Cubic case

(5= Be[U_] = (1—u)"3;
Bi[u_] =3 (1-u)"2u;
B2[u_] =3 (1-u)ur2;
Bs[u_] = u~3;
be = {Cos[¢], -Sin[e]}; b1 = {&, -n};
b, = {&, n}; by = {Cos[e], Sin[e]};
b3e[t_, ¢_, £, n_]1 =Sum[b;B;[(t+1) /2], {j, @, 3}];
e30[t_, o_, £, n_] =b30[t, ¢, £, n][[1]1]"2+Db30O[t, ¢, §, n][[2]1]"2-1// Simplify;

oo Wt ] t= L (t2-1) ((3n—s)2t4+ (1652-9 (n+5)2+9 (£-0)2) t2+ (16- (3§+c)2));
16
ne= Y[t] -e30[t, ¢, €, n] /. {c > Cos[e], s> Sin[e]} // Simplify

out21]= @

Error function of the best interpolant
inz2;= Solve[ChebyshevT[6, t] == 0, t]

out[22]= {{t - -

R A

\/2+'\/?
2

= (t2-1) (tz— («/?-1)2) (tz— (z-«/?)z) _x[t] // Simplify

oute4= @

= x [t 1 1= 2 (26 -15 \/?) ChebyshevT[s, t] // Simplify

Function f

We eliminate n?

o= mi=n /. Solve[ (1-v2)* V2 yu] - (1-w?) W wiv] =0 /. {u> V3 -1, v>2-V3 ), 0]l
1, 111 // Fullsimplify

(14+3\E) 2+ 8 (—10—6\/?+52) 46 (2+3ﬁ) cE+27 (2+ﬁ) £2

24 s

Out[25]=

Equation (2)

2+‘\/?

8

In[26]:=

v |k,

(3§+c)2-§c-3-2«/?J -ml/.s-»A/1-c? // simplify

out[26]= @
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ne7= 3 =

s2 (y[u] -¥[v]) /. {u-m/?-l,v-»Z-«/?,n->l 2+V3

s 8
s->1-c? // Simplify
- FLE ] 1= 243 €3 -27 ¢ (11—16'\/3 ) £ -

3(32 (1+2«/?) -3(81-32«/?) cz) £-32 (13+2«/?) c- (163-112«/?) 3

(36+¢)?-€c-3-2+3 |} /.

9
In[29]:= (7«/?-12) o (E-c) FLE] -3 // Simplify

out29= @

Position of zeros of function f for c € (0,1)

Inf30]:= Plot[{—g (4+c), -3 (8«/?-1) c, -ic, c, % (4-0)}, {c, 0, 1}]

Out[30]=

In[31]:= N[7—4'\/?]

out31]= 0.0717968

In[32]:= ‘F[—% (4+C)] - (—64 (7—4'\/?) (1+C)3) // Simplify

outjs2= @

In[33]:= 'F[—g (8'\/?—1) C] - %C (1—C2) // Simplify

outi3s= @
o F[-Ze] - (- [sac (64 (7-47F) ) /7 stmpLify
out[34]= @

nsi= FLe] - (-256 (2+\/?) c (1—c2)) // Simplify

out[35]= @

Infa6]:= f[% (4-¢)] -64 (7-4«/?) (1-¢)? // simplify
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outj3sl= @

Zeros of function f for c=0

nE7= Solve[f[E] =0 /. c» 0, &]

ougr- {{€ > @}, {§—>—g 2(1+2\/?) 1, {59% 2(1+2ﬁ) 1}

In[38]:= {—%(4+C),—§ 2(1+2'\/?),—

O |»

(8«/?-1) c}/.cs0//N

ouse- {-1.33333, -1.328, 0.}

o= €, i‘/2(1+2«/?) s l(4-c)}/.c->e)//N
9 3

ourzgl= {@., 1.328, 1.33333}

Necessary condition on p to be good approximant of c (d) is x(0) > 0 (x(0) < 0)
neo= b30[0, @, € n1[[1]] - 1 (3&+c) /. c>Cos[o] // Simplify
4

out40]= @

1
ne1= Coefficient[y[t], t, 0] - (—— (16— (3&+ c)z)) // Simplify
16
outi41]= @
Parameters for the best interpolant when c=1, i.e., 27T- =271

nez- Solve[ (1-v2)2v2y[ul - (1-uw?)?u?y[vl =0 /. {u-V3 -1,v-2-v3,c>1,s-0},¢]//
Simplify

1
oupz= {{€ > 1}, {§%; (1*8\/?)}}

In[43]:= Solve[dz[u] =0/. {u-»‘V3 -1,v->2-43,¢c-1,5s-50, £ -

O |-

(8«/_ - 1) }» n] /7 Simplify

outi43l= {{r]e—i 38+22V3 |, {nei 384223 }}
9

9

Table of best interpolants of c with corresponding errors

n44:= angles = { R

N[

T T T T T
T T T T _}5
3 4 6 8 12
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\m[ﬁlSJ - Sez3 = {{Il‘plIJ ll§ll, llnll, Iler‘r‘or‘ll}};
For[i =1, i < Length[angles], i++, ¢0 = angles[[i]];
£0 = Select[£ /. NSolve[f[£] =@ /. c » Cos[¢@], &, Reals, WorkingPrecision - 3@],

#t > Cos[¢0] && # < ! (4 +Cos[e0]) &] [[11];
3
1 2+4/3
no =

" sin[¢@] 8

AppendTo[sez3, {¢, NumberForm[£0, {6, 5}], NumberForm[n@, {5, 5}1,
ScientificForm[N[-e30[0, ¢, £0, n@]], 61} /. ¢ -» angles[[i]]1]];

(360 +Cos[p0])? - g0 Cos[¢@] -3-23 |;

n461= Grid[sez3, Frame - All]

