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Inhomogeneous magnetic fields generated in porous media due to differences in magnetic susceptibility
at solid/liquid interfaces and due to intrinsic or artificially doped magnetic impurities can be used to gain
insight into the molecular dynamics of fluid in the structure of a porous medium using the concept of
NMR modulated gradient spin echo method. We extended the theory of this method to the case of an
inhomogeneous magnetic field that cannot be approximated by an uniform gradient, in order to explain
the CPMG measurements of self-diffusion in water soaked ceramics, which are doped with magnetic
impurities of different contents. The new interpretation provides the spin relaxation times, the average
pore size and their distribution, as well as the strength of the internal magnetic gradient fields in the
doped ceramics.
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1. Introduction

Porous materials are relevant in biology and technology. Such
materials have been extensively studied by NMR methods.
Together with relaxation at pore walls additional attenuation of
NMR signal because of diffusion in internal gradients can be
observed. In many cases, diffusion of the spins in the fluid phase
through these internal inhomogeneities controls the transverse
decay rate of the NMR signal. In measuring molecular motion a
highly heterogeneous liquid-soaked porous material [1] by the
NMR gradient spin-echo (GSE) method artifacts can appear either
due to deficiencies in the homogeneity of the externally applied
magnetic field or due to internal fields induced by the susceptibil-
ity differences between the solid matrix and liquid, when samples
are introduced in an external magnetic field. The strength of inter-
nally induced inhomogeneous magnetic fields (IMFs), which can be
further enhanced by the presence of magnetic impurities, overlaps
the externally applied IMF with a homogeneous magnetic field gra-
dient G
!¼ r B

!
eg

�� �� (MFG). Thus, a detailed evaluation of the exper-

imental data that contains information of the pore structure is
quite difficult. Several methods of measuring relaxation and diffu-
sion in porous media have been developed and they can provide
information on pores sizes, their distribution and on internal gradi-
ents [2–8]. However, the internal magnetic fields limit the use of
GSE measurements to samples with low internal IMF [9] and also
reduce the resolution of magnetic resonance images [10,11]. There
are techniques to overcome this problem using compensating gra-
dient pulse sequences [12].

Research has shown that the internal IMF may have not only a
negative role, but can serve as a tool to exploit the structure of por-
ous media by using the concept of the modulated gradient spin-
echo method (MGSE) [13]. The MGSE method allows insight into
molecular motion by measuring directly the velocity autocorrela-
tion function of the spin bearing particles. This quantity contains
detailed information about the molecular translation dynamics.
In the MGSE method the spatial dispersion of spin phase is modu-
lated by a sequence of radio-frequency pulses (RF) and pulses or
waveform of MFG. The role of the MFG can be taken over by IMF
of the porous media [14]. The method is able to measure not only
the self-diffusion coefficient but also provides an insight into the
low-frequency part of the velocity auto-correlation spectrum. In
the introduction of this paper, we will develop a theoretical for-
malism of spin dynamics under the influence of a sequence RF

http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmr.2021.106981&domain=pdf
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.jmr.2021.106981
http://creativecommons.org/licenses/by/4.0/
mailto:janez.stepisnik@fmf.uni-lj.si
http://www.fmf.uni-lj.si/stepisnik/index.html
https://doi.org/10.1016/j.jmr.2021.106981
http://www.sciencedirect.com/science/journal/10907807
http://www.elsevier.com/locate/jmr
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pulses and such IMF, which does not allow the usual MFG approx-
imation. The derived formulas for spin-echo attenuation are com-
pared with experimental data on the diffusion of water in
ceramics doped with magnetic impurities at the end.
2. NMR gradient spin echo in highly inhomogeneous magnetic
field

Using an NMR GSE method to study the molecular translation
dynamics of liquid confined in the structure of porous medium,
we assume that the rapid molecular motion on the time scale of
pico- or nanoseconds completely nullifies the spin dipole-dipole
and the first order quadrupole interactions. We will consider the
case, where the RF and applied magnetic field B are strong enough
that the signal attenuation due to the spin velocity fluctuation in
IMF prevails over the spin interactions with electrons in molecular
orbitals and the electron mediated spin-spin interactions. Thus,
their influence is reflected in only in fluctuations of relevant phys-
ical quantities, affecting the spin relaxation of spin bearing parti-
cles at least in the first approximation.

