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Abstract. This work reports a detailed numerical study of the behavior of ellipsoid-shaped particles ad-
sorbed at fluid interfaces. Former experiments have shown that micrometer-sized prolate ellipsoids aggre-
gate under the action of strong and long-ranged capillary interactions. The latter are due to nonplanar
contact lines and to the resulting deformations of the interface in the vicinity of the trapped objects.
We first consider the case of a single ellipsoid and examine in detail the influence of contact angle and
ellipsoid aspect ratio on interfacial distortions. We then focus on two contacting ellipsoids and study the
optimum packing configuration depending on their size and/or aspect ratio mismatch. We thoroughly
explore the variety of contact configurations between both ellipsoids and provide corresponding energy
maps. Whereas the side-by-side configuration is the most stable state for identical ellipsoids, we find that
the mismatched pair adopts an “arrow” configuration in which a finite angle exists between the particles
long axes. Such arrows are actually seen in experiments with micron-sized ellipsoids and similarly with
millimeter-sized mosquito eggs. These results complement our previous work (J.C. Loudet, B. Pouligny,
EPL 85, 28003 (2009)) and highlight the importance of geometrical factors to explain the morphology of

aggregated structures at fluid interfaces.

1 Introduction

Most mosquito females lay their eggs at the water surface
(fig. 1). As we all know, water is indeed crucial for the
development of mosquito eggs. After one or two days, the
eggs hatch and the resulting aquatic larvae feed from vari-
ous nutrients present in water (bacteriae, microorganisms,
fragments of plants, etc.). The larvae then undergo two
more mutations until the newly formed adult mosquitos
extract from their shells and start flying around.

Figure 1 shows mosquito eggs (here from Anopheles)
floating at the air-water interface [1]. The eggs have an
elongated shape and are about a millimeter in length.
They self-assemble and form rafts made of tens of par-
ticles. The packing geometry of eggs is not random and
there exists a well-defined orientational order within the
aggregates. Indeed, the eggs preferentially contact either
side-by-side or tip-to-tip but never tip-to-side. The sym-
metry of these structures is strikingly similar to that ob-
served in model experiments involving micrometer-sized
elongated polymer particles spread at the air-water sur-
face (insert of fig. 1). As reported in previous works, the
latter particles behave as capillary quadrupoles and the
preference for tip-to-tip and side-by-side configurations
can be understood as being due to quadrupolar interac-
tions. The small polymer particles and the mosquito eggs
clearly behave in the same way, though both systems dif-
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Fig. 1. Mosquito eggs (size ~ 1 mm) floating at the air-water
interface [1]. The eggs form aggregates that are strikingly sim-
ilar to those observed in experiments with micrometer-sized
polystyrene ellipsoids (see insert, scale bar: 26.5 um).

fer by two orders of magnitude in size. Furthermore, the
chemical nature of the polymer particles has nothing to do
with that of Anopheles eggs. However, we notice that the
two kinds of particle have roughly the same shape [2], and
it seems legitimate to ask whether these floating structures
may be explained through geometrical considerations only.
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The behavior of solid floating bodies at fluid interfaces
has been the subject of numerous investigations, especially
over the past 20 years. The interest in the field was per-
haps fueled by the early pioneering experiments of Pier-
anski [3] who showed that spherical colloids of size ~ 1 um
could be trapped very efficiently at the air-water surface,
forming an ideal two-dimensional (2D) colloidal crystal.
Since then, such ideal 2D systems triggered a surge of
studies mainly because they turned out to be excellent
test beds, not only for various fundamental issues (for
example, 2D phase transitions [4], 2D aggregation kinet-
ics [5]), but also for the design of materials with specific
properties, such as Pickering emulsions [6-8] or globular
supercolloids known as “colloidosomes” [9,10].

The self-assembly and ordering of colloids at fluid in-
terfaces depend on the forces at work on particles. Beside
the ubiquitous van der Waals and double-layer electro-
static interactions [11], which are also present in the bulk,
the presence of a deformable interface leads to interface-
mediated interactions which have no counterpart in the
bulk. The so-called “capillary interactions” originate from
the overlap of interfacial deformations created around
the particles. Fluid interfaces may be distorted in sev-
eral ways: Particle buoyant weight [12-16], electric field
effects due to unscreened charges in a nonpolar fluid (oil
or air) [17-27], particle confinement in a liquid film [28-
31], undulated contact lines due to inhomogeneous sur-
face properties, roughness [32-35], or nonspherical particle
shapes [36-45]. For a recent topical review, see [46].

Nonspherical bodies with rough surfaces are widely en-
countered in nature unlike ideal, perfectly spherical and
smooth objects. Although a great deal of model experi-
mental studies focus on spherical colloids, there now ex-
ists an expanding library of methods allowing for the
controlled preparation of exotic, anisotropic particles. A
wide size range (from nano- to millimeters) with a whole
zoo of shapes are indeed accessible through mechani-
cal stretching techniques [47], microfluidics, chemical and
lithographic methods, as reviewed in [48,49]. All these
routes open the way towards new challenging investiga-
tions in both two and three dimensions.

When trapped at fluid interfaces, anisotropic objects
deform the interface much more than spheres. Indeed, in
order to comply with Young’s rule, which states that the
contact angle at the three-phase boundary must remain
constant, contact lines become nonplanar and deform to
compensate for curvature variations along the particle
contour. This does not occur for spheres since the cur-
vature is constant along any given contour. The ensuing
interfacial distortions drive strong, long-ranged capillary
interactions to minimize the surface energy cost. In the
case of attractive interactions, peculiar aggregation pat-
terns result with strong orientational ordering, like the
ones shown in the insert of fig. 1. At millimeter scales, such
patterns were observed with specifically engineered hexag-
onal plates [50]. For micrometer-sized colloids, anisotropic
aggregates were first seen for curved discs [37] and more
recently for rods [42,43] and prolate ellipsoidal polymer
particles [39,45]. In the latter case, contact lines take
on a saddle-like shape, giving rise to interfacial deforma-
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tions of quadrupolar symmetry [39-41]. Such elongated
objects behave as capillary quadrupoles and interact as
such. The pair interaction potential, U(r), indeed follows
the expected 2D power law dependence at long range, i.e.
U(r) ~ r=%, with energies up to 107kgT close to con-
tact [39,41]. Once in contact, ellipsoidal particles may ro-
tate to adopt the most stable configuration. Pairs of un-
equal ellipsoids preferentially self-assemble into “capillary
arrows” with dipolar symmetry, as observed recently [44].
In an attempt to explain this phenomenon, the present
work provides a thorough numerical analysis that comple-
ments our previous partial analysis [44] about the near-
field characteristics of two contacting ellipsoids. As we will
see, the optimum packing geometries are very sensitive to
a slight size and/or aspect ratio mismatch, which are in-
evitably present in actual experiments as well as in more
“natural” situations, like the one in fig. 1. More gener-
ally, the results highlight the importance of particle shape
in two-dimensional self-assembled structures, a property
that might be exploited to engineer complex structural
building blocks for functional materials [51].