[0} S n error
§ 1.32800 |0.94046 |7.97742 x 1073
f 1.16617 |©.47494 |7.50902 x 10~*
T -4
s | 5 |1-09754|0.31523 |1.36878 x 10
§ 1.04465 |0.19043 |1.22221 x 10>
§ 1.02537 |9.13762 |2.18815 x 10°°
ﬁ 1.01136 |0.08926 |1.92912 x 107

You can draw the best interpolant of c, the corresponding error function and the curvature for
arbitrary angle @0 € (0,%

In471= @0 = 71'/3;
£0 = Select[§ /. NSolve[f[E] ==O /. c » Cos[¢@], &, Reals, WorkingPrecision - 30],

1
# > Cos[¢0] &&# < — (4 + Cos[¢@]) &] [[1]1];
3

1 2443
no = * (3 0+ Cos[@] )2 - €0 Cos [¢0] -3-23 |;
Sin[¢0] 8
GraphicsRow |

{Show[ParametricPlot[{Cos[(p], Sin[e]}, {®, -0, 90}, PlotStyle » {Blue, Dashed},
Ticks » {{0, 0.5, 1, 1.5}, {-1, -0.5, 9, 0.5, 1}}], ParametricPlot[
{b30[t, ¢0, £0, n0][[1]], b30O[t, 00, £0, nO]1[[2]]}, {t, -1, 1}, PlotStyle - Red],
ListPlot[{be, b1, by, b3}, PlotStyle -» {PointSize[0.02], Black}],
Graphics[{Black, Line[{bg, b1, by, b3}]1}], AspectRatio » Automatic,
PlotRange -» All], Plot[e30[t, 90O, &0, nO01, {t, -1, 1}],
Plot[Evaluate[ (D[b30@[t, ¢@, £0, n@][[1]], t] ~D[b3@[t, ¢@, £8, n@I[[2]11, {t, 2}] -

D[b30[t, v0, €0, n@] [[2]], t] ~D[b3@[t, ¢0, £6, n@][[1]], {t, 2}1)/
(D[b3@[t, v0, €0, n@][[1]], t1?+D[b30[t, 9O, £0, nO][[2]], t]?):],
{t, -1, 1}]}] /. {¢ > 98, £ > £0, 1 > 10}



0.0005 -

Out[50]= — 1 I
-1.0 -0.5 0.5 110
-0.00Q5 -
-0.5}

Table of best interpolants of d with corresponding errors

J B

n51:= angles = { R

NS

T T T T T
T T T T _};
3 4 6 8 12
ins21= sez3 = {};
For[i=1, i < Length[angles], i++, ¢@ = angles[[i]];

CircularArc.nb

£0 = Select [§ /. NSolve[f[£] ==© /. c -» Cos[¢@], &, Reals, WorkingPrecision - 30],

- (4+Cos[<p<a])&&1¢<-l (8«/?-1) Cos[¢@] &] [[111;
3 9

1 2+'\/?
no =

~ sin[e@] 8

PrependTo[sez3, {s - ¢, NumberForm[£0, {6, 5}], NumberForm[n@, {5, 5}1,
ScientificForm[N[-e30[9, ¢, £§9, nO0]], 6]} /. ® » angles[[i]]] ];

PrependTo[sez3, {"¢", "&", "n", "error"}];

ns4= Grid[sez3, Frame -» All]

S n error
.50262 | 3.24480 |2.15914 x 101

._\
= nlg
s
|

=

~
N
|
=

.52161 [2.94230 |1.71465 x 107!

-1.52964 |2.65270 |[1.33756 x 1071

Out[54]=

.51679[2.11990 |7.68372 x 102

-1.47274|1.65620 |4.04723 x 1072

-1.32800 |0.94046 | 7.97742 x 1073

N w w1
o e 2o 9] |
|
=

(360 +Cos[p0])? - £0Cos[¢@] -3-23 |;

You can draw the best interpolant of d, the corresponding error function and the curvature for

arbitrary angle ¢0< [0, 7]

| 5
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InBG5:= @O = 7r/ 3;
£0 = Select[§ /. NSolve[f[E] ==O /. c » Cos[¢@], &, Reals, WorkingPrecision - 30],

.- (4+Cos[<p(a])&&n<-l (8\/?-1) Cos[¢@] &] [[1]];
3 9

1 2+4/3
no = * (3 €0+ Cos[¢0])2 - £0Cos[90] -3-23 |;
Sin[¢@] 8
GraphicsRow |

{Show[ParametricPlot[{Cos[(p], Sin[¢]}, {¥, -¢0, ¢0 -2 x}, PlotStyle » {Blue, Dashed},
Ticks » {{0, 0.5, 1, 1.5}, {-1, -0.5, 0, 0.5, 1}}, AxesOrigin -» {0, 0}],
ParametricPlot[{b3@[t, ¢0, £0, n0] [[1]], b30O[t, ¢0, £0, nO] [[2]]}, {t, -1, 1},
PlotStyle - Red], ListPlot[{bg, b;, b, b3}, PlotStyle - {PointSize[0.02], Black}],
Graphics[{Black, Line[{bg, b1, by, b3}]1}], AspectRatio » Automatic,
PlotRange -» Al1l], Plot[e30[t, 90, &0, nO01, {t, -1, 1}],
Plot[Evaluate[- (D[b3@[t, ¢@, £0, n@] [[1]], t] ~D[b30@[t, ¢0, £0, n@] [[2]], {t, 2}] -
D[b30[t, ¢0, £0, nO] [[2]], t] «D[b30[t, ¢0, £0, n0] [[1]], {t, 2}])/
(DIb3e[t, 0, €0, n@] [[1]], t]*+D[b30[t, ¢0, £0, O] [[2]], t]?)7],
{t, -1, 1}]}] /. {0 > 98, £ > £0, n > 10}

e 0.04

051 0.02

Outfse)= 05 o 05 05 1lo
—05} -8.02[
=l -0.0 ;

The best interpolant, the corresponding error function and the curvature for whole unite circle