We assume that the spins interact with the magnetic field,
which consists of the main uniform static magnetic field B0z,
radiofrequency (RF) field and IMF. B0z is applied externally along
the z-axis and is associated with the spin Larmor precession fre-
quency x0. IMF Bin rð Þ can be applied externally or is inherent to
the sample and causes a deviation xin from the Larmor frequency.
The RF magnetic pulses Brf tð Þ ¼ xrf tð Þ=c start with p=2 pulse with
the field aligned along the x-axis to excite spins in a narrow spatial
area of the sample, which is followed by a single or a sequence of
p-RF pulses aligned along the y-axis. If x0 � xinj j all the concomi-
tant components of IMF can be neglected. Given that the treatment
of the spin dynamics governed by the time-varying magnetic fields
and the RF pulses is not simple, we will limit our consideration to a
static IMF, where we must consider that in the interval of simulta-
neous action of the static magnetic field and the RF pulses the res-
onant offset causes the signal undulation [15]. However, this
effects can be ignored, as the spin excitation range created by the
initial p=2-RF pulse applied in the fixed IMF is narrow enough that
the signal undulation is reduced to less than 1% of the signal
amplitude. Thus, the y-component of magnetization induces the
spin echo signal at time t that can be approximated by [16]

E tð Þ /
X
j

ei
R t

0
xin rj t0ð Þð Þ cos b t0ð Þð Þdt0

� �
; ð1Þ

where j denotes the spin at rj, and where b tð Þ ¼ R t
0 xrf t0ð Þdt0

describes the effect of the sequence of p-RF pulses that flips spins
around y-axis (or effectively changes the sign of xin) after each p-
RF pulse). At the peak of spin echo t ¼ NT , where T is the interval
between two consecutive p-RF-pulses, the signal refocuses with

f p NTð Þ ¼ R NT
0 cos b tð Þð Þdt ¼ 0, which allows the integration per-

parts to get the amplitude of the peak of the N-th echo as

E NTð Þ /
X
j

e�i
R NT

0
_xin rj tð Þð Þfp tð Þdt

� �
¼

¼
X
j

e�i
R NT

0
rxin rj tð Þð Þ�vj tð Þfp tð Þdt

� �
:

ð2Þ

Particle velocity, vj, is encoded in the amplitude of the spin-echo,
which indicates that the GSE methods allow not only to measure
the self-diffusion coefficient, but it also offers the acquisition of
more detailed information on the molecular translation dynamics.
2

When taking into account the stochastic nature of molecular
self-diffusion, the measurement with the PGSE method in short
gradient pulse limit, Eq. (2) appears in the form of a characteristic
functional of the stochastic process, which is a Fourier transform of
the probability distribution of spin bearing particles [17]. It was
used by Stejskal [18] to show that instead of the Bloch-Torey equa-
tions [19] with which we cannot analyze the GSE decay of
restricted self-diffusion, the methodology of the GSE as the Fourier
transform of the particle probability distribution can be used. This
approach provides a clear analogy with a tracer spreading in the
medium that leads to the averaged propagator approach [20] from
which the concept of diffusive diffraction of spin echo in a porous
media has been developed [21], where the important requirement
must be met that the gradient pulses are shorter than the charac-
teristic times of molecular diffusion. However, the methodology of
statistical physics can be used quite generally by expanding Eq. (2)
as a characteristic functional of the probability distribution in a
series of cumulants with respect to randomly fluctuating spin
phase discord rxin rj tð Þ� �

[22] created by any MFG sequence of
finite width pulses or waveform.