The manuscript is organized as follows: Section 2 is
devoted to the numerical method used to compute inter-
facial deformations around a single or several ellipsoidal
particles, and the resulting surface energies. In sect. 3, we
consider the case of a single ellipsoid and examine in detail
the influence of contact angle and aspect ratio on contact
line distortions. Section 4 gathers the central results of this
study as it deals with the behavior of two contacting ellip-
soids. We thoroughly explore the phase space of contact
configurations through variations of particles relative ori-
entation. We briefly mention the case of three contacting
particles in sect. 5 before concluding in sect. 6.

2 Numerical analysis

The task consists in solving the partial-wetting problem of
a fluid interface (water-air) on a prolate ellipsoidal particle
of cylindrical symmetry and aspect ratio k. We will first
consider the case of one ellipsoid before generalizing to a
collection of 7 particles. All the programming was done in
FORTRAN.

Our analysis deals only with “small” ellipsoids, such as
those fabricated from polystyrene spheres [39,45], whose
diameter (2R) is in the micrometer range. R is therefore
much smaller than the capillary length A, ~ mm, with

Ae = \/7/Apg. v is the (spatially homogeneous) surface
tension of the water-air interface and Ap is the density
difference between air and water. As a consequence, we
will neglect gravitational effects. In addition, we will con-
sider only chargeless particles and further ignore electro-
static phenomena in general. As we will see, our conclu-
sions are relevant up to the millimeter scale, as illustrated
by mosquito eggs.

2.1 Capillary deformation around an isolated ellipsoid

We identify the flat interface with the zy-plane (reference
configuration). Any point of the deformed interface S can
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Fig. 2. Schematic representation of a floating ellipsoid at the
interface and projection of the contact line onto the xy-plane.
All symbols are defined in the text.

be described by r = r| + e u(r) with r| = ve, + ye,.
With the above considerations, the free-energy functional
depending on the deformation field u(r), calculated with
respect to the flat interface, is simply given by

f:y/ﬁd%” [/1+ (Vw2 -1]. (1)

where 2 = R?\ A and A4 is the projection of the region oc-
cupied by the particle onto the xy-plane. dA = dzdy and
V| = (0/0x)e, + (0/0y)e,. Considering small interfacial
deformations, i.e. |V)u| < 1, the free-energy functional
may be expanded up to O(V|ju)?, which gives

F= %/g ey (Vju)?. (2)

The equilibrium profile is obtained from the condition
6F = 0 upon variations du. The total variation §.F can be
written in the form

5F = 77/ d2rH Vﬁuéu - 7?{ dlj (n-Vyu) du, (3)
0 0A

where n is an outward unit vector in the xy-plane normal
to the infinitesimal element dlj of the boundary dA of A
(see fig. 2). dln = dye, — dre, and dl| = dze, + dye,.
Far away from the particle, i.e. at infinity, the interface
is flat and therefore the corresponding boundary integral
(not written in eq. (3)) is zero since Vjul, 0o = V|jtloe =
0 = ulp—oo = Ueo = const. Vanishing of the first term
in the rhs of eq. (3) yields the two-dimensional Laplace
equation

Vitu =0, (4)

i.e. the equilibrium profile is a minimal surface, as could be
expected since only interfacial energy is present. The sec-
ond term in the rhs of eq. (3) represents the vertical com-
ponent of the total capillary force acting on the boundary
0S of §. Mechanical isolation of the system implies the
vanishing of this force as discussed in refs. [20-22,52], so
that we must have

f dly (n-Vju) = 0. (5)
0A
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As shown by Finn [53], an equivalent form of the lat-
ter boundary condition is the well-known Young’s law,
n;-np = cosd., which sets the condition of a constant con-
tact angle, 6., along the contact line to ensure mechanical
equilibrium. Here fi; and fip are unit vectors, normal to
the fluid interface and the particle, respectively. As can be
seen on fig. 2, 6, is related to the slope of the interface at
contact and we have the following (Neumann) boundary
condition for wu:

n- Vju(r) = tana(r)), (6)

Noa
where the angle a(r)) should be small everywhere for con-
sistency reasons with the assumption of small interfacial
deformations. In the case of an ellipsoidal particle, the
contact line is nonplanar (see sect. 3) and the relation-
ship linking the angles o and 6. is not as simple as the
one we may write if the contact line remains planar (see
appendix A for details).

We numerically solved eq. (4) together with the afore-
mentioned boundary conditions using an iterative search
of the contact line through Boundary Element Methods
(BEM) [54]. Equation (4) implies the following integral
relationship for rg € §2:

0G(r, 1)

B Ou(r)
u(wo) = § d [ S Gl r) — u() 25 (7)
where G(r,rg) = —In|r —rg|/27 is Vﬁ’s free space Green

function and 9/0n = (n- V)|ga. Equation (7) determines
u(rg) everywhere provided we know the boundary values
(u, /).

Starting with an initial (discretized) contact line C'Lq,
a first boundary distribution u|p4 can be computed. On
the outer border C, located “at infinity”, the interface
is flat and so we impose V|us = 0. The BEM method
then allows us to determine the complementary set of un-
knowns, i.e. Qu/On on OA and us on Cs, by evaluating
eq. (7) for ro on A [54]. This procedure generates a linear
set of equations whose number is equal to the number of
unknowns. This is the main task of the BEM method. The
resulting linear algebraic system can then be solved using
standard numerical tools.

Next, the unit vectors n; and fp together with the
contact angle, can be computed at every point of C'L; (see
appendix A). In general, 6.(C'Ly) does not satisfy Young’s
law, i.e. the 6. = const condition. In the next step, C'Lq
is modified, i.e. the positions of contact line points where
0.(CLy) # 0. are changed by an amount +dx, +dy, £dz.
A new contact line, C'Ls, is therefore generated and this
process is iteratively repeated until the desired value of 6.
is reached within 0.06°. The iterative scheme is summa-
rized in appendix B. For given values of k and 6., we thus
arrive at a solution contact line, CL(k, 0..), with the appro-
priate boundary conditions (u, Ou/0n)|sa,.o. The related
deformation field, u(ry), is then computed everywhere in
the solution domain using eq. (7) for rg € (2.

In our calculation, the value of uo, defines the height
of the fluid interface with respect to the particle center
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of mass which is fixed. This is of course equivalent to fix-
ing the interface height and letting the particle adjust its
vertical position.

