attractive force

between hydrophobic surfaces observed by atomic force microscopy.

Science, 1993, 262(5133), pp. 547–550.

13. Mamasakhlisov, Y. S., A. Naji, and R. Podgornik, Partially annealed

disorder and collapse of like-charged macroions. Journal of Statistical
Physics, 2008, 133(4), pp. 659–681.

14. Meyer, E. E., et al., Origin of the long-range attraction between

surfactant-coated surfaces. Proceedings of the National Academy of

Sciences of the United States of America, 2005, 102(19), pp. 6839–6842.

15. Meyer, E. E., K. J. Rosenberg, and J. Israelachvili, Recent progress in

understanding hydrophobic interactions. Proceedings of the National

Academy of Sciences of the United States of America, 2006, 103(43),

pp. 15739–15746.

16. Perkin, S., N. Kampf, and J. Klein, Stability of self-assembled hydrophobic

surfactant layers in water. Journal of Physical Chemistry B, 2005, 109(9),

pp. 3832–3837.

17. Perkin, S., N. Kampf, and J. Klein, Long-range attraction between charge-

mosaic surfaces across water. Physical Review Letters, 2006, 96(3), p.

038301.

18. Zhang, J., et al., Effects of degassing and ionic strength on AFM force

measurements in octadecyltrimethylammonium chloride solutions,

Langmuir, 2005, 21(13), pp. 5831–5841.

19. Silbert, G., J. Klein, and S. Perkin, The effect of counterions on surfactant-

hydrophobized surfaces. Faraday Discussions, 2010, 146, pp. 309–324.

20. Ball, P., Water as an active constituent in cell biology, Chemical Reviews,

2008, 108(1), pp. 74–108.



December 12, 2013 13:0 PSP Book - 9in x 6in 27-ch27

References 411

21. Hammer, M. U., et al., The search for the hydrophobic force law. Faraday
Discussions, 2010, 146, pp. 299–308.

22. Christenson, H. K. and P. M. Claesson, Direct measurements of the

force between hydrophobic surfaces in water, Advances in Colloid and
Interface Science, 2001, 91(3), pp. 391–436.

23. Perkin, S., et al., Forces between mica surfaces, prepared in different

ways, across aqueous and nonaqueous liquids confined to molecularly

thin films, Langmuir, 2006, 22(14), pp. 6142–6152.

24. Ben-Yaakov, D., et al., Beyond standard Poisson-Boltzmann theory: ion-

specific interactions in aqueous solutions. Journal of Physics: Condensed
Matter, 2009, 21(42), p. 424106.

25. Gregory, J., Interaction of unequal double layers at constant charge.

Journal of Colloid and Interface Science, 1975, 51(1), pp. 44–51.

26. Ninham, B. W. and V. Yaminsky, Ion binding and ion specificity: the

Hofmeister effect and Onsager and Lifshitz theories, Langmuir, 1997,

13(7), pp. 2097–2108.

27. Onsager, L. and N. T. N. Samaras, The surface tension of Debye-Hückel

electrolytes. J. Chem. Phys., 1934, 2(8), pp. 528–536.

28. Kjellander, R. and S. Marcelja, Inhomogeneous Coulomb fluids with

image interactions between planar surfaces. I. J. Chem. Phys., 1985,

82(4), pp. 2122–2135.

29. Ruckenstein, E. and D. Schiby, Effect of the excluded volume of the

hydrated ions on double-layer forces, Langmuir, 1985, 1(5), pp. 612–

615.

30. Andelman, D., Introduction to electrostatics in soft and biological matter,

in Handbook of Physics of Biological Systems, R. S. E. Lipowsky, Editor,

1995, Amsterdam: Elsevier Science.

31. Safran, S. A., Scaling relations for counterion release and attraction of

oppositely charged surfaces, Europhysics Letters, 2005, 69(5), pp. 826–

831.

32. Christenson, H. K. and V. V. Yaminsky, Is the long-range hydrophobic

attraction related to the mobility of hydrophobic surface groups?

Colloids and Surfaces a-Physicochemical and Engineering Aspects, 1997,

130, pp. 67–74.

33. Berndt, P., K. Kurihara, and T. Kunitake, Measurement of forces between

surfaces composed of two-dimensionally organized, complementary

and noncomplementary nucleobases, Langmuir, 1995, 11(8), pp. 3083–

3091.



December 12, 2013 13:0 PSP Book - 9in x 6in 27-ch27

412 Interaction between Disordered Heterogeneous Charged Surfaces

34. Pincet, F., et al., Long-range attraction between nucleosides with short-

range specificity: Direct measurements, Physical Review Letters, 1994,

73(20), pp. 2780–2783.

35. Christenson, H. K., et al., Forces between fluorocarbon surfactant
monolayers: salt effects on the hydrophobic interaction. The Journal of

Physical Chemistry, 1989, 93(4), pp. 1472–1478.

36. Christenson, H. K., P. M. Claesson, and J. L. Parker, Hydrophobic

attraction: A reexamination of electrolyte effects. The Journal of Physical
Chemistry, 1992, 96(16), pp. 6725–6728.

37. Kekicheff, P. and O. Spalla, Long-range electrostatic attraction between

similar, charge-neutral walls. Physical Review Letters, 1995, 75(9), pp.

1851–1854.

38. Klein, J. and E. Kumacheva, Simple liquids confined to molecularly thin

layers. I. Confinement-induced liquid-to-solid phase transitions. Journal
of Chemical Physics, 1998, 108(16), pp. 6996–7009.

39. Kampf, N., et al., Direct measurement of sub-Debye-length attraction

between oppositely charged surfaces, Physical Review Letters, 2009,

103(11), p. 118304.

40. Ben-Yaakov, D., et al., Electrostatic interactions of asymmetrically

charged membranes. Europhysics Letters, 2007, 79(4), p. 48002.


	01-ch01
	02-ch02
	03-ch03
	04-ch04
	05-ch05
	06-ch06
	07-ch07
	08-ch08
	09-ch09
	10-ch10
	11-ch11
	12-ch12
	13-ch13
	14-ch14
	15-ch15
	16-ch16
	17-ch17
	18-ch18
	19-ch19
	20-ch20
	21-ch21
	22-ch22
	23-ch23
	24-ch24
	25-ch25
	26-ch26
	27-ch27