9= @0 = 03

4
no=—138+223 ;
9

GraphicsRow |
{Show[ParametricPlot[{Cos[<p], Sin[e]l}, {o, -90, ¢0 - 2 x}, PlotStyle -» {Blue, Dashed},
Ticks » {{0, 0.5, 1, 1.5}, {-1, -0.5, 0, 0.5, 1}}, AxesOrigin -» {0, 0}],
ParametricPlot[{b3@[t, ¢0, £0, n0] [[1]], b30O[t, ¢0, £0, nO] [[2]]}, {t, -1, 1},
PlotStyle - Red], ListPlot[{bg, b;, b, b3}, PlotStyle - {PointSize[0.02], Black}],
Graphics [ {Black, Line[{bg, b;, by, b3}]1}]1, AspectRatio » Automatic,
PlotRange -» Al11], Plot[e30[t, 90, &0, nO1, {t, -1, 1}],
Plot [Evaluate[- (D[b3@[t, 90, £0, n@]1[[1]], t] ~D[b3@[t, ¢0, £0, N8I [[2]], {t, 2}] -

D[b3@[t, ¢0, £0, n@] [[2]], t] ~D[b30@[t, ¢0, £0, n@1 [[1]], {t, 2}])/
(D[b30[t, 0, £0, n@] [[1]], t]1*>+D[b30[t, ¢O, £0, N0 [[2]], t]z)i],
{t, -1, 1}]}] /. {0 > 08, £ > £0, 1 > 10}
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S5\
out[62]= X500

Quartic case

- Bo[u_] = (1-u)"4;
Bi[u_]=4(1-u)"3u;
Bo[u_] =6 (1-u)r2unr2;
Bs[u_] =4 (1-u)ur3;
Bs[u_] = u”4;
be = {Cos[¢], -Sin[@]}; by = {a, -B};
b, = {¥, 0}; by = {Cos[¢], Sin[e]}; bs = {a, B};
bao[t_, ¢_, a_, B_, ¥_] =Sum[b;B;[(t+1) /2], {j, @, 4}]; // Simplify;
e40[t_, o_sa_,B_,v¥_ 1=
bao[t, ¢, a, B, Y] [[1]1]~2+bdO[t, ¢, a, B, ¥][[2]]1"2-1// Simplify;

oo Wt_] t= —14 — (4 (1-t) a3 (1-2)ys (1r6t2+t%) ) L2 (1ot B+ (1+87) 5)%
64 4
neo= Y[t] —ed0O[t, @0, a, B, ¥] /. {c » Cos[p], s> Sin[e]} // Simplify

out9]= @

Error function of the best interpolant

ino:= Solve [ChebyshevT [8, t] == 0, t]

ouo- { {t - - W W
{eo-2ei2-v2 ), 203242 ), {to -T2 20T ),
2+V2 ], {to- \/ﬁ 2442 )
n7ip= x[t_] = 2 " ChebyshevT |8, % 2+V2+v2 t];

(2+ 2+«/?)

In72)= Uy = 2(2+'\/?) —1—'\/?; u; = \/2+'\/7 -1; u3=1+\/?—'\/2+'\/7;

- x[t] - (t2 - 1) (t2 - u12) (1:2 - uzz) (t2 - u32) // Simplify

out[73)= @
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In[74]:= = (1—u12) + (1 u, ) + (1-u32);
oo (1-w) (1-urt) + (1-u) (1-us) + (1-0r%) (1-05);
cs—( -ur®) (1-u?) (1-us?);
7= Grid[{{"o1", "02", "o3"}, {FullSimplify[o;], ToRadicals [FullSimplify[o,]1],
ToRadicals [FullSimplify[o3]]}, {N[o1]l, N[o2], N[o3]1}}, Frame - All]

o1 02 O3
—3—2\/7+(2+\E)3/2) 2(89+632 - 4|-185-131/2 +
Out[77]=
2\/2(1970+1393ﬁ) ] J2(34282+24241\/7>
1.92087 1.11348 0.183483
Function f
We eliminate the parameter S and we get the equation (4)
in7e= term4 =

uZ u yluy] uf u3 ¥ [uy] u u3 ¥ [us]

(3 - ud) (ui-ud) (1-ud)  (u3-ud) (u3-ud) (2-u)  (uE-ud) (F-u3) (1-ud)
termdsimpl = 64 +uiulul (4a-3y-c)’- (da+3y+c)?;

nre- termd - termdsimpl /. s » \/1-c? // Simplify

out[79)= @

ngo= Solve[4a-3y-¢C==x&da+3y+c=Yy, {a, ¥}]

X+y

sy (acx+y)))

Out[80]= {{O( - .

Equation (5)

nsi}- terms = ((ug (1-u3)?-u3 (1_u§)2) wlug] +
(v (1-u2)?-ud (1-u3)?) wivod + (ud (1-u3)?-uf (2-ud)?) wius]) -

g2

22 (u - ud) (3-u) (uF-ud) (64+uFududxi-y?) /. {a-
64

X+y

1
,x»g (-2c-x+y)};

1 1
term5simpl = -1+ — o3 x*+ = (X+Yy) C+ S}
128

nez= term5 -2 (uf - u3) (uZ-uj) (ui-ui) (o2-o01+1) term5simpl /. s - V1-c //simplify

out[ssj= @

Equation before (6)



CircularArc.nb | 9

o1 (64 +uf ujujx*-y?) -

[llf[lh] ¥luz] !If[u3]] 1
nsa= terméa = + + - —

1-u? 1-u: 1-ul 64

X+y

2 1 2 1
(61-301-20,+6) (_1+anx +;c (X +Y) +/3$] /v {a-

term6asimpl = 96 -4 xy - 12832 +16¢C (x-y) +32c?- (4—201+o3) x?%;

1
,x»g (-2c-x+y)};

1
ngel- terméa - — (o2 - 20, - 01) terméasimpl /. s » \/1-c? // Simplify
128

outjgel= @
Equation (6)