Assuming that the molecular displacements in the interval T are
shorter than the grating of the spatial spin phase discord created
by the RF/IMF sequence,

ffiffiffiffiffiffiffiffiffi
2DT

p
<

2p
c Gj jT ;

which is a motional averaging regime according to Hürlliman’s
[23,24], the decay of the echo amplitudes in Eq. (2) can be approx-
imated by the cumulant series to the second order [25]

E sð Þ �
X
j

ei/j sð Þ�bj sð Þþ...; ð4Þ

which is the Gaussian phase approximation (GPA) [26–28]. Here,
the signal phase shift is related to the mean of the fluctuation of
the spin phase change rate (SPCR), _xin rj tð Þ�
/j sð Þ ¼ �

Z s

0

_xin rj tð Þ� �� 	
f p tð Þdt; ð5Þ

in which _xin rj tð Þ� �� 	 ¼ rxin rj tð Þ� � � vj tð Þ� 	
with rxin rj tð Þ� �

being
the gradient of internal IMF multiplied with gyro-magnetic ratio
c. The phase shift can be neglected if the mean spin velocity is equal
to zero, vj tð Þ� 	 ¼ 0, such as when there are no flows in the fluid.
However, this is not the case for the diffusion in inhomogeneous
medium, where locally non-zero means of spin displacements cause
effects such as ‘‘diffusion diffraction”, the signal decay feature in
porous medium that was first derived from the average propagator
approach [21] and later explained by the phase shift of the signal
[28].

The signal attenuation in Eq. (4) can be expressed as

bj sð Þ ¼
Z s

0

Z t

0
Cv rj tð Þ; rj t0ð Þ� �

f p t0ð Þf p tð Þdt0dt ð6Þ

where the auto-covariance of SPCR

Cv rj tð Þ; rj t0ð Þ� � ¼ _xin rj t0ð Þ� �
_xin rj tð Þ� �� 	� _xin rj t0ð Þ� �� 	

� _xin rj tð Þ� �� 	
; ð7Þ

is equal to the difference between the auto-correlation function of
SPCR and the product of the mean SPCR at different times. By using
the Wiener-Khinchin theorem [29,30], this equation can be con-
verted from the time domain to the frequency domain by inserting
a Fourier transform

Cv rj tð Þ; rj 0ð Þ� � ¼ 1
p

Z 1

�1
Cv x; rj
� �

eixtdx ð8Þ
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to obtain

bj sð Þ ¼ 1
p

Z 1

0
Cv x; rj
� �

f p xð Þj j2dx ð9Þ

where f p xð Þ is the modulation spectrum of the spin phase discord.
Following the fact that the second time derivative of the mean
square displacement is proportional to the velocity correlation
function of the particle, the same can be used to obtain the spec-
trum Cv x; rj

� � ¼ XX x; rj
� �� X2 x; rj

� �
. It consists of the difference

between the Fourier cosines transform (FCT) of the mean squared
difference of xin rj tð Þ� �
XX x; rj
� � ¼ �x2

2
FCT xin rj tð Þ� ��xin rj 0ð Þ� �� �2D E
 �

ð10Þ

and FCT of the square of xin rj tð Þ� �
mean difference

X2 x; rj
� � ¼ �x2

2
FCT xin rj tð Þ� ��xin rj 0ð Þ� �� �i2D �


ð11Þ

In cases of turbulence in the fluid flow, the auto-covariance is equal
to the auto-correlation of the stochastic components of the velocity

v0
j tð Þv0

j t
0ð Þ

D E
, which v0

j is fluctuating component of the molecular

velocity vj tð Þ caused by random motions. It is similar in the case
of the self-diffusion in an unbounded liquid without any flow com-
ponents, vj tð Þ� 	 ¼ 0, where the homogeneous gradient
_xin rj tð Þ� � ¼ cG tð Þvj tð Þ with G tð Þ ¼ rBzin tð Þ gives the spin echo
attenuation

bj sð Þ ¼ 1
p

Z 1

0
q x; sð ÞDj x; sð Þq� x; sð Þdx; ð12Þ

where q x; sð Þ denotes the spectrum of the spin phase discord

q tð Þ ¼ c
R t
0 G t0ð Þf p t0ð Þdt0, and Dj x; sð Þ is the tensor of the velocity

auto-correlation spectrum (VAS)