Using eq. (4) and Green’s theorem, eq. (2) can be re-
written as

5
2

),
= —— dlyu
2 s I

The energy above refers to the excess free energy due
to distortions of the air-water interface. In principle, this
energy must be complemented by an additional contribu-
tion, Fs, coming from solid-fluid 1 and solid-fluid 2 inter-
faces. Fs usually reads

ou

on|’ (8)

Fs = 7151 + 7259, 9)

where 7, (respectively, v2) is the solid-fluid 1 (respectively,
solid-fluid 2) surface tension and Sy, Ss the corresponding
areas with Sy + So = S, where S; is the total solid (ellip-
soid) surface. Using Young’s law, i.e. ycosf, = y1 — 72,
eq. (9) changes to
Fs = ycos0.51 + 725;. (10)

The values of S and S; depend on the position of the
contact line which itself is fixed by the value of 6.. For an
isolated particle, Fs is just a mere constant which shifts
the total energy value and it can be discarded from the
discussion. However, care must be taken when addressing
the case of several particles (see below). As noticed in [44],
if the contact lines are rigidly pinned, this term will still
be a constant but, in our calculations, the contact lines
are free to move and the first term in the rhs of eq. (10)
will change. We then have to take it into acount when
computing the total capillary interaction energy between
two or more particles (see appendices C and D).

The details for calculating S7 are summarized in ap-
pendix C.

For an isolated particle, we define Uy, = F + F5 as
the total capillary energy of the configuration.

2.2 Generalization to several ellipsoids

The numerical procedure described above may be easily
extended to address the case of a collection of i ellipsoids.
A generalization of egs. (3), (7) and (10) is presented in
appendix D in this case.

The presented iterative search for equilibrium contact
lines is particularly useful to explore the near-field charac-
teristics of various configurations. Within the small slope
approximation [55], and the greatly simplifying assump-
tion that the long axes of ellipsoids are kept within the
same horizontal plane, the total computed deformation
field is exact. As outlined previously [44], the latter hy-
pothesis implies that the ellipsoids are not allowed to tilt
out of the horizontal plane and equilibrate at different
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heights. Meanwhile, our calculations turn out to be, a pos-
teriori, in good agreement when compared to the experi-
mental results (see [44] and below).

In the following, we define U(d) = Ucap(d) — Ucap
(d — o0) as the total capillary interaction energy of the
configuration when two (or more) particles are separated
by a gap d.

3 Case of a single ellipsoid

As shown previously [40,41], the shape of the contact line
on the surface of an axially symmetric ellipsoid and the
resulting interface deformation can be explained using a
simple geometric argument based on Young’s law at the
three-phase contact (tpc) line. The . = constant condi-
tion, which ensures mechanical equilibrium of the contact
line, cannot be met for a prolate ellipsoid if the inter-
face remains flat. Indeed the intersection of the ellipsoid
by a plane gives an ellipse and the contact angle cannot
be constant along the ellipse. In order to comply with
Young’s rule, the interface therefore deforms and the as-
sociated contact line takes on a saddle-like shape. Hence
the contact line is non planar and becomes a 3D curve, in
contrast to what is observed and expected for spheres. In
this last case, the contact line is circular, i.e. planar, for
the 6. = const condition is automatically satisfied along
the contour without deformation. In the limit of negligi-
ble gravity, the equilibrium state is that of a flat interface.
Gravity is a source of deformation, but it may be safely
neglected for particles whose size is definitely less than
a capillary length (about 2.7 mm for the water-air inter-
face). This condition is largely met for micrometer-sized
polystyrene ellipsoids, and even for mosquito eggs (we will
come back to this point later). As aforesaid, we will ignore
electrical effects as well.

Figure 3(a) is a 3D color-coded image of the experi-
mental interfacial profile, u(z, y), around a single ellipsoid
attached to the water-air interface. Such a profile was ex-
tracted from phase shifting interferometry (PSI) data us-
ing a previously described setup [40]. The quadrupolar
symmetry is clearly evidenced as the interface is pinned
downwards at the tips (blue zones) while it is pinned up-
wards along the particle long axis (yellow zones). The
black dashed elliptical curve represents the actual par-
ticle contour. The ellipsoid body partly protrudes in the
air [56]; the tips are submerged. The maximum meniscus
height difference, Aupax, along the contact line is equal to
900 nm here, about 28% of the ellipsoid diameter (3.3 pim).

Figure 3(b) shows the computed profile corresponding
to fig. 3(a) following the numerical procedure outlined in
sect. 2. The two pictures look very similar and agree well
qualitatively, indicating that the model captures the es-
sential trends observed with polystyrene ellipsoids. Perfect
quantitative agreement however is not met in this exam-
ple and we similarly observed slight departures with other
particles.

In theory, the shape of the contact line depends on
both 6. and the ellipsoid aspect ratio, k. Figure 4 displays
computed contact lines, u.(x,y), for three different aspect
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Fig. 3. (Colour online) 3D color-coded plot of u(z,y) around
an isolated ellipsoid floating at the water-air interface. (a) Ex-
perimental profile, k = 9.2. (b) Corresponding computed pro-
file, k = 9, 6. = 40°. In both cases, the dashed contours repre-
sent the actual particle boundaries.
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Fig. 4. Computed contact lines u.(z,y) for three different as-
pect ratios k (. = 40°, R = 5 um). The ellipsoid long axis is
parallel to the y-axis.

ratios and a given 6,.. The ellipsoid long axis is parallel to
the y-axis and we recall that the ellipsoid is stretched at
constant volume with respect to that of the initial sphere
from which it is derived. We see that contact lines adopt
the now familiar saddle-like shapes and the greater the
aspect ratio, the greater the out-of-plane distortion of the
contact line.
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Fig. 5. (Colour online) 3D color plot of Aumax/R as a function
of k and 0. Aumax is the maximum meniscus height difference
along the contact line.

A more complete investigation is presented in the 3D
plot of fig. 5. This graph summarizes the variations of
Aupmax, normalized by the sphere radius R, as a function
of both 6. € [0°,90°] and k € [1,10]. For a given 6., ex-
cept at 0° and 90° which correspond to singular situa-
tions, Aumax grows nonlinearly with k and levels out at
high k values. Actually, for k£ > 10, Aupax starts decreas-
ing (not shown here) which makes sense since the particle
is stretched at constant volume: Auy.x cannot grow in-
definitely. For a given k, Aupya, goes over a maximum as
a function of 0., as already reported by Lehle et al. [41].
This nonmonotonous variation is expected since the con-
tact line is not distorted, i.e. it is planar, for . = 0° and
90°. As k increases, the maximum of Awup,,y is slightly
shifted towards smaller values, ranging from ~ 55° for
k = 2 to ~ 40° for £ = 10. Similar features were no-
ticed by Lehle et al. [41] but a complete picture was not
reported in their theoretical analysis.

The values of Auyayx/R reported on fig. 5 are indepen-
dent of R since the stretching of spheres into ellipsoids is
just a mere geometrical operation. Therefore, Aty is a
linear function of R and this property suggests a scaling
law for the energy F (see eq. (8)) arising from deforma-
tions of the air-water interface around a body of size R.
As a first approximation, F should vary as

F ~ yAupax R. (11)

This scaling law is well verified in terms of order of magni-
tude when compared to the exact energy computed in our
calculations. In sect. 4 (and appendix E), we will make
use of the size-scaling property of eq. (11) to estimate F
for an ellipsoidal-like mosquito egg.