1, . 1 , 1 N T .
ng7:= termé = — s terméasimpl - (1 -—o3X°-—cC (X+ y)) - B°s“| - — termdsimpl /.
128 128 8 64

{a->x+ ,7->—(—2c—x+y)},
. ( x ¢ c3 1 2]
termesimpl = [-—+ —+ — - —o3CcX°|y-
32 8 8 512
2
l[[i.::r3x2+icx—sz) —i(1—02+203)c2X2+i(2—01)X2—C(X—8c)];
4 64 4 16 16

nop- termé - termésimpl /. s » A/ 1-c2 // Simplify

outjggl= @

1 1 1 2 3 1 2
nooy= F[X_] :=—[(—c3x2+—cx—1+c2] ——(1—oz+203) c2x2+—(2—01) xz—c(x—SC)J
16 64 4 16 16
x ¢ ¢ 1
(64 + u? w3 13 x?) [—_—_—+
32 8 8 512

2
CO'3X2]
Lemma 3
f[-(1-¢)?] <0

not= PolynomialRemainder [-F[— (1 - c) 2] , (1 - c)", c]

oute1]= @

nez- Plot [Evaluate[PolynomialQuotient [f[- (1 - c)z] > (1- c)4, c]], {c, @, 1}]

0.4 0.6 0.8 1.0

-0}
0.2}
out[92]= L

-0.3+

—0.41
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nes- PolynomialQuotient[f[- (1 - c)z] > (1- c)4, c] /. c>0//simplify // N
out93)= —0.000106356

f[o]>0
4= F[O] // Simplify

out[94]= —— (—1 + c2>4
16

flac (1+c?)]>0

nesi- Plot[f[4c (1+c?)], {c, @, 1}, PlotRange - {0, 1} ]
1.0

0.8

0.6

out[95]=

1 n n n 1 n n n 1 n n n 1 n n n 1

0.0 0.2 0.4 0.6 0.8 1.0

f[(63ﬁ+\/6846ﬁJ (1+c%)?] <0

In{96]:= P10t[f[[6-3«/7+\/68-46«/?) (1+¢*)?], (c, 0, 1}]

1 n n n 1 n n n 1 n n n 1

0.2 0.4 0.6 0.8 110

Out[96]=

o= F[X] /.c-»1/.x->4 [6—3V2 +\/68—46V2 ] // FullSimplify

outje7]= @

Function f is increasing on (- (1 - c) 2,0)
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nos= gLt_] := 'F[—t (1—c)2];

1 2 )
t = — (1+cC 5+c) c
gilt ] := — (1+c)” (5+cf) v

— (12-56¢ 4280203 (1-6) (105626 v 203 (1-¢) P ron (3- 1))t

128
> (401 (1-36) +80; (2-C2+ ) + (1-C2) (<16+ (-9+5¢?) 03)) (1-c)?ct?;
1024
5 2
Bt 1= (S os- o) ¥
g3[t_] :=

(cz (32 (1-c?) +o03 (5-8c+8c?) c) o (64 (1-5c*+2c*) +o3 (37-24c*+12c%)) +
4

801 (202,¢?-03 (1+c?-2c*)) -80}- (c?+8c%) oF| t*-

Eo; (8 02 + 5 c? 03) (1-c)2ct4-io§ (4+4c?or+c?o;) (1-¢)*t°- 1 o} (1-¢)®t7;

8 64 4096
galt_] :=Eo3 (4c1+4c202+3c3) (1—c)2ct4+
8
i(J'§(20'1+2C2i::r2+(73) (1—C)4t5+ch(1—c)6ct6;
64 512

1
oz = | (1-¢)® galt] + " (1-¢)® (g2[t] +gs[t] +g4[t])) -D[g[t], t] /.

uiuiui> (1 - 01+ 02- 03) /. s—»‘\/l—cz // Simplify

out[1021= @

g2[t]>0

nfos= g2 [t] // N
out[103)= (0.458768 -1.11348 c) 243

g4[t]20

in04:= 84[t] // N

oufios- ©.114677 (1. - 1. c)?c (8.23392 +4.4539 c?) t* +
0.0015781 (1. -1.c)* (4.02522 +2.22695 c?) t° + 0.0000844536 (1. -1.c)°ct®

g1[t]=20
infos)= CoefficientList[g,[t], t]1[[1]]

1 2 5
= — 1 5
Out[105] 16 C ( + C) ( +C >

nfos;= Plot [Total [CoefficientList[g,[t], t1[[21;; 2]1]] // Simplify, {c, ©, 1}]
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out[106]=

LI 8 e e S s B B s s e e e

T
o
N
o
~
o
o
o
o)
N
o

info71= Plot[Total[CoefficientList[g,[t], t1[[21;; 3111 // Simplify, {c, O, 1}]

out[107]=

LI 8 e s e s e S s e s B s

infos;= Coefficient [g3 [t1, t4] // N
Coefficient[gs[t], t?] // N
Coefficient[gs[t], t’] // N

ourtos= -0.114677 (1. -1. c)zc (8.9@78 +0.917417 c2)
ouios- -0.0015781 (1. - 1. c)4 (4. +7.86695 c?)

ouftios -2.76711x 1077 (1. - 1. c)8

n11:= Plot[g3[1], {c, @, 1}]

25+

L

2.0

T T T

-
(9]
T

out[111]=

L

L

0.5

T

L

0.2 04 0.6 0.8 1.0



In[112]:=

In[116]:=

out[116]=

In[117]:=

out[117]=

In[118]:=

out[118]=

In[119]:=

out[119]=

In[120]:=

out[120]=

In[121]:=

out[121]=

In[122]:=

out[122]=

In[123]:=

CircularArc.nb

Function f is increasing on (0,4 c?)

g1[x_1 =

— (2105 x*+84co} (10+co3) X* +48 05 (160 + 8001 - 800, + 70 03 + 7 03) X*) (4c*-X);
2