Dj x; sð Þ ¼
Z 1

0
vj tð Þ � vj 0ð Þis cos xtð Þdt:� ð13Þ

With the above consideration, we correct some erroneous pro-
cedure in the treatment of diffusion in a porous system, when the
square of the mean particle displacement is not taken into account
in the expression for signal attenuation. It is quite commonly for-
gotten that it is not necessary if the FT of a time-dependent func-
tion is equal to zero, that it is also the FT of the square of this
time function. This fact was also ignored in our previous consider-
ation of this subject [13].

2.1. Modulated gradient spin echo method

Among the NMR GSE methods for measuring the molecular dif-
fusion the MGSE method [27] stands up, in which the CPMG RF
sequence [31,32] is combined with MFG [26,33] in order to modu-
late the spatial distribution of the spin phase in a way to get a
direct insight in the key quantity of molecular dynamics in liquids,
i.e. the velocity autocorrelation spectrum (VAS). The sequence cre-

ates the spectrum of the spin phase discord f p xð Þj j2 with a single
dominant peak that allows to pick up the value of VAS at the mod-
ulation frequency xm ¼ p=T. The MGSE method with pulsed and
sinusoidal gradient wave-forms has been used to study flow
through porous media [33], restricted diffusion in porous media
[14,34–36] and diffusion in emulsions [35,37,38]. Its upper sam-
pling frequency is limited below 1 kHz at the present state of the
art by the MFG pulse switching rate, which is determined by the
inductance of the gradient coils. No such upper limit applies to
the method that combines CPMG-RF pulses with the stationary
MFG [39,40,13], as the switching rate is given by the inverse time
interval between the RF pulses and thus enables much higher fre-
3

quency limit, determined by the power of the RF transmitter and
the magnitude of the MFG. This technique has been proposed for
the first time in [27] together with a concern about the side effects
introduced by the application of RF pulses in the background of
IMF. It causes the resonance offset effect, which depends on the
width of the excited spin range [40,13]. It was shown that if the
region of exited spins is narrow enough, the resonance offset only
slightly undulates the echoes peaks of MGSE measurements in a
fixed IMF [15,28].

Considering the case, in which the fixed IMF is generated by the
differences in magnetic susceptibility and/or magnetic impurities
in porous matrix [13,1], the CPMG train of p-RF pulses creates
the power spectrum of the spin phase discord in the form of a tri-
angle wave

f p x;Nð Þj j2 ¼
8sin4 sx

4

� �
sec2 sx

2

� �
1þ �1ð ÞNþ1 cos Nsxð Þ

 �
x4 ; ð14Þ

which depends on the consecutive order N of the spin echo as
shown in Fig. 1. Its form varies from a wide lobe of the first echo
(N ¼ 1), with area under the lobe pT3=12 and maximum at zero fre-
quency, to narrow peak with the maximum at the frequency
xm ¼ p=T and area 4NT

px2
m

for the echoes with N > 1. The peaks

increase and get narrower as N increases. Echoes also have spectral
bulges at a higher frequency x ¼ 3p=T , but their areas are by a fac-
tor 2

81 smaller than that of the peaks at xm. Assuming that the spec-
trum of Cv xð Þ or D xð Þ is almost constant in the frequency interval
of the peak width, 1=NT, we can approximate

f p x;Nð Þj j2 ¼ 4NT
px2

m
d x�xmð Þ þ . . . ð15Þ

to get the spin echo in the form

E xm;NTð Þ �
X
j

e
�NT

T2j
� 4NT
p2x2

m
Cv x;rjð ÞNT ; ð16Þ

in which also the spin relaxation T2 is taken into account. By chang-

ing the intervals between p-RF pulses, the peak of f p x;Nð Þj j2 can be
adjusted in position along the frequency domain in order to trace
out the spectrum Cv x; rj