The graph in fig. 5 suggests that it should be possible
to derive contact angle values by experimentally measur-
ing Aupay for a given k. However, note that 6. is not
a single-valued function of Aunax: Because of the non-
monotonous shape of the curve (presence of a maximum),
a given value of Aup,, may actually correspond to two
different values of #.. Thus the graph relating 6. to k is a
two-branch graph. In ref. [40], only the lower branch was
considered. The data of [40] are revisited in fig. 6, now
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Fig. 6. Values of 6. as a function of k£ derived from fig. 5,
after comparison with experimental measurements of Aumax
(see [40]). Because the graph on fig. 5 has a nonmonotonous
shape, two values of . are possible for a given Aumax and k.
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taking into account both branches. The figure provides
two sets of possible values of the contact angle versus k.
Taking, e.g., k = 3, the calculation predicts that a defor-
mation of ~ 0.08R may be achieved for either 6. ~ 40° or
0. ~ 70°. The difference is then significant. Note that the
upper values of 6., being in the range [65°, 72°], weakly
depend on k, in contrast to those of the lower branch.
The analysis based on Auy,,y, for any given k, thus leaves
us with possibly two very different values of .. Decid-
ing what branch is physically relevant therefore demands
exploiting more experimental information.

As aforesaid, the ellipsoid is partially wetted at the
water-air interface which means that part of it protudes
in the air while the other part is immersed in water. Using
reflection illumination (as in interferometry, see [40,44)),
it is possible to detect the contact line, i.e. the contour of
the dry part of the particle (see fig. 3(a)). Such contours
are well fitted to by ellipses whose areas can be computed
in the zy-plane. The idea is then to compare such appar-
ent areas, S, to the total surface area, Sy, observed under
classical transmission illumination (brightfield imaging).
The ratio S/Sy contains information on the vertical posi-
tion of the ellipsoid at the interface, which is directly re-
lated to the contact angle. The next step consists in com-
paring experimental values of S/Sy to theoretical ones.
From our numerical calculations, we know all the contact
line positions as a function of both . and k. Therefore,
a 3D computed plot of S/Sy can be constructed; results
are shown in fig. 7. Note that the variations of S/Sy are
monotonous in both directions, i.e. a one-to-one relation-
ship exists between S/Sy, k and 0. (unlike for the triplet
{Atmax, k, 0. }). Projecting onto the (S/Sy, k)-plane (solid
lines) and adding the experimental values (points) lead to
fig. 8.

We first note that the experimental values of 6. are
scattered in the range 35°-55°. These values agree more
with those of ref. [40] than with those from the upper
branch in fig. 6. It confirms that 6. is neither small (< 20°)
nor very large (> 70°). Conversely, the decreasing trend
with & (fig. 6, bottom branch) is clearly not reproduced
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Fig. 7. Computed reference plot of S/So as a function of k
and 0.. S (respectively, So) is the apparent (respectively, to-
tal) particle surface area at the water-air interface. The ratio
S/So contains information on the particle vertical position and
therefore on 0..

6 7 8 9 10 1
k

Fig. 8. Comparison of computed (solid lines) and experimental
(points) values of S/Sy as a function of k for several contact
angles.
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here. Gathering the whole experimental information thus
leads to conflicting values for the contact angle of the wa-
ter on the surfaces of the polystyrene ellipsoids. No clear-
cut correlation between 6, and k can be inferred from the
data. If the surfaces were ideally smooth and chemically
homogeneous, and the same as that of the original sphere
(prior to stretching), as is assumed in the model, 6. should
be the same for all particles, independently of the analysis
criterion (S/Sy or Aumax). Our findings show that reality
is not that simple, and we are thus lead to questioning
some of the assumptions made in the model.

Nonuniform surfaces of the particles is a probable
source of departure from the theoretical picture. A ten-
tative explanation for the apparent decrease of 6. with
k (lower branch in fig. 6) was proposed in [40], invoking
a possible nonuniform distribution of the surface charges
on the particles, due to stretching. A different mechanism
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@ (b)

Fig. 9. (a) Definition of angle ¢ and the “arrow” configuration.
(b) Definition of polar angles 11 and 2. The big curved arrows
indicate that the ellipsoid on the left is allowed to rotate with
respect to the ellipsoid at right whilst keeping the same contact
point.

may be proposed, suggested by recent observations show-
ing that the ellipsoids are slightly birefringent. This bire-
fringence is a direct consequence of the uniaxial stretching
of polystyrene chains during the preparation procedure.
Contact angles are known to depend on substrate struc-
ture. Indeed, measurements on oriented polymer films re-
veal a wetting anisotropy depending on whether 6, is mea-
sured parallel or perpendicular to grooves [59]. Then, for
high-k ellipsoids (k > 6), it seems reasonable to expect de-
viations from the constant contact angle condition along
the tpc-line. In addition, contact lines are notoriously sen-
sitive to surface defects, roughness and chemical hetero-
geneities. And as shown by Chen et al. [60,61], the surface
of latex particles is unlikely to be smooth at the nanometer
scale.

To conclude, the model outlined in sect. 2 provides
a qualitatively correct description for the partial wetting
of a polystyrene ellipsoid. As a main success, we note
that the experimentally observed patterns do show the
predicted saddle shapes of the contact line, and that the
amplitude of Aunax increases with k, as expected. How-
ever the increase is less than that computed from the
model, most probably because of nonideal particle surface
characteristics.

4 Case of two contacting ellipsoids

We now carry on our numerical investigation by exploring
the near-field characteristics of two contacting ellipsoids.
This part is a follow-up work of our previous study [44].
Experiments showed that pairs of ellipsoids, brought to
contact under the action of capillary forces, assemble into
different geometries depending on their size and/or aspect
ratio mismatch. Equal ellipsoids tend to aggregate side-by-
side whereas unequal ones often adopt an “arrow” configu-
ration where the ellipsoids long axes make a finite angle, ¥
(see fig. 9(a)). In line with the experimental observations,
a first partial numerical investigation confirmed that size
mismatch is indeed a key parameter to control the geom-
etry of the lowest-energy state. In [44], a stability analysis
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around the side-by-side configuration (hereafter denoted
Co) was performed only over a limited range of the control
parameters. Here, we wish to provide a complete analy-
sis, by exploring the whole energy landscape of a pair of
ellipsoids at contact. As a main restriction however, we
restrict the analysis to configurations where the particle
axes lie in the same horizontal plane.

As mentioned in [44], two degrees of freedom, defined
in fig. 9(b), are required to explore the full phase space
of contact configurations, which then has two variables.
The position and orientation of the ellipsoid at right are
fixed. 15 is the polar angle defining the position of the
contact point while v, defines the orientation of the el-
lipsoid at left. For a given 1o, with 1y € [0°,90°], ¢ is
varied from 0° to 180°. For each set {1,19}, the total
capillary energy of the configuration, U, is computed, as
outlined in sect. 2. The Cy configuration corresponds to
{11 =90°,79 = 0°}. Two energy maps were computed in
fig. 10: One for equal ellipsoids (fig. 10(a)) and the other
for unequal ones (fig. 10(b)). These maps make up the
central results of this section.