3 2

g2[x_] =—2TO: (80 (1+c) (201—02) + 03 (10 (11+11c+7c2) +7 (1+c+c2+c3) 03))
(1—c) x3;

3 1-

g3[x_] =—¥ (8002 (4 (c2+c—1) - (1+c) 03) + 80 04 (4+ (1+c) 03) +
2
03 (70 (1+c) 03-80c (3+5¢c) +7 (L+c) o3)) X*;

8o[x_1 =D[f[x], {X, 3}] - 81[x] - 82[x] - g3[x] // Simplify;

g1[x] <0

CoefficientList|
2103x*+84co} (10+co3) x> +4803 (160+ 800, -80 0, + 70 03 +7 03) X*, x| // N

{e., 0., 384.07, 0.518883 (10. + 0.183483 ) c, 0.0238016}

g2[x] =0

| 13

CoefficientList[80 (1+c) (201-0;) +03 (10 (11+11c+7c?) +7 (L+c+c*+c?) o3), c] //N

{238.68, 238.68, 13.0795, 0.235663}

g3[x] =0

CoefficientList[se o> (4 (c2 +C —1) - (1+c) 03) +
800, (4+ (1+c) 03) +03 (70 (1+c) 03-80c (3+5¢c) +7 (1+c)o3),c] //N
{272.617, 326.527, 282.919}

8o [X] =0

Length[ CoefficientList[ge[Xx], X]]
3

CoefficientList[ge[x], x]1[[2]] // N
-0.000188261 - 0.00660415 c? + ©.00631164 c*

g0[0] // Simplify // N
-0.0234375 c (0.265019 + 2.23389 c® - 0.884121 c*)

go[4 c?] // Simplify // N
-0.0234375 ¢ (0.265019 +0.0321298 c +2.23389 c? +0.736328 c> - 0.884121 c¢* - 1.07719 c5)

Plot[Evaluate [PolynomialQuotient|[ge[4 c?], c, c]], {c, @, 1}]
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-0.005 -
-0.010
-0.015
Out[123]= _p.020 f
-0.025

-0.030

0.2 0.4 0.6 0.8 1.0

Function f is concave on (4 c2,8¢)

1 4 5 3 4 2 2 3
niz= g1[X_] = - — (7o3x +56C03 (6+03) X* +6403 (60+300;-300,+4203+703) X°+512Co03
2

(7 (03+2)%+80 (01-20;) +30 (01 -0,) 03 -56+360;+20 (40, -5 03) c2) x2) (8c-x);

1
g2[x_1 =_;o§ (6001 -300;, +03 (57+703)) (1-c2)x*;
1
g3[X_] =—2? (70’3 (O’3+2)3+ (300’1—300’2—73) O'§+24 (4—20’1+02) O2 +

8 (701-100; - 25) 03 + (24 05 +96 03 - 48 01 03 + 56 0, 03 - 91 03) cZ) (1-c2) %%
8o[X_1 =DIf[x], {X, 2}] - 81[X] - 82[X] - g3[x] // Simplify;

g1[x] <0

in128= g1 [X] // N

ouf128)= —2.98023 x 108 (s. c-1. x)
(93.9435 ¢ (3.43287 +70.7297 c?) x> + 198.579 x> + 2.139 c x* + 0.00793387 X°)

g2[X] <0

in129:= g2 [X] // N
ouf129= —5.94241 x 107° (1. -1. c2) x4

g3[x] =0

in130:= g3 [x] // N

out30- -0.00012207 (1. -1. cz) (12.4095 +38.8302 cz) X2
8o [X] =0

ni31= Length[ CoefficientList[ge[Xx], X]]

ou131= 3

inis2= CoefficientList([ge[x], X1 [[2]] // N
ou132= —0.00621138 ¢ - 0.0523567 ¢ + ©.0207216 ¢

in1331= Plot [gg [4 CZ], {c, 9, 1}]



out[133]=

In[134]:=

Out[134]=

In[135):=

In[136]:=

out[136]=

In[137]:=

out[137]=

In[138]:=

CircularArc.nb

-0.02
-0.04
-0.06
-0.08
~0.10

—0.12}

Plot[ge[8c], {c, @, 1}]

-0.06
-0.07
-0.08
-0.09
-0.10

-0.11

-0.12

1 n n n 1 n n n 1 n n n 1 n n n 1

F 0.2 0.4 0.6 0.8 1.0

Function f is decreasing on (8c,4 (6 -3+/2 +/68-46+/2 ])

glt_1=F'[4 [6-3«/7+\/68-45«/7 —2c)t+8c];

Length[CoefficientList[g[t], t]]
8

gltl=ag+ait+a, t? + a3 t3 + az t* + as t° + ag t® + a; t’<0if ag+...+ay<0 for all k=0,...,7

ap<0

g[o@] /. c» 0@ // Simplify
0

Plot[Total[CoefficientList[g[t], t]1[[1;; 1]]1], {c, @, 1}, PlotRange » {-0.3, 0.1}]

| 15
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out[138]=

In[139]:=

out[139]=

In[140]:=

out[140]=

In[141]:=

0.1

0.2 0.4 0.6 0.8 1.0

=011

-0.2F

-0.3%-
ap + a1<0

Plot[Total[CoefficientList[g[t], t][[1;5 2]]1], {c, @, 1}, PlotRange » {-1.9, 0}]

1 n n n 1 n n n 1 n n n 1 n n n 1

0.2 0.4 0.6 0.8 1.0

dp + a1 + ax<0

Plot[Total[CoefficientList[g[t], t][[1;5 3]11], {c, @, 1}, PlotRange » {-2.1, 0}]

L L L Il L L L Il L L L Il L L L Il L L L Il

0.2 0.4 0.6 0.8 1.0

-0.5F

-

Or

20+

dp + a1 + ax+asz<0

Plot[Total[CoefficientList[g[t], t][[1;; 4]1]1], {c, @, 1}, PlotRange » {-2.2, 0}]
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out[141]=