� �
NT . However, we need to keep in mind

that the index NT in . . . iNT
�

means average over the elapsed particle
trajectory during the interval NT, whereby both the extent of inter-
action of the spin-bearing particle with the internal field and with
the structure of the porous structure are changing [13]. Initially,
at short time intervals, the interactions are not yet completely aver-
aged and spins at different starting points contribute signals with
different decay rates, a, to the echo in Eq. (16). The decay rate dis-
tribution P að Þ gives the signal E tð Þ ¼ R P að Þe�atda, which can be
approximated in the case of a narrow distribution as [41]

ln
X
j

e�aj t
 !

� c � ah it þ 1
2!

a2� 	
t2 � 1

3!
a3� 	

t3 þ . . . ð17Þ

Here ah i is the mean decay, and anh i is the n-th central moment of a
distribution respectively. Thus, in the polynomial expansion of the
logarithm of the non-exponential decay of the spin echo attenua-
tion, the quadratic term gives the variance of the distribution, while
the cubic term gives its skewness, which is a measure of the degree
of asymmetry of the distribution. As Cv x; rj

� �
NT depends on the

length of the spin trajectories across the pore space and through
pore interconnections, the variance and skewness can vary accord-
ing to the duration of the measurement interval. However, we must
be aware that a non-exponential decay can also occur in cases of
diffusion in a multi-component system, in an-isotropic diffusion
and also in a porous medium due to the dispersion of pore sizes
[42].



Fig. 1. The power spectra of the spin phase discord of the spin echoes with odd (dashed) and even (solid) sequential number N.

Fig. 2. SEM image of

Table 1
Samples.

Sample Fe2O3 %w/w Dv� 105

(sample-water)

S0 0 2:9
S2 2 4:9
S4 4 7:1
S6 6 8:7
S8 8 11:2
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2.2. Diffusion in an internal field of porous media

In an inhomogeneous system like a porous medium the molec-
ular Brownian motion can be treated in different ways. By solving
either the Langevin equation [43] or the Fick diffusion equation
with the boundary condition given by the solid matrix. The solu-
tion of the Fick’s equation gives the probability density of a particle
displacement from location r0 to r in the time t, for an arbitrary
pore geometry

P r; tjroð Þ ¼
X
k

wk rð Þwk roð Þe�t=sk : ð18Þ
the sample S4.



Fig. 3. Spin echoes decays for sample S4 .

Fig. 4. The dependence of the relative variance of the decay time distribution
ffiffiffiffiffiffiffiffiffi
a2h i

p
= ah i on the squared interval, T2, between p-RF pulses at different contents of magnetic

impurities.
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Here sk and wk rð Þ are the characteristic times and the eigen func-
tions of the k-th diffusion mode respectively. In a system where a
strong IMF created by the susceptibility difference determines
xin rj tð Þ� �

, according to the Wiener-Khinchine theorem [29] the sec-
ond derivative of the mean square displacement (MSD) is related to
the correlation functions as follows [44,13]. Thus, we can express
the mean squared difference

xin rj tð Þ� ��xin rj 0ð Þ� �� �2D E
¼
X
k

Dx2
k rj
� �� 	

wk rj
� �

e�t=sk ð19Þ

and the mean difference

xin rj tð Þ� ��xin rj 0ð Þ� �� �� 	 ¼X
k

Dxk rj
� �� 	

wk rj
� �

e�t=sk ð20Þ

where Dx2
k rj
� �� 	

and Dxk rj
� �� 	

are calculated as

Dxn
k rð Þ� 	 ¼ 1

V

Z
V
xin rð Þ �xin roð Þð Þnwk roð Þdro ð21Þ
5

This gives the power spectrum [44]