In the case of identical particles (fig. 10(a)), the en-
ergy map clearly shows that the Cy configuration (encir-
cled by the red dashed circle) is the most stable packing
geometry. It is at the bottom of an energy well (U < 0)
and is angularly stable with respect to both ¥, and 5.
The areas where U > 0 are energetically unfavorable and,
as such, should never be reached by the ellipsoids pair
unless it gets trapped in secondary energy minima. The
white dots correspond to a particular path in the config-
uration space, which is defined as follows (see also [44]):
Two ellipsoids are first placed in the Cy configuration and
we progressively increase v from 0° to 180° while keep-
ing the configuration symmetrical (left-right symmetry).
The latter condition determines the location of the con-
tact point as a function of ¢. Converting ¢ in terms of 1
and 9 leads to the white-dotted spots which define path
Py on figs. 10(a) and 10(b). The reason why we deem im-
portant to superimpose such paths onto the energy land-
scapes is that they actually correspond to experimental
angular trajectories. On fig. 10(a), we see that path Py
is the only possible trajectory to be followed by an el-
lipsoid pair to go from the tip-to-tip to the Cy configu-
ration. The trajectory lies at the bottom of a “canyon”.
The energy corresponding to the white-dotted points in
fig. 10(a) decreases monotonously from right to left in the
diagram [44]. Experimental records indeed show encoun-
ters between equal ellipsoids, which first contact through
their tips and shortly after move to the side-by-side con-
figuration. Such events may be viewed as motions along
Po (see fig. 1 in [44]). Note that the bottom of the canyon
does not appear smooth in the energy map, due to a few
shallow wells along Py. As far as we can deem, these de-
tails may not be physically relevant, and may just be due
to limitation in the calculation accuracy [62]. However, in
view of the computer time consumption with the current
version of the code [63], we did not push the resolution
further.

The landscape looks quite different in the case of un-
equal ellipsoids (fig. 10(b)). The major change is that the
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Fig. 10. (Colour online) Computed energy maps for two ellipsoids in contact as a function of ¥1 and 2 (see fig. 9). The
dashed circles locate the configurations of lowest energy and the colored bars indicate U in units of 10"kpT. (a) Equal ellipsoids
(R1 = Rz = 5 um), Co configuration preferred (see text). (b) Unequal ellipsoids (R; = 4 pum, Ry = 5 um), “arrow” configuration
preferred. In both cases, the white dots represent path Py (see text). In this calculation, k = 4, 0. = 65° and v = 0.07Nm™'.
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Fig. 11. (Colour online) Computed snapshots extracted from
fig. 10. Case of equal ellipsoids, Co configuration. (a) Contour
plot of u(z,y). (b) Corresponding contact lines uc(x,y). R1 =
Ry =5pum, k=4,60, =65 and y = 0.07Nm™'.

Cp configuration is no longer the most stable state: U is
positive there and the Cy geometry is unstable with respect
to 1. This unstable mode consists in moving the contact
point along the contour of the right ellipsoid (fig. 9(b)),
whilst keeping both particle axes parallel. The new global
minimum is reached for 1y ~ 85° and 1 ~ 40°. And as
indicated by the red dashed circle on fig. 10(b), this region
corresponds precisely to the aforementioned “arrow” con-
figuration. The tip-to-tip configuration is also possible as
well as many others (for ¥ = 90° and ¢, € [20°,150°] for
instance), but the arrow geometry is the most stable one.
Should two unequal ellipsoids bump into each other by
their tips, we would expect them to rearrange and eventu-
ally adopt the arrow geometry. Again, such a scenario was
experimentally evidenced [44] and our predictions agree
qualitatively well with observations.

We now wish to get some physical insight into the
above results. Figures 11, 12 and 13 provide computed
snapshots at three different locations on the maps of
fig. 10. Each figure is composed of two parts: Panels (a) are
color-coded contour plots of u(z,y) around the ellipsoids
pair, whereas panels (b) display the corresponding con-
tact lines together with their projections on the different
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Fig. 12. (Colour online) Computed snapshots extracted from
fig. 10. Case of unequal ellipsoids, Cy configuration. (a) Contour
plot of u(z,y). (b) Corresponding contact lines u.(x,y). R1 =
4dpm, Ro =5pum, k=4, . =65° and v =0.07Nm™'.

planes. On fig. 11(a), the symmetry of interfacial defor-
mations of the Cy configuration is that of a big capillary
quadrupole, which is expected for two identical ellipsoids.
Note however that the total deformation field does not re-
sult from a mere superposition operation of two isolated
quadrupolar fields; and this is best visualized in fig. 11(b)
where it is seen there exists a height asymmetry of the con-
tact lines: The latter raise in the contact zone to minimize
interfacial gradients and hence the total energy (U < 0).
Indeed, computations show that VA =~ 0 in the vicinity of
the contact point. Clearly, the contact line shape on each
particle differs from the one we get when only one particle
is considered. For accurate near-field computations, con-
tact lines should therefore be allowed to move. In other
words, contact line pinning should be ruled out. Further-
more, motion of contact lines was actually experimentally
evidenced in [44] for the arrow configuration.

For the size-mismatched ellipsoids pair of fig. 12(a),
the interfacial distortions feature a highly deformed quad-
rupole for which the mirror symmetry with respect to
the yz-plane is lost. The corresponding contact lines in
fig. 12(b) are greatly asymmetrical with significant height
mismatches, which result in large interfacial gradients
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Fig. 13. (Colour online) Computed snapshots extracted from
fig. 10. Case of unequal ellipsoids, “arrow” configuration.
(a) Contour plot of u(z,y). (b) Corresponding contact lines
ue(z,y). Ri = 4pm, Ry = Sum, k = 4, 0. = 65° and
4 =0.07Nm™L.

(IVh| =~ 0.06 in the contact zone) and hence an unfavor-
able configuration energy (U > 0). As stated above, the
Cop configuration is unstable here and the ellipsoids pair of
fig. 12 escapes into the more favorable arrow configuration
of fig. 13 (U < 0) to relax, at least partially, the energet-
ically costly interfacial gradients. Indeed, |Vh| decreases
to ~ 0.025 along the line joining the particle centers of
mass and amounts to ~ 0.015 near the contact point.
The deformation field of fig. 13(a) now exhibits a dipo-
lar rather than a quadrupolar symmetry. Therefore, two
unequal capillary quadrupoles at contact rearrange them-
selves to form a capillary dipole. Although fig. 13(b) still
reveals contact line height asymmetries, this configuration
is favored compared to that of fig. 12 because the parti-
cles are more apart from one another, leading to smoother
interfacial gradients.