Qg + a1 + ax+az+ag<0

inf421= Plot[Total [CoefficientList[g[t], t1[[1;; 5]11, {c, ©, 1}, PlotRange -» {-2, 0}]

1 n n n 1 n n n 1 n n n 1 n n n 1

0.2 0.4 0.6 0.8 .0

-0.5

out[142]= -1,

-

-2.0

inf43= Total[CoefficientList([g[t], t][[1;55]1]/.¢c->1//N
out[143= —0.0120686

Qg + a1 + Ax+asz+ag + as<0

inf44= Plot[Total[CoefficientList[g[t], t]1[[1;; 6111, {c, ©®, 1}, PlotRange -» {-2, 0}]

1 n n n 1 n n n 1 n n n 1 n n n 1

0.2 0.4 0.6 0.8 .0

out[144]=

infas5= Total [CoefficientList[g[t], t][[1;5;6]]1] /.c->1//N
out[1451= —©.000520495
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dp + A1 + Ax+a3z+ag + as + ag<0

inf46)= Plot[Total [CoefficientList[g[t], t1[[1;; 7111, {c, ©, 1}, PlotRange » {-2, 0}]

1 n n n 1 n n n 1 n n n 1 n n n 1

0.2 0.4 0.6 0.8 .0

-0.5

Out[146]= -1,

N

-20%-

inf471= Total [CoefficientList([g[t], t1[[1;5; 7]1]/.c->1//N
ou1471- -8.35856 x 1076

Qg + a1 + Ax+asz+ag + as + ag + a7<0

4= Plot [Total [CoefficientList[g[t], t1[[1;; 8]11, {c, ©, 1}, PlotRange -» {-2, 0}]

1 n n n 1 n n n 1 n n n 1 n n n |

0.2 0.4 0.6 0.8 .0

out[148]=

nfag= g[t] /. c>»1/.t->1// FullSimplify

out[149= O

Lemma 4

x €[-14,0)

x ¢ c3 1 ,
-— +— 4+ — - — 03CX%
32 8 8 512

In(150:= Qg [X_]

1((1  , 1 ,)?
qz2[x_] = — (—a;,x +—cx—1+c) 3
a \\6a a4
1 1 1
q:[x_] =~ [—— (1-02+203) *x*+ — (2-01) X*- c (x-8¢c) |;
4 16 16



In[153]:=

Out[153]=

In[154]:=

Out[154]=

In[155]:=

Out[155]=

In[156]:=

Out[156]=

In[157]:=

Out[157]=

In[158]:=

Out[158]=

In[159]:=

Out[159]=

In[160]:=

In[161]:=

out[161]=

In[162]:=

q1>0

D[qi[x], x] // N
-0.03125 - 0.000716732 C X

D[qi[X], X] /. X>-14 // N
~9.03125 + ©.0100342 C

q.1[0] // Simplify
1

= (c+c?)

8

gs>0

D[qs[x], x] // Simplify // N
0.03125 (—8.c~+0.0791323x-—0.253491c2x)

qs[0] // Simplify

2 c?

xe(4c(1+c2),[6—3\/7+\/68—46ﬁ] (1+c4)2]

g1<0

D[gs[x], x] // N
-0.03125-0.000716732 c X

q:[8c] // Simplify // N
©.125 (-1. c+0.816517 C*)

go<0

1 3. 2.4 s
Qo[X_1 = q2[x] +q3[Xx] - 2: (32co3x* + 03 x*) // Simplify;

Length[CoefficientList[qo[X], X]]
3

Plot[Coefficient[qe[Xx], X, 2], {c, 0.9, 1}]

CircularArc.nb

| 19
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0.0130 -
0.0125
0.0120}
out[162]=

0.0115}

0.0110}

P S S B S
0.92 0.94 0.96 0.98 1.00

inpes;= Plot[Discriminant[qe[X], X], {C, 0.9, 1}]

-0.010

-0.015

-0.020
out[163]=

-0.025

-0.030

-0.035

I I I 1 I I I 1 I I I 1 I I I 1 I I I
F 0.92 0.94 0.96 0.98 1.00

inpea;= CoefficientList[D[qe[X], X], ¢] // Simplify // N
out1e4= {-0.000394045 x, -0.375, 0.0261953 x, 0.125}

niiesi= Plot [qe [6— 312 +1\/68-46/2 ] (1+¢%)?], {c, @, 0.9}, PlotRange - {0, 0.25} ]

025
0.20]
0.15

out[165]=

0.10]

1 n n n 1 n n 1 n n n 1

0.0 0.2 0.4 0.6 0.8

Table of best interpolants of arc c with corresponding errors

Tt
’

T T
infieel= angles = {;, ;, B g, ; 12};

7T
a
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nie7i= sezd = {{"o", "a", "B", "¥", "error"}};
For[i =1, i < Length[angles], i++, ¢0 = angles[[i]];
x@ = Select|
X /. NSolve[f[x] =@ /. {c -» Cos[¢@], s -» Sin[¢@]}, X, Reals, WorkingPrecision - 30],
#>-(1-Cos[¢0])?8&% <0&][[1]];
yo =y /. Solve[term6simpl == 0 /. {x - X0, c -» Cos[¢@], s » Sin[¢@]}, Yy1[[1]];
B0 =B /. Solve[term5simpl ==0 /. {X -» X0, y » y@, c » Cos[¢@], s -» Sin[¢@]}, BI1[[1]1];

AppendTo [sez4, {¢@, NumberForm|[ = (x@ +y®), {6, 5}], NumberForm[B@, {6, 5}],

0 |

1
NumberForm|[ — (y@ - x@ - 2 Cos[¢@] ), {6, 5}], ScientificForm|
6

N[edo[o, ¢o, 1 (xe +ye), Be, 1 (yo-xe-2Cos[¢0])]], 6]} /. v > ¢0]];
8 6
inpies;= Grid[sez4, Frame -» All]
o B Y error