Cv x; rj
� � ¼ CXX x; rj

� �� CX2 x; rj
� �

: ð22Þ
where

CXX x; rj
� � ¼ �1

2

X
k

Dx2
k rj
� �� 	

wk rj
� � skx2

1þ s2kx2
ð23Þ

is the FCT of the mean squared difference and the FCT of the
squared mean difference is

CX2 x; rj
� � ¼ �1

2

X
k

X
n

Dxk rj
� �� 	

Dxn rj
� �� 	

wk rj
� �

wn rj
� �

� x2sksn sk þ snð Þ
sk þ snð Þ2 þ s2ks2nx2

ð24Þ

The molecular motion between the boundaries of porous structure
and through internally generated IMF brings about a spin echo
attenuation dependence on the spin location, rj in Eq. (9). This is
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shown in Fig. 5 for the cases of IMF with the homogeneous gradient,
G, and for the case of the bell shaped susceptibility induced IMF
[10]. The latter causes a large dispersion of damping within the
pore, leading to non-exponential decay with the covariance a2

� 	
having a strong time-dependence.

As we can see, the spin echo attenuation derived from Eqs. (17),
(16), and (22)

ah i ¼ 1
T2

þ 4
p2x2

m
Cv xmð Þh i; ð25Þ

is generally determined by a set of characteristic times. However, if
the intervals between p-RF pulses T are long enough to be compa-
rable with the longest characteristic times, the magnitudes of which
is about the time of flight of the particle over the pore volume, the
following approximation can be used
Fig. 5. The square root of variances of the non-exponential spin echo decay
ffiffiffiffiffiffiffiffiffi
a2h i

p
for

homogeneous gradient (solid) and for the case of internally induced IMF (dashed). Both a
the examples of a homogeneous gradient (bottom) and an internally induced bell-shape

Fig. 6. The average decay rate of the spin-echos, ah i, as a function of T2 at different conce

6

Cv xmð Þh i � Dx2
0

� 	
s0

þ Dx2
1

� 	� Dx01h i� � x2
ms1

1þ s21x2
m

� Dx11h i

� x2
ms1=2

1þx2
ms21=4

þ . . . : ð26Þ

Here Dx2
k

� 	 ¼ � 1
2V

R
V Dxk r2

� �� 	
wk rð Þdr and Dxknh i ¼ � 1

2V

R
V Dxkh

rð Þi Dxn rð Þh iwk rð Þwn rð Þdr and where s0 and s1 are the longest corre-
lation times. Here the integration over the volume V includes pores
together with their interconnections. The inter-pore diffusivity is
described by the first term, which is commonly written as
Dp ¼ atD with at being the tortuosity factor. It is the ratio between
the long-range and the local molecular self-diffusion D, and for-
mally can be written as at ¼ Dx2

0

� 	
=s0D. Here s1 denotes the mean

time of flight over pore volume, while s0 includes the time of the
pore interconnection crossing.
diffusion between the between plan-parallel pores for the cases of IMF with the
re calculated from the spatial dispersion of the power spectra Cv x; rð Þ (inserted) for
d IMF (top).

ntrations of magnetic impurities (points) together with the fits to Eq. (26) (curves).
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3. Experiment

Samples investigated in our experiment were prepared using
the approach described in Ref. [45]. They were manufactured
under identical conditions (ingredients, pressure, temperature)
but contain an increased amount of magnetic impurities (iron
oxide III). The iron oxide content of the samples is shown in Table 1
together with the susceptibility difference between the ceramic
and water measured at 0:47 T with a vibrating magnetometer.
Due to the identical preparation approach and the relatively small
amount of magnetic impurities, we expect the same pore size. In
the SEM image of the sample S4 shown in Fig. 2 a clustered struc-
ture of iron oxide is observed, and also the inter-granular spaces
the size of about 2–3 micrometers.