Another way to “interpret” figs. 11-13 is to use the
concept of charge-like capillary attractions: Contact lines
pull on each other till contact. It is quite easy for them to
do so on fig. 11 but impossible on fig. 12. It is a bit easier
on fig. 13 where a compromise is found with a nonzero v
angle.
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Fig. 14. Angular interaction potentials for two contacting
equal (a) and unequal (b) ellipsoids and for various aspect ra-
tios k. In all cases, 6. = 65° and v = 0.07Nm ™.

Figure 14 displays angular pair interaction poten-
tials of two contacting equal (fig. 14(a)) and unequal
(fig. 14(b)) ellipsoids for three values of the aspect ratio.
In addition to & = 4, which we considered in the former
figures, we investigate the angular configurations of more
(k = 6) and less (k = 2) prolate particle pairs. Clearly the
tip-to-tip configuration of equal particle pairs is unstable,
for the three k values. For k = 4, 6, the energy minimum
is unambiguously located at ¥ = 0°, i.e. in the side-by-
side configuration. The trend is similar for £ = 2, however
with a weak minimum at finite ¢, around 15°. Unequal
particles behave in a nearly opposite way: The parallel
arrangement is very unstable, for k = 2,4,6. The energy
curves indicate that kK = 4 or k = 6 pairs self-stabilize into
an arrow configuration. However the corresponding val-
ues of the equilibrium arrow angle are not well resolved
by the calculation. The main tendency is around 70°, but
the prediction is vague, with a possible scatter from 50° up
to 180°. In the case of the less prolate ellipsoids (k = 2),
the energy is positive whatever 1, indicating that bind-
ing is not favored compared to separated particles, ex-
cept in the tip-to-tip configuration, which is energetically
marginal (U ~ 0).

Summarizing, we conclude that optimum packing ge-
ometries of ellipsoids are greatly sensitive to minute
changes with respect to particle size and/or elongation.
Since real particles are never perfectly identical, it is not
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surprising that they aggregate and form a whole variety
of structures depending on their respective degree of poly-
dispersity. Various structures were indeed observed re-
cently [39,45]. The above numerical analysis yields un-
ambiguous predictions for elongated particles (k = 4, 6).
However we find that less prolate particles (k = 2), which
are less far from spheres, may simply not form stable con-
tacts. This calls for experimental verification, which we
did not perform yet.

At this point, and within the frame of our approximate
model, the physical picture that emerges from the above
results is the following: As long as the ellipsoids have a size
or aspect ratio mismatch, the contact lines lie at different
heights, even if the contact angle is the same for both
particles. These height differences are responsible for en-
ergetically costly interfacial gradients in the vicinity of the
contact zone. The system will naturally adopt a packing
geometry which minimizes those gradients and hence the
total energy. The capillary arrow is such a configuration
for a size-mismatched pair.

Although our numerical results are in qualitative
agreement with observations [44], recall that our simplified
model relies on a greatly simplifying assumption, i.e. the
long axes of both ellipsoids stay within the same horizontal
plane. Allowing for out of plane tilting of particles would
greatly complicate the analysis (it was actually performed
in [41]) and is beyond the scope of the present study. How-
ever, we think that such a refined analysis would not al-
ter the main qualitative conclusions drawn above since,
as pointed out in [44], actual experiments do not provide
strong evidences for out-of-plane motions.

Before ending this section, we wish to add two more
remarks.

i) Let us first come back to the mosquito eggs of fig. 1.
For such macroscopic objects of size ~ 1 mm, gravity ef-
fects should not be ignored a prior: if we wish to calcu-
late the exact interfacial deformation field. Adding gravity
should result in an additional force exerted on the inter-
face due to the buoyant weight of the floating particle. The
associated interfacial distortion can be described as a cap-
illary monopole, in analogy with electrostatics [14,33,52].
We can try to estimate the corresponding gravitational
energy I, and compare it with the surface energy, E,,
arising from the interfacial distortions due the ellipsoidal-
like shape of the egg. F is given by our computed solution
for small ellipsoids through size-scaling in the zero-gravity
limit (Es = F, see eq. (8), and recall that F ~ yAumax R,
as shown in sect. 3). A rough estimate of E; may be ob-
tained using the solution for spherical bodies. Here, the
approximation consists in supposing that F,, computed
for an ellipsoidal-like egg, is about the same as that calcu-
lated for a spherical egg of same mass. These calculations
are reported in appendix E and are based on the analy-
sis worked out by Chan et al. [13]. For typical values of
the experimental parameters, we find that E, ~ 2.10714 ],
whereas Ey ~ 7.107'' J. Thus, in the case of a mosquito
egg, I, is at least three orders of magnitude larger than
E,. Hence, the trends observed for micrometer-sized el-
lipsoids well illustrate the behaviors of the much larger
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Fig. 15. Electrostatic analogy. The two capillary quadrupoles
are replaced by two electric quadrupoles. The + (respec-
tively, —) signs represent positive (respectively, negative)
charges ¢ = +1 (respectively, ¢ = —1) and are associated with
upward (respectively, downward) menisci. The charges are lo-
cated along ellipsoidal contours. The question mark indicates
that the Cy configuration may or may not be unstable unstable
with respect to angles ¢1 and 2 (see fig. 9(b)).

mosquito eggs whose packing geometries is mainly gov-
erned by their shape. In our case, these results also show
that zero-gravity calculations for anisotropic bodies are
valid up to sizes ~ mm.

ii) Second, one could be tempted to tentatively carry
out a stability analysis of the arrow configuration using
a simple model based on an electrostatic analogy. The
capillary charge, like the capillary monopole mentioned
above, characterizes the local deviation of the meniscus
shape from planarity at the tpe-line [14,33,52]. Since the
interfacial deformations around a single ellipsoid have a
quadrupolar symmetry, one could consider a quadrupolar
electric charge distribution around the ellipsoidal contour
as shown in fig. 15: Two positive charges ¢ = +1, placed
along the long axis, would correspond to the two up-
ward menisci in the capillary problem while two negative
charges, ¢ = —1, put at the tips, would account for the two
downward ones. Considering two electric quadrupoles in
contact and assuming pairwise interactions, the next step
consists in computing the total electric potential energy,
E, by summing the interactions over all pairs of charges
(,7) as a function of angles 11 and 1. In three dimen-
sions, E Z<i7j> qiq;/Ti,j, where r;; is the separating dis-
tance between charges ¢; and g;. Recall that like-sign (4++
and ——) pairs are attractive, while +— ones are repulsive,
oppositely to true electrostatics. Doing so, we find that the
Cop configuration is the most stable one for both equal and
unequal electric quadrupoles. No stable “electric arrow”
can be evidenced within our simple electrostatic analogy.
A possible reason for that goes as follows: In the capil-
lary problem, we have seen that the contact lines are not
rigidly pinned to the particle surface; they can move and
adapt to various situations. This is indeed the case for
example in the arrow configuration of fig. 13 where the
contact lines are asymmetrical. Therefore, the meniscus
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distribution around the particles changes constantly as a
function of 11 and 5. To account for this fact within our
electrostatic analogy, one would have to consider a vari-
able charge distribution, i.e. one would need to alter the
value of ¢ at some locations around the elliptical contours
depending on ¥; and . This would undoubtedly com-
plicate the analysis. At this point, we may just conclude
that the stability of the capillary arrow cannot be pre-
dicted within the frame of a simple electrostatic analogy.