.87518 [©.99857 [1.49995 | 1.42325 x 107*

.97471 (0©.59188 | 1.20039 | 5.8357 x 10°°

.99193 (0.42228 (1.10839 | 5.94378 x 10~/

out[168]=

.99840 |©.27073 | 1.04680 | 2.34778 x 108

.99949 (@.20014 | 1.02605 | 2.36051 x 10~°

Rl Rr| R, R R| -

.99990 |©.13203 |1.01149 [9.23855 x 101

inJIE] BT R EE] R IR RS

You can draw the best interpolant of c, the corresponding error function and the curvature for
arbitrary angle @0 € (0, g]

7T
In[169:= @O = —;
3
X0 = Select|

X /. NSolve[f[x] =@ /. {c -» Cos[¢@], s -» Sin[¢@]}, x, Reals, WorkingPrecision - 30],
#>-(1-Cos[¢0])?8&#% <0&][[1]];
yo =y /. Solve[term6simpl == 0 /. {x » x0, c - Cos[¢@], s » Sin[¢O®]}, Y1[[1]];
BO =B /. Solve[term5simpl ==0 /. {Xx > X0, y »y0, c » Cos[¢@], s » Sin[¢@]}, BI1[[1]];
! (xe +ye) ;
8
1
¥0 = . (ye - x@ - 2 Cos[¢0] ) ;
GraphicsRow[ {Show[ParametricPlot[{Cos[¢], Sin[¢]}, {®, -¢0, ¢0},
PlotStyle -» {Blue, Dashed}, Ticks » {{0, 0.5, 1, 1.5}, {-1, -0.5, 9, 0.5, 1}}],
ParametricPlot[{b40[t, 90, a0, O, ¥yO] [[1]], b4O[t, O, 0O, RO, ¥O1[[2]]},
{t, -1, 1}, PlotStyle - Red],
ListPlot[{be, b1, by, b3, by}, PlotStyle - {PointSize[0.02], Black}],
Graphics[{Black, Line[{bg, by, by, b3, bs}]1}], AspectRatio » Automatic,
PlotRange - All], Plot[e40[t, 00, a®, BO, ¥0], {t, -1, 1}], Plot[Evaluate|
(D[b49[t, ©0, a0, O, ¥y0] [[1]], t] «D[b4@[t, 90, a0, BO, ¥O] [[2]], {t, 2}] -

D[b4@[t, ¢0, a0, B0, ¥O] [[2]], t] «D[b40O[t, 00, a0, 8O, ¥O] [[1]], {t, 2}])/

(D[b4e[t, 00, 0@, RO, ¥@]1 [[1]], t]%+D[b40[t, ¢0, 0@, B0, ¥@] [[2]], t]?) i‘],
{t, -1, 1}]}] /. {¢ - 90, a > a0, B > BO, ¥ > ¥O)}
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out[175]= ]

If 90 <0.6772 there are two admissible solutions with alternating simplified radial error function

7
Inf176]= @O = —3;
5

x@ = {x /. FindRoot [f[x] /. {c - Cos[¢@], s » Sin[¢@]}, {X, - 1 (1—Cos[¢p0])2}],
2

x /. FindRoot [f[x] /. {c - Cos[¢@], s » Sin[¢@]}, {X, -1}]};
ima = {{}, {}};
For[i=1,1x<2,i++,
yo =y /. Solve[term6simpl == 0 /. {x -» xO[[1]], ¢ » Cos[¢@], s -» Sin[¢@O]}, YI[[1]1];
BO =
B /. Solve[term5simpl ==0 /. {x > x0[[1]], Yy> Y0, c » Cos[¢p@], s » Sin[¢0@]}, BI1[[1]];

1
@@ = = (x@[[i]] +ye);
8
1 :
¥0 = c (ye-x@[[i]] -2Cos[¢0]);
ima[[i]] =

{Show[ParametricPlot[{Cos[(p], Sin[e]l}, {o, -0, 90}, PlotStyle » {Blue, Dashed},
Ticks -» {{0, 0.5, 1, 1.5}, {-1, -0.5, 0, 0.5, 1}}],
ParametricPlot[{b40O[t, ¢0, a0, O, ¥yO] [[1]], b4O[t, 0O, 0@, BO, ¥O1[[2]]1},
{t, -1, 1}, PlotStyle - Red],

ListPlot[{bg, b1, by, b3, by}, PlotStyle -» {PointSize[0.02], Black}],

Graphics[{Black, Line[{bg, by, by, b3, bs}]1}], AspectRatio » Automatic,

PlotRange - All], Plot[e4@[t, ¢@, a®, B0, ¥@], {t, -1, 1}], Plot[Evaluate|
(D[b40[t, ¢0, a0, pO, y0] [[1]], t] «D[b4@[t, 90, 00, BO, ¥O] [[2]], {t, 2}] -

D[b4@[t, ¢0, a0, B0, ¥O] [[2]], t] «D[b40O[t, 00, 0@, B0, ¥O] [[1]], {1, 2}])/

(D[b4@[t, ¥0, 0@, BB, ¥@] [[1]], t]*+D[b4O[t, 00, 0@, RO, ¥O] [[2]], t]z)é],
{t, -1, 1}]} /. {0 > 90, a > a@, B > O, ¥ » ¥O} ;]
GraphicsGrid|
ima]



0.99998
0.99997

CircularArc.nb

out[180]=

-1.0

-0.5

Table of best interpolants of arc d with corresponding errors

T

7T T Tt T 7T
nien= angles = Reverse[{—, —, =, =, —,
2 3 4 6 8 12

Hs
nfszi= sezd = {{"e", "a", "B", "¥", "error"}};
For[i =1, i < Length[angles], i++, ¢@ = angles[[i]];
X0 = Select[x /. NSolve[f[x] =0 /. {c - Cos[¢@], s » Sin[¢@]},
X, Reals, WorkingPrecision -» 30], # > 0&&# <14 & [[1]];