The obtained samples were introduced in NMR tubes with
10 mm external diameter, which fit inside a low field NMR instru-
ment (Bruker MINISPEC MQ20,3 Bruker, Germany) operating at
20 MHz proton resonance frequency. To avoid the edge effects on
our measurements we used bigger amount of sample, exceeding
the active volume of RF coil. The amplitude of spin-echoes, which
are created by the CPMG train of p-RF pulses, were recorded by
increasing inter pulse spacing between 0:1 and 1 ms, where the
lower limit was set by the hardware limitations of our NMR instru-
ment. We consider the CPMG sequence applied in the background
of the internal IMF inside a porous medium as an MGSE sequence
that enables to provide the spectrum of molecular motion of the
liquid soaked ceramics. With the magnetic impurities artificially
added to a porous ceramic we change the internal IMF already cre-
ated inside the samples by other impurities and a susceptibility
difference between a liquid and a solid, we can get a better insight
into the role that the internal IMF play in the measuring of molec-
ular self-diffusion in porous media.
4. Results and discussion

CPMGmeasurements of ceramics doped with different contents
of magnetic impurities show a deviation from the monoexponen-
tial time decays of spin echoes at different intervals between RF
pulses T, as shown in Fig. 3, where the signal E0 is determined by
extrapolating the first echoes to the initial time. In the logarithmic
description of the signal decay, the deviated decay can be well fit-
ted with a second-order polynomial, while an attempt to fit with a
higher-order polynomial gives poorer results. The fits give the
Fig. 7. Dependence of the spin relaxation rat

7

average decay rates and the variances of the decay rate distribu-
tions according to Eq. (17) for all samples. In heterogeneous sys-
tem, such non-exponential decays are commonly attributed to
the distribution of decay rate due to a pore size dispersion in por-
ous medium [42], but this may also be due to the distribution of
the internal IMF within the pore and perhaps even to the inho-
mogeniety of the VAS within the pore space as shown in Fig. 5. This
figure shows the results of the exact calculation for the diffusion
between the between plan-parallel pores in the case of IMF with
the uniform gradient and in the case of internally induced bell-
shaped IMF. The inserted figure shows the spatial dispersion of
the power spectra Cv x; rð Þ for both cases, which give a different
dependence of the distribution variance on T2. In case the bell-
shaped IMF the calculated ratio

ffiffiffiffiffiffiffiffiffi
a2h i

p
= ah i varies somewhere

between 0:02and 0:06. However, Fig. 4 shows that this ratio
changes very little with the increase of the impurity concentration
as well as with the variation of T in the case of measurements of all
our samples. Obtained value of about 0:25 is much larger than that
calculated above. Thus, we can conclude that the differences in the
relative variance obtained by our measurements are not due to the
distribution of internal IMF within the pore, but more likely due to
differences in the distribution of pores in the different samples due
to deviations in sample preparation, even though they were pre-
pared according to the same procedure.

Fig. 6 shows that, in contrast to
ffiffiffiffiffiffiffiffiffi
a2h i

p
= ah i, the average of decay

rate ah i shows the dependence on both the impurity concentra-
tions and on the frequency of spin phase modulation. The asymp-
totic transition of ah i to the constant value at long T indicate that
the measurements correspond to the long-time limit, which can
be derived from Eq. (26) as

a Tð Þh i � 1
T2
þ 4

p2 Dx2
1

� 	� Dx01h i� � s1T2

T2þp2s2
1
� Dx11h i T2s1=2

T2þp2s2
1
=4

� 
; ð27Þ

The calculation for the case of diffusion between parallel planes
separated by d gives the decay rate dependence at long T for the
IMF with a constant gradient, as well as for the IMF of cosine form
[46], which both shows that in Eq. (27) Dx2

1

� 	� Dx01h i ¼ 0 so that
the characteristic time of the attenuation increase with s1=2, where

we assume where s1 � d2

p2D. In the case IMF with a bell shaped IMF,

xinh i � 12 x� d=2ð Þ2=d3 [47], the predominant expression for the
e on the content of magnetic impurities.