5 Case of three particles

The mosquito eggs and PS ellipsoids of fig. 1 are often
found to be packed in a triangle-like configuration (see
also [45]). This observation suggests that this configura-
tion may perhaps correspond to an energy minimum and
calls for a comparison with respect to the side-by-side
packing geometry. Thoroughly exploring three-particle
configurations in general is of course much more com-
plicated than the two-particle problem and is definitely
beyond the scope of this paper. Here, we limit the discus-
sion to merely comparing the energies of the triangle and
side-by-side configurations, for three identical ellipsoids.
The results are displayed on fig. 16. Contour plots
of u(x,y) for three contacting identical ellipsoids were
computed for the side-by-side (fig. 16(a)) and triangular
(fig. 16(b)) configurations. It is again important to allow
for the motion of contact lines during the calculation for
they are all asymmetrical (results not shown). The energy
of the side-by-side configuration, U,, is found to be a bit
lower than that of the triangular one, Uy: U, ~ —4-10"kgT
whereas Uy, ~ —3.6-10"kgT. This energy difference is small
and shows that the triangular geometry is energetically
about as favorable as the side-by-side one, which is in line
with the observations. The two configurations may be sep-
arated by some energy barrier. The energy map of three
contacting ellipsoids is indeed a multidimensional hyper-
surface with potentially numerous secondary minima in
which the system could be trapped. Depending on the ini-
tial positions and orientations of the interacting particles,
the system may end up in one or the other configuration.

6 Conclusion

In summary, we have presented an extensive numerical
investigation of the behavior of small (i.e. R < A.) pro-
late ellipsoidal particles attached to a fluid interface. Us-
ing a simple model, we showed that the optimum pack-
ing configuration of two contacting ellipsoids is very sen-
sitive to slight size and/or aspect ratio mismatches. Iden-
tical particles preferentially pack side-by-side whereas a
mismatched pair self-assembles into an arrow configura-
tion. Geometrical effects are therefore of paramount im-
portance for controlling colloidal self-assembly at fluid in-
terfaces. A whole zoo of particle shapes are now within
reach [47-49], and since shape anisotropy is likely to in-
duce shape-sensitive interactions, new structures and mor-
phologies are expected and yet remain to be discovered.
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Fig. 16. Computed contour plots of u(z, y) in the case of three
contacting equal ellipsoids. The energy of the side-by-side con-
figuration (a) is a bit lower than that of the triangular one
(b). Those structures are often simultaneously encountered in
experiments (see fig. 1 and [45]). R1 = Ry = Sum, k = 4,
f. =65° and v = 0.07Nm .

Besides fundamental interest, such studies could be rele-
vant for materials based on Pickering emulsions [7,8] or
even for the design of metamaterials [51].

We are grateful to D. Vella who first observed the strange pack-
ing of mosquito eggs at the water-air interface and brought up
the information.

Appendix A. Calculation of ny,, n; and 6.

In this appendix, we provide details concerning the com-
putations of the unit vectors n, and n; as well as the
contact angle 0.. Figure 17 specifies the geometry of the
problem.

Appendix A.1. Vector n,

In the Monge representation, a surface S located above
the zy-plane is described by z = z(x,y). Let dS be an
infinitesimal surface element of the ellipsoid surface. n,, is
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(@)

\/\ x

(b)

Fig. 17. Definition of unit vectors n; and np in the xz-plane.
The ellipsoid tips point along the y-axis and the local interface
slope is defined by angle . (a) Case of an upward meniscus.
(b) Case of a downward meniscus.

a unit vector normal to dS at the tpc-line. With
(A1)
and using common results of differential geometry of sur-

faces, we have

o

—0y2
O X Oyr 1 —o.-
1

n, = -
P |0, x Oyr| 14 (vllz)z

(A.2)

The expressions of 0,2z and 9yz can be derived from the
equation of an ellipsoid of revolution which can be written

(A.3)

where a (respectively, b) is the semi-short axis (respec-
tively, the semi-long axis) of the ellipsoid. Defining the
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Fig. 18. Definition of vectors ni, ns and ns. (a) (n1, na)-plane.
(b) (n1,n3)-plane. (c) (n2,n3)-plane with rotation of angle a.

aspect ratio, k, as k = b/a, we then have

2
—gayz:—% with z = aQ—%—ﬁ.
(A.4)
The contact line points, noted {z;, y;, z; }, obviously satisfy
eq. (A.3) and n,, is therefore completely determined.
If the ellipsoid is allowed to be rotated by an angle §
with respect to the z-axis, the expressions of 0,z and 0,z

change to

Oz = —2—12:(2Ax + Cy), (A.5)
Oyz = —2—12(2By + Cz), (A.6)
where A, B and C are given by
A = cos?§ + sizz 0 , (A7)
B = Coljj d + sin? 4, (A.8)
C = 2cosdsind (b;—bsﬂ) . (A.9)

Appendix A.2. Vector n,

From fig. 18, we define vectors nj, ns and nz whose coor-
dinates are given by

1
n; = a (dxew + dyey + dZez) ) (Alo)
1
n2 =9 (—dye. +dzey), (A.11)
1
n3 = o9 [—dxdzew—dydzey+(d$2+d92)eZ} ; (A12)

where de =g — x4, dy = yp — ya, dz = zp — 24 and

d = +/da? + dy? + dz?, (A.13)

dzdz\? dydz\? [da2+dy?\?
d,\/< o > +< “ > +<d2 ) (A14)
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The slope of the interface is taken into account by a ro-
tation of angle o with respect to an axis parallel to n;
(figs. 17 and 18). The final set of vectors to be consid-
ered, noted {nf,n}, n5} may be expressed as a function of

{es, ey, e.} through the relation
(nf,n),n5) =M- (e;,ey,€,), (A.15)

where M is a matrix given by the following product

do dy dz
1 0 0 d d d
M= |0cosa —sina —%y %’” 0
Osina cosa _dadz _ dydz dz’+dy®
d’az T @az T daz
(A.16)
Therefore, the final relations are
1
n) = 3 (dze, + dye, + dze,), (A.17)
, dy . dzdz
n, = fcosozg+s1non e,
de . dydz
+ cosaq +smaW ey
. da? +dy?
—SlnaTﬂez, (A18)
/ . dy dzdz
n; = —Sll’laq —COSO[W (S
. de dxdz
+ sma? —cosaw €y
da? + dy?
+ cos O s (A.19)

where, in the last equation, n} = n;. Hence, know-
ing n, and provided we know angle a, which is deter-
mined through eq. (6) above, n; and consequently, 6. =
arccos(n, - ny), can be computed at the tpc-line.