-1.0

yo =y /. Solve[term6simpl == 0 /. {x » x0, c » Cos[¢@], s » Sin[¢@]}, Y1 [[1]];
BO =B /. Solve[term5simpl ==0 /. {x > X0, y > y0, c » Cos[p@O], s » Sin[p@]}, BI[[1]1];

1
AppendTo[sez4, {27 -2 ¢@, NumberForm[ — (x@ +y@), {6, 5}], NumberForm[B3@, {6, 5}],
8

1
NumberForm[ = (y@ - x8 - 2 Cos [¢@]), {6, 5}], ScientificForm|
6

N[edo|o, ¢o, 1 (xe +ye), Be,
8

o |-

infss= Grid[sez4, Frame - All]

¥ a I Y error
HT” 0.25762 |2.33512|-3.35153 [1.45985 x 102
74*” 0.06000 |2.19627 | -3.06840 [1.03522 x 102
outf1831= 51 | _9,11542 | 2.05518 | -2.81103 [7.19767 x 1073
[183] 3
37” -90.40437 |1.77231 | -2.36754 | 3.25472 x 1073
4?” -0.61961 | 1.49705 | -2.00895 |1.32486 x 1073
7 |-0.8751810.99857 [ -1.49995 |[1.42325 x 10°%

You can draw the best interpolant of d, the corresponding error function and the curvature for

(yo-xe-2cos[¢0])]], 6]} /. 0~ v0]];

| 23
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In[184]:=

out[190]=

arbitrary angle @0 € [0,2]

Tt
00 = —;
3

x0 = Select[x /. NSolve[f[x] ==© /. {c -» Cos[¢@], s -» Sin[¢0@]},
X, Reals, WorkingPrecision -» 30], # > 0&&# <14 &) [[1]];
y0 =y /. Solve[term6simpl == 0 /. {X - x0, c -» Cos[¢@], s -» Sin[¢@]}, y1[[1]];
BO =B /. Solve[term5simpl ==0 /. {X -» X0, y »y0, c » Cos[¢@], s » Sin[¢@]}, B1[[1]];
1
a0 = — (x@+y0);
8
1
¥0 = — (Y@ -x0-2Cos[¢0]);

=)}

GraphicsRow [ {Show[ParametricPlot[{Cos[¢], Sin[¢]}, {®, -0, ¢0 - 21},
PlotStyle » {Blue, Dashed}, Ticks -» {{0, 0.5, 1, 1.5}, {-1, -0.5, 0, 0.5, 1}}],

ParametricPlot[{b40[t, ¢@, a®, B0, ¥0] [[1]], b4@[t, ¢, a®, B0, ¥O] [[2]11},
{t, -1, 1}, PlotStyle - Red],

ListPlot[{bg, b1, by, b3, by}, PlotStyle - {PointSize[0.02], Black}],
Graphics[{Black, Line[{bg, b;, by, b3, bs}]1}], AspectRatio -» Automatic,
PlotRange - All], Plot[e4@[t, 0@, a®, BO, ¥@], {t, -1, 1}], Plot[Evaluate|

- (D[b40[t) ¢, a0, B0, ¥O1[[1]], t] «D[b4O[t, 9O, 0@, BO, ¥O] [[2]], {t, 2}] -

D[b4o[t, ¢0, a®, B0, ¥0] [[2]], t] «D[b4@[t, 90, a0, O, ¥O] [[1]], {1, 2}])/

(D[bde[t, ¢0, 0@, B0, ¥O] [[1]1], t]1?+D[b40[t, 90, a0, O, ¥O] [[2]1, t1?) 3],
{t, -1, 1}]}] /. {¢ > 90, a > a®, B > B0, ¥ > ¥0}

0.5

The best interpolant, the corresponding error function and the curvature for whole unite circle
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n[1911= @0 = @}

xa=4[6-3«/7+\/m);

yo =y /. NSolve[term6ésimpl =0 /. {x » x0, c » Cos[¢0O], s » Sin[p@]}, yI[[1]1];
X0 + yo

BO =B /. NSolve[y[ui] =0 /. {a - , ¥ o 1 (-2Cos[y0] - x0 +ye),
6
X > X0, y-»y0, c »Cos[¢@], s Sin[¢0]}, B] [[1]];

a0 = — (x0+y0);

¥0 = — (Y@ -x0-2Cos[¢0]);

| 00|

GraphicsRow[ {Show[ParametricPlot[{Cos[¢], Sin[¢]}, {®, -¢@, ¢@ - 27}, PlotStyle -
{Blue, Dashed}, Ticks -» {{0, 0.5, 1, 1.5}, {-1, -0.5, 0, 0.5, 1}}], ParametricPlot|
{b4o[t, ¢0, 00, g0, ¥O] [[1]], b4O[t, ¢O, a0, 8O, ¥O] [[2]]}, {t, -1, 1}, PlotStyle —»
Red], ListPlot[{be, b;, by, b3, by}, PlotStyle » {PointSize[0.02], Black}],
Graphics[{Black, Line[{bg, by, by, b3, bs}]1}], AspectRatio » Automatic,
PlotRange - All], Plot[e4@[t, 0@, a®, BO, ¥0], {t, -1, 1}], Plot[Evaluate|

(D[bae[t, ¢0, a0, B0, ¥0] [[1]1], t] ~D[bl0[t, 0, a0, B0, ¥O1[[2]1, {t, 2}] -
D[b4o[t, ¢0, a®, B0, ¥0] [[2]], t] «D[b4O[t, ¢0, a0, B0, ¥O] [[1]], {1, 2}])/

(D[bae[t, ¥, 00, B0, ¥@] [[1]], t]12+D[bA6[t, ¢O, 00, B0, ¥O] [[2]], t]?) ;],
{t, -1, 1}]}] /- {¢ > 90, a > a®, B > B0, ¥ » ¥0}

ﬂ; I
out[196]= .
Qﬁ_i 05

-0.03*+ -1.0 -05 0.5 1.0