Fig. 8. The pore size distribution changes very little with the content of magnetic impurities.

Fig. 9. The average internal gradient in ceramics as a function of the susceptibility difference measured by a vibrating magnetometer.
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long T is Dx22h iwith characteristic time s1=8, which means that the
decay rate depends on the distribution of IMF within the pore
volume.

Here we assume that the magnetic impurities generate a not
too variable magnetic field within the pore volume which suggest
the attenuation increases with a characteristic time that is about a
half of the typical time of flight across the pore space, s1=2, similar
to the case with a homogeneous gradient or cosine-shaped IMF.
The fitting of the second part of Eq. (27) with the experimental data
shown in Fig. 6, we obtain from a Tð Þh i the spin-relaxation 1=T2, the
pore size and its distribution, and the internal IMF on the impurity
concentrations. The dependence 1=T2 on the impurity concentra-
tion, shown in Fig. 7, cannot be explained by the effect of internal
IMF [48,49] but more likely in the context of the impurity relax-
ation absorption (the slow relaxation mechanism) [50]. The pore
size can be estimated from s1 ¼ sR2=D, where R should be the pore
radius, D is the diffusion coefficient, and s varies from 0:2314 for
8

spherical pore, to 0:295 for cylindrical pore and to 0:405 for
plan-parallel pore [44]. Since the pore geometry in ceramic is
unknown, we assume a mean value s � 0:3, and the self-diffusion
coefficient D ¼ 2:9 � 10�9 m2 s�1, which is the mean value of the
frequency dependent D xð Þ in the interval 1� 10 kHz obtained by
the MGSE measurements of water at 20 �C shown in reference
[15]. Together with the obtained variances of the nonexponential
decays

ffiffiffiffiffiffiffiffiffi
a2h i

p
= ah i, it gives the dependence of the pore size and

the normal distribution of pore size in ceramic on the content of
magnetic impurities shown in Fig. 8. It shows that the average pore
size roughly coincides with the values obtained from SEM mea-
surements, where an estimated pore size was around 2–3 lm.
One would expect that the appearance of large grains shown on
Fig. 2 affects the distribution of internal magnetic fields. However,
the rather mild dependence of attenuation variance a2

� 	
on T2

shown in Fig. 4 compare to that shown in Fig. 5 does not confirm

this. By the assumption that 4
p2 hDx11i ¼ c2 G Rh i2, the fitting
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parameter Dx11h i in Eq. (27) enables calculation of an average
internal gradient. It is shown in Fig. 9 as a function of the suscep-
tibility differences from Table 1, which were measured by a vibrat-
ing magnetometer.

In our experiments, the interval of the spin phase reversal, T, of
the CPMG sequence does not exceed 1 ms, which means that the
condition for the interpretation of experimental data according to
Eq. (3) obtained using GPA theory would be met for MFG below
15 T/m in the case of water self-diffusion at room temperature.
Given that in our case the observed average internal MFG in
water-soaked ceramics does not exceed 4 T/m, GPA assumption
is valid.
5. Conclusion

In the NMR studies of porous media, which are ubiquitous in
modern life, from natural materials such as rocks, wood, and
packed snow, to man-made materials such as concretes and food
products, and to biologic tissues such as bones and lungs, the inter-
nally induced magnetic field created by the difference in magnetic
susceptibility at interfaces in porous media and by magnetic impu-
rities, are inevitable obstacle in the gradient spin echo measure-
ments of the molecular self-diffusion as well as in the magnetic
resonance imaging. The derived theory of spin dynamics under
the influence of applied CPMG sequence and the IMF of different
forms and strength can be used to interpret the measurements of
ceramic samples doped with various concentration of magnetic
impurities. The results of the experiments confirm the theory
and prove its ability to provide relevant information on the porous
structure, such as pore size and its distribution in porous medium,
spin-relaxation time and average internal magnetic field at differ-
ent contents of magnetic impurities.
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