Appendix B. Iterative procedure for search
of contact lines

The main steps of the iterative search for contact lines are
summarized in the synopsis below (fig. 19).

Appendix C. Calculation of the area enclosed
within a contact line

In this appendix, we present some details concerning the
computation of S in eq. (10) for a given contact line. Sy
corresponds to the ellipsoid surface in contact with fluid 1
situated above it. Figure 20 specifies the geometry of the
problem.

As mentionned above, a surface S located above the
xy-plane is described by z = z(x,y), in the Monge rep-
resentation. The infinitesimal surface element d.S corre-
sponding to dA = dxdy is given by

&7 (C.1)

len - e:|

dS = |seca|dA =
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Fig. 19. Flow diagram for the iterative search of contact lines.
0.: contact angle; k: ellipsoid aspect ratio; CL;: contact line
after j iterations.

ZA

ellipse (a,b)

Yx

Fig. 20. Geometry used for the computation of the area S
enclosed within a contact line 9S. 0A is the projection of 05
on the zy-plane.

where « is the angle between the unit vector e, normal
to dS and the unit vector e, parallel to the z-axis. With
e, given by eq. (A.2), dS may be rewritten as

dS = \/1+ (V)2) dady,

(C.2)
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which yields to (with egs. (A.3) and (A.4))

@ ED
1- (1) - (2)°

As before, the contact line points, {x;,y;, 2;}, satisfy
eq. (A.3). From fig. 20, we see that Zmin < 2; < Tmax and
that for each x; value corresponds two y; values, y (z;) >
0 and y_(z;) < 0. The sought for surface S is therefore
given by the following integral (with d.S given by eq. (C.3))

Tmax Y+ (r)
/ ds,
y- (@)

Lmin

ds = (C.3)

S = (C.4)

which was evaluated numerically.

Appendix D. Contact lines for i ellipsoids

We wish to generalize the numerical approach described in
sect. 2. The iterative search for equilibrium contact lines
is evidently more time consuming when ¢ particles are in-
volved. But the main steps of the procedure remain un-
changed. The same contact angle value was imposed on all
1 ellipsoids. We then end up with the following generalized
equations.

The domain of integration {2 in egs. (1), (2), (3) and (8)
now becomes 2 = R?\ )", 4; and eq. (3) changes to

OF = —v/ d’r| VﬁWu—vZf dlyy (n- V), dui,
(% i 0A;
(D.1)

where all 7 indices refer to particle . Mechanical isolation
of the system requires

Z% dlyy (n- Vju), =0,
— Joa,

and eq. (7) now reads

ur) =Y f 28 Grro) - u<>f’ng>] .

(D.3)
The excess free energy of interfacial deformations, F,
is given by the following sum:

Y
F=-1 f{ dlyy i
2 zl: OA; H

and the total capillary interaction energy of a configura-
tion, U(d), may be written as

(D.2)

ou
on

A, (D.4)

U(d) = AF + AF,, (D.5)

where the symbol A compares the situation for which d is
finite to that for which d — oco. In the above equation,

AF, = ~ycos GCZASM. (D.6)

?
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Fig. 21. Comparison between AF and AF; as a function of ¢
for two equal ellipsoids in contact (see text). The contribution
from AF, (eq. (D.6)) to the total capillary interaction energy
U is important and must be taken into account. Parameters:
k=4, R=5um, f. =65° and v = 0.07Nm '

For a liquid-gas interface, S; = Sy and v = ;4. For
two ellipsoids in contact, AF, varies as the angle ¢ be-
tween their long axes is changed. This is illustrated in
fig. 21 where both AF and AF; have been plotted for
comparison. Clearly, the contribution from AF; is signif-
icant and cannot be neglected in the analysis.

Appendix E. Role of gravity in the
self-assembly of mosquito eggs

In this appendix, we wish to estimate the importance of
gravity in the self-assembly of the millimeter-sized mosq-
uito eggs of fig. 1.

We consider a single mosquito egg adsorbed at the
water-air interface. The egg deforms the interface due
to 1) its own (buoyant) weight and ii) its ellipsoidal-like
shape, resulting in a non planar contact line. Let us de-
note I, and E the corresponding surface energies. As
indicated in the main text, E is given by the computed so-
lution for small ellipsoids through size-scaling in the zero-
gravity limit (Fs = F, see eq. (8)). Below, we provide
a rough estimate of E, using the solution for spherical
bodies derived by Chan et al. [13]. The estimate is based
on supposing that E,, computed by for an ellipsoidal-like
egg, is about the same as that calculated for a spherical
egg of same mass.

At constant volume, the radius a of an hypothetical
“spherical egg” is given by

N3
s_ (L) -2
= (3)

where L is the length of the ellipsoidal egg, and k its aspect
ratio. With L = 1 mm and k& = 4, we thus find ¢ ~ 0.2 mm.
Since the capillary length of the water-air interface A\, ~
2.7mm, the corresponding Bond number, Bo = a?\;?,
is small: Bo ~ 5.5-1073. We may thus safely apply the

(E.1)
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small Bond number solution of Chan et al. for the surface
profile, z(r), surrounding the spherical egg:

2(r) = —af Bo K, (;) , (E.2)

C

where K is the modified Bessel function of order 0 and f
a constant given by

2 — 1 1 1
f:<pSpA> —7—7008964-60053907 (ES)

3 \pL —pa 3 2

where pg (respectively, pa and pr) is the density of the

solid particle (respectively, of air and the liquid). E, is
given by
B, = 7/ 2erdr { [1+ 22()] " = 1}
~ 77r/ 22(r)rdr, (E.4)

c

since |Z| < 1 when Bo < 1. r. is the contact line radius.
Inserting eq. (E.2), and using the fact that r./\. < 1 with
re ~ a unless 0, is very small (i.e. the complete wetting
limit), we get

5
a
E, ~ 7 f? ()\) A2 (E.5)

Let us put numbers in eq. (E.5). Taking 6, = 45°, p4 ~ 0,
pr = lgem™ and ps = 1.05gem ™3, we find f ~ 0.072,
and with v = 0.07Jm~2, we obtain
E,~2-107"J. (E.6)
Let us now estimate F, the surface energy due to the ellip-
soidal shape of the particle. With a polystyrene (PS) ellip-
soid, Lpg ~ 25 pm, our calculations show that Es(Lpg) ~
107kgT ~ 4.4 - 10~'* J. The corresponding energy for the

mosquito egg is given by the following size scaling (see
sect. 3):

I \2
ES(L) = ES(LPS) . <L ) . (E?)
PS
With L/Lpg ~ 40, we get
Ey~7-107117]. (E.8)

Thus, in the case of a mosquito egg, F, is at least three
orders of magnitude larger than the corresponding gravito-
capillary energy F,. We then conclude that gravity is ir-
relevant, even at this scale, and that the trends observed
for the small PS ellipsoids well illustrate the behaviors of
the much larger mosquito eggs.
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